Square matrices and linear transformations

Definition 1. (Linear transformation) A linear function f: RN R is called a “linear transformation”.

Clearly, the matrix representations of linear transformations have the same number of rows and columns.
Such matrices are called “square matrices”.

In this section we restrict ourselves to square matrices. That is A€ RN XY,

Square matrices

Special square matrices

Identity matrix.

The most special square matrix is the “identity matrix”.

1 0 --0
01 0

I IR FE 0
00 -1

Here §,; =1 when 4= j and 0 otherwise. Sometimes the notation I,, is used to make explicit the size
of the identity matrix.

Lemma 2. For all Ae RV*Y,

TA=A; Al
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Proof. Direct calculation. O

Permutation matrix.

A permutation matrix P is a matrix whose entries are only 0 and 1, and along each row or column
there is exactly one 1.

Any permutation matrix can be obtained from the identity matrix I through switching rows or
columns finitely many times.

0
Exercise 1. Check that P= ( 0 ) is a permutation matrix. Take a vector & € R® and calculate Pz, then take
1
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N oro

any 3 x 3 matrix A and calculate and A P. What do you observe?

Exercise 2. Let P, Q be permutation matrices. Prove that PQ is still a permutation matrix.

Diagonal matrix.

A “diagonal matrix” is of the form
(d1 0 - 0 \
p=| %= 7 3)
oo i)

Diagonal matrices are often denoted as D =diag(dy,...,dn).



Exercise 3. Let D1, Do € RV %N be diagonal matrices. Prove that D; + Dy, D D5 are still diagonal matrices.

e Upper/lower triangular matrix.

Two still less special classes of matrices are upper triangulr and lower triangular matrices.

Ul U2 o ULN llh 0 0
N R R R .
0 0 - unn Int In2 - INnN

that is u;; =0 whenever ¢ > j and [;; =0 whenever i < j.
Exercise 4. Prove: The transpose of an upper triangular matrix is lower triangular and vice versa.

Exercise 5. Let U,V € R"*™ be upper triangular. Prove that UV is still upper triangular. Find out the relation
between the u;;,v;; and the i-i diagonal entry of UV.

Is there a similar claim for lower triangular matrices? Can you prove it?

Exercise 6. Let U, L € RN %Y be upper and lower triangular respectively. Show through an example that U L
and L U may not be triangular.

e Orthogonal matrix.

A matrix O € RV *¥ is said to be orthogonal if and only if OT O =TI where O7 is the transpose of O.
Exercise 7. Write
O=(a; - an) (5)
as a row of columns. Prove that O is orthogonal if and only if
1. |la;]|=1fori=1,2,...,N.
2. a;la; for all i+ j.
Exercise 8. Let ¢,y € RY. Let O € RN XY be orthogonal. Then
O=z)-(Oy)==z-y. (6)
In particular, ||O x| = |||

Exercise 9. Let O € RY*" be such that |O x| = ||| for any = € R". Prove that O is orthogonal.

Theorem 3. (LDU decomposition) Let A€ RV *Y. Then
A=PLDU (7)
where P is a permutation matriz, L is a lower triangular matriz, D is a diagonal matriz, U is an upper

triangular matriz. Furthermore all the main diagonal entries of L, U are 1. That is l;; =u;; =1 fori=1,
2,...,N.

Proof. See any numerical linear algebra or matrix theory textbook. If you want to prove it yourself, review
the process of Gaussian elimination and try to write each step as a matrix multiplication. O

Theorem 4. (Polar decomposition) Let A € RVN*Y. Then there are orthogonal matrices Oy, Oy and
diagonal matriz D with non-negative diagonal entries, such that A= 01D Oa.



Inverse

Definition 5. (Inverse matrix) Let A € RN *N. If there is a matriv B € RN >N such that A B =1 and
BA=1, then B is called the “inverse” of A and denoted A~1.

Those matrices that have inverses are called “invertible” or “non-singular”. The rest are called “singular”.

Exercise 10. Let A€ R!'*!1, When is A invertible? Find its inverse.
Exercise 11. Prove that the identity matrix I is invertible. Find its inverse.
Exercise 12. Let D be diagonal. When is it invertible? Find its inverse.

Exercise 13. Find sufficient and necessary condition for an upper triangular matrix to be invertible. Prove that the inverse
of an upper triangular matrix is lower triangular.

