
Math 117 Fall 2014 Homework 9 Solutions

Due Thursday Nov. 27 3pm in Assignment Box

Question 1. (5 pts) Prove by de�nition that f(x)=
�
0 x=/ 0
1 x=0

is integrable on [0; 1].

Proof. Let P = fx0; x1; :::; xng be an arbitrary partition of [0;1] with 0=x0<x1< ���<xn=1. We
calculate

U(f ; P )=
�

sup
[x0;x1]

f
�
(x1¡x0)+ ���+

�
sup

[xn¡1;xn]
f
�
(xn¡xn¡1)=x1¡x0; (1)

L(f ; P )=

�
inf

[x0;x1]
f

�
(x1¡x0)+ ���+

�
inf

[xn¡1;xn]
f

�
(xn¡ xn¡1)= 0: (2)

As P is arbitrary, clearly L(f)= 0. On the other hand,

inf
0=x0<x1<���<xn=1

x1¡ x0=0 (3)

so U(f)= 0. Therefore f is integrable on [0; 1]. �

Question 2. (5 pts) Let f : [a; b] 7!R be integrable. Prove that jf(x)j is also integrable on [a; b]

and furthermore
���R a

b
f(x) dx

���6 R
a

b jf(x)j dx.

Proof. Let a; b2R. By triangle inequality we have

jaj6 j¡bj+ ja+(¡b)j= jbj+ ja¡ bj (4)

and similarly jbj6 jaj+ ja¡ bj. Therefore jjaj ¡ jbjj6 ja¡ bj.
Now let P be an arbitrary partition of [a; b] with P : a= x0<x1< ���<xn= b. For an arbitrary

k 2f1; 2; :::; ng we have

8x; y 2 [xk¡1; xk]; jjf(x)j ¡ jf(y)jj6 jf(x)¡ f(y)j: (5)

Now let xn; yn be such that limn!1 jf (xn)j = sup[xk¡1;xk] jf (x)j and limn!1 jf (yn)j =
inf[xk¡1;xk] jf(x)j. We conclude

sup
[xk¡1;xk]

jf(x)j ¡ inf
[xk¡1;xk]

jf(x)j= lim
n!1

jjf(xn)j ¡ jf(yn)jj6 limsup
n!1

jf(xn)¡ f(yn)j6 sup
[xk¡1;xk]

f(x)¡

inf
[xk¡1;xk]

f(x): (6)

From this it is now clear that

U(jf j; P )¡L(jf j; P ) =
X
k=1

1 �
sup

[xk¡1;xk]
jf(x)j ¡ inf

[xk¡1;xk]
jf(x)j

�
(xk¡xk¡1)

6
X
k=1

1 �
sup

[xk¡1;xk]
f(x)¡ inf

[xk¡1;xk]
f(x)

�
(xk¡xk¡1)

= U(f ; P )¡L(f ; P ): (7)

As f is integrable there is Pn such that limn!1U(f ; P )¡L(f ; P )=0. For the same fPng we have
limn!1 [U(jf j; P )¡L(jf j; P )]= 0 and consequently jf j is also integrable on [a; b].



Now let P again by arbitrary. By triangle inequality we have

jU(f ;P )j=

�����X
k=1

n �
sup

[xk¡1;xk]
f(x)

�
(xk¡xk¡1)

�����6X
k=1

n �
sup

[xk¡1;xk]
jf(x)j

�
(xk¡xk¡1)=U(jf j;P ); (8)

Thus Z
a

b

jf(x)jdx= sup
P
U(jf j; P )> sup

P
jU(f ; P )j>

����sup
P
U(f ; P )

����=
�����
Z
a

b

f(x) dx

����� (9)

and the proof ends. �

Question 3. (5 pts) Let the �Naive Integral� of f : [a; b] 7!R be de�ned as

NI(f ; [a; b]) := lim
n!1

b¡ a
n

X
k=1

n

f(xk) (10)

where xk := a +
k

n
(b ¡ a). Find real numbers a < c < b and a function f : [a; b] 7! R such that

NI(f ; [a; b])=/ NI(f ; [a; c])+NI(f ; [c; b]). Justify your example and explain why we did not de�ne
integrals using ( 10).

Solution. Let f :=
�
1 x2Q
0 x2/Q . Let a=0; b=1; c= 2

p
. Then for every n; k 2N, we have

0+
k
n
(1¡ 0)2Q; 0+

k
n

¡
2

p
¡ 0

�
2/Q; 1+

k
n

¡
2

p
¡ 1

�
2/Q: (11)

Consequently

NI(f ; [0; 1])= 1; NI
¡
f ;

�
1; 2
p ��

=NI
¡
f ;

�
0; 2
p ��

=0: (12)

Question 4. (5 pts) Let a2R. Let f ; g:R 7!R be such that

i. f ; g are di�erentiable on R¡fag;
ii. limx!af(x)=+1; limx!ag(x)=+1;

iii. limx!a
f 0(x)

g 0(x)
=+1.

Prove that limx!a
f(x)

g(x)
=+1.

Proof. We prove limx!a+
f

g
= limx!a¡

f

g
=+1. We prove the �rst one here as the second one is

almost identical.
Let M > 0 be arbitrary.

As limx!a+
f 0(x)

g 0(x)
=+1, there is �1> 0 such that for all 0<x¡ a< �1,

f 0(x)
g 0(x)

> 2M: (13)

Now let x1 satisfy 0<x1¡ a< �1. As limx!a+f(x)=+1, there is �2> 0 such that �2<x1¡ a and
for all 0<x¡ a< �2,

f(x)> 3 jf(x1)j: (14)

Similarly there is �3> 0 such that �3<x1¡ a and for all 0<x¡ a< �3,

g(x)> 3 jg(x1)j: (15)



Now let �=minf�2; �3g. For every 0<x¡ a< �, we have

f(x)

g(x)
=
f(x)¡ f(x1)

g(x)¡ g(x1)
�
1¡ g(x1)

g(x)

1¡ f(x1)

f(x)

=
f 0(c)

g 0(c)
�
1¡ g(x1)

g(x)

1¡ f(x1)

f(x)

> 2M � 2/3
4/3

=M: (16)

Thus ends the proof. �
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