3. SEPARATION OF VARIABLES

3.0. Basics of the Method.
In this lecture we review the very basics of the method of separation of variables in 1D.

3.0.1. The method.
The idea is to write the solution as

u(w,t)=> " Xn(x) Tu(t). (3.1)

where X,,(x) T,,(t) solves the equation and satisfies the boundary conditions (but not the initial condition(s)).
We give a summary using heat equation here. Given equation

2
%:6%+P(z,t}, O<z <L u(z,0) = f(x), + boundary conditions (3.2)
1. Require X (z) T(t) to solve the homogeneous equation
ou 0%u
o P (3:3)
which leads to eigenvalue problem for X:
X" — K X =0+ boundary conditions. (3.4)

Solve it to get X,, and K,,. Note that the natural range of n is not always 1,2,3,...
2. Expand
F@)=>" fnXn. (3.5)
Expand "
P(z,t)=> " pa(t) X (3.6)
3. Solve "
Ty — BEnTu=pu(t),  Tu(0)=fu (3.7)
to obtain T;,.

4. Write down the solution

u(w, ) =" Tu(t) Xn(w). (3.8)

n

We understand that changes should be made when the equation is different.

3.0.2. Examples.

Example 3.1. (Simplest case) Solve

ou 0% . .
E_ESW’ 0<z<m,; u(0,t) =u(m,t)=0, wu(x,0)=sinz—4sin3z. (3.9)
Solution. We follow the procedure:
1. Obtain X,,;
a. Separate variables. Recall that X (x) T'(t) must solve the equation. This gives
T'(t) _ 5 X"()
!/ _ " —
X(z)T'(t)=3X"(x)T(t) = T 3 X(2) (3.10)

So we have the equations for 7" and X:

T'(t)—3KT(t)=0;  X"(z)—KX(z)=0. (3.11)



b. Boundary conditions for the X equation:

u(0,t) =0= X (0) =0; u(m,t)=0= X (m)=0.

(3.12)

c¢. Solve for X,,: (It’s important to be able to solve the eigenvalue problem from scratch. You may
be required to write down every detail — instead of just write X, =--- from memory — in the

exam.)
The eigenvalue problem is

X'-KX=0, X(0)=X(m)=0.

We discuss the three cases:

i. K >0. General solution is

X=0C 6\/Fz + Cy 67\/Fz.

Applying the initial conditions we conclude C; = Cy=0.

ii. K =0. General solution is
X=C+Csz.

Applying the initial conditions we conclude C; = C5y=0.

ili. K <0. General solution is

X:Clcos(\/jx)—kCgsin(\/j:r).

Applying initial conditions we conclude that C; = Cs =0 unless K = —n?.

So the eigenvalues are
K,=-n?
with eigenfunctions
Csin (nx).
Thus we take3-!
X, =sin(nx).

2. Expand f(x);

f(z)=sinz —4sin3z=X; —4 X3.

Thus we have

fi=1, fs3=—4,all other f,=0.

3. Solve Ty;
Now we have both equation and initial condition for T,:

T, —3K,T,=0,  Tp(0)= fo.

This gives

T (t) =T, (0) e3Knt = f, e3Knt,

Clearly if f, =0 then T;,=0. So the only nonzero ones are

Tl(t) =f 3Kt — 1. B3(=1)t _ ,—3t.

Tg(f) = f3 e3Kst — 4 =27t

4. Write down solution.
We have

u(z,t)= Z To(t) Xp(z)=e 3tsine —4e 2" sin 3 z.
n=1

, n=1,2,3,...

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)
(3.25)

(3.26)

3.1. This is just for convenience. There is some freedom in choosing X,, here. For example, taking X,, =2 sinn z is also OK.



Example 3.2. (Equation with Source) Solve

o, 0% . ) B _ . .
E—3W+e sinz, 0<x<m; u(0,t)=u(m,t)=0, wu(x,0)=sinz—4sin3z.

Solution. We try to solve this problem using the same X,’s. Recall that we assume
U(I, t) = Z Tn(t) Xn(x)

with X/ —3 K,, X, =0. Substitute this u(z,t) into the equation we reach

Z [T, —3K,T,] Xp=tsinz =e® Xj.
n=1
Absorbing the ¢t X; term into the left hand side we reach

[T 3K \Ti—e] X1+ Y [T —3K,T,] X,=0
This leads to n=2
T{ -3 KTy — et =0; T, —3K,T,=0,n>1.
e Solve T from
T{—3K, Ty —et=0, T1(0)=1.
As K1 =—1 the above is
T{+3T=¢", T1(0)=1
The equation is linear with general solution

Ti(t)= i el +Ce 3

Using the initial condition we reach
3

_3 L3 s
C—4:>T1(t)—4e+4e .

e T,.,n>1 remains the same as in the previous example:
T5(t)=—4e27, T,(t)=0 for n+ 3.

So finally
1

u(x,t)= Z To(t) Xp(x) = (Z et +%egt) sinz —4e 2" sin 3.
n=1

Example 3.3. (Dirichlet boundary condition) Find the solution to the heat flow problem

ou 0%u
E = 5@, O<I<7T, t>0
u(0,t) =u(m,t) = 0, t>0
u(z,0) = f(x)=1-cos2z, O<z<m.

Solution. We use separation of variables.

1. Separate the variables.
Write u= X (z) T'(t), the equation becomes
T/ X//

Iy " -
T"X=5X T:>5T <

The equations for X is
X"-KX=0, X(0)=X(m)=0;
The left hand side of the equation for T is
T —5KT=---.

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)
(3.39)
(3.40)

(3.41)

(3.42)

(3.43)



2. Solve the eigenvalue problem

X'"-KX=0, X(0)=X(m)=0; (3.44)

As we have solved it before, we omit the details (You need to include the details in the exam though).
The eigenvalues are —n?, n=1,2,3, ..., and the corresponding eigenfunctions are

by, sin (n x), n=1,2,3,... (3.45)

So K,,=—n? X,=sin(nz).
3. Expand the initial condition. We have

1—cos2z=u(z,0)= Z by, sin (n x) (3.46)

Thus all we need to do is to find the Fourier sine series for 1 —cos2 z. As the interval is [0, 7] we have
T =m. We compute for n=1,2,3,...

b, = z/ (1 —cos2x)sin(nz)dz
T™Jo
2 (" 2 (™.
= = sin(nx)de — = sin (n x) cos (2 x) dx
T™Jo T Jo
= —lcos(naz)ror—l/ [sin (n+2) 2z +sin (n —2) 2] dz
nm T
= l[l—(—l)"]—l 7Tsm(n—|—2 rdzr — l (n—2)xdx. (3.47)
nm 7 Jo T
We evaluate
" sin (n+2) o dz = ——— cos (n+ 2) aff =" (3.48)
0 n+2
For the last term, there are two cases.
e If n=2, then sin(n —2)z=0 and
/ sin (n —2) zdz =0. (3.49)
o If n+£2, we compute ’
™ _(_1\n—2
/0 sin(n—2)xdx:—ni2cos(n—Q)x\gz%. (3.50)
Putting everything together, we have
By
by, = i (3.51)

" 2 1 1 \1—(=1)" '
(E_n—Z_n—FZ) s n#2
Noticing that, when n is even, we have 1 — (—1)" =0. Thus the above formula can be simplified by
setting n=2k —1 to

b%_1=< 2 bt 1 )% k=1,2,3,... (3.52)

2k-1 2k-3 2k+1

As P(z,t) =0 here, the expansion is trivial:

0=>" Osinnz. (3.53)

4. Solve the equation for T. As p,(t) =0 for all n, T, satisfies
T 4+5n2T,=0= T, =c,e """ (3.54)



5. Putting everything together, the solution is given by

_ - 2 _ 1 _ 1 2 —5(2k—1)%t : _
u(x,t)—;(2k_1 573 2k+1)7r6 sin ((2k—1)x). (3.55)
Example 3.4. (Neumann boundary condition) Solve
ou 0%u
u(z,0) = z, O<z<m. 3.58)
Solution. We use separation of variables.
1. Separate the variables.
Write u(z,t) = X (z) T(t). Then the equation leads to
T/ X//
Iy " L A
T"X=3X T:>3T e K (3.59)
which gives
X"-KX=0, X'(0)=X'(m)=0, (3.60)
and
T'—3KT=--. (3.61)
Note that --- comes from the expansion of P(x,t) (=0 for this particular problem).
Now Solve the eigenvalue problem
X"-KX=0, X'(0)=X'(r)=0, (3.62)
We discuss the three cases.
a. K <0. The general solution is
X=Clcos(\/—K:v)+Cgsin(\/—Kx). (3.63)
We compute
X'=—+/—K Cqsin (\/ -K :v) ++v—K C5cos (\/—K :v) (3.64)
The boundary conditions then lead to
vV—-KCy = 0, (3.65)
—v—K C;sin (\/—K 7T) ++v—K C5cos (\/ -K 7r) = 0. (3.66)
Thus C3=0, and v—K =n. Consequently the eigenvalues are
K,=-n? n=1,2,3,... (3.67)
with corresponding
X, =cos(nx). (3.68)
b. K =0. The general solution is
X=C14+Cyx (369)
the boundary conditions then gives C; = 0 which means 0 is an eigenvalue and the
corresponding eigenfunctions are Xy=1.
c. K >0. The general solution is
X=0C eﬁw—f—CQ e_\/ﬁw. (370)
The boundary conditions leads to
VEC,—VKCy = 0 (3.71)

\/Fe‘/fﬂcl— \/Eef\/f”CQ =



Solving it gives C7 = Cy=0. Therefore there is no positive eigenvalues.

Summarizing, the eigenvalues are

K, =-n? n=0,1,2,3,...

Xn=cos(nx), n=0,1,2,3,...

2. Expand f(x). We have

_a N
x—7+zl an cos (nx).

All we need to do is to find the cosine series for z: 0 <z < 7. We compute

2 T
ag=— rdx=m,
T Jo

2 ™
Ap, = — T COS
T Jo

Note that (—1)" —1=0 for all n even. Thus we have

3. Solve the equation for

T)+3n2T,=0,T,(0)=

4. Summarizing, we have

(nx)dx:% esin(na)ff— [ sin(ne)de| =
| / |

4

azk = 07
T,
g n=>0
0 neven =T, =
—2 nodd
n?m

BN G S PP

Sl

n=m

n?m

n even .

_ 2
e 3"t n odd

T o~ 4 _ _
U(I,t):§—kz me 3(2k 1>2tCOS((2I€—1)$).
=1

Example 3.5. (Other boundary conditions) Solve

Here h > 0.

Solution. Applying the method of separation of variables, we reach

U = KUgg O<x<l,t>0
f(z) 0<x<l,

)
) =0 t=0,
) = —hu(l,t).

t>0.