Exercise 14. Let O € RN %V be an orthongal matrix. Prove that its inverse O~ is also orthogonal.
Lemma 6. Let A, B€RN*¥ be invertible. Then A B is also invertible and (AB) '=B~1 A%

Proof. Check

(AB)(BT'AY)Y=A(BB YA 1=ATA'=AA" =1, (8)
(B'AY(AB)=B ' (A"'A)B=B'IB=B"'B=1. (9)
Therefore the matrix B~! A~! is the inverse of the matrix A B. O

Exercise 15. Let A€ RV >N, Prove that A is invertible if and only if AT is invertible. Furthermore,

(AT)=1= (AT, (10)

Notation 7. In the following we will use the simpler notation A~ to denote the above matriz (AT)~1 =

(A=H"
Exercise 16. Let A€ RN *N . Assume there is B € RN %N such that A B=1I. Prove that BA=1.

Theorem 8. A matriz A€ RN*¥ is singular if and only if there is a column vector x (or a row vector y)
such that

Ax=0(or y" A=0) (11)
Determinant
Theorem 9. For each n € N, there is a unique function 6: RN >N - R such that
a) 6 is linear in each column of A;
b) 9(/1) =—0(A) if A is obtained from A by interchanging two columns.

¢) 0(I)=1.



Proof. Omitted. But see the following for the main idea of the proof. O

Exercise 17. Let A= (a) € R!*!. Prove that 0(A) =a.

Example 10. Let A= ( a11 @12 ) Then 0(A) = a1 aze — a12a9;1..

az1 az2
Proof. By linearity of # with respect to each column, we have
(o o) = o0 o)) +o(Ca o)
az1 as2 0 az a1 @22
a110 L a1 + a2 0 0 arz
O a9 1 a9
11 10
alla129<< 00 )>+a11a229(< 01
01 0
+a21a126‘<( 10 >)+a21a229<( 1

>> (12)
By property b) we see that the first and fourth terms are 0, and

((V0))=A(at)) s

Finally by property ¢) we have 8(A) =a11 azs — a12 az1 as desired. O

ap; aiz Qi3

Exercise 18. Let A = ( (21 Gon o3 ) Then 6(A) = a11 ag2 azs + a12 a23 as1 + ai3 asz as1 — a13 a2 a3l — a12 A1 A33 —
@31 Q@32 Q33

a23a32al1.

Definition 11. The unique function in Theorem 9 is called the determinant. The traditional notation is
det (A).
Exercise 19. Let A€ R XV, Denote by a1, ..., an the n columns. Then if there are i, j such that a; = a;, then det (A) =0.
Exercise 20. Let A€ RN *N. Denote by ai,...,an the N columns. If there are ¢y, ..., cy € R such that
cra;+ - +cyan=0€RN XN, (14)
then det (A) =0.

Exercise 21. Use the above exercise to prove that det A = det A where A is obtained from A by replace column j with
the sum of column j and column %, but keep other columns intact.

Exercise 22. Prove that if D =diag(dy,...,dn) is diagonal, then det (D) =d;d2---dn.
Exercise 23. Prove that if P is a permutation matrix, then |det (P)|=1.

Exercise 24. Prove that for upper triangular matrices, det (U) =u11 - unnN-

Theorem 12. Let A, B€RN*N. Prove that det (A B) = (det (A)) (det (B)).

Proof. Consider the function §: RY*V - R by

0(X):= det (A X). (15)



Then 6 satisfies a),b) in Theorem 9 and with ¢) replaced by 6(I) =r = det (A). The same method proving
Theorem 9 gives (X ) =rdet (X) = (det (A)) (det (X)) which ends the proof. O

Remark 13. The above proof is from Introduction to Differential Equations by Michael E. Taylor, AMS
2011.

Exercise 25. Let A€ RY XN, Prove det (A7) = det (A).

Exercise 26. Use the above exercise to prove det (O) =1 for any orthogonal matrix O.

Theorem 14. Let A€ RVN*N. Then A is invertible if and only if det (A)#0.

Theorem 15. Let Ac RV*YN and let PL DU be its LDU decomposition. Then

|det (A)| = |det (D)]. (16)
Linear transformations
Lemma 16. The linear transformation with matriz representation I is the identity transformation i(x)=x.

Lemma 17. Let f: RN — RN be a linear transformation that is invertible. Then its inverse g is also a linear
transformation.

Exercise 27. Prove the above lemma.

Theorem 18. Let f: RY — RY be a linear transformation. Then f is invertible if and only if its matrix
representation A is invertible. Furthermore the inverse transformation g has representation A~

Proof.
e “If". If A is invertible, then we define the linear transformation g through
g(x):=A""tz. (17)
Now it is easy to check that
(feg)@)==, (9o f)(y)=y (18)
for any x, y € R™.

e “Only if”. Assume f is invertible. Let g be its inverse. Since g is a linear transformation, it has a
matrix representation B. Thus we have

AB=BA=] (19)

which means A is invertible and its inverse is B. O



