MATH 118 WINTER 2015 LECTURE 7 (Jan. 15, 2015)
e Integration by parts.

/ Fz)de = /u(a;)v’(x)dx
- /udv
u(x)v(m)—/vdu
(@) v(z) — /v(a:) o' (z)dz. (1)
Hope: v(x) u/(x) is easier to integrate than f(x).

Example 1. Calculate / (Bx2—Tx+1)e"da.

Solution. We have

/(3$2—7$+1)6xd$ = /(3x2—7x+1)dex
= (3x2—7x+1)ex—/exd(3x2—7x+1)
= (3$2—7$+1)6x—/(6$—7)6xd$
= (3x2—7x+1)ex—/(6x—7)del’
_ (3x2—7x+1)ex—(6x—7)ex+/exd(6x—7)

= (3$2—7$+1)6x—(6$—7)6x+6/6xd$

= B22=Tz+1)e"— (62 —-T7)e*+6e*+C
= (322-13x+14)e*+C. (2)

e Examples
Example 2. Calculate / e*cosxdx.

Solution. We have

/excosxdx = /cosxdel’

= excosx—/exdcosx
= excosx+/exsinxdx
= excosx+/sinxdel’
= excossc+exsinx—/excosxdx. (3)

If we denote I := [ e”cosx dz we have I =e” (cosz +sinz) — [ =1 = % e’ (cosx +sinx).
Therefore

/excosxdx—%ex(cosx—i-sinx)+C. (4)



Exercise 1. Calculate the following (a,beR):

/xe” cos x dx; /e‘” sinbx dz. (5)

Example 3. Let n € N. Calculate / cos"x dzx.

Solution. We have

/ cos"zxdxr = / cos" lxdsinz

= cos"_lxsinx—/sinxdcos"_la:

= cos"_lxsinx+(n—1)/Sin2xcosn_2xdx

= cos" lxsinz+ (n—1) / cos" 2xdr — (n—1) / cos"x dz. (6)
Now if we denote I,,:= [ cos"z dz we reach the following formula:
cos"lrsiny n—1
I,= + In—a. (7)
n n

We see that each time we apply this formula, the power of cosz is reduced by 2, consequently
we can expect to reduce the calculation of / cosz dx to either / cosx dz or / dx, which
are both easy.

For example, to calculate I7 = / cos’z dxr we have

I — cos(:_l;sdnzc;_7;11.7_2
= —COSGLI;STnx—i—?Is .
_ cos x;mx g[cos 33551na;+§lg}
- —COS%?Sinm+%cos4xsinx+g-§[w§x%+§h
= —cos%?sinx + %cos‘lx sinx +%cos2x sinx + g : % -%Sinx +C. (8)

dzx.

Example 4. Calculate /
cos™x

Solution. We have

1 1
JIp = dx = ———— dtanx
cosx cos"4x
_ sinw sinw d 1
cos" g cosT \ cos" 2z

sinx sinx sinx
= / n—2)———dx

cos" gz | cosx cos" g
. . 2
- ﬂ_(n_g) SIVL 4o
cos" g cos"x
sinx
= —— —(n—2)Jp+(n—2) Jy_o. (9)

cosn 1z



This gives

g, = 1 sinx n—2
n—1

_ L 1
n—1 cost iz In2 (10)

Exercise 2. Calculate .J;.

Exercise 3. Calculate / cos™x sin"x dx where m, n € N.

1
Example 5. Calculate / mdx.

Solution. We have

2
x x
(x2+1)n+ ”/ 2+ 1)t F
This gives
T 2n—1

27”L(:B2+1)”jL 2n Kn (12)

Kn+1 =
or equivalently
T 2n—3

= D@t Kon-t. (13)

2n—2"""

Exercise 4. Calculate Ks, K.
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