Integration of simple functions

For any Jordan measurable set A C RY, we define

/ 1da:=1I(1,A):= pu(A). (1)
A
To extend this definition to more complicated functions, we introduce the idea of “characteristic function”.

Definition 1. (Characteristic function) A function f: RN+ R is said to be the characteristic function
of a set ACR, denoted f(x)=14(x), if

rw={4 2. @

Definition 2. (Integration of characteristic functions) Let A, E C RN. We say the characteristic
function 14(x) is integrable on E if and only if ANE is Jordan measurable. We define the integral to be

L la(z)de:=pu(ANE). (3)

Definition 3. (Simple functions) A function f: RN — R is said to be a “simple function” if there are
c1,....,cn €R and Ay, ..., A, CRY, such that

n

@)=Y eila(@). (4)
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Theorem 4. Let f, g be simple functions and c € R. Then the following are also simple functions:

Il cf. f£g.fg. (5)
Proof. Left and exercise. 0
Theorem 5. Let f: RY — R be a simple function. Then there is a unique set of numbers cy, ..., ¢, € R

with ¢; # 0, ¢; # c; for every i # j and sets Ay, ..., A, CRYN with A; N Aj = @ for every i+ j, such that

f@) =377, cila(®).

Proof. By definition the image f(RY) is a finite set of real numbers. We denote it by {ci, ..., ¢, }. Now
define A;= f~!({c;}). That we can make c;# 0 is obvious. g

Definition 6. (Integration of simple functions) Let f(x) =1 | ¢;la,(x) be a simple function with

ci, Ai satisfying c;#0 for every i, c;#cj, Ai# Aj for everyi# j. Then f is integrable on E CRY if and only if

Vi, A;NE is Jordan measurable. (6)

We define

[E fl@)dz: =" cip(AinE). (7)
i=1



Exercise 1. Let E C RY be such that w(E) = 0. Let f be a simple function. Prove that f is integrable on E with
/E f(x)de=0.

Exercise 2. Let E CRYN and let f >0 be a simple function integrable on E. Prove that i E f(x) de >0. Further prove that

/E f(@) de =0 f(z)=0. ®)

We can easily prove the following.

Theorem 7. Let ECRYN. Let f, g be simple functions integrable on E. Let c€R. Then

i. [+ g are integrable on E, with
| rzo@de= [ f@iex [ g de )

1. c f is integrable on E, with

/ (cf)(w)dw:c/ f(x)de. (10)
E E
iii. | f| is integrable on E.

w. fg is integrable on E.
Remark 8. Note that is usually no clean relation between [ (fg) and ([ f) ([ g9).
Proof. Exercise. O

Exercise 3. Let E CRYN. Let f, g be simple functions integrable on E. Prove that max (f, g), min (f, g) are also integrable
on E.

Theorem 9. Let f be a simple function integrable on E1 and also on Eo. Then f is integrable on E1N Es,
EyU FEy, Ey— Es. In general we have

/ f(x)de= (x)dx + f(x) dw—/ f(x)de. (11)
FE1UFE5 Ey E> EiNE2
Thus when p(E1N E) =0 we have

/ fl®)dx= (z)dx + f(x) de. (12)
E1UE,

El E2

Proof. Let f(z)=>_"

i=1

¢ila,(x) with ¢;#0 for all 4, ¢;#¢;, A;NA;=o for all i+ j.

o FiNE,.

Since f is integrable on F; and Fs, by definition A; N Ey, A;N Es are measurable. As a consequence
Aiﬂ(ElﬂEg)Z (AiﬂEl)ﬂ (AimEQ) (13)

is measurable. Therefore f is integrable on EjN Es.



e [, U FE,. Integrability follows from

Ai n (El U EQ) = (Al n El) U (Az U EQ)

To prove (11) it suffices to show that if Fy N Fy = &, then fEluEQ f(z) dz = fEl f(

Ik B f(x) de. The details are left as exercise.

e [ — E5. Similar to the above.

Exercise 4. Let f be a simple function integrable on Ei, F5. Further assume E1N Ey = . Prove that
/ f(x) dw:/ f(z)de + f(x) dee.
E\UE, E, Es

Exercise 5. Let f be a simple function integrable on E7, F5. Prove

o, f(a:)d:z::/EmE2 f(m)dm+/151—E2 f(z)de.

(14)

z) de +

(15)



