MATH 117 FALL 2014 HOMEWORK 3 SOLUTIONS

DUE THURSDAY OCT. 2 3PM IN ASSIGNMENT BoOX

QUESTION 1. (5 PTS) Let BCY and f: X — Y. Prove that f(f~'(B)) C B. Can we replace C by
=7 Justify your claim.
Proof.

e f(f~Y(B))C B. Take an arbitrary y € f(f~'(B)). By definition of image there is z € f~(B)
such that y = f(z). Now as € f~'(B), by definition of pre-image f(x) € B. Therefore

y€ f(B).
e No. For example take f: R+ R to be such that f(z)=1 for all z € R. Now take B={1,2}.
Then f~1(B)=Rand f(f~'(B))={1}#{1,2}. O

QUESTION 2. (5 PTS) Prove

("2 7)) =) () 0

for every pair of natural numbers n,d > 2.
Proof. We use the identities

(0)+ (G2 =("0) e (0)=(") ®

These leads to

n+d—2 n+d—3 n+d—-3\  (n+d—-2 n+d—3 n+d-—3
(25" + (M0 557) = ( d§22)+( dg22) (")
_ (n+d— n+a-—
= ("5 )+ (")
_ (n—i—d—l)
N dgl
_ (n+d-1
N < n ) (3)
O
QUESTION 3. (5 PTS) A function f:R— R is said to be “Lipschitz” if the following holds:
AM >0 Vz,yeR  |f(z) - f(y)I<M |z -yl (4)
a) (2 pT) Find the working negation to (4).
b) (3 p1S) Is f(x) =z Lipschitz? Is g(x)=x? Lipschitz? Justify your claims.
Solution.
a) It is
VM>0 Fz,yeR  |f(x) = f(y)|>M |z -yl ()
b)

e f(z)=u is Lipschitz.



Proof. Let z,y € R be arbitrary. Then we have
[f(@) = f)=lz—yl<1-[z -yl (6)
Therefore f(x) is Lipschitz. O

2 is not Lipschitz.

e glo)=x
Proof. Let M >0 be arbitrary. Set x =M ,y= M + 1. Then we have
[f(@) = fy)=2M+1>M=M:|x—y|. (7)
Therefore g(x) is not Lipschitz. O
QUESTION 4. (5 PTS) Recall that in the computation of \/2, we have the
e Babylonian method: a1 >0, byj=2/ay,

1 1
An41 = § (an + bn)a bn+1 - ﬁ’ (8)
—_ | = + i
2 ( an bn )
e and Newton’s method: 1 >0,
T 1
Tn+1= 711 + Pt (9)
n

Someone in our class made the conjecture that the two methods are identical. Prove or disprove his
conjecture.

Proof. Yes the two methods are identical. It suffices to prove that, in the Babylonian method, we

have
a 1
an+1:7n+a—n. (10)

In the following we prove that for every n, a, b, =2. Once this is done, we have

1 1 2\ _ap 1
an—l—l—Q(an‘l’bn)—z(an‘I’an)— 2 ‘l‘an (11)
as desired.
We prove by induction.
e n=1. Since blza%, we have aq by =2.
e Assume that a; b =2. Then we have
ay -+ bi 1 ar+br 2arbi
Qi1 Dh1 = 2 '1<1 1)2 2 'ak+bk:akbk:2' (12)
2\ T
k k

Thus the proof ends. O
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