
Math 117 Fall 2014 Lecture 17 (Oct. 2, 2014)

Reading: Bowman: �3.C.

� In this lecture we discuss limits for a function f :R 7!R.

� De�nition of limx!af(x)=L for a; L2R.

8"> 0 9� > 0 8x0< jx¡ aj<�; jf(x)¡Lj<": (1)

Example 1. Prove limx!0x
3=0 by de�nition.

Proof. Let "> 0 be arbitrary. Set 0<� <"1/3. Then 8x0< jx¡ aj<�

jx3¡ 0j= jxj3<�3<": (2)

This ends the proof. �

Example 2. Prove limx!1x
3=1 by de�nition.

Proof. Let " > 0 be arbitrary. Set 0 < � < min
� "

7
; 1

	
. Then for every x satisfying

0< jx ¡ 1j < � we have, by triangle inequality, jxj < 1 + � < 1 + 1 = 2. Now for such x we
calculate

jx3¡ 1j= jx¡ 1j jx2+x+1j<� [jxj2+ jxj+1]< 7 � < 7 � "
7
= ": (3)

Thus ends the proof. �

Exercise 1. Let n2N, a2R. Prove limx!ax
n= an by de�nition.

Exercise 2. Let P (x) be a polynomial and a2R. Prove limx!aP (x)=P (a) by de�nition.

� a; L=�1?

� As a; L can each be a real number or �1, we have nine cases in total.

� De�nition for limx!+1f(x)=L2R.

8"> 0 9R> 0 8x>R jf(x)¡Lj<": (4)

� De�nition for limx!a2Rf(x)=¡1.

8M < 0 9� > 0 8x 0< jx¡ aj<�; f(x)<M: (5)

Exercise 3. Write down the de�nitions for the remaining six cases.

Exercise 4. Prove limx!¡1x
3+x2=¡1 by de�nition.
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