X"-AX=0, X(0)=0, hX(l)+X'(l)=0.

We discuss the cases:

i. A>0. The general solution is

Now

AeVAT f Be—VAz,

X(0)=0 = A+B=0
XD+ X'()=0 = (h+VX)eMA+ (h—VX)e VA B=0.

The two equations can be written

[

1 1
h—l—\/X) eVAL (h—\/X) e~V

2[(=1)" —1]

(3.73)

(3.74)

(3.75)

(3.76)

(3.77)

(3.78)

(3.79)

(3.85)

(3.86)
(3.87)

(3.88)



For the solution to be non-zero, we have to have
1 1
0= det =(h=VX)e VA — (h4+VX) eV 3.89
e((h—i—\/X)eﬁl (h_ﬁ)e—ﬁl> ( \/_)e ( +\/_)e ( )

As h>0 and VA > 0, this is not possible.
ii. A=0. The general solution is
A+ Bz (3.90)

The boundary conditions lead to
A=0, hA+ (hl+1)B=0 = A=B=0. (3.91)
iii. A< 0. The general solution is

Acos(\/—_)\:t)—i—Bsin(\/—_)\:E). (3.92)
Now

X(0)=0 < A=0, (3.93)
hX()+X'(1)=0 < hsin(vV-X1)++v—=Xcos(vV=X1)=0. (3.94)

Therefore the solution is of the form X =sin (pz) with p satisfying

tan (pl)=—p/h. (3.95)
It is easy to see that the solutions form an infinite series
D<pr<pa< < oee (3.96)
Therefore our solution to the PDE can be written as
i b e~ "Pit sin (py, z) (3.97)
where b,, is determined by ! .
f(;v)zz by, sin (pp, ). (3.98)
1

Now how should we determine b,,?7 And furthermore how can we know whether the infinite sum gives the
solution — or equivalently whether similar properties as those hold for the Fourier series hold for our series
with sin (p, )? Keep in mind that it is not possible to obtain a formula for the p,s.

We compute, for n#m,

! !

/ sin (p, x) sin (p,z)dz = %/ [cos (pn, — Pm) & — oS (P, + Pm) 2] dx
0 0

_ l[sin(pn—pm)l _ sin(pn—i—pm)l}

2 Pn— Pm pn+pm
_ 1 {sin (pnl) cos (pm 1) — sin (pm 1) cos (pn )
2 Pn— Pm
_sin (pnl) cos (pm 1) +sin (pm 1) cos (pnl)} (3.99)
Pn+ Pm '
Now using the fact that
hsin (pn 1) + pncos (ppl) =0 = sin(pyl) = _%"cos (pnl) (3.100)

we have

l
/ sin (p, x) sin (p, ) dz = 0. (3.101)
0



Therefore we can determine b, by

l
/ f(x)sin (ppx) da
O .

b =20
/sinQ(pnx)dx
0

Example 3.6. (Wave equation)

0%u 0%u
e = 4W+xt’ O<z<m, t>0
u(0,t)=0 , wu(m,t)=1 t>0
u(z,0) = x, O<zx<m,
%(m,O) = 1, O<z<m.

(3.102)

Remark. Note that trying to find a “steady-state solution” first would fail this time: No w(z) can possibly

satisfy
AWy s +2xt=0,
Furthermore, any effort of finding w(x, t) such that
Wi =4 Wy +t, w(0,t)=0, w(w

in hope of v=wu — w satisfying the simple system

w(0)=0,w(m)=1.

=1

% 9%
Yol 4@’ O<z<m, t>0
v(0,t)=0 , o(m,t)=0 t>0
u(xz,0) = z—w(z,0), O<z<m,
({i—;g(x,()) = 1—%”(3:,0), O<z<m.

(3.107)

(3.108)

3.109
3.110
3.111

(
(
(
(3.112

)
)
)
)

does not make much sense as solving the w equation is not really easier than solving the original u equation.
In summary, in such general case, it is not possible to take care of the boundary conditions and the source

term in one single step. They have to be dealt with separately.

Solution.

e Step 0. Take care of boundary conditions.

We find w(x) satisfying w,, =0, w(0) =0, w(w)=1. This is easy: w(z) =z /7. Now set v=u —w,

we reach
fa) fa)
i 4W+It’ O<x<m, t>0
v(0,£)=0 , wv(m,t)=0 t>0
u(z,0) = z—=z/m, O<z<m,
E(I’O) = 1, O<z<m.

e Step 1. Find the eigenvalue problem and solve it.

Applying separation of variables, we found out that the eigenvalue problem is
X"-AX=0, X(0)=X(m)=0
which leads to (details omitted due to having been done several times before)
An=—n2, Xn=Aysin (nz), n=1,2,3,...

Step 2. Find out equations for T,.

We write
o0

v(x,t)= Z T X,n= Z T, (t) sin (n z)
n=1 n

=1



Note that the arbitrary constant A, has been “absorbed” into T),(t).
Substitute into the equation:

Y= Z T/ (t) sin (n z);

Z T,(t) [sin ( Z n2T,(t)sin (n);

Therefore the equation becomes

0% 1
xt:w— Z [T} +4n?T,]sin (nx).

On the other hand, at ¢t =0 we have

(1—l> —va:Z )sin (nx);
and - n=1
1 @(x 0)= Z T,,(0)sin (nx)
ot n=1
Therefore, if we expand xt (1 — —) x, 1 into their Fourier Sine series:

rt = Z hn(t) sin (
1—l S Z apsin (nx);
T ~ n Y
1 = Z by, sin (n x);
n=1

then T, satisfies the initial value problem
T +4n2T, = hy(t); T.(0)=ap, Tn(0)=by,.

Now we compute:

o halt):
hat) = i () sin (nz) dz
_ %/ zsin (n)
- & (_E)/o +deos (nz)
_ —%[wcos(nx)g—/ow cos(n:v)d:v]
S LIC IR
= (-1t =¢

an — 2/77 (1—%>xs1n(nx)dx
(-

(D
(—

)nJrl 2(7T_ 1)

)[i/o xsm(nx)dx}

(3.120)

(3.121)

(3.122)

(3.123)

(3.124)

(3.125)
(3.126)

(3.127)

(3.128)

(3.129)

(3.130)



Note that we have taken advantage of the fact that a, = (1 — %) hn(t)/t.
o by
i 2 2 "
bp== sin(nz)de=——[(-1)"—-1]=—"[(-1)" T +1]. (3.131)
0

nTm nTm

Summarizing, T,, satisfies

T/ 4 4n2T, = (—1)n+ %t; T(0) = (1)1 2T =1 gy = 2

nm nm

(=D)Lt +1]. (3.132)

Solve T,,.
As T, satisfies “nonhomogeneous 2nd order linear constant coefficient equation”, we have to solve
the corresponding homogeneous equation

T"+4n2T=0 (3.133)

first to get its general solution, and then find a particular solution of T}/ + 4 n? T, = (—1)"*! % t.
Inspecting the right hand side, we conclude that the best approach to get the particular solution
should be “undetermined coefficients”.

o T"+4n?T=0. The general solution is
T=Cicos(2nt)+ Casin(2nt). (3.134)
o Particular solution. The correct form is
T,=At. (3.135)
Substitute into the equation we easily obtain

_ (=

Ty="g . (3.136)

Thus T,, has to be of the form

_1\n+1
T,,=Cj cos (2nt)+Czsin(2nt)+(2Ln3t. (3.137)
Now enforce the initial conditions:
2(mr—1) 2(r—1)
__(_1\n+1 —(_1)nt1 .
T,.(0)=(-1) — = C1=(-1) — (3.138)
T10) = 2 [(—1)+ 1) e 2 Gy T 2 gyt q) (3.139)
" nmT 2n3 nm
which gives
2(r—1) 1 (—1)n+t
—(_1\n+1 _ _1\n+1 X J
Ci=(-1) — Cy n27r[( 1) +1] T (3.140)
Therefore
2(mr—1) 1 (—1)n*t .
_ (_1\n+1 _1\n+1 _ X 7
Tn(t) 1 (-1) - cos (2 nt)+ <n27r [(—1) + 1] T sin (2 nt) +
(_1)n+
EETEE t. (3.141)

Write down the solution. We have

(_1)n+1

vz, t) = [(_1)n+1 M cos (2 nt) + (L [(=1)n+! 4 1] — —

o )s1n(2nt)—|—

(_1—)n+1t] sin (n ), (3.142)



and

o) = ol ) = 2+ 35 [pe 20D 0 1 (S )
n=1
(_i—ggﬂ)sin@nt)—k(_;—?);“t}sin(naz). (3.143)

3.0.3. Discussions.
The success of the above method relies on the following:

1. The process of separating the variables leads to a certain eigenvalue problem:;

2. This eigenvalue problem yields a sequence of eigenvalues, and each eigenvalue has a one-dimensional
eigenspace — that is any two eigenfunctions of the same eigenvalue are linearly dependent;

3. It is possible to expand any reasonably smooth function into a (infinite) linear combination of these
eigenfunctions.

The first is easy to verify. The second and third though are not obvious at all. When the eigenfunctions
are sin "—Zm or cos %, we have seen in earlier PDE courses that 2. can be shown by directly solving the
eigenvalue problem, while 3. follows from the theory of Fourier sine/cosine series. In the general case, we
need the so-called Sturm-Liouville theory, which will be discussed in sections 3.2 and 3.3.
Exercises.
Exercise 3.1. Consider the Telegrapher’s equation
uxx:utt—i-)\ut (3144)
(recall that A > 0) over the interval = € [0, L] subject to conditions
u(0,t) =u(L,t)=0; u(z,0)= f(z), u(z,0)=~h(z). (3.145)
Use the method of separation of variables to study the limiting behavior of u as t — oco.
Exercise 3.2. Consider the heat equation with Dirichlet boundary condition:
Ut =KUg g, u(0,t) =wu(m,t)=0. (3.146)

Now consider the semi-discretization of the equation: Replace uz; by ul@tht)-2 ug’ DFu@=rb 1t we set Ui(t)=u(ih,
t) where h = L/n, the equation becomes an ODE system:

U=AU,  Uy(t)=Un(t)=0 (3.147)

(72 1 -2 i=j
( ng(t) ),andA::2 ! jz 1 .. (aij:{ L |i—jl=1).
Un(t) B 0 li—j|l>1

a) Show that U(™) with U](»m) =sin (m J—) is an eigenvector of the matrix A.

™
n

with U =

b) Show that any solution to (3.147) can be obtained as follows: Set U =" vy,(t) U(™) and solve an ODE for vy, (t).
¢) By taking limit n — oo, formally justify the method of separation of variables for (3.146).

