1. FroM RANDOM MOVEMENTS TO PDES
1.1. Heat Equation.

1.1.1. 1D Random walk.

Consider the random walk of a particle along the real line. Let the rule of movement be: At each time
step of size 7, the particle jumps to left or right with distance h equally likely, that is with probability 1/2.
Now assume at t = 0 the particle is at z = xg. We are interested in getting the probability density of the
locatlon of the particle u(z,t), that is, the probability of finding the particle inside the interval [a,b] at time
tis f (z,t)dz, as the time/space steps 7, h \,0.

We can elther

e Explicitly calculate this probability and then study the limit 70, or

e Obtain a differential equation satisfied by studying the relation between u(x, t) at an earlier and a
later time.

We will take the 2nd approach here, and leave the first one as exercise.

Consider the probability of the particle reaching location x at time ¢t + 7. According to the rules of the
motion, there are only two possibilities: The particle was at * — h at time ¢, and jumped to the right; or
the particle was at x + h at time ¢ and jumped to the left. As the location of the particle at tlme t and the
direction of its next movement are independent, the first situation happens with probablhty = u(ac — h, t)
while the second with = u(ac + h,t). Therefore

u(:z:,t—i—ﬂ:%u(a:—h,t)+%u(x+h,t). (1.1)
Now we Taylor expand both sides at x, t:
u(z,t+7) = w(z,t)+ulz,t) 7+ o(r); (1.2)
u(zr th,t) = u(:v,t):I:uw(:v,t)h—i—%um(x,t)h2+o(h2). (1.3)
Substituting into (1.1) we have
u +0(1)—lh—2u +o n (1.4)
t - 2 - T P . .
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Now we see that nontrivial dynamics only happen when hT — 2 D for some positive and finite D. Thus we
reach the equation satisfied by p as

U= DUy . (1.5)
We see that the initial condition should be
u(z,0)=d(x — x0). (1.6)

Now if we have u(z,0) =ug(z), that is we do not know the exact location of the particle at time ¢ =0, but
instead know its probability distribution, then the problem becomes

ur=D Uy, u(z,0) = ug(x). (1.7)

Remark 1.1. (Fundamental solution) Let us denote the solution to the problem
Ut =D Uy, u(z,0)=46(x) (1.8)
by K(x,t). Then we can conclude, from the symmetries of the underlying random walk,
e The solution to
ur=D Uy, u(z,0)=0d(x —y) (1.9)
is K(z—y,t).
e The solution to
us=Dugy, u(z,0)=u16(x —y1) + - +und(x — yn) (1.10)



is
up K(x —y1,t) + - +un K(z — yn, t). (1.11)

e Now using the definition of, say, Riemann integration, we conclude
ur=Duyyg, u(x,O)zuo(x):>u(x,t):/ K(z—y,t)uo(y) dy. (1.12)
R

Thus we obtained a formula for the solution of the general heat equation.

1.1.2. Drift and boundaries.

Drift.
If we assign different probability to left and right movements, say p; to left and pgr to right, still
independent of previous movements of the particle, then following similar argument, we would reach

2 . 2
ut—i-o(l)—lh—um—l—uhux—l—o(h—). (1.13)
2T T T
Now assume
_ 2
pr=pLy . M o5p (1.14)
T T
we reach
U+ CcUuy =D ug,. (1.15)

Remark 1.2. Let’s ignore the “diffusion” term D u,, and consider the effect of the term cu,. Intuitively, if
PR > pr, then the particle has an overall tendency of moving right, characterized by the difference pr — pr.
On the other hand, we know that the solution to the transport equation

U+ cuy=0 (1.16)
is u(z, t) =up(x — ct). As pr> pr, = ¢ >0, this is consistent with our understanding from the underlying

random walk.

