
Math 117 Fall 2014 Lecture 28 (Oct. 23, 2014)

Example 1. Prove limx!0 (1+ x)1/3=1.

Solution 1 (De�nition). Let ">0 be arbitrary. Set � <minf1; "g. Then for every 0< jx¡ 0j<�,
we have 1+ x> 1¡ jxj> 1¡ � > 0 and therefore��(1+ x)1/3¡ 1

��= j(1+ x)¡ 1j��(1+ x)2/3+(1+ x)1/3+1
�� < jxj1 <� <": (1)

Solution 2 (Squeeze). For ¡1<x< 1 we have

1¡ jxj6 (1¡ jxj)1/36 (1+ x)1/36 (1+ jxj)1/36 1+ jxj: (2)

As limx!0 (1¡ jxj)= limx!0 (1+ jxj)= 0, the conclusion follows from Squeeze.

Exercise 1. Prove that for every x2R, 1¡ jxj6 1+ x6 1+ jxj.
Exercise 2. Prove by de�nition limx!0 (1¡ jxj)= limx!0 (1+ jxj)= 0.

Exercise 3. We have only proved 1¡ jxj6 (1 + x)1/36 1+ jxj for ¡1<x< 1, not for all x2R. Why could we
apply Squeeze? Explain.

Example 2. Let an = (¡1)n ¡ e¡n. Calculate supn2Nan; infn2Nan; limsupn!1an; liminfn!1an.
Justify.

Solution.

� supn2Nan=1.

� 1 is an upper bound.
8n2N, we have an=(¡1)n¡ e¡n6 1¡ e¡n< 1.

� 1 is the least upper bound.
8b < 1, take n 2 N such that n > 1

2
ln 1

1¡ b . Then we have ¡2 n < ln(1 ¡ b) =)
e¡2n< 1¡ b. Thus a2n=(¡1)2n¡ e¡2n=1¡ e¡2n> 1¡ (1¡ b)= b. Therefore b is not
an upper bound.

� infn2Nan=¡1¡ e¡1.
� ¡1¡ e¡1 is a lower bound.

8n2N, we have an=(¡1)n¡ e¡n>¡1¡ e¡n>¡1¡ e¡1.
� ¡1¡ e¡1 is the greatest lower bound.

8b>¡1¡ e¡1, we have a1=¡1¡ e¡1<b and thus b is not a lower bound.

� limsupn!1an.
Let Mn := supk>nak= sup fan; an+1; :::g.
� Mn6 1.

8k>n, we have ak=(¡1)k¡ e¡k6 (¡1)k6 1.
� Mn> 1¡ e¡2n. It su�ces to prove that there is k>n such that ak> 1¡ e¡2n. Taking

k=2n we see that ak=1¡ e¡2n.
Therefore 1¡ e¡2n6Mn6 1 and application of Squeeze leads to limn!1Mn=1. Therefore
limsupn!1an=1.

� liminfn!1an.



Let mn := infk>nak= inf fan; an+1; :::g.
� mn6¡1.

It su�ces to �nd k> n such that ak6¡1. Taking k=2 n+1 we have k> n and
ak=(¡1)2n+1¡ e¡(2n+1)=¡1¡ e¡(2n+1)<¡1.

� mn>¡1¡ e¡n.
We show that ¡1¡e¡n is a lower bound for fan; an+1; :::g. Let k>n be arbitrary.

Then ak=(¡1)k¡ e¡k>¡1¡ e¡k>¡1¡ e¡n (note that k>n).
Thus ¡1¡e¡n6mn6¡1 and application of Squeeze leads to limn!1mn=¡1 which means
liminfn!1an=¡1.

Exercise 4. Let r 2R and an= rn. Prove the following.

a) If jrj< 1 then limn!1an=0;

b) If r=1 then limn!1an=1;

c) If r=¡1 then limsupn!1an=1; liminfn!1an=¡1;

d) If r > 1 then limn!1an=+1;

e) If r <¡1 then limsupn!1an=+1; liminfn!1an=¡1.
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