WAVE EQUATIONS: UNIQUENESS AND ASYMPTOTICS
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In this lecture we prove the uniqueness for the wave equations. We also prove some asymptotic decay
results.

1. Uniqueness via energy method.
Consider the wave equation in a bounded domain 2 C R™.

Ou=wuy—Au = f Qx(0,7) (1)
u =g Q x {0} and 092 x [0,T] (2)
u = h Q x {0}. (3)
It is clear that the uniqueness of this problem is equivalent to that the following equation
Ou=upe—Au = 0 Qx(0,T) (4)
u =0 Q x {0} and 09 x [0, T (5)

having only 0 solution.
Now we prove this. Multiply the equation by u; and integrate over Q x (0,7'), we have

0 = / (ust — Au) ug da dt
Qx(0,7)

_ / i<lug>dxdt+/ —Auuy da dt
ax(,r) dt\ 2 Qx(0,T)

_ / i<lug>dxdt+/ V- Vg dz dt
ax(,7) dt\ 2 Qx(0,T)

— /QX(M) %{%(uf—i—quP)}dxdt
= [ [jet+wup)|@na- [ [Lat+ v @0

/Q [%(uf—i—WuF)](m,T) dz. (7)

This implies u is a constant at time 7. But this constant must be 0 according to the boundary value.

Remark 1. If we know the solutions decays at infinity, we can use the same method when € is unbounded
and obtain the same result.

2. Domain of dependence.
We have seen from the formulas that the value of u(x,t) only depends on the initial values in the ball
By(x). In other words, if g=h=0 in B,(x), then v must vanish in the cone

x| +t<r. (8)

We prove this fact now.
Denote by C,. the above mentioned cone. and for T' < r denote by Ur the following domain

Ur={(z,t)eC,, 0<t<T}. (9)
Then naturally the boundary of Ur consists of three parts
OUr = S+ So + Sside (10)
where
Su={(z,t) €C,, t=u}, Sside=0C,NUr. (11)
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Now we compute

(upy — Au) ugda de

T

wpr U — ANuug da dt
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:/ Vi Eut+§|vu| dx dt
Ur —Vuuy
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:/ N, - 5Uf+§|Vu|2 ds
aUr —Vuuy
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1 92 1 2
Sside L —Vuuy
1 5.1 1 5.1 9
= —u +—|Vu|2—/ —ui+ = |Vu|
/ST 219 02 2
n

+/ Eu%+—t|Vu|2—nz-VuutdS.
Sside 2 2

(12)

For the last term, we notice that the equation for Sgige is |z |+t =7 which means n; =|n,| and consequently

%uf+%|Vu|2—nw-Vuut>O.
Thus we have shown that
1 51 1 51 9
—u +—|Vu|2</ —ui+=|Vu]
/5T2 g w2 2

for all T'<r and the conclusion follows.
3. Decay of the solution.
We prove the following.

Proposition 2. Let u solve
ug—Au = 0 in R x (0,00)

u=g9 u = h on R x {t=0}

where g, h are smooth and have compact support. Then there is a constant C' such that
lu(z,t)| <C/t

for all (z,t).
Proof. Recall the Kirchhoff formula:

1

u(r,t) =-—->5 th(w)+ g(w) +Vg(w) - (w—x) dS,.
4t OB, (x)

Since h, g, Vg vanishes outside their respective supports, we can write

W) =g [, h) )+ Vo) (w—2)dS,

(13)

(14)

(19)

where A is the union of the three supports. Now the conclusion easily follows after we notice that the area

of OBy(x)N A is bounded by a constant independent of t.

O
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Remark 3. The above estimate behaves badly when ¢ is small. But this is easily remedied by noticing that
when t is small, the area of dB;(x) N A scales as t? and therefore u is uniformly bounded. Integrating this

observation into the estimate gives
lu(z,t)| <C(1+¢)~ (20)



