MATH 117 FALL 2014 HOMEWORK 6 SOLUTIONS

DUE THURSDAY OcT. 30 3PM IN ASSIGNMENT BoX

QUESTION 1. (5 PTS) Let > | a, be an infinite series. Prove that

o
Z a, converges =>  lim a, =0. (1)
n—1 n—oo

Proof. Let € >0 be arbitrary. As Z;L'ozl an converges, it is Cauchy. Thus there is N1 € N such that
for every m >n > Ny,

m

> w

k=n+1

<e. (2)

Now set N=N;+ 1. For every n> N, we have n>n —1> N and consequently

n

|lan| = Z ag| <e. (3)

k=(n—1)+1

Thus by definition lim,,_, @, = 0. O

QUESTION 2. (5 PTS) Let 7, ¢ € R. Prove that Y >~ cr™ converges if and only if |r| <1. (You
can use the conclusion of Question 1).
Proof. It suffices to prove that |r| <1== convergence and |r| > 1= divergence.

e |r| < 1. We prove Zzozl c r" is Cauchy. Let € > 0 be arbitrary. Take N € N such that
lc||r|V <e(1—7). Now for every m >n > N, we have

m

_m—n N
S an| =lerm e pmen| = e L2 JelirlE (1)
W5 [1—r| 1—r

Therefore the series converges.

e |r|>1. We claim that lim,,_,,,c7"™ =0 is false in this case. Thus the series diverges following
Question 1.
Let N €N be arbitrary. Take n=N > N. Then

ler™|=lef [V > el. (5)

Thus lim, cccr™ =0 is false by definition. O

Remark. (To GRADER) There is in fact a situation where |r| > 1 but the series is convergent,
namely ¢=0. Anyone noticing this should get one extra point.

QUESTION 3. (5 PTS) Let Zzozl an be an infinite series. Prove: If there is b, >0 such that Zzozl bn
converges and ¥Yn € N |a, | <by,, then Zzozl a, converges.

Proof. We prove that > | a, is Cauchy.



Let € > 0 be arbitrary. As > > | by is convergent, there is N1 € N such that Ym > n >

|221:n+1 bk‘ < e. Take N = Nj. Then for every m >n> N, we have

m m m m
E ar| < E |ak|< E b= E br| <e.
k=n+1 k=n+1 k=n+1 k=n+1

Here we have used triangle inequality and the fact that bg > 0 for all k.

QUESTION 4. (5 PTS) Let Y. | an be an infinite series.

an+41

a) (2 prs) If limsupp—eo

<1, then Zzo:l an converges;

n

b) (2 prs) If liminf,_,~

An 41
v

>1, then Z;OZI an diverges;

i

¢) (1 pT) Find an infinite series satisfying imsupy, oo >1 and also liminf,,

You don’t need to justify your claims.

an 41
a

n n

(You can use the conclusions from Questions 1 — 3)

Solution.

an 41

a) We prove that if limsup,—eo

lan| < cr™. Once this is done the convergence follows from Question 3.

an 41

We denote 1o :=limsup,, o0
definition, there is NV € N such that Vn> N,

sup { |ak+1| } — T
k>n |a|

Application of triangle inequality gives

sup { |k 1] } <r
k>n |a|

<r-—rop.

which by definition of sup gives

VYn>N Vk>n, |‘|LZ+|1| <r.
k
This is equivalent to
a
Vn>N, %<r:>|an+1|<r|an|.
n
Therefore we have
VkeN |aN+k|<7“|aN+k_1|<7“2|aN+k_2|<-~~<7“k|aN|.

Now set

o {1l ol ]

: T TN (-

Then by definition of ¢ we have
Vn< N, lan| <cr™.
On the other hand, for every n > N, we have

lan| <" N an| <" NerN =crn.

An 41

N17

<1.

< 1, then there is |r| < 1 and ¢ > 0 such that ¥n € N,

. As rg<1, there is 0 <r <1 such that r >rg. Now by

(7)

(10)

(11)

(12)

(13)

(14)



Therefore ¥n € N, |ay,| < c¢r™ and convergence follows.

b) Denote rg:=liminf, M. By definition there is N1 € N such that for all n > Ny,

lan|
inf |41 -9
k2n | lak

Application of triangle inequality gives

<ro—1. (15)

Vn> Ni,Vk>n, %>1 (16)
or equivalently
>Ny, Lol oy (17)
This gives lan|
lan, | <lan, 1] <[an, 1o < (18)

Note that as % is well-defined, an, # 0= |an,| > 0.
1

We prove that lim, _,ca, = 0 does not hold and divergence then follows. Let N € N be
arbitrary. Take n:=max{Ny, N} > N. Then we have

|an| = lan,| > 0. (19)

So by definition lim,,_.a, =0 does not hold.

% n odd

c¢) For example 220:1 an, with a, = .
= neven
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