Positive linear maps on C*-algebras-Choi's conjecture- J

Mitsuru Uchiyama
Shimane Univ. , Ritsumeikan Univ.

7/21/2017, Edmonton

Y DTV U VT RS L EN TR VATV G SIS P ositive linear maps on C*-algebras-Choi's co 7/21/2017, Edmonton 1/24



Let A, 3 be unital C*-algebras. A denotes the real
subspace of all selfadjoint operators in A.
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Let A, 3 be unital C*-algebras. A denotes the real
subspace of all selfadjoint operators in A.
Definition
(i) A linear map ® : A — B is said to be selfadjoint if
O(X*) = d(X)* for every X € A, positive if
®(A) > 0 for every A > 0, and wnital if ¢(/) = 1.
(i) A linear map & is called a C*-homomorphism if
d(X?) = (®(X))? for all X € A.
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A continuous linear map ® is C*~-homomorphism
& O(A%) = O(A)? for all A e A
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A continuous linear map ® is C*~-homomorphism

& O(A%) = O(A)? for all A e A

< O(AB + BA) = (A)P(B) + ¢(B)P(A) for all
A B € A, (Jordan product)
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A continuous linear map ® is C*~-homomorphism

& O(A%) = O(A)? for all A e A

< O(AB + BA) = (A)P(B) + ¢(B)P(A) for all
A B € A, (Jordan product)

< O(A") = (P(A))" for all A€ A; and for all
n=123-.--.
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A continuous linear map ® is C*~-homomorphism

& O(A%) = O(A)? for all A e A

& O(AB + BA) = d(A)D(B) + &(B)(A) for all
A B € A, (Jordan product)

< O(A") = (P(A))" for all A€ A; and for all
n=123-.--.

& for each real continuous function h(t) defined on an

interval of the real axis,

®(h(A)) = h(S(A)) for all A € AL,

provided the both sides are well-defined.
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N
Remark

A C*-homomorphism @ is not necessarily an algebraic
homomorphism (for instance, transposed mapping),
but ® is positive and continuous, and ®(/) is a
projection. (see Stgrmer[1963] for its characterization)
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.
Definition
A real continuous function f defined on an interval J is
called an operator convex function if

f(sA+ (1 —5s)B) <sf(A)+ (1 —s)f(B)

for all A, B € As with o(A), o(B) C J and for all
s:0<s<1
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.
Definition
A real continuous function f defined on an interval J is
called an operator convex function if

f(sA+ (1 —5s)B) <sf(A)+ (1 —s)f(B)

for all A, B € As with o(A), o(B) C J and for all
s:0<s<1

(i) t and t* are operator convex on (—00, ).

(ii) % is operator convex on (0, 00).
(i) t* (1 < X < 2) is operator convex on (0, c0).
() e = snam (¢ — x + XX—;)X"_ldx (0<a<l)
(iv) t} (=1 < X\ < 0) is operator convex on (0, 00).
()t =snam L yaldx (0 <a< 1)

i X+t
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(Kadison [1952]) If a linear map ® is contractive and
positive, then

(D(A))? < D(A?) for all A€ A,
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(Kadison [1952]) If a linear map ® is contractive and
positive, then

(D(A))? < D(A?) for all A€ A,

( Davis [1952], Choi [1974] ) If f is an operator convex
function on (—a, a) and if a positive linear map ® is

unital, then
f(®(A)) < ®(f(A))

for all Ae A s.t. 0(A) C (—a, a).
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(Kadison [1952]) If a linear map & is unital and if
O(JA]) = |@(A)]

for all A € As, then ® is a C*-homomorphism.
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( Choi [1974]) Let f be a non-affine operator convex
function on (—a, a) and ® a unital and positive linear
map.

Then ® is a C*-homomorphism if

F(®(A)) = &(f(A)) (1)
for all Ae A st. 0(A) C (—a, a).
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( Choi [1974]) Let f be a non-affine operator convex
function on (—a, a) and ® a unital and positive linear
map.

Then ® is a C*-homomorphism if

F(®(A)) = &(f(A)) (1)

for all Ae A st. 0(A) C (—a, a).
x He conjectured that this fact would hold for a non-affine
continuous function f.
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( Choi [1974]) Let f be a non-affine operator convex
function on (—a, a) and ® a unital and positive linear
map.

Then ® is a C*~-homomorphism if

F(®(A)) = &(f(A)) (1)

for all Ae A st. 0(A) C (—a, a).

x He conjectured that this fact would hold for a non-affine
continuous function f.

x We shall prove his conjecture.
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|
For Ac As, L(A) :={rA+sl :r,s € R}.
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|
For Ac As, L(A) :={rA+sl :r,s € R}.

