Math 317 Winter 2014 Homework 1 Solutions

DuUE WEDNESDAY JAN. 15, 2014 2pMm

e This homework consists of 6 problems of 5 points each. The total is 30.

e You need to fully justify your answers.

Question 1. Are the following series convergent or divergent? Justify your answers.

T
— WVl = Vn+l +\/_
Solution.

e For the first series, apply the ratio test:

An 41 _ 2 (2)
an vn+1

An+41 An+4+1

thus we have lim,,_
the series converges.

=0 which gives limsup,— o =0. By ratio test we know

n

e For the second series we notice

1 _Vn+1- \/'
Ve Y A e )

Thus we have

SWQ:ﬂT4f QQM+—ﬁ%WﬁLm (4)

Since lim,, 8, = 00, we have by definition of series convergence

1
nz::l Vn+l+yn
e Althernative method for the 2nd series. We prove:

1 1
> .
vVn+l+yn 3yn

All we need to show is v/n+1 <2 /n=+/4n which immediately follows from 4 n — (n+1)=
3n—1>0 for all n > 1. Now since the generalized harmonic series

3 %—oo, (7)

n=1

Yn>1,

(6)

so does > Consequently >°°° diverges.

1
nlsf n=1 Vntitvn

Question 2. Let Z 1 On, ZZOZI bn, be non-negative series with a,>0,b, >0 for alln € N. Further

assume that Yn € N, 254 < ’;—“. Prove that %" | by, converges =Y an converges.
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Solution. From the assumption we have (note that a; >0 is used here)

as _ by a1
a2 22 <Hp,.
a1 B bl — a2 bl b27 (8)
as az _ bz b2 b3 ay
4y a1 bg bl ﬁ — b_l — a3 < b bg, (9)
In general we have
an < 2, (10)

b1
for all n € N.

Now for any € > 0, since Zzozl b, converges, there is N1 € N such that for all m >n > Ny,

> <

k=n+1

(11)

Take N =max {Ng, N1}. We have for all m >n > N, (Note that we need the positivity of aj in the
first inequality below)

i ax| < i ANo p, | = INo i be| <e. (12)
k=n+1 k=n+1 bNO bNO k=n+1

Therefore > | ay, converges.

1

Question 3. Prove by definition, without using improper integrals, that Zn L nom ir ) = 0%
Proof. We have
1 1
1loga (141) = 92’ (13)
1 1 1 1 1
=— 14
Yom (2+1)  3loga (3+1) ~ dlogod | dloged 4 (14)
4loga (4+1) 7Tloga (7T+1) 8logs8 6’
! + . S (16)
2n—1logy (2n~1+1) (27 —1)loga (27) 2nm  2n’
Therefore
2n—1 1 L1
n —_ > - 17
Szn-1: Z K log (k+ 1) >2kz_:1k: (17)

Now for any M > 0, since {22:1 %} is not bounded from above, there is ng € IN such that
Y1 L > M. This gives

Soro_1> M (18)

1

n=1 nlogs (n+1) = o0 O

and therefore {S,,} is not bounded from above which means Y °°
Question 4. Prove that if Z _, an 1S a convergent series of positive numbers, then so is
Yooy (a )"/ (n+1) (Note that this gives another proof of the fact that there can be not “largest”

n=
convergent series) (Hint: 1)
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n/(n+1) <2an+ 27" Note that this is equivalent to proving for any a > 0,

Proof. We prove that a,,
a<2a' TV 42, (19)

We apply Young’s inequality: a,b>0,1/p+1/q=1, then

abggﬁ-g- (20)
We have
2n/(n+1) a)(n+1)/n (Q—n/(n-l-l))n—i-l
— (on/(n+1) 4. _"/("+1)<( <9 qlt1l/n -n
a=(2 a)-2 < CESNE + —— <2a +27" (21)

Since both >°>° | 2a, and Y7 | 27" converges, so does Y >° | (2an+27"). The conclusion then
follows from this fact together with that > (a)™™FY is non-negative. O

Question 5. Let a, >0. Assume that Z _, an diverges. Prove that Zn i 1+” also diverges.

Proof. There are two cases.

e {ay} is bounded. That is there is M > 0 such that Vn € N,0 < a,, < M. In this case we have

an an

> 22
l+a, 14+M (22)
an
and divergence follows from the divergence of Zn | TR
e {ay} is not bounded. Thus for every k € N that is a,, > k. This gives
a
lim Mk —1. 23
k—oo 1+ ap,, (23)
Thus lim,,— o 11—'; =0 does not hold and the series cannot converge. O
Question 6. Assume Z _, an converges. Prove that Z % must also converge.

Proof. We prove that the series is Cauchy.
Let £ >0 be arbitrary. Since Zflozl an converges, the partial sums s, :=aj +--- + a,, are uniformly
bounded in n, there is there is M > 0 such that for all n € N,

|sn| <M. (24)

Now take N € N satisfying N > %/[ For any m >n > N we calculate

a a 1 1 1
Tlﬁ:i +Hm = n+1(3n+1_3n)+n+2(5n+2_5n+1)+"'+E(5m_3m—1)
_ __Sn 11 I 1)\, sm
a n+1+8"+1<n+1 n+2>+ +Sm_1<m—1 m>+m
M 1 1 1 M
< M . - = 2
n+1+ [(n%—l n+2 ) +<m—1 m)}—i_m
M (L 1) M
 n+1 n—i—l m m
< %4<5. (25)

1. Apply Young’s inequality to obtain az/("Jrl) <Cian+Cob,.
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Thus > >, a—; is Cauchy and therefore converges.



