MATH 118 WINTER 2015 LECTURE 18 (Fes. 4, 2015)
Midterm 1 Review 2
Note. Hermite’s method is not required.

e Integration of rational functions.

o Method of partial fractions.

P(z) A Bz +C
o ML Gt T R W
i. If deg P > deg @), then calculate
P=QPy+R (2)

where deg R < deg ). If deg P <deg ) then Pp=0 and R=P.

ii. Factorize Q.

iii. Write
R(z) A Bz+C
= = e 3
Qo) 2 oo T 2 Tt e )
iv. Integrate.
o How to factorize. To factorize Q(z) = an z™ + -+ + ag, where ag, ay, ..., a, € Z, check

whether any % with p| ag, q| ayn solves Q(z) = 0. If there is such % then Q(z) has a

factor (:c — %). If there is no such %, try other ad hoc factorization methods.

Exercise 1. Factorize 23+ 2xz2+ 3z +6.

Exercise 2. Factorize 42*+ 422+ 1.

Bz+C

@EiF with £ >1 will not be in the exam.

Note. The integration of
o Examples.

Example 1. Let B,C,a,beR. Integrate

/ (miz—;flﬂdx. (4)

Note that there are more than one cases to discuss.

Solution. When b#£0, set t = wara. This gives

x=bt—a, dz=0bdt (5)
which leads to

Bx+C B B(bt—a)+C
/(:c+a)2+b?dgC _/ perr o
_ 1 bBt—l—(C—Ba)dt
b 241
B 9 C—-Ba
= gln(t +1)+ 5

= Dl +a)? 487+

arctant + C

C —-Ba arctanx_l_a
b b

+C. (6)



Exercise 3. What if b=07

Example 2. Integrate the following.
2z
A==
rt—1
b) / P S dz;

3 —6
) / x4+6x2+8d$’

Solution.

a) Since deg(2 x) <deg((x —1) (x —2)) and the denominator is already factorized,

we start from step 3:

2z A n B
(x—1)(x—-2) z-1 x-2

Multiply both sides by (z —1):

Let z —1:

Similarly B =4. Therefore

/ (2—xdx——21n\a}— 1| +41n|z—2|.

x—1)(x—2)

b) As deg(z?—1) > deg(x® — 4 x), we first calculate

(z*—1) =+ (2® — 4x) = = with remainder 4 2 — 1.

Now we factorize

P —dr=x2?—4)=2(x-2)(z+2).

Write
422—-1 A B C
—4x7§+x—2+x+2
we have
1 15 15
A—Z, B*@, C*?
Therefore
xt—1 1/4 15/8 15/8
/563—456(1m N /xdzc+/ :B— x+2

= 1 |:c|—|——1n|gc —4|+C.

2
c) We factorize
ri 4622+ 8=(22+2) (22 +4).
Thus write
-6  Bx+C  Dz+FE
et +6224+8  22+2  22+4

dx

(7)



Exercise 4. Calculate/

This gives

23—6 = (Bz+0C)(22+4)+(Dx+E) (2 +2)
= (B+D)z3+(C+E)2*+(4B+2D)x+(4C+2E)

and consequently

B+D = 1;
C+E = 0
4B+2D = 0;
4C+2F = —6.

Solving this system we have

B=-1, C=-3, D=2, E=3.

2 —6 —x—3 2x+3
/lﬁ+%mﬂ+8dmt/[a¥+2'+x2+4 dz

1 3 x
= ——In(z2+2 ——arctan(—)
2 ( ) V2 V2

+In(z? +4) + % arctan(%) +C.

Thus

3x—T

- - .1
x3+x2+4:r+4dx' (Ans:t)

Integration of R(sinx,cosz).

(@]

o

Reduction to integration of rational functions through change of variable.

Universal change of variable:

x
t= tang.
This gives
14t 1Y 142

In many cases t =cosz,t=sinz or t =tanz could be more efficient.

(24)

Exercise 5. Prove that / R(tan z) dz can always be done through change of variable

t=tan .

Examples.

Example 3. Calculate the following.

a)

b)

c)

1.1

244
RCESIE

cos’x
- dz;
7
sintx
/ tan*z dx;

dx

cosSx’

1 x
+ 5 arctany + C.



dz
d) / 4—b5sinz’

Solution.
a) We have
Cos3a: t=sinz 1 — t2
sin4x

= 3t31+ +C1
- 4 - qC. 27
3 sindx + sinz +C (27)

Note. It is interesting that when I let wolframalpha.com calculate this integral,
there was an intermediate step full of % before —% (3 cos(2 ) — 1) escx +

is shown. So looks like wolframalpha is calculating through the
universal change of variable ¢t = tan%.

b) We have
t=tanz t4
/tana:dx /t2+1dt
_ 2
= /[t 1+t2+1}dt
t3

= g—t+arctant+0

= tag T tanz+z+C. (28)
c) We have

dx t=tanz
/ 5 / (t24+1)3dt

/[t6+3t4+3t2+1]dt
7
= %+%t5+t3+t+0

= %tan% + % tanz + tandz + tanx + C. (29)

d) We have
2

dz t=tang m dt
4—5sinx 452t

1+t2

1
- /2~|—2t2—5tdt
B dt
a /(Qt—l)(t—Q)

t—2

In 2t—1‘+0
tan%—?
Qtan%—l

In

W= W

+C. (30)
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