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0. Back grounds

Consider finite dimensional space X.

{x: x*x)=1},| x| |=1
{x: x*®)=1}||x||=1
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X, X;, Y : Banach space.
By : Closed unit ball of X.
Sx : Closed unit sphere of X.

£(Xy,...,X,;Y) : Banach space of all continuous n-linear mappings from
X x..xX,intoY.

We say that an n-linear mapping T € £ (X, ...,X,; Y) attains its norm if
there exists a point x = (xy, ...,X,) € Sy, X ... X Sy _such that

ITCOIl = ITll = sup{lIT(2)|| : z€By, x ... x By }.

NA(¥Y(X,...,Xy;Y)) : the set of all norm attaining multilinear mappings.
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If a Banach space is finite dimensional, then every functionals attains its
norm.

If a Banach space is reflexive, then every functionals attains its norm.
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If a Banach space is finite dimensional, then every functionals attains its
norm.

If a Banach space is reflexive, then every functionals attains its norm.

For arbitrary Banach space?
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If a Banach space is finite dimensional, then every functionals attains its
norm.

If a Banach space is reflexive, then every functionals attains its norm.

For arbitrary Banach space? No!
Let
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If a Banach space is finite dimensional, then every functionals attains its
norm.

If a Banach space is reflexive, then every functionals attains its norm.

For arbitrary Banach space? No!
Let

For every x = (x;)2) € B.,,

1 1
X0 = Qo < Qo = el
4 L
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Example Let us consider

* *
x* =(a,a,,0as,...,ap, ...) € ¢y = L.

Korea) The Bishop-Phelps-Bollobés property for bili



Example Let us consider

* *
x* =(a,a,,0as,...,ap, ...) € ¢y = L.

Then, for every € > 0 there exist N € N so that

Zlail <e.

i>N
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Example Let us consider

* *
x* =(a,a,,0as,...,ap, ...) € ¢y = L.

Then, for every € > 0 there exist N € N so that

Zlail <e.

i>N

Set
y* = (al,az,ag, - Ay, 0, 0, 0...).
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Example Let us consider

* *
x* =(a,a,,0as,...,ap, ...) € ¢y = L.

Then, for every € > 0 there exist N € N so that

Zlail <e.

i>N

Set
yv* =(ay,ay,as,...,ay,0,0,0...). Then, ||x* —y*|| < e.
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Example Let us consider

* *
x* =(a,a,,0as,...,ap, ...) € ¢y = L.

Then, for every € > 0 there exist N € N so that

Zlail <e.

i>N

Set
yv* =(ay,ay,as,...,ay,0,0,0...). Then, ||x* —y*|| < e.

This functional attains its norm at

(sign(al),sign(az), sign(as), ..., sign(a,), 0,0, 0) € ¢y
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Example Let us consider

* *
x* =(a,a,,0as,...,ap, ...) € ¢y = L.

Then, for every € > 0 there exist N € N so that

Zlail <e.

i>N

Set
yv* =(ay,ay,as,...,ay,0,0,0...). Then, ||x* —y*|| < e.

This functional attains its norm at

(sign(al), sign(asy), sign(as), ..., sign(a,), 0,0, 0) € ¢y

This implies that the set of norm attaining functionals is dense in ¢.
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E. Bishop, R.R. Phelps(1961) For every Banach space X, the set of norm
attaining functionals is dense in its dual space X*.
(NA(2 (X;K)) = £(X;K))
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E. Bishop, R.R. Phelps(1961) For every Banach space X, the set of norm
attaining functionals is dense in its dual space X*.
(NA(2 (X;K)) = £(X;K))

@ J. Lindenstrauss (1963)
X :reflexive = VY NA(Y(X;Y)) = Z(X;Y)
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E. Bishop, R.R. Phelps(1961) For every Banach space X, the set of norm
attaining functionals is dense in its dual space X*.
(NA(2 (X;K)) = £(X;K))

