Math 317 Winter 2014 Homework 6 Solutions

DUE MAR. 26 2P

e This homework consists of 6 problems of 5 points each. The total is 30.

e You need to fully justify your answers.

Question 1. In the following a >0 is a constant.

a) Calculate
[ lavlas (1)
, L
with L:(Z‘;fjgz ) tefo,2q].
b) Calculate
/(:v+y+z)d5 (2)
S

with S the first octant part of the unit sphere: x® +y*+ 2>=a?, z,y,2 > 0.

Solution.

a) We have

[ vt
L

27
/ |(acos®t) (asin®t)| /(=3 acos?tsint)?+ (3asin®tcost)? dt
0

27
/ a? |costsin t|>v/9 a? cos?t sin?t + 9 a? sin*t cos?t dt
0

2m
/ a?|costsint|®(3a) |costsint|
0

2m
= 3a3/ (costsint)*dt
0

3 3 27 . 4
= 1g¢ A (sin2¢)*dt

3 4 [P (1 —cos4t\?
- ()

_ 3™ 3, 3 o o 2
= 330 +64G/J (cos4t)*dt
_ 97 3
= 7% (3)
b) We parametrize S:
a cosp cosy - -
asinpcosyy |, <p€[0,§}, 1/16{0,5] (4)
a siny
Now calculate
—siny cosy —cosp siny
ro=al| cospcosy |, ry=a| —sinpsiny |, (5)
0 cosy
we have
E =a?(cosy)?, F=0, G=a?>=VEG — F?=a?|cost)| = a® cos1). (6)



2 MaTH 317 WINTER 2014 HOMEWORK 6 SOLUTIONS

Thus we have

/S(:c—l—y—i-z)dS = /[0

3

a [cosip costh + singp costp + sinyy] a? costp d(ip, 1)
2

NE

)

S—

/2 /2
l/ (cosg + sing) (cosy))? + costp singy dep | dep
0

=a
/2
= a3 r (cosp +sinp) + ldcp
3mad

Question 2. Let a >0 be a constant. Calculate
/ydx—zdy—l—xdz (8)
L

where L is the intersection of (x?+ y?)/2 + 22 =a? and x = vy, oriented counter-clockwise
when viewed from the positive x-axis.

a) directly;
b) wia Stokes’s Theorem.
Solution.
a) We notice that on L, z=y=t, t?+ 22 =a% Thus we parametrize L as
(acosh,acosf,asinb), 6el0,2n]. 9)

Note that 6 is the angle from the z-y plane to the point on L, therefore the orientation 0 — 2 7 is
consistent with the specified orientation.
Thus we have

27
/ yde —zdy+xzdz = / [acosf (acosf) — (asinb) (acosh)’ + (acosh) (asind)’] dd
L 0

27
- a2 / [—cosf sinfd + (sinf)? + (cosh)?] Ao
0

= 27a’ (10)
b) We calculate
Y 1
Vx| —z |=| -1 | (11)
T -1

We pick S to be the part of x =y inside (2 + y?)/2+ 2?=a?. Then we have

1/v2
n= _1/\/5 . (12)
0
Thus we have
Yy
Vx| —z || - n=V2. (13)
x

Note that S is an ellipse with major and minor axes 2+/2a and 2 a, therefore

Y
/ Vx| —z ||'ndS=v27v2aa=2ma% (14)
s

X
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Question 3. Calculate

5112

[q |- (15)

z

where S =0V where V ={2>+ 4>+ 2> <3} N{z>0}nN {z} 24y — 1}, oriented by the
outer normal,
a) directly;

b) via Gauss’s Theorem.

Solution. We can visualize V' as a muffin.
a) S'= Shottom + Sside + Stop With
e Bottom: 22+ y?><1,2=0;
o Side: 1<a?+ y2<2, z2=/2%+ 2 — 1;
o Top: 224 y2<2,2=/3—22— 2.
We calculate the integral on each one by one.
e Bottom.

u 0
The natural parametrization is ( v >; the outer normal is Npottom = ( 0 ) Thus
0 —1

u? 0
/ :/ o2 |-[ o |as=o. (16)
Sbottom u?+v2<1 0 -1

u

e Side. We parametrize the side as ( v ) with D={1< w402« 2}. Then calculate

\/u2+v271
1 %
; (1) N
Ty = Ty = ryXry=| ——*% | 17
“ u ’ v v = Tu v ViZtor—1 (17)
V@ foP o1 VP o1 1

Note that the outer normal should point down therefore we should use —r,, X 7, and have

u

u? e
/ :/ —v? | == |du,). (18)
Sside D u2+112—1 vus+ o2 —1

Noticing D is symmetric in u, v we see that

/ - / S T
Sside D Vui+v2-1 ’