Boundaries.
Let’s consider a boundary at « = L. Recall that a particle has probability pr moving to the right,
pr,=1— pgr to the left.

e Absorbing boundary. In this case whenever the particle goes beyond x = L, it disappears. This leads to

u(L,t+7)=pru(L —h,t). (1.17)
Taylor expansion gives
u(L,t)+O(1)=pr[u(L,t) + O(h)] (1.18)
which leads to
w(L,t)=(1—pr)u(L,t)=u(L,t)=0 (1.19)

unless we have p;, =0. Of course pr, =0 should not be under consideration here since to obtain a heat
equation with drift we need pgr — pr, — 0 as h,7— 0.

e Reflecting boundary. In this case whenever a particle tries to move beyond x = L, it is bounced back
tox=L. So

u(L,t+7)=pru(L —h,t)+ pru(L,t). (1.20)
Taylor expansion gives
u(L,t)+O(1)=pru(L,t)+Oh)] + (1 —pr)u(L,t) (1.21)
which reduces to
O(7) = (pr — pr) (L, t) + O(h). (1.22)



It is now clear that we need to expand to higher orders. Recalling 7 ~ h2, we first try to expand to

O(h):
w(L,t)+O(1)=pr[u(L,t) —us h+O(h?)] + (1 — pr)u(L, t) (1.23)
which leads to
O(r)=(pr—pr) u(L,t) = prua(L,t) h+ O(h?) (1.24)
Therefore
@u(m) — prug(L,t)=0. (1.25)
If we set
@h—m, h—:—>2D, PR— 1 (1.26)
we have
QLU(L,t) — pug(L,t)=0. (1.27)

1.1.3. Is heat equation physical?.
Recall that our assumption is the particle jumps a distance of h for each time step 7. Thus its “speed”

is h/7. However we then let h, 7\, 0 while keeping h; — 2 D. This clearly implies h/7 — oo, that is the
particle has “infinity” speed. This is not physical.

Exercises.

Exercise 1.1. Derive in detail the equation for random walk in the following general case: The
probability of the particle at (x, t) moving left, right, staying, and disappearing are pr(z, t), pr(zx,
t), ps(x, t) and pp(z, t). Assume the sum of these probabilities is 1. Note that as h, 7 — 0, these
probabilities need to satisfy certain relations (similar to pr — pr,~h).

Exercise 1.2. Consider random walk along 2D grids, with probabilities pup(x,t), Pdown(Z,t), Pless (2, 1),
Dright (Z, ). Assume the sum of these probabilities is 1. Derive the corresponding heat equation. Note
that as h,7— 0, these probabilities need to satisfy certain relations (similar to pr — pr,~ h).

Exercise 1.3. Design an underlying random walk rule which gives the equation
ur=Duqzs+ f(2,1),  u(z,0)=uo(z). (1.28)
Then use it to explain the following Duhamel’s principle:

Duhamel’s principle. The solution to the above problem is given by
t
u(a:,t):U(:z:,t)—i—/ v(x,t;s)ds (1.29)
0

where U(z,t) is the solution to
Ut =Dy, u(x,0) = ug(z) (1.30)
and v(z,t;s) (with ¢ > s) solves
vi= Dy, v(x,s;8) = f(x,s). (1.31)
Exercise 1.4. (Parabolic Scaling) Consider the heat equation
U =Dy . (1.32)
Find a relation between A, p > 0 such that if u(z,t) is a solution, u(A z, pt) is also a solution. Do you
think there is a relation to the requirement h?~7? Why?
References.

e Sandro Salsa, “Partial Differential Equations in Action: From Modelling to Theory”, §2.4. Note that

this book is available online at ualberta library.

e Erich Zauderer, “Partial Differential Equations of Applied Mathematics”, 2ed, §1.1.



1.2. Wave Equations.

In the previous section we mentioned that one shortcoming is that the particle has infinite speed: The
root of this problem is the following: The particle moves left or right independent of what it has been doing.
Such abrupt change of direction leads to huge cancellation of the movement!-!, consequently to obtain non-
trivial movement we need h?/7 to be nonzero, that is we need infinite speed to negate the cancellation.

From this it is clear that the way to fix this problem is to make the particle’s movement dependent on
its history. More specifically, we require the particle to have a certain probability to keep its direction.

Let a(z,t) be the probability of a particle being at the point « and arriving from left, while S(z,t) be
that from the right. That is a, 3 are probability density functions!:2 of left and right-moving particles. Let
p,q=1— p be probabilities of persisting and reversing the direction of movement. Thus we have

alz,t+7) = palr—h,t)+qB(x —h,t) (1.33)
Bz, t+71) = ppx+h,t)+qa(z+h,t) (1.34)

Taylor expansion leads to (as we set 7~ h this time, the h? term is not necessary)

at+a;t+o(r) = pla—azh+o(h)]+q[B—Bch+o(h) (1.35)
B+ pBit+o(r) = p[B+ Pzh+o0(h)]+ qla+ arh+o(h)]. (1.36)
Thus
atT+phay,+qhB, = —qa+qB+o(r)+o(h) (1.37)
Git—phfBs—qha, = +qa—qB+o(1)+o(h) (1.38)

