Calculation of triple and multiple integrals

Triple integrals

Example 1. Let A be enclosed by x=0,y=0,z=0 and x4+ y+ z=1. Calculate

/ 22d(x,y, 2).
A

Let D:={(z,y)|0<2<1,0<y<1—=z}. Then

/Az?d(:c,y,z) - /Du)lzyz?dz]d(:c,y)

=3[ G=e—wrday

_ %/01 UOH (1—x—y)2dy]dx

— 1 ! 4 _ 1

Exercise 1. How many times did we apply Fubini? Justify each application of the theorem.

z

Example 2. Let A:= {(:v, y,2)| Z—z—i— v —i—c—z < 1}. Calculate

2
/ 22d(z,y, 2).
A
2 2

Let A, := {(x, )| a2(1fz2/c2) + b2(1;yz2/c2) < 1}. We have

/Az2d(x,y,z) = /_ZQ[/A d(x,y)}dz
_ /Cczzwab(l_gj)dz

_ 4 3
= 157rabc.

Exercise 2. Apply symmetry to obtain

/ (@+y+22d(,y,2)
A

using the result in the above example.

Multiple integrals

Example 3. Let B:={x € R"|||z| < 1}. Find its volume.
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Denote by Vi the volume. We try to obtain the relation between Vi and Vi _1. First recall that, by properties

of Jordan measure,
/ d:c:rN/ dx =rNVy.
B(0,r) B

VN = / d({El,...,:EN)
(z34+--+2%)<1
1

= / d(l‘l,...,x]v_l) dLL'N
-1 | Jai+dak 1 <l-a}

(1 — :Z?%V)(N_l)/2 VN_1dan
—1

1
{/ (1 —x?v)(Nl)/QdUC} VN-1.
—1

) r(£2)r(;
-1 F(N+2)
2
where the Gamma function is defined as

F(t):/ e gt~ 1dz.
0

It turns out that I'(1/2) = /7. So the above gives

It turns out that

Example 4. Let f(z) be continuous on [a,b]. Prove that

/ab {/j [/awl [/;2 f(xl)dxl]d$n2:| dxnl} dz,, = / f(z y1d,

Let
Ar={(z1,...,zp)| a <1 <22 a <2 < X3, --a <z, <D}
Now if we define
B:={(x1,...,zn)|a< 1 <22 < - <y <}
then A=B.

Thus we have the integral equals to

[ faa /1/ [/[ /: ...]dm]d%]f(xl)dwl
FLFUELE o i

b
_ ﬁ/ F(21) (b— 21)" 1 day.

Exercise 3. Let Q:={(&1,...,zn)| z; > 0; ZZ 1 ©i <1}. Prove that its volume is 1/(n!).
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