MATH 118 WINTER 2015 LECTURE 26 (FeB. 26, 2015)
An example.

Example 1. Consider ZZOZO " on (0,1).
a) Does it converge?
b) If it does, is the convergence uniform?
Solution.
a) Yes. Let z €(0,1) be arbitrary.

1 gntl

Exercise 1. Prove that 14+xz+ -+ 2" =

1—x °

1—gntl 1 L. .

—~ = _—_ which is finite when
1—=x 1—=x

z€(0,1). Therefore Y  x" converges on (0,1) and the sum is ﬁ

We have lim,, oo (1 4+ 2+ -+ 2") =lim,, 00

b) No. Let N € N be arbitrary. Set n =2 N > N and z,, ;=1 — —L_ Then we have

+2
0<l+zp+--+azp<n+land —=n+2. "
1

1—z,

(I+x+-+a") -

> 1. (1)

Checking uniform convergence.
o For fu(x) — f(x).

THEOREM 2. (CAUCHY CRITERION) fp(x) converges uniformly to f(x) on |[a, b] if
and only if

Ve>0, AN €N, Ym>n> N, Vz € [a,b], | fn(z) — fulz)| <e. (2)

Exercise 2. Prove Theorem 2.

Exercise 3. Prove that f,(z) converges uniformly to f(z) on [a, ] if and only if
Ve>0, ANeN, Vm>n>N, sup |fm(z) — fa(z)] <e. (3)

z€la,b]

THEOREM 3. fp(x) converges uniformly to f(x) on [a,b] if and only if limy,_yco My =0
where M, := SUPz€[a,b] |fn(:‘[") - f($)|

Proof. We prove “if” and then “only if”.

— If. Assume lim,, 0o My =0 where M, :=supye(q,y | fn(x) — f(2)].
Let € >0 be arbitrary. As lim,,_,oo M, =0 there is N1 € N such that | M, |<e
for all n > Nj.
Take N = Nj. Then for every n > N, we have

Veela,b],  [falz) = f(2)[ < Mn<e. (4)

—  Only if. Assume fy(x) converges uniformly to f(x) on [a,b].
Let € >0 be arbitrary. As f,(x) converges uniformly to f(z) on [a, b], there
is N1 € N such that for all n > Ny,

Veelab], (@) - f@)] <5 (5)



Now set N = Ni. For every n> N, we have 0 < M,, =supgeq,y) | fu(z) — f(2)] <
= <e. Thus limy, 00 M, =0. O

Example 4. Prove that the convergence is uniform on (0, 00) for lim,,_,scz e™"* =0.

Proof. We calculate
(ze ™) =(1—nz)e ™ (6)

which is positive for z <1/n and negative for x >1/n. Therefore

1
sup xe_m:le n(ﬂ:i. (7)
xz€(0,00) n ne
As limy, o0 % =0 the convergence of ze™"* to 0 is uniform. O

o0
For )" | un(z).
Exercise 4. Prove that > 7 | u,(z) converges uniformly on [a, b] if and only if

m

k=n+1

Ve>03INeNVm>n>N,Vz€la,b), <Ee. (8)

PROPOSITION 5. If > upn(xz) converges uniformly on [a, b], then u,(x) — 0
uniformly on [a,b].

Proof. Let ¢ >0 be arbitrary. As Y >° | u,(z) converges uniformly there is Ny € N
such that for all m >n > Ny,

Vz € la,b], Z ug(z)| <e. 9)
k=n+1
In particular, setting m=n+ 1 we have
V€ la,b], [un+1(z)| <e. (10)

Now set N =Nj+ 1. For every n > N, we have n — 1 > N; and therefore
aelatl,  [un(@) = lun1s1(@)] <e. (11)

Thus ends the proof. O

Remark 6. In practice we often apply the contrapositive: If u,(x) does not converge
to 0 uniformly on [a,b], then >~>° | uy(x) does not converge uniformly.

Example 7. >°°  nze ™ does not converge uniformly on (0, 0).

Proof. Let uy(z):=nxze "". Then we have

un(%> —ol =e L (12)

Therefore lim,, oM, = 0 does not hold, which means u,(x) does not uniformly
converge to 0 on (0, 00), consequently 2211 nx e ™ does not converge uniformly on
(0, 00). O

My,:= sup |up(z)—0>
z€(0,00)




Exercise 5. Does " | nxe ™ converge on (0,00)?

THEOREM 8. (WEIERSTRASS) If there is {a,} such that
i. Yre€la,b], Vn € N, |up(z)| < an;
W >0 an converges,
then Y >~ | un(x) converges uniformly on [a,b].
Proof. Let ¢ >0 be arbitrary. As >>° | a, converges, there is N1 € N such that for

allm>n>Ny, Y7 an| <e.
Now take N = N;. By assumption

Va € la,b], Z ug(x)| < Z luk(z)| < Z ar<e€. (13)
k=n+1 k=n+1 k=n+1
Thus ends the proof. O

Exercise 6. Find u,(z) such that Y™ | u,(z) converges uniformly on [a, b] but there is no {a,}
satisfying Va € [a, b], Vn € N, |u,(z)| < a, and Y7 | a, converges.

Example 9. Consider >, SH:L# We have

sinnx
n2

VzeR, < (14)

1
n?’

00 1 oo sinnz .
As > ., - converges, >~ ——— converges uniformly on R.
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