@ J. Lindenstrauss (1963)
X :reflexive = VY NA(Y(X;Y)) = Z(X;Y)
Y : property (f)=— VX NA(Y(X;Y))=24(X;Y).
@ J. Bourgain (1977)
X :Radon-Nikodym property = VY NA(Z(X;Y)) = Z(X;Y).
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E. Bishop, R.R. Phelps(1961) For every Banach space X, the set of norm
attaining functionals is dense in its dual space X*.
(NA(2 (X;K)) = £(X;K))

@ J. Lindenstrauss (1963)

X :reflexive = VY NA(Y(X;Y)) = Z(X;Y)

Y : property (f)=— VX NA(Y(X;Y))=24(X;Y).
@ J. Bourgain (1977)

X :Radon-Nikodym property = VY NA(Z(X;Y)) = Z(X;Y).
© for other mappings ? Later...

Sun Kwang Kim (Kyonggi University, Korea) The Bishop-Phelps-Bollobds property for bilinear July, 2017 6/24



1. Bishop-Phelps-Bollobds Theorem

B. Bollobds(1970) For an arbitrary € > 0, if x € By and x* € Sy satisfy
2

|1 —x*(x)| < 5, then there are y € Sy and y* € Sy such that y*(y) = 1,

|y —x|| < € and |[y* —x*|| < e.
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1. Bishop-Phelps-Bollobds Theorem

B. Bollobds(1970) For an arbitrary € > 0, if x € By and x* € Sy satisfy

|1 —x*(x)| < %2, then there are y € Sy and y* € Sy such that y*(y) = 1,
|y —x|| < € and |ly* —x*|| < e.

Question

@ Can we extend Bishop-Phelps-Bollobas Theorem to operator space
between Banach spaces?

© Does Bishop-Phelps-Bollobas Theorem hold for nonlinear
mapping(ex. bilinear form)?
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M.D. Acosta, R.M. Aron, D. Garcia and M. Maestre (2008) Let X and Y be
real or complex Banach spaces. We say that the couple (X,Y) has the
Bishop-Phelps-Bollobas property for operators (BPBP), if given € > 0 there
exist f(e) > 0 and n(e) > 0 with lim._,5+ B(e) = 0 such that for

T € Sy (xy), if Xg € Sx is such that || Tx,|| > 1 —n(e), then there exist a point
ug € Sx and an operator S € S 4 (x y) that satisfy the following conditions :

lISull = 1, llxo —uoll < B(e) and |IT -S| < e

@ The couple (X,Y) has the the BPBP for finite dimensional Banach
spaces X and Y.

@ If Y has property (), then the couple (X,Y) has the BPBP for every
Banach space X.
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2. The Bishop-Phelps-Bollobas property for operators on
¢, and c,

M.D. Acosta, R.M. Aron, D. Garcia and M. Maestre (2008) A Banach space
X is said to have the AHSP if for every € > 0 there exists 0 < 1) < € such

that for every sequence (x;) C Sy and for every convex series Z:Zl a; with

()
DILEAESEL
n=1

there exist a subset A C N and a subset {z; : k € A} C Sy satisfying
o ZkEA ak >1—¢€
Q@ 0 |lz—xl<eforallkeA
@ x*(z) =1 for a certain x* € Sy. and allk € A
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The following Banach spaces have the AHSP:
@ a finite dimensional space
© Lush space (ex. L;(u) and C(K))

© a uniformly convex space
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The following Banach spaces have the AHSP:
@ a finite dimensional space
© Lush space (ex. L;(u) and C(K))

© a uniformly convex space

M.D. Acosta, R.M. Aron, D. Garcia and M. Maestre (2008) The couple (£1,Y)
has the BPBP if and only if Y has the AHSP.
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The following Banach spaces have the AHSP:
@ a finite dimensional space
© Lush space (ex. L;(u) and C(K))

© a uniformly convex space

M.D. Acosta, R.M. Aron, D. Garcia and M. Maestre (2008) The couple (£1,Y)
has the BPBP if and only if Y has the AHSP.

