
Math 117 Fall 2014 Midterm 2 Review Problems

� Midterm 2 coverage:

� Lectures 12 - 25 and the exercises therein.

� Required sections in Dr. Bowman's book and my 314 notes.

� Homeworks 3 - 5.

� The exercises below are to help you on the concepts and techniques. The exam prob-
lems may or may not look like them.

� Pages 7, 8, 10 of the Midterm Review of Math 314, 2013 may also help.

� Exercises.

Exercise 1. Prove the following by de�nition.

lim
n!1

n2+1

n3
=0; lim

n!1

2n

n!
= 0; lim

n!1

n3+1

5n2+7
=+1; (1)

(Sol:1 )

Exercise 2. Prove the following by de�nition.

lim
x!1

x2+1

x3+1
=1; lim

x!5¡

x2+1

x¡ 5 =¡1; lim
x!1

x+3
p

=2: (2)

(Sol:2 )

Exercise 3. Disprove the following by de�nition.

lim
n!1

1
n
=2; lim

x!3

x2+1
x2+x+5

=2: (3)

(Sol:3;4)

Exercise 4. Prove the following by Squeeze.

lim
n!1

sin n3

n3
=0; lim

n!1

n2¡ 7
p

n2+1
p =1: (4)

(Sol:5;6 )

1. Prove limn!1
n2+1

n3
= 0. Let " > 0 be arbitrary. Take N >

2

"
. Then for every n >N , we have

���n2+1

n3
¡ 0

��� = n2+1

n3
6

n2+n2

n3
=

2

n
6 2

N
<";

Prove limn!1
2n

n!
=0. Let "> 0 be arbitrary. Take N 2N such that N >

2

"
. Then for every n>N , we have

��� 2n
n!
¡ 0

���= 2n

n!
=

2

n

�
2n¡1

(n¡ 1)!

�
6 2

n
6 2

N
<".

Prove limn!1
n3+1

5n2+7
=+1. LetM>0 be arbitrary. Take N >12M . Then for every n>N , we have n3+1

5n2+7
> n3

5n2+7n2
=

n

12
> N

12
>M .

2. Prove limx!5¡
x2+1

x¡ 5 = ¡1. Let M < 0 be arbitrary. Take � = ¡ 1

M
. Then for every 5 ¡ � < x < 5, we have

x2+1

x¡ 5 =¡
x2+1

5¡x <¡x2+1

�
<¡1

�
=M .

Prove limx!5¡
x2+1

x¡ 5 =¡1. Let M < 0 be arbitrary. Take �=¡ 1

M
. Then for every 5¡ � <x< 5, we have x2+1

x¡ 5 <
1

x¡ 5 <1

¡� =M .
Prove limx!1 x+3

p
=2. Let "> 0 be arbitrary. Take � <min

� "
2
; 1

	
. Write h := x¡ 1. Then we have, for 0< jx¡ 1j<�,

0 < jhj< �, and x+3
p

= 4+h
p 6 4+8 jhj+4h2

p
= 2 (1 + jhj) = 2 + 2 jhj < 2 + "; On the other hand x+3

p
= 4+h
p >

4¡jhj
p

> 4¡ 8 jhj+4h2
p

=2¡ 2 jhj> 2¡ ". Therefore for 0< jx¡ 1j<� we have j x+3
p

¡ 2j<".

3. Disprove limn!1
1

n
=2. Take "=1. Let N 2N be arbitrary. Take n=max fN; 1g. Then n>N and n>1. This leads

to
��� 1
n
¡ 2

���>1 and the proof ends.

4. Disprove limx!3
x2+1

x2+ x+5
= 2. Take " = 1. Let � > 0 be arbitrary. Take x = 3 + r with 0 < jr j < min f�; 3g. Then

0< jx¡ 3j<� and x> 0. We have
��� x2+1

x2+x+5
¡ 2

���= ���x2+2 x+9

x2+x+5

���= ���1+ x+4

x2+ x+5

���=1+
x+4

x2+x+5
>1 since x> 0. The proof ends.

5. Prove limn!1
sin n3

n3
= 0. We have ¡ 1

n3
6 sin n3

n3
6 1

n3
. As limn!1

�
¡ 1

n3

�
= limn!1

1

n3
= 0 the conclusion follows from

Squeeze.



Exercise 5. Calculate the following limits. Justify your results.

lim
n!1

(¡4)n+6n

5n+1+6n+1
; lim

n!1

n

(2n3+n)1/3
; lim

x!+1

x+ x
pp

x+1
p : (5)

(Sol:7;8;9 )

Exercise 6. Let an= (¡1)n ¡ 1

n
. Calculate supn2Nan; infn2Nan; limsupn!1an; liminfn!1an. Justify

your answers. (Sol:10 )

� More exercises

Exercise 7. Let a> 0, b> 1. Prove the following.

lim
n!1

n
2n

=0; lim
n!1

1
na

=0; lim
n!1

a1/n=1; lim
n!1

na

bn
=0: (6)

Exercise 8.

a) Let a> 0 and xn=1+ a+
a2

2
+

a3

3!
+ ���+ an

n!
. Prove fxng is Cauchy. (Sol:11 )

b) Let b2R and xn=1+ b+ b2+ ���+ bn. Find all b such that fxng is Cauchy. Justify.

c) Let xn=
sin 1
1
+ ���+ sin n2

n2
. Prove that fxng is Cauchy.