_/ U—2d(u,v)
D Vul+v?-1
+/ (1—u?—v?)d(u,v)
K V2
= 0—0+27T[ (1—r?)rdr

7T.
27
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u

Top. We parametrize ( v ) with D = {u?+ v? <2}. Then calculate

N
1 0 VeI
T, = 0 , Ty= 1 =P, Xr,=| —Y | (20)
S — - v V3—u?—v?
N g N prer 1

This time it is consistent with the outer normal. Again noticing the symmetry, we have

/s - /D (3—u?—v?)d(u, v)

V2
= 27r/ (3—r?)rdr
0

= 4. (21)

Adding everything up, we have the original integral to be 77 /2.
b) We calculate

div| —y? |[=22-2y+2=z (22)

As V is symmetric in both z, y, we have

/ (2w—2y+2z)d($7y,z):2/zd(w,y,z). (23)
% %

On the other hand,

V

= {@ v 2+ +22<3 2> max {0, VP H -1}
= {x2+y2<1,0<z<\/3—x2—y2}u{1<w2+y2<2,mgzg m}

= V17UV

Thus we have

Question
det (a(x Y)

a(
Theorem.

2 [y = 2 [ zd@ya)+ [ )
1% i Va
Vi3—aZ—y?
= 2/ / zdz [d(z, y)
z24+y2<1 | JO

V3—2?—y?
+2/ / zdz | d(z, y)
1<z2+42<2 Va2 y2-1

= [, G-r-day
x24+9y2<1
+ (4—222-2y%) d(z,y)

1<z2+9y2<2

1
= 271'/ (3—7r2)rdr
0

V2

+27r/ (4—2r%)rdr
1

5T 7

= 5 trT=5 (24)

4. Let D C R?. Let T(u, v) (;fg ) ): R? = R be a C" bijection such that

)#0 everywhere. Assume that D, T~ (D) both satisfy the hypothesis of Green’s
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Prove

@%ﬂﬁﬁgpmm (25)

using Green’s Theorem.

Proof. Since det (88(2”)/))) # 0 and is continuous, it is either >0 everywhere or <0 every-

where.

We take a parametrization < Zgg >, t €la,b], of T (D) such that the induced parame-

trization ( ))fézg))gg; ) of 0D satisfies the hypothesis of Green’s Theorem.

Now calculate

uo) - || xdy'

oD
b
= | [ X (), v(0) S (ult), o(r)) e

a

b
= / XY, v+ XY, v dt

_ / XY, du+ XY, dv
or-1(D)

B XY, O(XY)
__Awm o G

:.AWJL“‘&“”W”

— /Tl(D) det <—aa(<)§:3]/))>d(u,v)'

= det IX,Y) d(u,v). (26)
oo ()

I(u,v)
a(X,Y)

O(u, v)

The last equality holds because det ( ) is either >0 everywhere or <0 everywhere. []

Question 5. Let S be a closed C* surface given by ® =0 where ®: R*— R is C* and satisfy
grad ® #+ 0 everywhere. Prove that the area of S is given by

. grad ® >
— [ div| —=——— |dx 27
fo (s 0
where V :={® >0} is the region enclosed by S.

Solution. Take any (zo, yo,20) € S and let (z(t),y(t), 2(t)) be any C! curve on S passing (o, yo, z0). Then
we have

B (1), (1), 2(1)) =0 = ST (20, o, 20) = 0. (2%)
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Application of chain rule gives

'(to)
(grad ®)-| y'(to) |=0. (29)
Z'(to)
Therefore grad ® is normal to S. Then the outer normal is
grad
n=———. 30
Jarad @] 0

Application of Gauss’s Theorem to yields

do . grad ®
Area:/n-dS:/ —&-ds_—/d1v<—)dm. 31
s s lgrad @] v \grad @ (31)

Thus ends the proof.

Question 6. Let V CR? and let OV be C* oriented by outer normal n. Let uw: R*— R, f:
R3— R? be C'. Prove that

/WundS:/V (grad u) dz; /an de:/v (curl f) de. (32)

b ab
Here if a€ R and b:(b;>€R3, ab is defined as (ab; )

b3 abs

Solution. Denote

u 0 0
f1:: 0 ) f2:: u ’ f3:: 0 . (33)
0 0 u
Then
favfl'ndS V%d(x,y,z)
/ undS=| [, forndS |=| [, g—Zd(:r, Y, 2) :/ (grad u) de. (34)
v Joy f2-mdS 2 (z,y, 2) v
V 0z 7
Similarly, as
na f3—n3 fo 0-n1+ f3-na+(—f2) - n3
nxf=| ngfi—nifs |=| (=f3) na+0-n2+ fi-ng |, (35)
n1 fa—n2 fi f2:ni+(=f1) n2+0-n3
the result follows from Gauss’s Theorem. For example
0
/ 0- ny + fg ‘No + (—fQ) ‘N3 ds = / div f3 dx :/ [82f3 — 83f2] dx (36)
av % —f %

which is the first component of [, (curl f) de.