We see that non-trivial dynamics arise when g~ 7. Thus we set p=1— A7+ 0(7),¢= A7+ o(7). Dividing
the above equations by 7 and let h/7 — ~, we reach

artya, = —da+ [, (1.39)

Be—7B: = Aa—=Ap. (1.40)
with initial condition

oz(a:,O):ﬁ(x,O):%(S(x) (1.41)

when we have one particle moving left or right with equal probability, or

a(z,0)=ag (z), B(x,0) = Bo(x) (1.42)

in the general case.

Note that this is a special case of the so-called “linear hyperbolic system” which will be studied in a future
section. In this special case, we can re-write (1.3941.40) to a single equation:1:3

Set u=a+ 3,v=a— (. Adding and subtracting (1.39-1.40) we get

U+ Yy, =0; v+ YUy =—2 Av. (1.43)

1.1. If the step size if h, then after n steps, the distance — variance of the random variable given by the sum of the steps —
is only /7.
1.2. Note that rigorously speaking, a, 3 are not probability density functions since they are not normalized — [ a # 1,

JB#L

1.3. Recall that in ODE, higher order linear ODEs can be re-written into a first order system.



Now differentiating the second equation by 0, we have

Vig + VUgy = —2 AUy
Using the first equation we have

Ve ==y s ve="
Thus we finally reach
utt_'y2uzz+2Aut:O-

This is called the telegrapher’s equation.

(1.44)

(1.45)

(1.46)

Also we see that there are two initial conditions: u(x,0) = a(x,0) + B(x,0), v(z,0) =a(z,0) — 5(z, 0).

As uy = —7y vy, the initial conditions for the u equation should be

u(z,0) = oo+ fo, uy(2,0) = —7 [aoe — Boa)-

Remark 1.3. The physical meaning of v and A.

(1.47)

e The meaning of v=h/7 is quite clear: It is the speed of the microscopic movement of the particles.

e For )\, recall that we set

p=1—-A7+0(7), g=A7+o(7).

Thus a smaller A means a lower tendency to reverse the direction of the movement.

Remark 1.4. It is clear that when A =0 this reduces to the standard wave equation
Ut — Y2 Upe = 0.
We know that its solution is given by
u(z,t)=F(z —~vt)+ G(x + ~t).

The initial profile will travel at speed v — recall that y="h/r.

From the last remark we see that setting A =0 gives

p=1+o(r),  q=olr)

(1.48)

(1.49)

(1.50)

(1.51)

which essentially means the particles are moving deterministically: Those initial moving left will always move

left, and those initially moving right will always moving right.

Remark 1.5. (Wave, Telegraph, Heat) As they are all based on random movement of a particle, clearly
there should be relation between these equations. We already see the relation between telegraph equation

and wave equation. Now we present two ways to obtain heat equation from telegraph equation.

e Large A. The heat equation corresponds to the case where the reversing probability is 1/2. Therefore

we must have A~ 1/7. In this case the three terms of the equation

utt—'yzuxz+2/\ut:()

(1.52)



have sizes 1,72, A\~ 1/7. To obtain nontrivial dynamics, at least two terms must be at the same largest
size. Thus we must have 42~ 1/7 or h? ~7. When this happens, the u;; term becomes negligible and
the equation becomes

2 AU — Y2 uge =0, (1.53)
essentially the heat equation.

Long time dynamics.

Let’s consider what happens when ¢ is very large. In that case instead of looking at the dynamics
every 7, we can choose to study what happens every T = N7. At each time step 7, the particle has
probability p=1— A7+ o(7) to stay in the same direction. Thus at each T the probability of keeping
and reversing direction should be

p=(1-A7+o(7))V, g=1-—p. (1.54)
Taking 7\, 0 (doesn’t matter N " oo or not), we have
pr~e T g=1—e'T. (1.55)

On the other hand, the square of the new “spatial step length” should be the variance of z; + -+ xn

which can be shown to be H?= ’YTZT.

We see that when we study the long time behavior of the dynamics, we reach the relation H?~T
and thus should get heat equation.

Exercises.