Exercise 9. Given limx!0+
sin x
x

=1. Prove limx!0¡
sin x
x

=1.

Exercise 10. Let fang be a sequence satisfying limn!1an= a for some real number a=/ 0. Prove that
there is N 2N such that for all n>N , an=/ 0.

Exercise 11. Let fang; fbng be sequences with limn!1an=¡1; limn!1bn=¡1. Prove or disprove:

lim
n!1

(an bn)=+1; lim
n!1

(an+ bn)=¡1; lim
n!1

an
bn
=1: (7)

(Sol: 12, 13 )

6. Prove limn!1
n2¡ 7

p
n2+1

p =1. Note that the sequence is only de�ned for n>3. We have clearly n2¡ 7
p
n2+1

p < 1. On the other

hand we have n2¡ 7
p
n2+1

p >
n2¡ 7

p
(n+1)2

p =

¡
n¡ 7

p � ¡
n+ 7

p �q
n+1

>
n¡ 7

p

n+1
. The conclusion now follows from Squeeze.

7. limn!1
(¡4)n+6n

5n+1+6n+1
. We have (¡4)n+6n

5n+1+6n+1
=
1

6
�

¡¡4
6

�n
+1¡ 5

6

�
n+1+1

. The limit is 1

6
after we prove that limn!1rn=0 if jr j< 1. Let

"> 0 be arbitrary. Take N > logr". Then for every n>N , rn<rN = ".

8. limn!1
n

(2n3+n)1/3
. We have n

(2n3+n)1/3
<

n

(2n3)1/3
=

1

21/3
. On the other hand n

(2n3+n)1/3
>

n

[2 (n+1)3]1/3
=

1

21/3
n

n+1
.

Thus the limit is 2¡1/3 thanks to Squeeze.

9. limx!+1
x+ x

pq
x+ 1

p . We prove that the limit is 1. We have
x+ x

pq
x+ 1

p =
1 + x¡1/2

p
1 + x¡1

p . It suffices to prove

limx!+1 1+x¡1/2
p

= limx!+1 1+x¡1
p

= 1. As the proofs are almost identical I will only prove the �rst one here.
Let " > 0 be arbitrary. Take R > "¡2. Then for every x > R we have 1+x¡1/2

p
< 1+R¡1/2

p
< 1+ "
p

< (1+ ")2
p

<

1+ ". Consequently
��� 1+x¡1/2
p

¡ 1
���<". We are done.

10. supn2Nan= 1. To prove this, �rst we clearly have (¡1)n ¡ 1

n
< 1 so 1 is an upper bound. On the other hand for any

b< 1, taking n=2 k with k > 1

1¡ b
we have (¡1)n¡ 1

n
=1¡ 1

2 k
> 1¡ 1¡ b

2
= b+

1¡ b
2

>b so b is not an upper bound. Therefore
supn2Nan=1.

limsupn!1an=1. To prove this we estimate supfan; an+1; :::g. Clearly 8n2N; an< 1 therefore supfan; :::g61. On the
other hand, 8n2N, a2n=1¡

1

2n
2fan;an+1; :::g thus supfan; :::g>1¡ 1

2n
. Now it follows fromSqueeze that limsupn!1an=1.

infn2Nan=¡2. First 8n2N, (¡1)n¡ 1

n
>¡1¡1=¡2 so ¡2 is a lower bound. On the other hand, for any b>¡2, we have

a1=¡1¡ 1=¡2<b. Therefore ¡2 is the greatest lower bound.
liminfn!1an=¡1. The proof is similar to the limsup one.

11. Let " > 0 be arbitrary. Let n0 > 2 a. Denote c := an0

n0!
. Then we have for every n > n0,

an

n!
=

an¡n0

n (n¡ 1) ��� (n0+1)

an0

n0!
<

c
�
1

2

�
n¡n0. Now take N 2N such that c

�
1

2

�
N¡n0

<". Let m>n>N be arbitrary. We have jxm¡xnj=
��� an+1

(n+1)!
+ ���+ am

m!

���<
c
���� 1
2

�
n+1¡n0

+ ���+
�
1

2

�
m¡n0

���= c
�
1

2

�
n¡n0h 1

2
+ ���+

�
1

2

�
m¡ni

<c
�
1

2

�
n¡n0� 2<c

�
1

2

�
N¡n0

<".

12. Prove limn!1 (an bn) = +1. Let M > 0 be arbitrary. As limn!1an = ¡1, there is N1 > 0 such that n >N1 =)
an <¡M1/2; Similarly there is N2 2N such that n>N2=) bn<¡M1/2. Take N =max fN1; N2g. Now for every n>N we
have an bn>

¡
¡M1/2

�
�
¡
¡M1/2

�
=M .