Tool : Representation of operator from £; to Y.
T : {; — Y can be identified with (y;)°, where y; = Te;.

Tz =Y. 2Te;, 2= (2;)

Sun Kwang Kim (Kyonggi University, Korea) The Bishop-Phelps-Bollobas property for bilinear July, 2017



Picture of the AHSP

Picture 1 : x =Y a;x;, and y*(x) > 1 —1.
Picture 2 : ||z; —x;|| < €, and x*(z;) =1
foricAwith D o >1—¢€
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Definition

For every € € (0, 2], the modulus of convexity of a Banach space (X, || - ||) is
defined by

. X+
5(e)=inf{1— 52| : x.y € By, lx—yl > e}

A Banach space (X, || - ||) is said to be uniformly convex if 6(¢) > 0 for all
e €(0,2].

Definition

| A,

A Banach space X is said to be lush if for every x,y € Sy and for every e > 0
there is a slice S = S(By,x*, €) C By, x* € S+, such that x € S and
dist(y, aconv(S)) < €, where S(By,x*,e) = {x € By : Re x*(x) > 1—¢€}.
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Lushness Uniform Convexity

R
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Study about the BPBP on c.

Problem : Which space Y satisfy that (cq,Y) has BPBP?
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Study about the BPBP on c.

Problem : Which space Y satisfy that (cq,Y) has BPBP?

@ S.K. Kim (2013) The couple of Banach spaces (c,Y) has the BPBP for
uniformly convex Y.

@ M. D. Acosta (2017) The couple of Banach spaces (c,,Y) has the BPBP
for complex uniformly convex Y.
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Study about the BPBP on c.

Problem : Which space Y satisfy that (cq,Y) has BPBP?

@ S.K. Kim (2013) The couple of Banach spaces (c,Y) has the BPBP for
uniformly convex Y.

@ M. D. Acosta (2017) The couple of Banach spaces (c,,Y) has the BPBP
for complex uniformly convex Y.

@ How to describe an operator from c; to Y?

@ How to use it?
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3. The Bishop-Phelps-Bollobas property for bilinear forms

Definition

Let X3, ..., Xy and Y be Banach spaces. We say that (X, ...,Xy;Y) has the
Bishop-Phelps-Bollobds property for multilinear mappings (BPBP for
multilinear mappings, for short) if given & > 0, there exists n(e) > 0 such
that whenever A € (X, ...,Xy;Y) with ||JA|| =1 and

(x(l), .. .,x](\’,) € Sx, X ... X Sy satisfy

||A(x(1), . ..,xl(\’,)” >1—n(e),

there are Be ¥4 (X;,...,Xy;Y) with ||B]| = 1 and
(29,...,2%) € Sx, x ... x S, such that

0 0 ||= 0_.,0 —
|B(S,....2%)|| =1, max [l =l <e and [B—All <e.
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Known results :

R.M. Aron, C. Finet, E. Werner (1995) Vi€ {1,...,n} X; : Radon-Nikodym

property => NA(Z (X3, ..., X; K)) = £ (X3, ..., X;;; K)
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Known results :

Theorem
R.M. Aron, C. Finet, E. Werner (1995) Vi€ {1,...,n} X; : Radon-Nikodym
property => NA(Z (X3, ..., X; K)) = £ (X3, ..., X;;; K)

Theorem

M. D. Acosta, J. Becerra-Guerrero, D. Garcia and M. Maestre (2013)
Assume that X, X; for every i € 1, ...,n are uniformly convex with modulus of
convexity 0 < 6(e) < 1. Then for every Banach space Y, (X3, - ,X,,Y) has
the BPBP for n-linear mappings.

| A
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Known results :