Theorem 1

Let & € B(A, B) be a selfadjoint -not necessarily positive-
and unital map and f a non-affine continuous function on
an interval J. If for a given A € A,

o(f(X)) = f(®(X)) ()

for all X € L(A) s.t. o(X),o(P(X)) C J,
then ®(A?) = ®(A)%
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|
For Ac As, L(A) :={rA+sl :r,s € R}.

Theorem 1

Let & € B(A, B) be a selfadjoint -not necessarily positive-
and unital map and f a non-affine continuous function on
an interval J. If for a given A € A,

o(f(X)) = f(®(X)) ()

for all X € L(A) s.t. o(X),o(P(X)) C J,
then ®(A?) = ®(A)%

Remark. Suppose s is an interior point of J. Then for
A € A the spectra of X = tA + s/ and
<D(X) tCD(A) + sl are both in J for suff|C|ent|y small t.
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Corollary 2
Let ® be a linear, positive and unital map, and let f a
non-affine continuous function on J.
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Corollary 2

Let ® be a linear, positive and unital map, and let f a
non-affine continuous function on J.

(i) If for a given A € Aj

O(f(X)) = F(P(X)) for all X € L(A) s.t. o(X) C J,
then ®(A") = ®(A)" for n € N.
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Corollary 2

Let ® be a linear, positive and unital map, and let f a
non-affine continuous function on J.

(i) If for a given A € Aj

S(f(X)) = F(P(X)) for all X € L(A) s.t. o(X) C

then ®(A") = ®(A)" for n € N.

(i) I d(F (X)) = F(P(X)) for all X € A; s.t.
a(X),o(P(X)) C J, then & is a C*-homomorphism on
A.(Choi’s conjecture)
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Proof of (i) of Corollary 2.
By Theorem, we get ®(A?) = ®(A)?. Suppose B
commutes to A. From Kadison’s inequality

o ((A+tB)?) > (®(A) + td(B))* (vt €R).

This implies ¢p(A)p(B) + ¢(B)p(A) = 2¢(AB) because
of (A?) = ®(A)%
This gives ¢(A") = ¢(A)" for every n. O
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Proof of Theorem 1

Lemma 3

If f(t) is twice differentiable at an interior point a € J
and f"(a) # 0, then Theorem 1 holds for f.
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Proof of Theorem 1

Lemma 3

If f(t) is twice differentiable at an interior point a € J
and f"(a) # 0, then Theorem 1 holds for f.

Proof of Lemma 1
From the formula

£/(3) = lim flat+t)+f(a—t)—2f(a)
t—0 t2

9

n? (f(a + %t) + f(a— %t) — 2f(a)) — f"(a)t?
on every finite interval as n — oc.
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Suppose ®(f(X)) = f(P(X)) on L(A). Since
o(al £1A),0(al £ 2®(A)) C J for sufficiently large n,
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Suppose ®(f(X)) = f(P(X)) on L(A). Since
o(al £1A),0(al £ 2®(A)) C J for sufficiently large n,

® (n2 (f(a/ + %A) + f(al — %A) — 2f(a/)))

=n’ (f(al + %CD(A)) + f(al — %cb(A)) — 2f(al)) .
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Suppose ®(f(X)) = f(P(X)) on L(A). Since
o(al £1A),0(al £ 2®(A)) C J for sufficiently large n,

® (n2 (f(a/ + %A) 4 f(al - %A) - 2f(al)))
=n’ (f(al + %CD(A)) + f(al — %cb(A)) — 2f(al)) .

By letting n — oo, we derive
d(f"(a)A?) = f"(a)P(A)? and hence ®(A?) = d(A)2 O
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Lemma 4
(i) If Theorem 1 holds for a restriction of f to a
subinterval, then it does for f itself.
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Lemma 4

(i) If Theorem 1 holds for a restriction of f to a
subinterval, then it does for f itself.

(ii) If f is non-affine on J, then for every § > 0 there is a
subinterval [a, b] of J such that b— a < § and the
restriction of f to [a, b] is non-affine.
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Lemma 4

(i) If Theorem 1 holds for a restriction of f to a
subinterval, then it does for f itself.

(ii) If f is non-affine on J, then for every § > 0 there is a
subinterval [a, b] of J such that b— a < § and the
restriction of f to [a, b] is non-affine.

It is enough for us to prove that Theorem 1 holds for a
non-affine continuous function f defined on a finite
closed interval [a, b.
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|
Mollifier (Regularization)

Let ¢(t) be a C* function on R with the support in
[—1,1] such that ¢(t) > 0 and [~ p(t)dt = 1.
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|
Mollifier (Regularization)

Let ¢(t) be a C* function on R with the support in
[—1,1] such that ¢(t) > 0 and [~ p(t)dt = 1.