Exercise 12. Let fang be a sequence satisfying 8n2N; an2 [0;1]. Further assume limn!1an=a. Prove
or disprove: a2 [0; 1]. What if we replace [0; 1] by (0; 1) or (0; 1]?

Exercise 13. Let fang be a sequence. Prove that limn!1an exists if and only if for every subsequence
fankg, limk!1ank exists. (Note that we do not assume the subsequence limits are the same).

Exercise 14. Let fang; fbng be sequences such that 8n2N; bn=/ 0. Assume that limn!1
an

bn
=1. Prove

or disprove: limn!1an= limn!1bn.

Exercise 15. In Exercise 14, what if we further assume the existence of limn!1an or limn!1bn? That
is, assume that limn!1

an

bn
=1 and limn!1an exists � could be either a number of �1 (or further assume

limn!1bn exists), prove or disprove: limn!1an= limn!1bn.

Exercise 16. Prove or disprove: Let fang; fbng be bounded sequences and further assume limn!1an
exists. Then: limn!1bn does not exist =) limn!1 (an bn) does not exist.

Exercise 17. Prove or disprove: If f(x) is not bounded, then there is fxng such that limn!1 jf(xn)j=
+1.

Exercise 18. Given that limx!0sin x=0 and limx!0 cos x=1. Prove that for every x02R there holds
limx!x0sin x= sin x0.

Exercise 19. Given that limx!0
sin x
x

=1. Prove limx!0
1¡ cos x

x2
=

1

2
. (Sol:14 )

Exercise 20. Let fang be a sequence. Prove or disprove: If limn!1
an+ an+1+ an+2

3
=a, then limn!1an=

a.

Exercise 21. Let fang; fbng be sequences. Prove that limsupn!1 (an + bn) 6 limsupn!1an +
limsupn!1bn. Can we replace 6 by =?

Exercise 22. Let fang be a bounded sequence satisfying

8fbng; limsup
n!1

(an+ bn)= limsup
n!1

an+ limsup
n!1

bn; (8)

then fang is convergent. (Hint:15 ) (Sol:16 )

� Problems.

Problem 1. Prove that limn!1n
2 2¡n=0. (Hint:17 )

Problem 2. Let n2N and P (x) =xn+ an¡1 xn¡1+ ���+ a1 x+ a0 be a polynomial of degree n. Prove
that limx!+1P (x)=+1. (Hint:18 )

Problem 3. Let fang be a sequence satisfying limn!1 (an+1¡an)=a2R. Prove that limn!1
an

n
=a.

(Hint:19 )

Problem 4. Let En := 1+1+
1

2!
+ ���+ 1

n!
. Prove that limn!1En= e := limm!1

¡
1+

1

m

�m. (Hint:20 )

13. Prove limn!1 (an + bn) = ¡1. Let M < 0 be arbitrary. As limn!1an = ¡1 there is N1 2 N such that 8n >N1,
an<M ; As limn!1bn=¡1 there is N22N such that 8n>N2, bn<M. Now take N =max fN1; N2g. For every n>N , we
have an+ bn<M +M =2M <M .

14. We note that 1¡cosx=2
¡
sinx

2

�
2. Thus it su�ces toprove limx!0

sin(x/2)
x

=
1

2
. Let ">0 be arbitrary. As limx!0

sin x
x

=1

there is �0> 0 such that for every 0< jxj<�0,
��� sin x

x
¡ 1

���<". Take �=2 �0. Then for every 0< jxj<�, we have 0<
��x
2

��<�0 and

consequently
��� sin(x/2)

x/2
¡ 1

���<"=)
��� sin(x/2)

x
¡ 1

2

���< "

2
<".

15. Take bn=¡an.
16. Take bn=¡anwe have 0= limsupn!10= limsupn!1 (an+bn)= limsupn!1an+ limsupn!1 (¡an)= limsupn!1an¡

liminfn!1an. Thus limsupn!1an= liminfn!1an and convergence follows.

17. Expand 2n using binomial expansion.

18. Let M > 0 be arbitrary. Take R> 1 such that R> ja0j+ ja1j+ ���+ jan¡1j+M . Then x>R implies P (x)>M .

19. Write an
n
=
(an¡ an¡1) + (an¡1¡an¡2) + ���+ (a2¡ a1) + a1

n
. Let ">0 be arbitrary. LetN02N be such that jan¡an¡1¡aj< "

2

whenever n>N0. Now write an
n
=
(an¡ an¡1)+ ���+(aN0+1¡aN0)

n
+
(aN0¡aN0¡1) + ���+(a2¡ a1) + a0

n
. Find appropriate N .

20. Recall that we have proved (in the lecture on Sept. 24) En >
�
1 +

1

n

�n
. On the other hand, try to prove En 6

limm!1
�
1+

1

m

�m
.



Problem 5. Let p> 0 and Hn := 1+
1

2p
+

1

3p
+ ���+ 1

np
. Prove that fHng converges if and only if p> 1.

(Hint:21 )

21. When p61 the divergence is clear as 1+ 1

2p
+ ���+ 1

np
> 1+

1

2
+ ���+ 1

n
. When p> 1 form groups of sizes 1; 2; 4; 8; ::::.
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