Exercise 3.3. Consider the arbitrary linear first order PDE:

a(x,y)ug +b(x, y) uy+c(z,y) u=d(z,y). (3.148)

For what a — d is this equation solvable through separation of variables? Describe the solution procedure and use it to
solve the equation

T Uz + YUy =1u. (3.149)

Exercise 3.4. Consider an arbitrary linear second order PDE:
a(z,y) Uz +b(T, Y) Uay + (2, Y) uyy + d(z, y) ua +e(@, y) uy + f(z,y) u=g(z,y). (3.150)

For what a — g is this equation solvable through separation of variables?



3.1. Higher Dimensional Problems and Special Functions.

3.1.1. Rectangular domains.

Example 3.7. Find a formal solution to the initial-boundary value problem

ou 0%u 0%

5% = WJFW’ O<z<m, O<y<m, t>0 (3.151)
gu(() y,t) = gu(w y,t)=0, O<y<m, t>0 (3.152)
u(z,0,t) = u(x,m,t)=0, O<z<m, t>0 (3.153)
u(z,y,0) = vy, O<z<m, O<y<m. (3.154)

Solution. We follow the procedure of separation of variables.

1. Separate the variables. Write u(x,y,t) = X (2) Y (y) T(t). Substitute into the equation, we have

T"XY=TX"Y+TXY". (3.155)
Divide both sides by TXY:
T/ X// Y//

As the left hand side only depends on ¢ while the right hand side is independent of ¢, both sides have
to be constant. Applying the same argument one more time, we conclude that
" " !
); O e L (3.157)

T
The equations for X,Y ,T are then

“AX =0, X'(0)=X'(m)=0; (3.158)
Y- pY =0, Y(0)=Y(r)=0; (3.159)
—(A+p) T =0. (3.160)

2. Solve the eigenvalue problems. Now there are two eigenvalue problems. We solve them one by one.

i. Solve X,,.
- A X =0, X'(0)=X'(m)=0; (3.161)
We have eigenvalues A\, = —n?, n=0,1,2,... and eigenfunctions X,, =a,cos(nz), n=1,2,3.
ii. Solve Y;,.
Y"—uY =0, Y(0)=Y(7)=0; (3.162)
We have eigenvalues ji,,, = —m?, m=1,2,3, ... and eigenfunctions Y,, = by, sin (my), m=1,2,
3,...
3. Solve T}, m. We have
T} o+ (024 102) Ty =0 =Ty, =Ty, 1 (0) e~ HE, (3.163)
4. Write
(,y,t) i i Cnm cos (nz) sin (my) e~ W+, (3.164)

5. Compute the coefficients. We have

8

u(z,y,0 :Z Z Cnm cos (nx)sin (my) e~ L, (3.165)

n=0 m=1



To determine the coefficients, we first need to understand the integrations

/ / cos (nx)sin (my) cos (n' z) sin (m’ y) dz dy.
We compute 00

/07r /07r cos (nx)sin (my) cos (n'x)sin (m’y)drdy = {/OW cos (n ) cos (n' z) d:v] .
|

Recall that for n,n’€{0,1,2,3,...} we have

- T n=n'=0
/ cos (nz)cos (n'z)dzx = g n=n"#£0,
0 0 n#n'
and for m,m’'€{1,2,3,...}
™ T om=m
/ sin (my)sin (m’y)dy=< 2 -
0 0 m#m’

Therefore

2
- n=n'"=0,m=m’
/0 /0 cos (nz)sin (my) cos (n'z)sin (m'y) de dy = %2 nen'£0,m=m'"
0 n#n'orm#m/

As a consequence,

//u(a:,y,O)cos(naz)sin(my)dxdy: ) .
o Jo %Cnm n=1,2,3,...

Now we compute

/ / ysin(my)dzdy = 7T/ ysin (my) dy
o Jo 0

T T

= —— ydcos (my)
m Jo

- —%[ycosmy)m—/; cos(my)dy]

Thus

/07r /Oﬂycos(n:v)sin(my)dxdy = {/OF cos(n:v)dx][/Oﬂysin(my)dy}zo'

Therefore
Cnm =0, n=1,2,3,....m=1,2,3,...

Summarizing, we have

(3.166)

(3.167)

(3.168)

(3.169)

(3.170)

(3.171)

(3.172)

(3.173)

(3.174)

(3.175)

(3.176)



3.1.2. Laplace’s equations in polar and spherical coordinates.
We consider Laplace’s equation in the unit disc and unit ball.

Example 3.8. (Polar) Solve
Ugg +Uyy =0, 224 y*><1; u=f(0) z*+y*=1. (3.177)
Solution. We get

T2R/I+TRI:_®_H7

0 i 5 =\ (3.178)
This leads to
0"+ 10 =0; 0(0)=0(27), ©0'(0)=0'(2r) (3.179)
and
r?R"+rR' —AR=0; R(0) bounded; R(1) = f(0). (3.180)
The © equation is easily solved, giving
An =102, n=0,1,2,3,... (3.181)
Op=1, O,1=cosnf, O,0=>b,sinnb. (3.182)
Substituting the A,’s into the R equation and expanding f(6) into Fourier series
_ 4o - . 3
f(9)_7+z:1 [ cOS 16 + by, sinn 6], (3.183)

we obtain updated R equation as
_ 4o,

PR +rRy=0,  Ro(0) bounded, Ry(1)=

(3.184)

a, =1

2R, +7RL; —n?R=0, R,,;(0) bounded, Rm(l):{ b o

(3.185)

Notice that the R equation is Cauchy-Euler, which means it can be solved by setting R=1r" with « satisfying
ala—1)+a—-n’=0= aj2==n. (3.186)

When n =0, we have a repeated root, therefore the general solution for Ry is
Ry(r)=C1+Cslnr. (3.187)

The boundary conditions then dictates that Cy = 0, C = %; Similarly, we have R,i(r) = a, ™ and
Rpa(r)=byr™.
Summarizing, the solution to the problem is

u(r,&):%—i—z 7" [ay cosn 6 + by, sinn 6] (3.188)
n=1

where a,,, b, comes from (3.183), the Fourier expansion of f.
Example 3.9. (Spherical with rotational symmetry) We consider the Laplace equation
Ugg + Uyy + Uz =0, u=fonz?2+y>+22=1. (3.189)
It is clear that we should turn to spherical coordiantes
x=rcosfsin p, y=rcosfcosy, Z=TCOoS ¥ (3.190)

where 6 is the angle (on z-y plane) from the x axis (that is tan 8 = y/x), and ¢ the vertical angle from the
z axis (that is cos p =z/r). Clearly 0 <0 <27, 0< o <.
The equation now becomes

uge | =0, u(1,0, )= f(8, ¢). (3.191)

2 1
Upp + — Uy + | Yo + (cot ) u,+ 2y



We first consider the case where f has rotational symmetry, that is f = f(®). Then it is reasonable to expect

u=u(r, ¢).
The problem now reduces to
2 1
urr—i—;ur—l—ﬁ[ugw—i—(cotgo)uw] = 0, O0<r<l,0<p<m (3.192)
u(l, @) = fle), 0<ep<m (3.193)
Let u(r, ) = R(r) ®(p), we reach
r?R"4+2rR'—AR=0, R, R’ bounded as r — 0 +; (3.194)
"+ cot p®'+ AP =0. (3.195)

The ® equation, under the change of variable x = cos ¢, becomes

(1-—2?)y"—2zy +Ay=0, —l<z<l. (3.196)
where y(z) := ®(p).
The reasonable boundary condition for the y equations should be 3, 3’ remain bounded as x — 1 — and
r— —14.
It turns out that such boundary condition already determines a list of eigenvalues and eigenfunctions:
1 ar
- 2npl dan

An=n(n+1), n=0,1,2,..; P, [(z%—=1)"]. (3.197)

These P,’s are called Legendre polynomials.
With A\,’s known, we can easily solve R, =7". So the solution is

u(r, p) = Z an ™ Py(cos ¢) (3.198)
n=0
where a,, comes from the expansion
F(©)=>_ anPu(cos p). (3.199)
with =0
" Py(cos @) sin pd
n= Lo fﬁw)z (008 ) s ¢ dp (3.200)
J o Prcosp)sinpdy
Example 3.10. (Spherical, general case) Now we consider the general case
u —i—zu —l—l Uy + (cOt ) uy+ L ugy | =0 u(1,0, )= f(8, ¢). (3.201)
T r T r2 wp (] sin290 ) ) )
Setting u(r, 8, ¢) = R(r) ©(0) ®(p), we reach
r?R"+2rR'— AR = 0, (3.202)
0"+u0 = 0, (3.203)
<I>”—|—cot<p<1>’+()\—u ,12 )<I> = 0. (3.204)
sin?p

Here R, ® subject to similar boundary conditions as in the last example, while © enjoys the periodic boundary
condition.
It is clear that © should be solved first to yield

Lo = M2, m=0,1,2,... (3.205)

with eigenfunctions 1 (for m =0) and cosm8,sinm for m=1,2,3,....
Taking the change of variable z = cos ¢ and set y(x):= ®(p) we reach

2
(1—:62)y"—2:vy'+()\ n )yzO, —l<z<l (3.206)

S 1—22



This is called associated Legendre’s equation. The eigenvalues are still n (n + 1), n =0, 1, 2, ... while the
(bounded) eigenfunctions are now the associated Legendre functions of first kind

P () = (=1)™ (1 — 22)™/2 (EC—mPn(x) (3.207)
where P, (z) are the Legendre polynomials in the last example. Note that the above formula gives Py*(x) =0

when m > n.
The solution now reads

u(p, 0, ¢ :Z Z " [anm c0s (M 0) + by sin (m 0)] P (cosp) (3.208)

n=0 m=0

with @y m, bnm given by

B fofr 27r 0, ) Py (cos ¢) cos (m 0) singp dode

. (3.209)
cos<p cos (m sing ¥
fo Pm ) (m 0)]2 dod
o A5 IS (0. ) Pi(cos ) sin (m ) sing oy (3.210)
nm Pm (cos ) sin (m 0)]?sinp df de
0

Remark 3.11. Note that we can expand any function defined on the sphere by cos (m ) P}*(cos ¢) and
sin (m 6) P} (sin ¢). This is called “spherical harmonics” expansion.

