Jordan measurability
Finally we define Jordan measure for general sets through approximation using simple graphs.
Definition 1. (Jordan inner and outer measure) Let A CRY. Let
Win:={B CRY| B is a simple graph and B C A}; (1)
Wout={C CRY| C is a simple graph and A C C}. (2)
We define

e (Jordan inner measure)

pin(A) = sup pu(B); (3)
BeWi,
e (Jordan outer measure)

/Jfout(A) = CEiIVIIiUtM(C). (4)

Theorem 2. Let
Wi :={B CRY| B is a simple graph and B C A°}; (5)
tuw=1{C CRN|C is a simple graph and A CC'}. (6)

Then
pin(A)= sup w(B),  pow(A)= _inf u(O). (7)
BeWy, CeWgue

Exercise 1. Prove the above theorem.

Definition 3. (Jordan measure) Let A CRY. It is Jordan measurable if and only if pin(A) = pout(A).
We denote this common value by ju(A).

Lemma 4. If ACRY is Jordan measurable, then A is bounded.

Remark 5. Note that p,(A) and jiout(A) is defined for all A CIRY, even those that are not measurable.
The following lemmas are trivial to prove but very useful.

Lemma 6. Let ACRY. Then pin(A) < prout(A).

Lemma 7. Let ACRYN. Then

e A is measurable if for every e > 0, there are simple graphs B, C such that B C A° C A C C and
n(C) — u(B) <e;

o A is not measurable if there is g >0 such that for all simple graphs B, C satisfying BC A°C A CC,
there holds p(C) — u(B) = 0.



Exercise 2. Prove the above lemmas.

Example 8. Let I be a compact interval in R". Let A CRY be such that I° C A CI. Then A is measurable
and p(A)=p(I). In particular u(1°) = p(I).

Proof. Since AC I and I is closed, we have A C I and therefore piou(A) < pu(1).

On the other hand, take any a € (0,1) and any @ € I°, define
J:=a (I —xp) + xo, (8)

we have J C I° C A°. Consequently pin(A) > u(J)=a™ u(I).

By the arbitrariness of a we have uin(A) > pout(A4) so they must be equal. O

Exercise 3. Let A C R" be such that there is a simple graph B such that B® C A C B. Then A is measurable and
1(A) = u(B).

Example 9. Let A=[0,1]N Q. Is A Jordan measurable?

Solution. Sincer A = [0, 1] we have fiou(A)=1. On the other hand A°=@ so pi,(A)=0. Therefore A is not
Jordan measurable.

Exercise 4. Let A CRY be open. Is A always measurable?
Example 10. Let A C[0,1] x [0, 1] be defined as follows:

(,9) e A= [reQ,ye(0,1] or [z ¢ Q,y<[0,1/2]]. (9)

Then A =10, 1] x [0, 1] but A°=(0,1) x (0,1/2) so A is not Jordan measurable. On the other hand, notice
that for each fixed zg, AN{x =20} CR is Jordan measurable.

The following is a simple criterion checking Jordan measurability.
Theorem 11. A bounded set ACRY is Jordan measurable if and only if u(0A)=0.

Proof.

e If. Let e >0 be arbitrary, we prove piout(A4) < pin(A) +e. Together with pout(A) = pin(A4), we conclude
,Uin(A) = ,Uout(A)'

o Case 1. pin(A)=0. In this case it must be that A°= & since otherwise there is z € R, r >0
such that B(x,r)C A and consequently

cA (10)

I'{m— r x+ r ]N
' 2VN' =~ 2VN]

which means

um(A))(\/TN)Nw. (11)



Since A°=@ we have A C A, and pu(0A) =0= u(A)=0.

o Case 2. pin(A)>0. In this case let Jy, ..., J,, be compact intervals covering JA and satisfying
> ) <e. (12)
k=1

By “expanding” Ji’s a bit we can assume 0A C Uj-J7.

Now for each « € A°, there is an interval I, such that
x el CA° (13)
As a consequence
A C (Unearl2) U (UPo1J2). (14)
By Heine-Borel A is compact. Therefore there are finitely many i, ..., z, € A° such that
A € (U2 T) U (U ). (15)

Consequently

NE

ﬂout(A) < /’L(Iﬂll) + Z N(Jm)' (16)
k=1

l

1

On the other hand, consider a “refinement” of I, we see that

n

Min(A) > Z M(I:cz) (17)

1=1
and the proof ends.

e Only if.

Assume the contrary: There is €9 >0 such that any {J; }iL1 covering dA, >~ | 1u(Jx) > eo. Now take
any {I;},{Jy} such that I{ N I3 =2 and UI; C A° UJy 2 A, then through refinement we can write

(UJk) = (VL) (18)

into a union of compact intervals. These intervals cover 0A and consequently
> u(Ik) =Y p(l) = 0= prowt(A) — pin(A) 20> 0 (19)
and A cannot be Jordan measurable. 0

Exercise 5. Let A CRY be measurable. Then so are A° and A and furthermore p(A°) = pu(A) = u(A).

Example 12. The unit ball B:= {x € R"|||z| < 1} is Jordan measurable.

Solution. Clearly 9B = {x € R"|||z| =1} which can be written as

0B = {z € RV| f(x) =0} (20)



with
f(x)==[*-1. (21)

Since grad f =2x # 0 for every x € 9B, u(0B)=0.
Theorem 13. Let Aq,..., A, be Jordan measurable. Then so are Uf_1Ag,Nip—1A and Ay — Ay for any k1.

Exercise 6. Prove that u(Up—14k) <Y 5 _, 1(Ag), and equality holds if for every i # j, AN A= 2.

Problem 1. Let A:={(z, y)|z € [a,b],y € [0, f(x)]} for some single variable function f(z). Then A is Jordan measurable
if and only if f(z) is Riemann integrable. Furthermore p(A)= f; f(z)dz.

Problem 2. Let A C RM, B CRY be both Jordan measurable. Then so is A x B:= {(z, y) € RM TNz € A, y € B}.
Furthermore

1A x B) = u(A) u(B). (22)

Problem 3. Let E C RN be Jordan measurable. Let : RY — R be a linear transform. Then I(E) is also Jordan measurable
and

H(U(E)) = |det A| u(E) (23)
where A € RNV XN js the matrix representation of 1.

Problem 4. Let A CRY. Then A is Jordan measurable if and only if for every B C RV,

Mout(B N A) + Mout(B - A) = Mout(B)- (24)

Note that B may or may not be measurable.