Exercise 1.5. Design a random walk rule which leads to the equation

Ut — Y Uge + CUp + 2 Aup =0. (1.56)

Exercise 1.6. Consider the case when the probabilities of persistence and reversal are different for
left moving particles and right moving particles. Let the superscript + denote probabilities regarding
right moving particles and — denote probabilities regarding left moving particles. Write p*(z) = o () —
AE(z) 7, ¢ (x) = A*(x) 7 note that for probability 1 — o the particle remains at the same location. Show
that the resulting system is

ag+vy(ca)s+ATa—-A"8 = 0, (1.57)
Br—v(0B)e—ATat+A" 3 = 0. (1.58)

Then reduce it to a single equation by assuming \*(z) = X\ F VA ¢(z):
s — V2 [0 (0u)a]e +2VA Y (0 U)s +2Au; =0 (1.59)
Exercise 1.7. Consider the case p, ¢ > 0 be fixed numbers, p+ ¢=1. Let the random walk of the particle

be such that it has probability p of keeping the direction and q of reversing. What equation can you get
form this random walk?

References.

Erich Zauderer, “Partial Differential Equations of Applied Mathematics”, 2ed, §1.2.



1.3. Laplace and Poisson Equations.

1.3.1. Laplace equation.
Consider the following problem.

Problem No.1. A particle starts from an interior point of a rectangular!4 region A, we
ask for the probability of it reaching a certain boundary point (xo, yo) € OA before reaching
other points (put differently, one can say that the particle “exits” once it hits the boundary,
then we are talking about the probability of a particle “exit” at (xo, yo)).

This leads to

u(:c,y):% [w(x+h,y)+u(x—h,y)+u(z,y+h)+u(z,y—h), u(:z:,y)—{ (1) gfﬁgg;sgo’ o) . (1.60)

Taking Taylor expansion, then dividing both sides by h% and taking h \, 0, we easily obtain Laplace’s
equation.

Ug g + Uyy = 0. (1.61)

However the boundary conditions is a bit sublte to determine. Naively one may simply copy

v ={ § bt .62

However this is not correct.

Recall our original setting: u(x, y) is the probability of the particle starting at (x,y) exits at (xq, yo) € 0A
instead of other boundary points. Therefore u(z, y) should be a probability density defined on JA. With
this understanding, we see that the correct boundary condition is

u(x, y) =0oa(z — o, y — Yo)- (1.63)

Here the subscript 9A is the emphasize that the d here is not the usual 2D § function. Instead it is normalized
by

doa(x — zo, y — yo) ds=1. (1.64)

0A

Remark 1.6. As before, if we denote the the solution of this problem by K(z,y; o, yo). Then the solution
to the problem

Uga + Uyy =0, u(z,y)=g(z,y) on OA (1.65)
is given by

u(x,y) = n K(z,y;2',y") g(z', y') ds. (1.66)

Note that K (x, y; o, yo) is not a function of x — zg, y — yo only anymore!

More about the properties of K as well as how compute it will be discussed in Math438 (Green’s
functions).

1.3.2. Poisson equation.

Problem No.2. Now we ask the probability of a particle starting at an interior point
(x,y) € A and reaching another interior point (£, n) € A before reaching the boundary (and
exit, never to return, let’s say). Let this probability be represented by w(x,y) (as it is in fact
a function of four variables x, y, £, n, later we will denote it as G(z,y; £, n) ).

1.4. This is an artifact of setting an underlying “grid”.



This time the boundary condition is easy:

w(z,y) =0 (z,y) €A, (1.67)
For the equation, we have
wle,y) =1 W@ +h,y) +wle —h,y) +wle,y+ )+, y - b)) (1.68)
when (z,y) £ (€, 7) but
wlw,y) =1+ + [wla+hyy) +we—h,y) +wle,y+h) +wl,y - h) (1.69)

when (z,y) = (&, n). Now there is a problem: What does it mean to have w(z,y) > 17 To resolve this issue,
we have to remember that w(z, y) is in fact a probability density function so the probability for the point
(x,y) is in fact w(x,y) h?=1. (Needs better explanation!)

Taking limit A\ 0 we have

Weg+ Wyy=—0(x— &,y —n). (1.70)

with boundary condition w =0.

Remark 1.7. Again, if we denote by G(z, y; £, n) the solution to the above problem, then the solution to
Uza+uyy=—f(z,y),  ulz,y)=0 (z,y)cdA (1.71)

is given by
e, )= [ Gla,i&on) F(6m dé (1.72)

This G is called the Green’s function for the Poisson equation with Dirichlet boundary condition (that is
u=0 on boundary).