3.1.3. Heat equation in the cylinder.
Example 3.12. Consider the heat equation in a 2D disc 22+ 2 < 1:

up = K (Ugg + Uyy) (3.211)
u(z,y,0) = f(z,y) (3.212)
u(z,y,t) = 0 2+ y?=1. (3.213)

Solution. Due to the special geometry of the domain, it is natural to consider the problem using polar
coordinates (r, ) satisfying

x=rcosf, y=rsind. (3.214)
Now we change the variables from z,y to r, 6. Differentiating the above relation we have
(cosf)ry —r(sind) b, = 1 (3.215)
(cos®) ry —r (sind) 6, = 0 (3.216)
(sinf) ry + 7 (cosb) O, 0 (3.217)
(sinf) ry, + r (cosd) 6, 1 (3.218)
consequently ) )
T Y 1 =z . e
’I"w—?, T'U—F, Trx F—ﬁ, Tyy ——ﬁ, (3 219)
sinf Y cos =z 2z y 2xy
Theref == b= mw fe=ma =
erefore
. x2 2zy y? 1 22 2zy 3990
Upy = Urrﬁ—UTQT‘FUOOﬁ‘FUT P +U07, (3.220)
2 2 2
o Y 2z y T 1y 2zy
Uyy = uwﬁ—kur(; + ug y——l—ur(;—ﬁ)—l—ue(— " ) (3.221)
The equation and the initial-boundary conditions in polar coordinate form are
U = K urr—i—lur—i—lueg (3.222)
r r2
u(r,0,0) = f(r,0) (3.223)

u(1,6,t) = 0. (3.224)



We apply separation of variables to solve this equation.
First we try to find non-trivial “basic” solutions of the form

u(r,0,t)=R(r)©(0) T(t).

Substituting this into the equation we reach
R(r)©(0) T'(t) = 1 <R"(7~) O6) + L R'(r)0(6) + 4 R(r) @//(9)) ().

Dividing both sides by R(r) ©(0) T'(t) we reach

T _ (R'(r)  1R() 1 0"(6)
T (mm+rRm*v2mm)

As the LHS only involves ¢t and the RHS only r, 6 there is a constant A such that

T'(t) _
T
and
R"(r) ' 1R'(r), 10"(0)
R(r) + r R(r) +r2 CIONE A
Multiply both sides by 72 we have
rR"(r) rR'(r) 9 ©"(0)
Re) RGN e)
The LHS only involves r and the RHS only 8. Thus there is a constant p such that
0"(0) r2R"(r)  rR'(r) 9
o) M Ry T Re) AT

As O(0) is obviously 27 periodic, we have
w=—-n2 n=1,2,3,...

and

O(6) = Acos (nf)+ Bsin (nb).
On the other hand, the equation for R now becomes

rR'"+rR'+(Ar?—n?) R=0,
with the boundary condition

R(1)=0, R(0) bounded.

The general solution is

R(r)=Cy Jo(VAT) + C2 Yo (VA T)

(3.225)

(3.226)

(3.227)

(3.228)

(3.229)

(3.230)

(3.231)

(3.232)

(3.233)

(3.234)
(3.235)

(3.236)

with J,,,Y,, Bessel functions of the first and second kinds. It turns out that Y,,(r) is unbounded as r — 0+,

therefore we have
Ry(r)=Jo(VAT).
Applying the boundary condition R(1)=0 gives

Rn,k(r):Jn(an,kr)u /\n,k:ar%,,k'

Now we expand
f(r,0)= Z n .k R k(1) cos (n0) + by, i Ry i sin (n 6).
n,k

and the solution is given by

> [an,k R k(1) cos (n0) + by i Ry g sin (n6)] e~k
n,k

(3.237)

(3.238)

(3.239)

(3.240)



3.1.4. Discussions.
We see that similar to the 1D situation, the success of the above method relies on the following:

1. The process of separating the variables leads to a certain eigenvalue problem;

2. This eigenvalue problem yields a sequence of eigenvalues, and each eigenvalue has a one-dimensional
eigenspace — that is any two eigenfunctions of the same eigenvalue are linearly dependent;

3. It is possible to expand any reasonably smooth function into a (infinite) linear combination of these
eigenfunctions.

In the higher dimensional case, it is quite unclear which weight we should use for the expansion formulas.

Reference.

e John M. Davis, “Introduction to Applied Partial Differential Equations”, Chap. 5, 6.

Exercises.
Exercise 3.5. Consider the boundary value problem for u(z, y) in the annular region:
2 2 2
_ 22 22 1. _) [ty =p
uxac"l‘uyy—o pe<z+y <l u(xvy)—{g :c2+y2:1 . (3-241)
Obtain the formula for the solution using separation of variables.

Exercise 3.6. Consider the Laplace equation in the disc 22 + y? < p2, with boundary condition u = f. Using separation
of variables, derive Poisson’s formula:

2_ .2 pom
p - f(¥)

0)= de. 242
u(r,9) 27 /0 p2—2prcos(0—)+12 s (3.242)

Can we obtain a similar formula for solutions of the above annulus problem?

Exercise 3.7. Using Poisson’s formula (3.242) to prove the following mean value property:

27
u0.0) =54 [ f(e)ae (3.243)

Then establish the following maximum principle:
If Upq+uyy=0 for (z,y) €QC R2, and v = f on 99, then maxqu = maxgq f.

Can this line of argument be used to prove the uniqueness of the classical solution to Uy, +uyy =g in Q, u= f on 9Q7
Why?

Exercise 3.8. Consider the equation
r2R"+rR' 4+ (Ar2—n?) R=0, R(0) bounded, R(1)=0. (3.244)
a) Prove that there are no negative eigenvalues.
b) Prove that A=0 is not an eigenvalue.

c) Let A\ # \; be eigenvalues, prove that the eigenfunctions Ry (r), R;(r) satisfy
1
/ Rio(r) Ry(r) rdr = 0. (3.245)
0

Exercise 3.9. Let n € N. Consider the equation
(1=2?)y"” —2zy" +n(n+1)y=0, —l<z<1 (3.246)

Use power series method to show that the general solution is y = ¢y Py, 4 c2 @, where P, is a polynomial of degree n, and
@y is unbounded at 1 — and —1 +.

Exercise 3.10. Solve the vibrating drum:
Ut = Uge + Uyy =Urr + 7 Lur + 772 ugg. (3.247)
with
u(r,0,0)= f(r), ug(r,0,0)=0, u(1,0,t)=0. (3.248)

(Ans: 3" cp Jo(kn ) cos (knt)).



3.2. Sturm-Liouville theory.
First recall how we prove convergence for the 1D cases. This relies on the explicit formula for partial
sums and cannot be easily generalized.

3.2.1. Sturm-Liouville problems.
The standard Sturm-Liouville (SL) problem is of the form

(p(z)y') +q(z) y+Ar(z)y = 0, a<z<b (3.249)
aoy(a) +ary'(a) = 0, (3.250)
Boy(d)+ Pry'(b) = 0. (3.251)

where all the functions and numbers are real. For simplicity we assume the coefficients are as smooth as we
need.

The problem is called

—  regular when p, ¢, r are bounded on [a,b] (that is the interval a <z <b), p,r >0 for all a <z <b, and
g, a1 real, not both 0, and [y, f1 real, not both 0.

— singular when any one or more of the following happens
—  The interval (a,b) is infinite, that is either a = —oc0 or b= 400 or both occurs.
—  p(x)=0 for some x € [a, b] or r(x) =0 for some x € [a, b].

—  One or several coefficient function becomes oo at a or b, or both.

Example 3.13. We check the systems we have dealt with

y'+Ay=0, y(0)=y(1)=0 (3.252)
‘We have
a=0, b=1; p(z)=1, q(z)=0, r(r)=1; ap=1, a1 =0, Bo=1, p1=0. (3.253)

The system is a regular SL problem.

y'+Ay=0, ¥ (0)=y'(l)=0 (3.254)
We have
a=0, b=1l; p(z)=1, q(x)=0, r(z)=1; =0, a1 =1, =0, f1=1. (3.255)

This is also a regular SL problem.

y'+Ay=0,  y(0)=0, y'(l)=—hy(l). (3.256)

We have
a=0, b=1l; p(z)=1, q(z)=0, r(z)=1; ap=1, a1 =0, Bo=h, S1=1. (3.257)
2?2y +xy' +(Nx?—n?) y=0, y(0) bounded, y(1)=0. (3.258)

At first sight this problem is not an SL problem. However we can transform it through the following
operations:
We search for a multiplier i(z) such that

h(z) [z y" +xy'+ (Na® —n®) yl = (py") +qy+Ary. (3.259)



Comparing the two sides, we have

h(x) 22 = p(x), h(z) z=p(x)’ (3.260)
which leads to

p(z) zép(a@) = pr)=2r = h(x)z%. (3.261)

Thus we see that the equation is equivalent to

2
(xy’)’—%y—i—)\xyzo (3.262)
which corresponds to
2
a=0, b=1; p(zx)==, q(;v):—%, r(z)=z; Bo=1, p1=0. (3.263)

This is a singular SL problem.

Any X that the problem has non-trivial solutions is called an eigenvalue, the corresponding solutions are
called eigenfunctions.

3.2.2. Properties of regular Sturm-Liouville problems.

We see from the following theorem that the solutions to a SL problem enjoy similar properties as the
functions sin ("l—ﬂx) and cos ( "l—ﬂx) in the Fourier series. More specifically we have the following theorem.

Theorem 3.14. A regular SL problem has the following properties.

1. About eigenvalues:

e [t has nonzero solutions for a countably infinite set of values of A, called “eigenvalues” of the
problem.

e These eigenvalues are all real.
o The set of eigenvalues does not have any limit points in R.

o These eigenvalues are bounded from below if ag vy <0 and By B1 = 0. These eigenvalues are
bounded from below by 0 if furthermore q<0.

In summary, if we have ag a1 < 0 and By 01 = 0, then then eigenvalues can be enumerated as:
A< A<

2. About eigenfunctions:

a) For each fized eigenvalue A, the solution space is one-dimensional. That is, there is p, such
that all other solutions for the same X is a multiple of p,,.

b) (Orthogonality) /b on(x) pm(z) r(x)de=0 for any n#m.

c)

(Bessel’s inequality) If ¢, ’s are chosen such that

b
/ pn(z)?r(z)de=1 (3.264)

We have the following Bessel’s inequality

b
/ fl@)yr(@)de= ) el (3.265)



d) (Completeness)
b
e cl1) The only continuous function f on [a,b] with / f(@) on(z)r(z)dz=0 for alln is
f=0. “

e ¢2) For any f having two continuous derivatives on [a, b] and satisfying the boundary
conditions, the infinite sum

> ctpn (3.266)
n=1

where

b
/ £() pn(e) r(z) da

Cp = - (3.267)
/ on(2)?r(z)de
converges absolutely uniformly to f(x). By “absolutely uniformly” we mean
> feal ln] <00 (3.268)

1
and the convergence to f is uniform.

e ¢3) (Parseval’s equality) If a function f(x) is continuous and ¢,’s are chosen such
that

b
/ on(z)?r(z)de=1 (3.269)
We have the following ’

b e’}
| 1@ de=3" el (3.270)

Remark 3.15. We note that the “completeness” part is quite schizophrenia — f(x) is continuous in one line
but required to be twice continuously differentiable in the next. This will be resolved in later sections when
we take a higher, functional analytic, point of view.