Theorem

R.M. Aron, C. Finet, E. Werner (1995) Vi€ {1,...,n} X; : Radon-Nikodym
property => NA(Z (X3, ..., X; K)) = £ (X3, ..., X;;; K)

Theorem

M. D. Acosta, J. Becerra-Guerrero, D. Garcia and M. Maestre (2013)
Assume that X, X; for every i € 1, ...,n are uniformly convex with modulus of
convexity 0 < 6(e) < 1. Then for every Banach space Y, (X3, - ,X,,Y) has
the BPBP for n-linear mappings.

| A

In the same paper, the spaces Y such that (£;,Y; K) has the BPBP for
bilinear mappings had been characterized.
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versions of Bishop-Phelps and Bollobas theorem

o VY NA(Z((;;Y))=<L({1;Y)
o NA(fZ(fl,...,fl;K))=$(€1,...,€1;K)
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versions of Bishop-Phelps and Bollobas theorem

o VY NA(Z((;;Y))=<L({1;Y)
o NA(fZ(fl,...,fl;K))=$(€1,...,€1;K)

Y.S. Choi (1997) NA(¥(L[0,1],L[0,1];KK)) is not dense in
2(L[0,1],L[0,1]; K).
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versions of Bishop-Phelps and Bollobas theorem

o VY NA(Z((;;Y))=<L({1;Y)
o NA(fZ(fl,...,fl;K))=$(€1,...,€1;K)

Y.S. Choi (1997) NA(¥(L[0,1],L[0,1];KK)) is not dense in
2(L[0,1],L[0,1]; K).

@ (£,;Y) has BPBp for some Y (with AHSP)
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versions of Bishop-Phelps and Bollobas theorem

o VY NA(Z((,;Y))=2(Ly;Y)

("] NA(,‘Z(fl,...,fl;K)) = ,(Z(Kl,...,ﬂl;K)

Y.S. Choi (1997) NA(¥(L[0,1],L[0,1];KK)) is not dense in
2(L[0,1],L[0,1]; K).

@ (£,;Y) has BPBp for some Y (with AHSP)

Y.S. Choi, H.G. Song (2011) (£4,¢4;K) does not have BPBP for bilinear forms. I
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Y.S. Choi, H.G. Song (2011) (£4,¢4;K) does not have BPBP for bilinear forms. I

0 L(Uy3loo) = 2(L,£4;K)
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versions of Bishop-Phelps and Bollobas theorem

o VY NA(Z((,;Y))=2(Ly;Y)

("] NA(,‘Z(fl,...,fl;K)) = ,(Z(Kl,...,ﬂl;K)

Y.S. Choi (1997) NA(¥(L[0,1],L[0,1];KK)) is not dense in
2(L[0,1],L[0,1]; K).

@ (£,;Y) has BPBp for some Y (with AHSP)

Y.S. Choi, H.G. Song (2011) (£4,¢4;K) does not have BPBP for bilinear forms. I

0 L(l30en) = 2L(ly,41;K)
@ BPBp for operators holds for (£1;£ ).
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Tool :
A bilinear form B € £(¢;,{,;K) can be represented by (a;;)i j)en
B(x,y) = Z(iJ)eNxa)’iaiJ, x=(x),y =), Qij = B(ei:ej)

Note. B attains its norm at (x,y) then B(e;, e;) = ||B||
where i € supp(x) and j € supp(y).
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B E.ﬁf(fl,fl;K) byB(ei,ej) = 1_51,_7
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B E.ﬁf(ﬁl,fl;K) byB(ei,ej) = 1—51’]

Forn €N, a, =(a})
where @ = 7 for 1 <i < 2n? and q; = 0 otherwise.
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B G.ﬁf(fl,fl;K) byB(ei,ej) = 1—51’]

Forn €N, a, =(a})
where @ = 7 for 1 <i < 2n? and q; = 0 otherwise.

