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One more example.

sinnx

Example 1. Study > 7,

n

o First notice that smnz

<1 .
= does not lead to any conclusion as Y77 . == +o0.
n n=1 n

sinnx

Remark. Note that for most z, there is no p > 1 such that
n €N as limsup, . [sin(nz)|=1.

< % holds for all

o To be able to deal with Y7 SIMNT e need the technique of “Abel’s resummation™

Z apbr, = A1b1+(A2—A1) bz—i-"'—i-(An—An_l) bn,

= A1 (by—b2) + A2 (ba—b3) + -+ Ap—1 (bp—1—bn) + Ay by,

n—1

= Z A (b — br11) + An by, (1)
k=1

where

Ap:=a1+as+ -+ ay. (2)

o Now let x € R be arbitrary. Set a,:=sinnx and b, = % We have following (1)

SnI:Z smk‘m Z T~ k+1 An (3)

k=1
We will try to prove using (3) that {S,} is Cauchy.

o First notice that when x = 2 m « for some m € Z, S, = 0 for all n and is therefore
Cauchy.

o Next we clalm that, 1f there is M > 0 such that |A,| < M for all n € N, then

n—1
Sn=> 1_1 k(k+1)+715 Cauchy.

Proof. Let € >0 be arbitrary. Set N > g Then for every m >n > N, we have

m—1
=il = |3 e
s ;;_: k(|lfi|1)+|Amm|+|in|
<u[E ()t
- e )
Thus ends the proof. .

o Finally we prove that, for any = # 2 m 7, there is M > 0 such that for all n € N,
|Ap|=|sinx+ - +sinnz| <M.



We have

(51n§)An = sm:csm§—|—81n2$sm§—l—---—l—smn:tsm§
1 T 3x 3x Sx 1
=5 [cosi — COST + COST — COST + -+ COS(n — 5) T —

<n+§>x]
_ %[cosg_cos(n%)x} (5)

1

This gives
Vn €N, |An| < =M. (6)

Note that when x #2m, sin% #0 so M is indeed a finite number.

Uniform convergence.

o Motivation.

Let fn(z) converge to f(x) on [a, b]. Is it possible to draw conclusion about
continuity, differentiability, integrability of f from those of f,?

Example 2. Consider the following.
1. For every n€N, f,(z)=2x"is continuous on [0, 1]. But f(x)=1im, o fn(z)=

1 z=1 . .

{ 0 z€0,1) is not continuous on [0, 1].

2. For every n € N, fu(x) = n = (1 — 2?)" is integrable on [0, 1]. f(z) =
lim;, o fn(x) =0 is also integrable on [0, 1]. But

n—oo Jo

1 1
lim fn(z) dx—%#O—/o f(z)dz. (7)

Exercise 1. Prove lim,, o, fol fo(z)dz = 3.

|
3. For every n € N, fu(7) = limy o (cos(n! m z))?™ = { (1) Zt‘lzrefvfisze

integrable on [0,1]. But lim,, . fu(z) = { (1) i;g
on [0,1].

is not Riemann integrable

1 nlrxeZ

Exercise 2. Prove lim,, (COS(TL!?TJZ))2m:{ 0 otherwise -

o To be able to draw conclusion about continuity, differentiability, integrability of f
from those of f,,, we need a stronger kind of convergence.

o Uniform convergence of function sequences.
DEFINITION 3. (UNIFORM CONVERGENCE) We say f,(z) converge to f(x) uniformly
on [a,b] if and only if
Ve >0, IN €N, Vz € la,b], Vn> N, | fn(x) — f(z)] <e. (8)

Example 4. Prove that f,(x) :% converge to 0 uniformly on (0, c0).

1+



—-1/2

Proof. Let € >0 be arbitrary. Set N > ¢ . Then for every x € (0, 00) and every

n > N we have
fule)—0|=—2% <L oL 9)
" T 14n2x " n?2 N2 T

Thus ends the proof. O
Example 5. Prove that f,(x)=2x" does not uniformly converge to 0 on (0,1).

Proof. First we write down the working negation: f,, does not uniformly converge to
f on [a, b] if and only if

Jeg>0, VNeN, Jx€la,b], In>N, | fn(z) — f(x)] > eo. (10)

Now let 50:%. Let N € N be arbitrary. Now set n=2N > N,z = (%)1/2]\76 (0,1),

we have

2" — 0] =5 > eo. (11)

No| =

Thus ends the proof. O



	Math 118 Winter 2015 Lecture 25 (Feb. 25, 2015)