Example 3.16. We check the systems we have dealt with

y'+Ay=0, y(0)=y(l)=0 (3.271)
We have r(xz) =1, therefore the eigenfunctions satisfy

!
/0 on(x) pm(z)dz=0  n#£m (3.272)

and the expansion reads

_ Jo J@) en(a)dz
S len(@)2da

f(x)zz Cn Pn, Cn (3273)

y"+Ay=0, ¥ (0)=y'()=0 (3.274)

We have again r(z) =1, thus although the eigenfunctions are now different, the orthogonality relation
and expansion formula remain the same as above.



Y +Ay=0,  y(0)=0, y'(1)=—hy(l). (3.275)

We have r(x) =1. Thus the orthogonality relation and expansion formula remain the same — although
we cannot write the explicit formulas for the eigenfunctions anymore!

—  Bessel functions.
2?2y +xy' +(Nx?—n?) y=0, y(0) bounded, y(1)=0. (3.276)

Recall that by multiplication of h(z)=1/z the problem is turned into the Sturm-Liouville form

2
(xy’)’—%y—i—)\xyzo (3.277)

Although this problem is singular, it turns out that its eigenvalues/eigenfunctions enjoy similar
properties as those in the regular case. In particuar, we have the orthogonality relation and expansion

formulas:
/1 on(x) om(r) zdz =0, Cn = fol 1f(a:) onle) @ dx' (3.278)
0 Jo len(@)]?zdz
— Legendre functions.
[(1—2%)y) + Ay =0, —l<z<l1. (3.279)
As p(x) =1 — 22 vanishes at both ends, the boundary conditions should be taken as
y, %y’ remain bounded as z— =£1. (3.280)

The eigenvalues are A, =n (n+ 1). Here r(x) =1, so the corresponding eigenfunctions satisfy

1
/ P, (z) Py(x)dz =0, n=+m. (3.281)
-1
— Hermite functions.

u'=2xu +Au= —oo<r<oo .
1 T+ 0, (3282)

To write this problem into a SL problem, we multiply the equation by e~ to obtain

(e w) 4+ Xe ™ u=0, —oco<z<oo. (3.283)

This is a regular S-L problem. Now that we have p(z) = e~** which tends to 0 as  — +oo, the
boundary conditions should be

u, u’ remain bounded as x — +o0. (3.284)

The eigenvalues are A, =2 n for nonnegative integers n. Since r(z) = 6_12, the orthogonality property
reads

/OO H,(z) Hp(z) e " dz =0, n#£m. (3.285)

Proof. (Of the easy parts of theorem 3.14) The proofs for some of the above claims are more technical.
We postpone them to the next lecture and only prove the easy ones (those in blue) here.

1. Properties of the eigenvalues.

e These eigenvalues are all real.



Let A be an eigenvalue and let ¢ be a corresponding eigenfunction. We compute

0

b
/[(py’)’+qy+>\7’y]z?dx
ab b b
[ wwyas [Calen [

b b b
(py’)zﬂfl—/ py’ﬂ’+/ q|y|2+>\/ ryl.

On the other hand, taking the complex conjugate of

(py')' +qy+Ary=0

we obtain

(py")' +qy +Ary=0.

(3.286)

(3.287)

(3.288)

In other words, A is also an eigenvalue with eigenfunction 7. Multiplying this equation by y

and integrate, we have
b —
0 = / [(p7")' +ay +Aryly

b b b
/(pz?’)’er/ q|y|2+/\/ ryl?

b b b
<pg/>y\£;—/ pyfgf+/ q|y|2+A/ "yl

Combining the above, we reach

b
(A=X) / ryl?=p(®) [y'(0) 5 (b) = 5 '(b) y(b)] = pla) [y'(a) ¥ (a) — ¥ '(a) y(a)].

Using the boundary conditions

aoy(a) +ar1y'(a) = 0,
Boy(b) + B1y'(b)

I
e

we see that

Therefore
b
()\—/\_)/ rlyl*dz=0

which leads to A=\, or \ is real.

(3.289)

(3.290)

(3.291)
(3.292)

(3.293)

(3.294)

These eigenvalues are bounded from below if aga; <0 and Sy $1 > 0. These eigenvalues are

bounded from below by 0 if furthermore ¢ <0.
We have

0

b

/[(py’)’+qy+Ary]ﬂdw

ab b b
/(py’)’ﬂ+/ q|y|2+A/ ryl?

b b b
(py’)ﬂ\fl—/ py’ﬂ”r/ q|y|2+/\/ rlyl*
b

p(b) 5'(5) 7 (b) — pla) y'(a) 7 (a) — / 219/ — g [yl + A / rlyl.

a a

(3.295)



Thus
{=p0) y®) 5 ®)+p(@) y'(@ 5 (@) + [ oy - aly}
JorlyP '

Using the boundary conditions we have

—p(b) /() 7 (b) = p(b) g— B2,

A=

P(@)y'(0)§ () = =pla) 2 |y(a)]*

When aga; <0 and Gy 1 >0, both terms are non-negative which means
b 2
— [, alyl
b 9
.yl

If furthermore g <0, we see that A >0 too.

Az

2. Properties of eigenfunctions.

(3.296)

(3.297)

(3.298)

(3.299)

e For each fixed eigenvalue A, the solution space is one-dimensional. That is, there is y) such

that all other solutions for the same A is a multiple of .
Fix A. Let y(z) and z(x) be two eigenfunctions. That is
(p(x)y)' +q(@)y+Ar(z)y = 0,  a<z<b
apy(a) +a1y'(a) = 0,
Boy(d)+ Bry'(b) =
and
(p(z)2") +q(z)z+Ar(z)z = 0, a<zr<b
apz(a)+ayz'(a) = 0,
Boz(b)+ f12'(b) = 0.
Multiplying the y equation by z and z equation by y, and subtract, we have
0=(py") z=(pz) y=y'z-2"y)"
We conclude that
p(x) (y'z—2"y)(x) =pla) (y' 2 — 2"y)(a).
As y, z both satisfy the boundary conditions, we have
p(a) (y'(a) z(a) — 2'(a) y(a)) =0
which leads to
p(yz—2"y)=0 = ¢y z2—2"y=0
for all a<z < b as p(z) >0.
Finally,

/ /

yz—2'y=0 = -2 Iny —In 2z = constant = y/z = constant.
y oz

b
e (Orthogonality) / on(x) pm(z) r(z) de =0 for any n#m.

(3.300)
(3.301)
(3.302)

(3.303)
(3.304)
(3.305)

(3.306)

(3.307)

(3.308)

(3.309)

(3.310)

a
It suffices to show that if A, p are two distinct eigenvalues, and y, z the corresponding

eigenfunctions, then fab yzrdr=0.



Using the equations we have

b
/ (py") +qy+Arylz—[(pz) +qz+prz]ydr=0.

After using the boundary conditions, we can show that

LHS=(\— u) /yzrd:z:.

Therefore

b
(A= 1) / y(2) 2(z) r(x) dz = 0.
As A+ p, we have ‘

b
/ y(x) z(z) r(z) de =0.

e (Bessel’s inequality) From orthogonality we have

N

b 2 b
0< / lf(x)—chwn] r(a)da = / @) r()

n=1

Taking limit n — oo we obtain Bessel’s inequality.

Exercises.

(3.311)

(3.312)

(3.313)

(3.314)

(3.315)

Exercise 3.11. Write the following equations into S-L form and discuss whether they are regular or singular. Determine

what is the orthogonality relation their eigenfunctions should satisfy.

a) Legendre’s equation:

(1—2?)y"”"—2zy’+Ay=0, —-l<z<l1
b) Chebyshev’s equation
(1—2?)y"”" —zy' +Ay=0, —l<z<1
c) Laguerre’s equation
zy"+(1—z)y +Ay=0, 0<z<oo
d) Hermite’s equation
y"—2zy' +Ay=0, —oco< < oo
e) Bessel’s equation of order n
22y +xy’ +Nz2—n?)y=0, 0<z<l1.

Exercise 3.12. Give any second order equation
a(@) y" +b(w) y' + ¢ (2) y = 0.
Prove that there exists a multiplier h(x) such that
h(z) [a(z) y" +b(z) y'+c(z) y] = (p(z) ¥')" + q(2) ¥
Note that the term of first order derivative disappears.

Exercise 3.13. (Davis) Consider the S-L problem
(ry) +aqy+Ary=0, a<z<b,  yla)=0,y(b)=
Show that if p(z) >0, ¢(z) < M, then any eigenvalue A > —M.
References.

e Anthony W. Knapp, “Advanced Real Analysis”, §1.3.

e John M. Davis, “Introduction to Applied Partial Differential Equations”, Chap. 4.

0.

(3.316)

(3.317)

(3.318)

(3.319)

(3.320)

(3.321)

(3.322)

(3.323)



3.3. Proof of the Theorem (Difficult parts).
Recall that we are studying regular Sturm-Liouville problems:

(p(x)y) +q@)y+Ar(z)y = 0, a<z<b (3.324)
aoy(a) +ary'(a) = 0, (3.325)
Boy(d)+ Bry'(b) = 0. (3.326)

with p, g, r are bounded on [a, b] (that is the interval a < x <b), p,r >0 for all a <z < b, and ag, a7 real,
not both 0, and Sy, 31 real, not both 0.
We would like to prove:

e It has nonzero solutions for a countably infinite set of values of A. These eigenvalues are all real. The
set of eigenvalues does not have any limit points.

e For any f having two continuous derivatives on [a, b] and satisfying the boundary conditions, the

infinite sum
oo

> cnn (3.327)

where

b
/ £() pn() r(z) da

Cp = - (3.328)
/ on(x)?r(z)de
converges absolutely uniformly to f(z). By “absolutely uniformly” we mean
> leal lgn] <00 (3.329)
1
and the convergence to f is uniform.
b
e The only continuous function f on [a,b] with / f(@) en(x)r(z)de=0for all n is f=0.
e If p,’s are chosen such that
b
/ on(z)?r(z)de=1 (3.330)
We have the following Parseval-type relation
b o0
/ F@Pr(@)de =" Jenl? (3.331)
a n=1
To do these we need to first transform the equation to an equivalent integral equation.
3.3.1. Equivalent integral equation.
First we show that there is a function G(z; &) satisfying: y = f: G(z, &) f(&) dE solves
(p(x)y") +q(x)y+ f(x) = 0, a<z<b (3.332)
agy(a) +ary'(a) = 0, (3.333)
Boy(b) + Bry'(b) = 0. (3.334)

Such a function is called the “Green’s function” to the problem. We do this through explicit construction.
The basic idea is as follows. We try to find a solution to

(p(x)y) +q@)y+d(x—&) = 0, a<z<b (3.335)
agy(a)+ary'(a) = 0, (3.336)
Boy(d) + B1y'(b) = 0. (3.337)

and call this solution G(z, £). Then it is clear that y = f; G(z, &) f(£) dE is the solution to the original
problem. The proof of this is left as an exercise.



