MATH 527 LECTURE 13 EXERCISES AND PROBLEMS

Exercises.
Problems.

Problem 1. Prove that Wéﬁ’p(IR”) =WP"P(R") for all k, p € [1,00),n.

Problem 2. (Evans) Assume that 2 is bounded and there exists a smooth vector field o such that ac-n > 1 along 052,
where 7 is the unit outer normal vector. Assume 1 < p < co. Apply the Gauss-Green Theorem to [ o |u|P o mdS and
prove the trace inequality

/ \u\pdS<C{/ |Dul? + [ulP dz )
— [e19) Q

for all u e C1(Q).

Problem 3. (Evans) Let Q be bounded, with C! boundary. Show that there is no bounded linear operator T: LP(£2) —

LP(99) such that Tu=1u|sq for all ue C(Q2) N LP(Q).
Problem 4. (Evans) Integrate by parts to prove the interpolation inequality:
IDullze < C llulls 1 D%l @)

for all u € C§°(Q). Assume € is bounded and 89 smooth, extend this inequality to u € H}(Q) N H2(). (Hint: Take vg — u
in H} while wg — u in H2)

Problem 5. Use scaling to determine the relation of a and p in the embedding relation

llulloe <C llullwr.r (3)
when p >n.

Problem*.

Problem 6. Prove the following Poincare inequality: Let Q= {0 < 2,, < L}. Then for every u € H}(Q),

L
lullzz < — Vullze. 4)

(Hint: First reduce to 1D case; Then use fOL ‘u’ — U%F >0.)
Problem 7. Prove the following Poincare inequality: Let 2 C RY be such that meas(2) < co. Then for every u € H}(Q),
[ullz2 < C [meas()]/ N || Vu = ©)

(Hint: Take Fourier transform. And estimate separately f\€\<9 | Fu|? and f\€\>9 |Fu|?, choose a particular p).



