MATH 117 FALL 2014 LECTURE 37 (Nov. 12, 2014)

Read: Bowman §5.A, 314 Integration §1.

Riemann Integration.

(@]

We define Riemann integral as follows.

DEFINITION 1. (PARTITION OF AN INVERVAL) Let a,b€ R,a<b. A partition of [a,b]
is a set P C[a, b] such that i. P is finite, ii. a,b€ P.

Example 2. {0, 1}, {0, %, %, 1} are partitions of [0, 1]; {%\ ne N} u {0}, {0, 1, 2},

12 o
{0, 5 3} are not partitions of [0, 1].
DEFINITION 3. (UPPER/LOWER SuM) Let f: [a, b] — R. Let P be a partition of
[a, b], denoted as P ={xq, ..., zp} with a=x9<z1<--<x,=D>b. Then we define the
upper/lower sums as:

U(f,P)::Z My (2 — xp—1); L(f,P) ::Z mg (T, — Th—1) (1)
k=1 k=1
where
Mk::[ sup }f(x), my = . {nfx ]f(x). (2)

DEFINITION 4. (UPPER/LOWER INTEGRALS) Let f:[a,b]—IR. Define its upper/lower
integrals as

U(f):= inf U(f,P); L(f)= sup L(f,P). (3

1
P is a partition for [a,b] P is a partition for [a,b]

DEFINITION 5. (RIEMANN INTEGRABILITY) Let f: [a, b] — R. Then f is Riemann
integrable on [a, b] if and only if U(f)=L(f) € R. In this case the common value is
called the Riemann integral of f over [a,b] (or from a to b) and denoted fab f(x)de.

Examples.
Example 6. Prove that f(z)=1 is integrable on [0, 1] and find the integral.

Proof. Let P={xg,x1,...,x,} be an arbitrary partition with a=z¢<x; < <zp,=b.
Then for every k€ {1,2,...,n} we have

sup f(z)= inf f(x)=1. (4)
[zk—1,2k] [k —1,24]
Thus
u(f,p)=1  L(f,P)=1. (5)
As this holds for every partition P, we further have
U(f)=1=L(f) (6)
Thus by definition f is integrable with [ 01 f(x)dx=1. O

Example 7. Prove that D(z)= { (1) i;g is not integrable on [0, 1].



Proof. Let P={xg,x1,...,x,} be an arbitrary partition with a =z¢<x; < <z, =b.
Then for every k€ {1,2,...,n} we have

sup f(z)=1, inf f(z)=0. (7)
[xkfl,xk] [xkflvxk]
Consequently
U(f,P)=1, L(f,P)=0. (8)
As this holds for every partition P, we conclude
u(f)=1,  L(f)=0. (9)
Since 1#0 D(z) is not integrable on [0, 1]. O

Exercise 1. Prove by definition the integrability of f(z) = { (1) iig on [—1, 1] and find
1 ~
-, flz)da.

Refinement of partition.

DEFINITION 8. Let P, Q be partitions of [a,b]. Say Q refines P if and only if P C Q.

Example 9. {0,1}, {0, %, %, 1} are both partitions of [0, 1] and the latter refines the
former.
LEMMA 10. Let f:[a,b]— R and P, Q be partitions of [a,b] with P C Q. Then

ulf,P)zU0(f,Q);  L(f,P)<L(f,Q). (10)

Proof. We prove the first one and leave the second one as exercise.
Denote P = {xg, ..., o} and Q = {yo, -, Ym}.- As P C Q, @ — P consists of
k=m —n elements, we denote them by z1,...zz. Now define

Q1=PU {21}, Q=PU {Zl, ZQ}, i s Qr_1=PU {21, e Zk—l}- (11)
It suffices to prove
It is clear now that it suffices to prove the following: Let P = {xy, ..., z,,} be an
arbitrary partition of [a, b]. Let & € [a, b] be different from xy, ..., z,, then
U(f,P)2U(f, PU{z}). (13)
Let [ €{0,...,n—1} be such that € (x;,z;41). Then as
sup f(z) 2 sup f(z); sup f(z)= sup f(x) (14)
[z, 141] [z1,2] [z, 141] [%,%141]
we have
U(f,P)~U(f, PU{#}) = ( sup f<x>) (11— @)
[1,2141]
(5w s@) -0
), T
—( sup f(x)> SCTEE)
[@,2141]
> ( sup f(fc)> N — 1) = (F 1) — (@11 — D)
[x1,2741]
= 0. (15)

Thus ends the proof. O
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