Since §(x — &) =0 for z # £, we see that (Here we fix £, so ' stands for x derivative)

(p(x) G + q(x) G=0 a<x<E, E<x<b. (3.338)
Now by the theory of 2nd order ODE, there is y1(x) satisfying
(r(x)y") +q(z)y=0,  aoy(a)+a1y'(a)=0 (3.339)
and yo(x) satisfying
(p(x)y") +q(@)y=0,  Boy(b)+ B1y'(b)=0 (3.340)

We assume y;, y2 are linearly independent. Then we know the general solution to (p y’)’ + ¢y = 0 is
C1 y1+ C3 y2. Therefore

2 ey GO y() +Co(§) ya(z) a<z<f
&l ’@‘{ Di(&) a(2) + Da(©) olar) E<<b (3.341)

Since y1, y2 are linearly independent, yo, y1 cannot satisfy the boundary condition at a, b respectively.
Consequently Co= D1 =0.
To accomodate the §(x — &) term, we integrate, for any ¢ > 0:

§+e E+e
/ (@) ') + q(z) ] d;v—i—/ 5(z—€)de=0 (3.342)
which leads to o e
E+e
PE+E G+ ) —ple-) e =20+ [ gl@)Glri=0, (334)
—€
Now take the limit e — 0, As ¢, G are bounded, the integral term —0. Using (3.341)) we reach
p(&) [C1y1 — Days] = —1. (3.344)
Together with the continuity of G at x =¢:
Ci1y1—D2y2=0 (3.345)
we obtain
Cy=——92 Dy=— 9 (3.346)
Thus we obtain Pyl y2— y1 93] Pyl y2— y1 93]
OnE
Gz, §)=4q P2~ 5 . (3.347)
_ yl(g) yz(l‘) E<xz<b
! !
plyi y2— y1 93]
It turns out that G(x, &) =G(£,x). (See exercise)
Now we turn back to the Sturm-Liouville problem
(p(x)y) +q@)y+Ar(z)y = 0, a<r<b (3.348)
apy(a)+ary’(a) = 0, (3.349)
Boy(b) + Bry'(b) = 0. (3.350)
We see that the solution can be written as
b
va)=A [ 6o O v (3.351)
Now set z(z) =r%(z) y(x) and k(z, &) =7(z) /2 G(x, £) r(€)'/?, we reach
b
z(a:):/\/ k(x, &) z(&) d¢E. (3.352)

If we denote the operator

b
Kl2] ;:/ k(z, €) 2(€) dé (3.353)



then we have
Klzl=pz (3.354)

where =71

It is clear that: The integral form problem (3.354) and the original Sturm-Liouville problem share
eigenfunctions, and have one-to-one correspondence between eigenvalues. Therefore in the following we
study the integral form.

Remark 3.17. Note that there may be a problem if A =0 (and A < 0 during the following proofs). This
is easily fixed. Since all (possible) eigenvalues are bounded below, we can find a number ¢ and change the
equation to

(py)' +(qg—cr)y+(A+¢)ry=0. (3.355)

Thus the new eigenvalues are A+ ¢ which are all positive.

Remark 3.18. Also note that the orthogonality relations

b
/ Yn(z) Ym(z) r(z)dz =0 (3.356)
becomes ¢

/b zn(2) Zm(x) de=0 (3.357)

1/2 1/2

since zp(x) =7(x)" yp(x), 2m(x) = 1) * Yym(x).

3.3.2. Some notations.
Now we introduce some notations to simplify the following presentation. Later we will see that these can
be greatly generalized.

e Inner product: Let z,Z be two real functions, then their “inner product” is defined as

b
(2,5)::/ z(x) Z(x) dz. (3.358)

Inner product is the infinite dimensional generalization of dot product for vectors.

e L2 Norm: We define the L? norm as

Izl = (2, 2)"/2. (3.359)

Remark 3.19. Norms are generalizations of length of vectors, which in turn generalizes absolute
value for numbers. Thus a basic requirement should be ||z]| >0, and ||z|| =04= 2z =0. This explains
the requirement r(z) > 0.

e Orthogonality: Two functions z, Z are said to be “orthogonal” if (z,2)=0.

e Linear operators and self-adjointness.
A linear operator is a mapping K: L?+— L? such that

K(azi+bz)=aKlz]+ b K|[z]; (3.360)
The operator is self-adjoint if
(KZl,ZQ): (Zl,K,?,'Q). (3361)
Self-adjoint operator is a generalization of symmetric (Hermitian if complex) matrices.

e Norm of operators.
The norm of an operator is defined as

1K= sup |Kf] = sup IEI] (3.362)
=1 r20 Il



An operator is said to be bounded if its norm is finite. From definition we have, for any f,

IEFI<IETIA- (3.363)
e Cauchy-Schwarz inequality. Let (-,-) be an inner product, and ||-|| the associated norm. Then
I(F ol < fI gl (3.364)
We can show that our operator ,
Kfim [ k.6 7(6)de (3.365)

is a linear, self-adjoint, bounded operator.

3.3.3. Eigenvalues are countable and isolated.

In this section we show that the eigenvalues are countable and have no limit point(s), in other words, the
eigenvalues (assuming it’s bounded below) can be listed 0 < A\j < Ag <Az <---.

From the duscussion in the last section we see that it suffices to show that the eigenvalues of (3.354) can
be listed as pq > pg>-+- >0, with 0 the only possible limit point.

This is done in several steps.

1. There is at least one eigenvalue.

Consider m := supj;j=1 (K[z], z) where the supreme is taken over all continuous functions with
f: 22=1. Since k(z, £) is a bounded function, m € R. We show that m = p;.

By definition of sup there is {z,} satisfying ||z,,|| =1 and (K|[z,], 2,) — m. All we need to do
is to show that there is a subsequence of z, converging uniformly. However this turns out to be not
easy. So we apply the following trick: Instead of showing z, — an eigenfunction, we show K|[z,] —
an eigenfunction.

The idea is to try to apply the following

Theorem 3.20. (Arzela-Ascoli) Let {fn(x)} be a sequence of functions that are
o Uniformly bounded: There is M >0 such that |fn(x)| <M for alln €N and all x € [a,b].

o Equicontinuous: For any € > 0, there is § > 0 such that |z; — x2| < 6 = | fu(z1) —
fu(z2)| <& holds for alln € N and all x1,x2 € [a, b].

Then there is a subsequence fy,(x) converging uniformly to some continuous function f(x).
That is for any € >0, there is K €N such that for allk> N, and all z € [a,b], | fn,(z) — f(z)|<e.

First we show that K[z,] is uniformly bounded. This follows from the inequality

b b 12 / . 1/2
K [2a]] < / |k<w,£>|lzn<s>|ds<< / k(w,£>2d§> ( / |zn<s>|2d£> (3.366)

and the boundedness of k.
Next we show that K[z, is equicontinuous, that is for any ¢ > 0 there is 6 > 0 such that
whenever |1 — z2| <0, |K[zp](21) — K[zn](22)] <e.

To see this we write

b
| K [zn] (1) = K[zn](22)| = /[k(xlvﬁ)—k(xz,é)]zn(é)dﬁ

b
< / (1, €) — ks, €)] |2 (€)] €

b 1/2 b 1/2
</ Ik(xl,é)—k(xz,ﬁ)l2d§> </ Izn(§)|2d€>

b 1/2
</ |k(1?1,€)—/€($27§)|2d§> : (3.367)

N



Since k is continuous over [a,b] X [a, ], it is uniformly continuous, thus there is § > 0 such that
whenever |1 — z2| <96, |k(x1, &) — k(xg, §)| < \/bi.
—a

e Therefore there is a subsequence z,, such that K|[z,,] converges uniformly to some function
. We now show that ¢ must be an eigenfunction with eigenvalue m. We have

”K[ch] — M Zn, ”2 = (K[z’ﬂk] — M Zny, K[znk] -m ch)
= (K[znk]’ K[znk]) —2m (K[an]v an) +m?
— ll>—m? (3.368)

This implies ||¢||>=>m?>0= ¢ #0.
Since K is bounded, to show K¢ =m ¢, all we need

0=|Kp—me|= lm [|K[K[z]]-mEK[zn]l= K] -mzn.]—0. (3.369)
We re-visit
K 2] = 11 20, 2 = (K (2], K [20,]) = 2 (K [0, 20,) + m? < m? (3.370)

All we need to show is || K[z,,]|| < m.

e Proof of |[Kf||<m | f]|. It suffices to prove | K f||<m for all || f|| <1
Take any f, g with || f||=1/g]=1. We have (K(f — g), (f — g)) > 0 (see exercise) which
leads to

This holds for all f, g with ||f|| = |lg|| = 1. Now take g = leads to |K f]| < m. Thus

; HK f [
|1 [2n,]|| < m as desired.
2. The eigenvalues cannot have nonzero limit point(s).
Assume the contrary. We have
Klzn;) = Xj2n, (3.372)

with Aj — A > 0. Then without loss of generality, we can assume \; > \/2 for all j. Now since z,,
are orthogonal to one another, we have

1K 2] — Klza ]l = X4 X3 > 22/2. (3.373)

On the other hand we know that there is a subsequence converging uniformly. Contradiction.

3.3.4. Generalized Fourier expansion.
In this section we show that the eigenfunctions can be used to expand a general twice continuously
differentiable function.

First we show that if there is a continuous function f such that (f,z,) f f(z z)dz =0 for all
eigenfunctions z,, then f(x)=0.

Assume not. Then consider all such functions. Name this set by H. Without loss of generality,
we assume z,,’s are normalized, that is ||z, | =1.