Q |IBll=1andB(a,,a,)=1—5

m.
Suppose that S is a bilinear form on [; such that
lISIl = 1S(a, b)| for some &,b in S;, and ||T —S|| <1/2
Then we have either ||a, —&|| > 1/2 or ||a, —b|| > 1/2.
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B G.ﬁf(fl,fl;K) byB(ei,ej) = 1—51’]

Forn €N, a, =(a})
where @ = 7 for 1 <i < 2n? and q; = 0 otherwise.

Q |IBll=1andB(a,,a,)=1—5

m.
Suppose that S is a bilinear form on [; such that
lISIl = 1S(a, b)| for some &,b in S;, and ||T —S|| <1/2
Then we have either ||a, —&|| > 1/2 or ||a, —b|| > 1/2.
o |S(e;,e;)| = |IS|| for every (i,j) € A x B, where A = supp(&) and
B = supp(b)
e ANB=0
o min{#(supp(a,) NA), #(supp(a,) NB)} < n?.
o max{|la, —ll lla, — bll} > 1/2.
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How about cy?
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How about cy?

@ Y such that NA(Z(cy;Y)) # Z(co;Y)
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@ Y such that NA(Z(cy;Y)) # Z(co;Y)

J. Alaminos, Y.S. Choi, S.G. Kim, and R. Payd, (1998).

NA(££(co, co; K)) = £ (co, ¢o; K)
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@ Y such that NA(Z(cy;Y)) # Z(co;Y)

J. Alaminos, Y.S. Choi, S.G. Kim, and R. Payd, (1998).

NA(££(co, co; K)) = £ (co, ¢o; K)

Main problem : (¢, cy; K) has BPBP for bilinear forms?
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@ Y such that NA(Z(cy;Y)) # Z(co;Y)

J. Alaminos, Y.S. Choi, S.G. Kim, and R. Payd, (1998).

NA(Z(co,c0;K)) = £(co,c0; K)

Main problem : (¢, cy; K) has BPBP for bilinear forms?

S.K. Kim, H.J. Lee, M. Martin (2017) (cy,¢o; K) has BPBP for bilinear forms.
(complex case only).
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Tool :

A bilinear form B € ¥£(cy, cy; K) can be represented by an operator
T € £(co,¢1)

B(x,y) = (Tx)(y)

Note
@ (; is complex uniformly convex

@ (cy,Y) has BPBP for operators whenever Y is complex uniformly
convex.
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The modulus of complex convexity Hy for a Banach space X is define by,
fore >0,

HX(E)zin{ sup [le+efy[—1:x €Sy, [yl 23}.
0<6<2rm

A complex Banach space is said to be uniformly complex convex if
Hy(e) > 0 for all ¢ > 0.
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The modulus of complex convexity Hy for a Banach space X is define by,
fore >0,

HX(E)zin{ sup [le+efy[—1:x €Sy, [yl 23}.
0<6<2rm

A complex Banach space is said to be uniformly complex convex if
Hy(e) > 0 for all ¢ > 0.

M.D. Acosta (2016)
Let Y be a uniformly complex convex space, L a locally compact Hausdorff
space, and A a Borel set of L. For given 0 < A <1, if T € S (¢ (1),v) SAtisfy

Hy(4)
1+Hy (A1)’

that ||[T*Py]| > 1— then ||T**(I—P4)|| < A.
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Let X,X;,...,Xy and Y be finite dimensional Banach spaces. Then
(1) (Xy,...,Xy;Y) has the BPBp for multilinear mappings,

(i) ("X;Y) has the BPBp for symmetric multilinear mappings and

(iii) (X;Y) has the BPBp for N-homogeneous polynomials.

Theorem

M. D. Acosta, J. Becerra-Guerrero, D. Garcia and M. Maestre (2013) For the
infinite dimensional Banach space L,(u), (L1(u),L;(u);K) does no have the
BPBp for bilinear mappings.

A\
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Thank for listening!

presented by Sun Kwang Kim.
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