For a continuous function f(t) on [a, b] and A > 0, £(t)
on R defined by

[a— A, b+ A
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Since

A(t) =[5 e(x)F(t — Ax)dx for a+ A<t <b— )\
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Since

A(t) =[5 e(x)F(t — Ax)dx for a+ A<t <b— )\

fi(x) = f(x) on [a+d,b— 5] as A — +0 for any
0 >0,
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Since
A(t) =[5 e(x)F(t — Ax)dx for a+ A<t <b— )\

fi\(x) = f(x) on [a+ d, b —I] as A — +0 for any
0 >0,
and .
f(X) = / S(X)F(X — Axl)dx 3)
-1
for X € As with o(X) C (a+ A\, b — ), where the
integral converges in the operator norm.
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Lemma 5

Let f(t) be a function on [a, b], and define f\(t) as above
for0 <A< (b—a)/2.

If there is a A\ such that Theorem 1 holds for f\|[, ;) p- )],
then it does for f(t) itself.
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Lemma 5

Let f(t) be a function on [a, b], and define f\(t) as above
for0 <A< (b—a)/2.

If there is a A\ such that Theorem 1 holds for f\|[, ;) p- )],
then it does for f(t) itself.

Proof Fix A so that Theorem 1 holds for f\|,4x -1
Let @ be a linear, continuous, selfadjoint and unital
map, and A € A,. Assume

o(f(X)) = f(®(X)) (4)

for all X € L(A): o(X),o(P(X)) C [a, b].
We have to show that ®(A?) = ®(A)2.
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Take VY € L(A) with a(Y), o(®(Y)) C[a+ A, b— ]
Then by (3),
A(Y) = [1 o(x)F(Y — Axl)dx,
AD(Y)) = [1 o(x)F(D(Y) — Axl)dx.
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Take VY € L(A) with o(Y), o(®(Y)) C[a+ A, b— Al
Then by (3),
AY) = [ o(x)F(Y — Axl)dx,
A(S(Y)) = [1, p(x)F(S(Y) = Axl)dx.
Since, for =1 < x <1, Y — Axl € L(A) and
a(Y — Mx1), o(P(Y — AxI)) C [a, b],

in view of (4),

OF(Y — Mxl)) = F(O(Y — Axl)) = F(D(Y) — Axl).
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-
This yields

O(A(Y)) = | e(x)P(f(Y — Axl))dx
_ /1 (x)F(D(Y) — Mxl)dx = f(D(Y)).
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-
This yields

[y

/gp O(F(Y — Mxl))dx

|_|

:/ (x)F(D(Y) — Mxl)dx = f(D(Y)).

We have therefore shown that
S(H(Y)) = H(P(Y))

for all Y € L(A) with o(Y), a(P(Y)) C[a+ A, b— Al
By the assumption about f)|j;4), - We have
d(A?) = d(A)2 O
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Lemma 6

Let f(t) be a non-affine continuous function defined on
[a b]. Then there is a function g € C5°(a, b) such that

2 g"(t)f(t)dt # 0.
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Lemma 6

Let f(t) be a non-affine continuous function defined on
[a, b]. Then there is a function g € C§°(a, b) such that

2 g"(t)f(t)dt # 0.

Proof Assume that fab g"(t)f(t)dt = 0 for every
g € Cg°(a, b). By considering f as a distribution on
(a, b) we get

/bg(t)f"(t)dt = /bg”(t)f(t)dt =0,

which means f” = 0. Hence, f(t) = it + ¢ as
distribution (L. Schwartz).
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This implies
b
/ (F(£) — rt — o)h(t)dt = 0 for all h € C(a, b).
Since f(t) is continuous, f(t) — c;t — ¢ = 0 on (a, b)

and hence on [a, b]; f(t) is therefore affine;
contradiction. L
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Proof of Theorem

Take a g given in Lemma 6 and suppose its support is
contained in (a + d, b — ) for 6 > 0. Then for f,

b—d b—é
| ewf@d= [ g

+4 a+d

A—uQ/b_ég”(t)f(t)dt:/bg”(t)f(t)dtséo.

+6
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Hence, for sufficiently small A > 0, f'(t) # 0 on

[a+ 0, b — §]. Thus for sufficiently small X less than ¢,
we have f'(t) # 0 on [a+ A, b — A]. By Lemma 3,
Theorem 1 holds for fy|(,4.5 »—); hence by Lemma 5 it

does for f too. This concludes the proof of Theorem 1.
l
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Thank you !
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