We first show that if f € H then so does K f:

(K fyzn)=(f Kzn)=Xn (f,20) =0. (3.374)

Note that we have used the self-adjointness of K.
Next we show that if f,, € H, || fm — f|| — 0, then f € H. To see this we use Cauchy-Schwarz:

I(f s zn)l =|(fm = [ 20) | < I fom = fl[2nll = [ fr = fl| — 0. (3.375)

Therefore we can repeat the argument of existence of eigenvalues to show that sup e s=1 (K f,
£)>0 (because (K f, f)>0 for all f+0) is an eigenvalue with some eigenfunction f. But then there
must be n such that f: zn, which leads to (f, zn) # 0, contradiction.



e Next we show the Parseval relation. By Bessel’s inequality, we have the convergence of Y ¢, z, with
Cn= (Iifz’ Zl";). Now f —>" ¢, 2y satisfies
(f=> cnzn2) =0 (3.376)
thus we have f=>" ¢, %, which leads to Parseval’s equality.
e TFinally we show that if f € C? (and satisfies the boundary conditions) then the expansion converges
uniformly. Notice that every such f can be written as K[g] with g continuous. Then
N N
Z |(f,zn)zn|zz tn | Gn 20| — 0 (3.377)
n=M n=M
uniformly because p,, — 0. This means the sequence Zﬁ[: v (fs2n) zn is Cauchy (uniformly in z)
and convergence follows.
Exercises.

Exercise 3.14. Show that if G(z, §) solves

(@) y) +ae@)y+i(z—§ = 0, a<z<d (3.378)
aoy(a) +a1y'(a) = 0, (3.379)
Boy(d) + B1y’'(b) = 0. (3.380)
then y= f: G(z, &) f(&)dE solves
(P@)y") +q@)y+ flz) =0, a<z<d (3.381)
aoy(a) +a1y’(a) = 0, (3.382)
Boy(b) + B1y'(b) = 0. (3.383)
Exercise 3.15. Calculate Green’s functions for the following problems.
a) y"=0,y(0)=y(1)=0.
b) y”=0, y(0)=y'(1)=0.
Exercise 3.16. In the construction of Green’s function, we need the solutions to
(p(2)y")' +a(x) y=0,  aoy(a) +a1y’(a)=0 (3-384)
and
(p(z)y") +a(x)y=0,  Boy(b)+P1y'(b)=0 (3.385)

to be linearly independent. What happens if that’s not the case?

Exercise 3.17. Prove that the Green’s function G(z, §) as defined in (3.347) is symmetric: G(z, ) =G(§, z). (Hint: Show
that p[y1y2 — y1 y3] is constant).

Exercise 3.18. Show K is linear, self-adjoint, bounded.

Exercise 3.19. Let K be defined as

b
Kfi= [ k@) Fa (3.386)
where “
k(w; €)=r(2)"/? G(z:€) r(€)'/? (3.387)
with G(z; ) the Green’s function for the operator
—(py’)’ 4+ qy with boundary conditions y(a) =y(b) =0 (3.388)
in the sense that the solution to
—(py) +ay=1f, y(a)=y(b)=0 (3.389)
is given by
b
v@) = [ o) (e de (3.390)
a
Assume p, ¢ >0. Show that K is a non-negative operator, that is (Kz, z) >0 for all continuous functions z.
References.
e Anthony W. Knapp, “Advanced Real Analysis”, Chap. 2.

Kosaku Yosida, “Lectures on Differential and Integral Equations”, Chap. 2.



3.4. Higher Dimensional Problems.

In contrast to Section 3.1, here we consider higher dimensional equations in an irregular domain instead
of regular ones like rectangle, disc, sphere, etc. Note that the shared property of those “regular” domains is
that they are either rectangular or can be tranformed to a rectangular domain through change of variables.
In this case one can still formulate the eigenvalue problems and study their properties, but usually one cannot
write explicit formulas for the eigenfunctions anymore.

3.4.1. Higher dimensional separation of variables.
In the following we use the notation & = (z1, ..., &,). We consider the following equation in higher
dimensions: Let €2 be a domain in R", let L be a linear differential operator of the following form:

Llul== 3" (p(®) tiz,)a, + q(x) u= =V - (p Vu) + qu (3.391)
ij=1

For example, when p=1, ¢=0, L is the usual Laplace operator
Llu] = —Au. (3.392)

We will the reason for the negative sign later.
Then we set up the equation as

w+Lu=0 QxR  uz,0)=f(z) (3.393)

with certain boundary conditions.

Now we can apply the idea of separation of variables. Since 2 is a general domain, there is usually no
change of variables to map it to a rectangular one, therefore we can only write T'(¢t) X () and try to require
it to solve the equation. Substituting into the equation we reach

T'(t) X(x)+T(t) L[X]=0= L[X] - A X =0, T'(t)+ A\T(t)=0. (3.394)
From our understanding of the method, we expect the eigenvalue problem
LIX]-AX =0, boundary conditions (3.395)

to have countably many eigenvalues which can be listed by their sizes: A\; < A <. and for each eigenvalue
we expect to have one X;(x). These X;(x) are orthogonal in the sense that

/ Xn(z) Xpp(x)de =0 m%#n (3.396)
Q

and complete in the sense that for any reasonably smooth f(x), we can write

flx)= nz::l fo Xon(z) with f,= / Qf i ﬁlé’;ﬁ?jw . (3.397)

Then the final solution should be
w@,t) =" foe Mt X(). (3.398)
n=1

Before we proceed, we have to point out that some of the above expectations are not realistic. For example,
in higher dimensions, it may happen that more than one linearly independent eigenfunctions correspond to
one same eigenvalue A. To see this, recall the heat equation in rectangular domain

Ut = Ug g + Uyy, O<z<m0<y<m. (3.399)

We know that the eigenvalues are m? + n? with eigenfunctions sin n x sin m x. But clearly there is the
possibility that m? +n? =m3+n3.
Now we introduce the boundary conditions:

o _

a(x)u+ B(x) i 0 on Of). (3.400)



This looks complicated but is in fact a natural generalization of the 1D boundary conditions

agu(a,t)+ Prugla,t) =asu(b,t) + B2uy(b,t) =0. (3.401)

Example 3.21. Consider the heat equation in cylinder (Example 3.12). The eigenfunctions are X, 1 1(z,
y)=Rn k(r) cos(n0), Xn k w(T,y)=Rn ksin(n0). Where R,, (r) = Jp(an, k) with J,, Bessel function of the
first kind. It is important to notice that these eigenfunctions are orthogonal:

/ X i ) Xon 152, ) dardy =0 (3.402)
z24+y2<1

unless n=m,k=1,i=j. Note that the weight r for the orthogonality relation of J,, follows from change of
variables to polar coordinates.

As in the 1D case, we turn to a more abstract setting. We define the following inner product:

(u,v) ::/Q u(x) v(x) de (3.403)

] := </Q u(:v)2d:v>1/2. (3.404)

Recall that in 1D what we actually study is the inverse operator L' defined through Green’s function. Such
explicit definition is not possible anymore. Nevertheless, it turns out that L' is still well-defined under the
following conditions:

which induces to the norm

e There is pg > 0 such that p(x) = po for all x € Q.
e g(x)=0forall xze.
o «afxz)f(x)>=0 for all €.
The proof of this fact is beyond this course. Let K = L~'. We will only explicitly use K in a few places in

the following discussions.

Remark 3.22. Under the above assumptions the operator L = =V - (p V) + ¢ is “uniformly elliptic”. A
paradigm uniformly elliptic operator is —/\. In appropriate setting, uniformly elliptic operators enjoy the
same nice properties as —A.

Similar to the situation in 1D, a few simple facts can be easily derived.

e The operatos L, K are self-adjoint. We check

(Llu],v) = / [V (p V) + g v

= /qu-Vv—l—quv—/ pn-Vuv
Q o0

ou
= qu-Vv—l—quv—/ PV
/Q o0 on

/Q[—V-(va)—i—qv]u—i—/BQp[u%—v%}

= (u, L[v]). (3.405)

Note that the boundary term vanishes due to the boundary condition (3.400).
The self-adjointness of K easily follows as

(KTu],v) = (K[u], L(K[v])) = (L(KTu]), K[v]) = (u, Kv]). (3.406)
Remark 3.23. We see that after integration by parts twice, [-V - (p Vu) + ¢ u] v becomes
[~V - (pVv)+ qu]. If we ignore the boundary terms, we already have (L[u],v) = (u, L[v]). Such L is
said to be “formally self-adjoint”. More generally, the “formal adjoint” of a differential operator L can
be defined through

(L[u],v) = (u, L*[v]) + boundary terms. (3.407)



Thus an operator is self-adjoint if
1. It is formally self-adjoint;
2. The boundary condition is appropriate.
e All eigenvalues (if any) are non-negative.

Mlul?=X(u,u) = (L[u],u)

= /[p|Vu|2+qu2]d:v—/ pu@dA
0 oo On

/[p|Vu|2+qu2]d:B+/ pEuzdA>0. (3.408)
Q oo P

e Eigenfunctions corresponding to different eigenvalues are orthogonal.
Let L[u] = Awu, L[v] = pv with A% . Then we have

A (u,v) = (L[u],v) = (u, L[v]) = p (u, v) = (u,v) =0. (3.409)

Note that as the eigenspaces may not be one-dimensional, we cannot yet conclude the existence of an
orthogonal system of eigenfunctions ordered by their corresponding eigenvalues. To do that we need
two things:

1. For each eigenspace we can find a orthogonal basis;
2. Each eigenspace is finite dimensional.

The first can be done using the following Gram-Schmidt orthogonalization procedure, the second
needs some deeper properties of compact operators.

3.4.2. Gram-Schmidt orthogonalization.

Recall that now it is possible to have more than one linearly independent eigenfunctions corresponding
to one single eigenvalue. Then there is no way to prove that they must be orthogonal. However, given a set
of linearly independent functions, we can always “orthogonalize” them through the following Gram-Schmidt
process.

Let uq,...,u, be a set of linearly independent functions. We define

U1

v = : (3.410)
[Ja
v = M2z (umv)u (3.411)
[luz — (uz, v1) v1|
vy = s (s v (s, va)vz (3.412)
[|us — (us, v1) v1 — (us, v2) vo|
It is easy to see that w1, ..., v, now form a set of orthonormal functions, that is
[lv: |l =1, (vi,vj) =0 when i+ j. (3.413)
We also note that
span{vy, ..., v } = span{uy, ..., ug } (3.414)

forall 1<k < n.

3.4.3. Hilbert spaces, compact operators.
A Hilbert space is a special kind of abstract vector space.
A vector space is a set V' with two operations defined: addition between elements of V' and multiplication

between an element of V' and a number «.. These two operations share the properties of the same operations
on R" and R:

i. There is an element 0 € V such that 04+ v=w for all v € V;

ii. u+v=v+u;



iii. (u+v)+w=u+ (v+w);

jar

iv. For each u € V there is an element —u € V such that w+ (—u) =0.
v. l-u=u for all u eV,
vi. (a+b)u=a-u+b-u;
vii. a (u+v)=a-u+b-u;
viii. a(bu)=(ab)u.
Remark 3.24. The above is called “real” vector space since the scalars a, b € IR. We can replace R by

the complex numbers C or any other fields to obtain other types of vector spaces. Some of the following
definitions, in particular the definition of inner product, may need to be modified in those cases.

