MATH 117 FALL 2014 HOMEWORK 9 SOLUTIONS

DUE THURSDAY NoOV. 27 3PM IN ASSIGNMENT BoXx

0 x#0

| z—p0 © integrable on [0, 1].

QUESTION 1. (5 PTS) Prove by definition that f(x) :{

Proof. Let P={xg,x1,..., 2} be an arbitrary partition of [0,1] with O=zo<z1 < <zp,=1. We
calculate

U(f,P)—<[sup]f>(xl—xo)+-~+<[ sup ]f>($n—$n—1)_331—$0; 1)

Z0,T1 Tn—1,Tn
L(f,P)—<[inf f)(xl—xo>+-~+< in ]f><xn—xn_1>—o. 2)

x0,T1 Tn—1,Tn

As P is arbitrary, clearly L(f)=0. On the other hand,

inf r1—20=0 (3)
O=2p<z1< " <xp=1

so U(f)=0. Therefore f is integrable on [0, 1]. O

QUESTION 2. (5 pPTS) Let f:[a,b]— R be integrable. Prove that |f(x)| is also integrable on [a,b]
and furthermore ‘fab f(x) dx‘ < f; | f(z)|de.

Proof. Let a,be R. By triangle inequality we have
la| <|=b[+]a+ (=b)[=[b] +|a—b] (4)

and similarly |b| < |a|+ |a — b|. Therefore ||a| —|b|| < |a —b].
Now let P be an arbitrary partition of [a, b] with P:a=2¢<x; <<z, =>. For an arbitrary
ke{l,2,...,n} we have
Vo,y€lop—vaxl, (@)= fWI<[f(@)— fy)l (5)

Now let x,, y, be such that lim, o |f(x,)| = SUD [z, 2] |f(2)] and limy, oo |f(yn)| =
infly, | 2,1f(2)]. We conclude

s J@)] = i 5= T L]~ Al < s )~ Sl < s fr) -
[ inf }f(a:) (6)

From this it is now clear that

U(If1,P)~L(f.P) = 2( sup |f(z)|— int |f<x>|><xk—xk_l)
k=1

[T —1,7] [ —1,2]
<y ({ up f(a) = inf f(;@)(xk—xk_l)
k=1 Tk—1,Tk Tk—1,Tk

As f is integrable there is P, such that lim, . U(f,P)— L(f, P)=0. For the same {P,,} we have
lim, 00 [U(| f|, P) — L(| f|, P)] = 0 and consequently | f| is also integrable on [a, b].



Now let P again by arbitrary. By triangle inequality we have

U(f,P)|= é({xks%ﬂx)) 2~ T 1) <Z([xf“}f’m >|><xk—xk_1>=U<|f|,P>, (®)
Thus

[ 15 ar=sup(151 ) sup 001, ) > fsupu . P|-|[ )
and the proof ends. O

QUESTION 3. (5 PTS) Let the “Naive Integral” of f:]a,b] — IR be defined as

NZ(f,[a,b]):= lim —Z f(xg) (10)

n—oo N

where T = a + % (b — a). Find real numbers a < ¢ < b and a function f: [a, b] — R such that

NI(f,la,b))+£NI(f,|a,c])+NI(f,|c,b)). Justify your example and explain why we did not define
integrals using (10).

Solution. Let f:—{ 1 2eQ Let a=0,b=1,c=+/2. Then for every n, k € N, we have

rEQ’
0+Eu-neq 0+ E(vacoga 148 (vi-nen (11)
Consequently
NI(f,[0,1]))=1, NZI(f,[1,vV2])=NZ(f,[0,v2])=0. (12)

QUESTION 4. (5 PTS) Let a € R. Let f,g:R— R be such that
i. f,g are differentiable on R—{a};
. hml’_mf(x) =+00; hmx—nzg(‘r) =—+00;

I'(=)
g'(z)

=400.

118, limgy_yq

Prove that lim,_,, géz; =+o00.
Proof. We prove limg_, 4+ g =limy_q_ g = +400. We prove the first one here as the second one is
almost identical.

Let M >0 be arbitrary.

As limg o1 f:é ; 400, there is d1 > 0 such that for all 0 <x —a < §1,

f(z)
) > 2 (13)

Now let x satisfy 0 <x1 —a <dy. As lim,_,44 f(2) =400, there is d2 > 0 such that Js < x; —a and
forall 0 <z —a<do,

flx) >3 f(x)]- (14)

Similarly there is d3 > 0 such that d3 <x1 —a and for all 0 <x —a < J3,
g(z) >3g(x1)|. (15)



Now let § =min {d2,d3}. For every 0 <x —a <4, we have

(wl) (xl)
S _f@) = I 2N 0 Yy
g(x) g(@)—glz1) 1_ J;((:;l)) g'(c) 1_ ];((:;1))

Thus ends the proof.
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