MATH 118 WINTER 2015 LECTURE 33 (Magr. 11, 2015)

Midterm 2 Review: Infinite series of functions
Definitions.
o For sequences:

— A number sequence {a, } convergens to a € R:
Ve>0, dINeN, Vn>N, lan —a| <e. (1)

— A function sequence { f,,(z)} converges to f(x) on [a, b]:

vz € [a, 0], lim f(2) = f(z). (2)
Equivalently, e
Vrela,b], Ve>0, INEN, Vn>N, | fn(x) — f(z)] <e. (3)

— A function sequence { f,,(z)} converges uniformly to f(z) on [a, b]:
Ve>0, dINeN, Vn>N, Vzela,bl, | fn(z) — f(z)] <e. (4)
o For series:
— A series Z;’ozl an converges to s€R: Let s :=a1+as+ -+ ay, lim, 08, =Ss.

— A function series Y7 | un(z) converges to f(z) on [a, b]:

Voeln b, Y ul@)= (@) )
. n=1
or equivalently,
Vz € la, b], lim Sy(z) = f(x) (6)

where Sp(x) :=ui(z) + ua(x) + - + up(x).

— A function series > >°  up(z) converges to f(x) uniformly on [a, b]: S,(z)
converges uniformly to f(x) on [a, b].

Example 1. Find all z € R such that > > | (_i) . (%)n converges.

n n
Solution. Let x € R be arbitrary. Set r:= < 1 ;z> . We kno(w t)hat > (_71) r™ converges
—1)"

for |r| <1 and diverges for |r|>1. At r=1 we have >, ~— which is convergent, while

_1\n _ n
at 7=—1 we have > >° | % which is divergent. Therefore Y~ ( i) (1 +i) converges if

l—z

and only if —1 < T

< 1 which is equivalent to x > 0.

Checking uniform convergence of a sequence of functions.
o Methods.

1. By definition:
First calculate f(z)=1lim,_ fn(x), then study whether it is true that

Ve>0, INeN, Vn>N, Vzela,bl, | fn(z) — f(z)] <e. (7)
2. By Cauchy:



Study whether it is true that
Ve>0, IANeN, Vm,n>N, Vz€la,bl, | fm(2) — fulz)| <e. (8)
3. A practical method:
—  First calculate f(x)=1lim, oo fn(x);
—  Then calculate M, := supyca,p) | fn(z) — f(2)];

—  Iflimy—ooMp =0 then f,(z) — f(z) uniformly on [a, b], otherwise the
convergence is not uniform.

nx

a) Calculate lim,, .~ fn(x) on (0, c0).
b) Is the convergence uniform? Justify your claim.
Solution.

a) Let z € (0,00) be arbitrary. We have

. nx . n
e i <m> T=. )
b) We have
nx _ z+a?
1+n+:z:_x‘71+n+x’ (10)
Thus
2
My>-ntn n 1 (11)

" 14n+n 3_n:3

Thus lim, .o M, if exists, must be greater or equal to % Therefore lim,,_,co M,, =0
does not hold and the convergence is not uniform.

Exercise 1. Let R >0 be arbitrary. Does T converge to uniformly on (0, R)?
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