Example 3.25. The set of continuous functions with usual addition between functions and scalar-function
multiplication is a vector space.

Now we define a linear operator. A linear operator is a mapping L between two vector spaces V., W
satisfying
i. Llv+w]=L[v]+ L[w];
ii. Llav]=a L[w].

Example 3.26. Let V be the set of continuously differentiable functions and W the set of continuous

functions, then L = % is a linear operator from V to W.

Note that all we can do in an abstract vector space is linear algebra. Analysis is not possible because
there is no definition of convergence yet. To be able to discuss convergence, we need to introduce the idea
of “norm”. This leads to the definition of Banach space, to which Hilbert space is a special case. We jump
directly to this special case.

Definition 3.27. A Hilbert space H is an abstract vector space with an “inner product” defined. An inner
product is a bilinear form (-,-): H x H— R satisfying
i (u,v)=(v,u);
it. (au+bv,w)=a(u,w)+b(v,w); (u,av+dbw)=a(u,v)+b(u,w).
iii. (u,u) >0, with equality if and only if u=0.
Example 3.28. The set of all square integrable functions with inner product (u,v)= [ wvdz is a Hilbert
space.
With inner product comes the norm:
| = (u, )2 (3.415)
With norm comes convergence:
Up — w if ||uy, —ul| — 0. (3.416)
and boundedness of linear operators: L is bounded if there is K > 0 such that

ILu] < K |ul, Vue H. (3.417)

With convergence comes the continuity of linear operators: A linear operator L on a Hilbert space H is
continuous if w,, — u then Lu,, — Lu.

Definition 3.29. (Compact operator) An operator on a Hilbert space L: H — H is compact if {u,}
bounded = there is a subsequence uy, such that Lu,, converges.



Example 3.30. If H is finite-dimensional then all linear operators on it are compact; When H is infinite-
dimensional, there are non-compact linear operators. A paradigm example is the identity operator Lu = u.
Another is the shift operator:

(1, x2,...)— (0,21, T2, ...) (3.418)

on the Hilbert space of infinite dimensional vectors with inner product:

(@,9)=>_ Tnyn. (3.419)

3.4.4. Higher dimensional Sturm-Liouville type theory.
In this section we try to prove the following properties of the eigenvalue problem

V- (pVu)+qu=Au, a(x)u+ ﬁ(m)é—az:() on 9f). (3.420)

a) There is at least one eigenvalue.
Define the energy functional Efu]: =(L[u],u)= [ p [Vul[*+ qu*+ [, p%uQ.
We claim that,
Alzminm. (3.421)
w0 (u,u)
The fact that this minimum is attained requires knowledge of Sobolev spaces and is omitted. Now we
assume v is the minimizer, and try to show that it is an eigenfunction. Consider a small parametrized
perturbuation
(Llu+sv],u+sv) (Lul,u)+2s(L[u],v)+s*(L[v],v)
(u+sv,u+sv) (u,u) +2s (u,v)+s2(v,v) '

(3.422)

. . o . . . d
Since s =0 is a minimizer, taking derivative 5, we reach

[2 (L[u], v) + 2 s (L[], v)] [(u, v) + 2 s (u, v) + s% (v, v)] — (L[u], u) + 2 s (L[u], v) + s* (L[v],
v) [2 (u,v) + 25 (v,v)]=0. (3.423)
Now set s =0 we reach

(L[u],v) (u,uw) = (L[u],w) (u,v) = (L[u1] — Ay u1,v) =0. (3.424)

Since this is true for all v, we conclude that L{ui] = A1 us.
That A; is the smallest eigenvalue is trivial.

b) There are countably many eigenvalues which can be listed A\; < A3 <..., and each eigenspace is finite
dimensional.
Note that we can obtain Ag, A3, ... as follows:

ELlw  _

)

L (L)

Ao = min
ulug,usg (u, u)

min S0 (3.425)

Note that here it may happen that Ao = A;.

This way we obtain countably many eigenvalues.

To show that each eigenvalue is only repeated finitely many times we need to turn to the inverse
operator K =L ~! and try to show that the eigenspace of each of its eigenvalues is finite dimensional.
An important fact we have to use is that K is a compact operator. Thus we show: If K is compact
and A is an eigenvalue, then there are only finitely many linearly independent eigenvectors. Assume
the contrary, then there is a sequence of linearly independent eigenvectors uy, usg,.... Apply the Gram-
Schmidt orthogonalization procedure, we obtain vy, vs, ... such that

(vi, vj) =i . (3.426)



Now it is easy to show that {Kwv;} does not have any convergent subsequence. Contradiction.

To show that these are all the eigenvalues we only need to show that if any function f is
perpendicular to all these eigenfunctions, then f = 0, that is the eigenfunctions form a complete
set of the space L%(Q).

The normalized eigenfunctions form a complete orthonormal set.

To do this we need to show first that A, — 0o. Assume the contrary, that is A, — A € R (note
that A\, is increasing, so this is exactly the contrary to A, — o0). Take one eigenfunction w,, for each
A and normalize it, we obtain a sequence {u, } such that

(uiyuj) =0dij, Ku;= X u;. (3.427)

Since A\; — A, there is N € N such that for all n> N, \/2 <A, <. Then we have

)\2
|\Kui—KUj||2=||Kuz'||2+|\KUjH2>7 (3.428)

which contradicts the compactness of K.
Now note that if ulwuy,...,uyn, then we have

(L[u],u) 2 AN (u,u) = |Ju|| < (L[u], u). (3.429)

A

But this leads to contradiction unless (L[u], u) = oo!

Remark 3.31. We notice that the convergence proof seems simpler than in the 1D case. The reason is that
here we only proved the convergence in L? norm instead of uniform convergence.

Exercises.

Exercise 3.20. Prove that for a linear operator, the following are equivalent:

a) It is continuous;
b) It is continuous at 0;

c) It is bounded.

Exercise 3.21. Let H be a finite dimensional Hilbert space, and L is a linear operator L: H — H. Prove that

a) L is bounded.

b) L is compact.

Exercise 3.22. Construct a sequence fy,(z) — 0 for every z € R, but || f,|| = (f]R f(x)? dx)1/2 =1 for all n.

Exercise 3.23. Let V be a linear vector space. A norm ||-|| is a mapping V — R satisfying

a) For any veV, ||v|| 20, and |[v]|=0<=v=0.
b) For any veV and a € R, |lav| =|a||v].
c) For any u,v €V, lu+v| <llul +llv]l.

Prove that

lvll:== sup [|f(z)| (3.430)
z€[a,b]

is a norm on V ={ f(z): [a, bl — R| f(x)isbounded}. Then show that this norm does not come from an inner product, that
is there can be no inner product that ||v||2 = (v,v). (Hint: Show that if (-,-) is an inner product, then (u+4v,u+v) + (u—wv,
u—v)=2(u,u)+2(v,v).)

Exercise 3.24. Recall the Legendre’s polynomials are eigenfunctions of

I

(1—2?)y" —2zy" +Ay=0, —l<z<1 (3.431)
satisfying: Pp,(x) is a polynomial of degree m.
Prove: If we take u,,(x) = 2" and apply Gram-Schmidt orthogonalization to them using inner product (u, v) =
1 w(z) v(z) dz, the resulting orthonormal set is {am Pn(z)}, where a., = ( ]il [Pm(:c)]de)il/z.



3.5. Problems.

3.5.1. Frobenius theory of power series solutions.
One way to understand a general linear second order equation

Y+ @)y +q(x)y=0 (3.432)
is through the power series method, which in its simplest form works as follows:
1. Write y =3 an (z —x0)",
2. Substitute this y into the equation, obtain formulas for a,,.
3. Study the resulting infinite series Y~ an (z — x0)" (now all a,’s are known).

However, this simple approach only works when both p(z) and ¢(x) are analytic at zy (such xg is
called “ordinary”). Recall that a function f(z) is analytic at a point zg if there is p >0 such that

f(z) =1Its Taylor expansion at xg V)z — z0| < p. (3.433)

All infinitely differentiable (at xo) functions have a Taylor expansion, but not all infinitely differentiable

—1/x
functions are analytic, as can be seen from the example f(z) = { 8 r zg whose Taylor expansion at
<
xo=0 is
0 2.0 3
O+O-x+§-x —I—E-x +-- =0+ f(x) (3.434)

for every = > 0.

When p(z), ¢(z) are not both analytic at z (in the following for simplicity of presentation we set xzo=10
when writing expansions), the point z is called “singular”. the power series method can still be adapted to
work when xq is “regular singular”, that is (remember we set xg=0 when writing formulas)

p)z,  q(z)a? (3.435)

are analytic. In other words p(z) has a pole of order at most 1, and ¢(z) has a pole of order at most 2.
The following theorem guaranteed that the power series method still works as long as the starting ansatz is
changed to

y=a"> " an(x—mz)" (3.436)
n=0

where v may be complex.

Theorem 3.32. (Fuchs) xq is reqular singular <= There is p€R, p>0, such that for all solutions y(x)
of (8.432), limy__.,, (x — xo)” y(x) =0.

Proof.

e —. This part is relatively easy (but tedious). One just needs to start from the ansatz (3.436) and
solve the equation, that is figuring out v as well as all a,,’s, and then prove convergence of the resulting
series solution. The details can be found in any elementary ODE book such as the textbooks for Math
334 and Math 201 here at UA.

e <. We need to show that if there is p > 0 such that lim,_,oz” y(z) =0 for all solutions y(z), then
p(x) z, g(z) 2% are analytic. This part is a bit tricky. The outline of the proof is as follows.

1. First show the existence of a solution y(x) =x" ¢(x) where ¢(x) is analytic.
To do this, let y;, y2 be linearly independent solutions. Then if we continue them along
circles around zg, the resulting functions Y7, Y3, which still solve the equation, can be
represented as

Yi=ayi+Byx  Yo=7y1+0y2. (3.437)

Thus for any solution y=cy; + dys, after such continuation we get

(M)



Now let ( 2 ) be an eigenvector, then

Y=y (3.439)
after one round of continuation. Take r; by setting
e2mirt = ), (3.440)
Note that we need to show A0 through showing ad — 3y #£0.
Thus
y=z"" o (3.441)

where g is single valued. As lim,_,0z” y(xz) =0 o can have at most a pole at x =0 which gives
y=z"¢ (3.442)
for some r € C.

2. Now we denote the above solution by y;. And obtain ys through reduction of order. We will get

ya() = yi(a) [alog @ +2° (o) (3.443)
where a is a constant and 1) is single valued analytic except at £ =0. Similar to ¢ we see that

1) has at most a pole.

3. Now recall that
" " !
ST ' ST W ) QY 1 (3.444)
Y1Y2— Y291 Y1 Y

We obtain the desired result.

()
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