Another model that leads to Poisson equation is to consider the expected mean first passage time of a
particle. If we let time step to be 7 and assume the particle leaves the domain once it hits the boundary,
then clearly we have boundary condition

u(z,y)=0on 0A (1.73)
while inside the domain
1
u(z,y) :T-FZ [u(x —h,y) +ulz+h,y)+ulz,y—h)+u(z,y+h). (1.74)
If we let h?/7=2 D, taking h \,0 gives
Upz + Uyy=—2/D. (1.75)

Exercises.

Exercise 1.8. Consider particle moving with probabilities (p1, g1 left/right; pa/g2 up/down)

pile,y) =1 lale, o)+ bile ) B, e, y) = ¢ laiCe, v) = b, ) B (1.76)
Show that for Problem No.1 we get
a1 Ug g+ Q2 Uyy + 2b1 Uy +2bauy =0. (1.77)
For Problem No. 2 we get
(@1 W)ze + (aw)yy =2 (b1 w)e =2 (baw)y = —0(z = ) 6(y — n). (1.78)

References.

e FErich Zauderer, “Partial Differential Equations of Applied Mathematics”, 2ed, §1.3.



1.4. Problems.
1.4.1. Explicit formula of the fundamental solution.
e Note: You need to fill in all details necessary (to you). Basically you need to expand this into a section.

Recall that if K(z,t) solves

Ki=D K, K(z,0)=6(z) (1.79)
then the solution to the general case

U= Dy, u(z,0) =up(x) (1.80)
is given by

u(x,t):/K(:z:—y,t) uo(y) dy. (1.81)

Now we try to figure out the formula of K (x,t) through solving the underlying random walk problem directly.

Consider the random walk of a particle along the line with time/spatial steps 7, h and equal probability
1/2 of moving left or right. We derive K (z,t) through the following steps.

a) Fixing h, 7, the probability of the particular reaching z =mh at t=Nr is

N
)
pho(a,t) = § 5y NVtmeven, (1.82)

0 N +m odd

_ N+4m Ny, NI
where k =~ and(k)._m.

b) Recall Stirling’s formula
nl~+v27n (n/e)" (1.83)
which means
lim —— " =1 (1.84)

We conclude that

1 VN 1

Phor(,t) ~ S (s)
Var w2 w2 (1= ) (14 2y (1= 2
Explain what ~ means here.
c¢) Fix (x,t) and the ration h?/7 =2 D. We have N:%, m=. Taking 7 \,0 we have
1 x?
Ph, (2, 1) ~ NroT exp {_4Dt} h. (1.86)
Consequently (remember that p=0 when N +m is odd)
1 z?

d) Modify the above approach to obtain the fundamental solution for

wp+cuy=Dug,. (1.88)



1.4.2. Backward Kolmogorov equation.

Consider the random walk problem with left/right moving probabilities pr + pr = 1, and time/spatial
steps 7, h. We consider the following problem:

If we know the particle is at z¢ at time 7" > 0, what are the probability distribution of this particle at
time t <T'?

Denote this solution by u(x,t). Then since the particle only moves with step length h, we know that if
a particle starts from z at time ¢ reaches x( at time 7T, it must pass either x —h or x 4+ h at time ¢t + 7. This
leads to

u(z,t)=pru(x —h,t+7)+pru(x+h,t+71) (1.89)
which gives
U+ cuy=—Duyy (1.90)

. h2 -
if we set —— 2D, @h—w.

Now consider the situation where the left /right moving probabilities are pr(z,t), pr(z,t) depending on
2 and t. Derive the corresponding equation for u(z,t) and compare with the forward Kolmogorov equation.

References.

e FErich Zauderer, “Partial Differential Equations of Applied Mathematics”, 2ed, §1.1.



1.4.3. A more general framework.

A more general framework — any dimension, no grid — is as follows. Consider a “kernel” k(z’, 2, ¢,7) which
characterizes the probability of a particle at x at time ¢ will reach z’ at time ¢ + 7. Then the equation for
the probability density function u(x,t) is

ur=—(cu)z+ (du)zz

with
c(z,t)= lirr%)% (' — ) k(2 z,7,t)da’
— 1 i > /I _ 2 / /
d(x,t)—Thi]%2T N (' —x)? k(2 )z, 7,t)da

One can show that the most basic case — time/spatial steps 7, h, with left/right probability pr, pr —
corresponds to

k(x',x,7,t)=proé(z’'—x—h)+prd(z’ —x+h).

In higher dimension — for simplicity we present the 2D case here — we have

u(w,t—l—r)://u(m’,t)k(:c’,cc,T,t)dw’
which gives

u+V-le(x, t)ul=V-V-[D(x,t) u]
that is (let NV be the dimension)

where

c= 1iml (' —x) k(x',z,7,t)de’,
T—0T

Dzlimi [(2'

L 5 ' —z)® (@' —x)] k(z,x,7,t)dx’.

U+ (c1u)z + (o) y = (D118 gz + (D22 t) yy + (D12u + Da1u) 4y

(1.91)

(1.92)

(1.93)

(1.94)

(1.95)

(1.96)

(1.97)

(1.98)

(1.99)



Here the new symbols are defined as follows:

x:=(x,y); x' = (z',y); dz’:=dz’ dy’; T® ::( 1y T1Y2 ) 1.100
(2, y) (=, y") y y A (1.100)

When we consider the z direction and the y direction are independent, then D=d [ =d ( (1) (1) ) and we reach

Taking directions into account.
If the particle simply moves along a particular direction with speed ¢(z,t), then we have
k=é(x—a'—1e(z,t)). (1.101)
Then we get

ur=—V-(c(x,t)u). (1.102)

More often the particle’s movement will be biased toward a direction ¢A (for example think of the particle
as a wandering animal and ¢ points toward its den). In this case we have the following model:

k(w’,wmt):%ff(p) K.(¢,0) (1.103)

where &’ — x :( ’ i?;i ) is the polar coordinate representation, f-(p) is a decreasing function modeling the

size of the step — for example if the unit time step size is h then f;(p) =3d(p —h). The factor 1/p is due to
polar coordinate. The kernel KT(¢, (b) is usually taken as

K (¢,0)=K(¢—¢) (1.104)
with K(6) an even function taking maximum at § =0. An example of K(¢, qg) is the von Mises distribution

szexp[ncos((b—qﬁ)]. (1.105)

Iy is modified Bessel function whose purpose is to make 0277 K((b, ¢A) d¢5 =1.

Under such assumptions we can show that

C(fvvt)//—% (1.106)

that is e(x,t) points toward the origin. We can also show that D is diagonal.
Reference.

e Paul R. Moorcroft, Mark A. Lewis, “Mechanistic Home Range Analysis”, Chapters 2,3, Appendix E.



1.4.4. Correlated random walk.

Consider a particle moving randomly with time and spatial step sizes 7, h respectively. Let p+ ¢=1 be
the probability of this particle keeping and reversing its direction of movement.

We have seen that when we set p= ¢ = 1/2, we have to set h? ~ 7 and reach heat equation; When we
set p=1—0(7) and ¢=0O(7), we have to set h~7 and reach telegrapher’s (or wave if O(7) becomes o(7))
equation. But why we have to set-up things this way? Also clearly there are all different situations in between,
what happens then? In this subsection we try to understand these issues.

First recall the reason why in the first case we have to let h/7— co. The reason is that when p=¢=1/2,
there is so much cancellation that if h/7 remains finite, or more precisely if h? < 7, then as 7 — 0, the
average distance between the particle and its starting location —0 too, resulting no dynamics.

With this understood, we see that the key is to set the parameters such that the variance of
Xoi=z1++x, (1.107)

with x; a random variable representing each step is finite — not 0, not oco.

By symmetry we always have E(X,,) =0. So the variance is

n

E(X7)= > E(wiz;)=nh*+2 zn: E(x;x5). (1.108)

i,j=1 i,j=1,1<j

To obtain the correlations E(x;x;), we first consider j =i+ 1.

Set p=p— g. Then we have

E($i+1‘$i::|:h)::|:ph (1109)
Now one calculates
Let
_1(1+p 1-p
P_2(1—p 1+p) (1.111)

be the transitional matrix which gives the probability each state of z; to each of ;4.

We can show that the transitional matrix from x; to z; 4 is P* and consequently

E(xiyr, )= p". (1.112)

Now we have

B(X2)=h? n+22?’; 26(1_;)’;) . (1.113)

Requiring it to have a finite limit between 0 and oo, we can obtain, for each relation 7 ~ h®, the relation
between 7 and p.
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