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Introducing unbounded convergence

Let X be a vector lattice. Given a convergence
conv.−−−→ in X , one can define

its unbounded version as follows:

A net (xα) converges unbounded to x with respect to a convergence
conv.−−−→

in X if for each y ∈ X+ we have

|xα − x | ∧ y
conv.−−−→ 0.

This new convergence is called the unbounded convergence.
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Unbounded order convergence

If the convergence is order convergence, then its unbounded counterpart is
unbounded order convergence or uo-convergence.

Theorem (Gao, Troitsky, Xanthos)

For a sequence (xn) in L0(µ) the following statements are equivalent:

(xn) is uo-convergent;

(xn) is uo-Cauchy;

(xn) converges a.e.;

(xn) is order convergent;

(xn) is order Cauchy.

In this case, (xn) is order bounded and their limits in (1), (3) in (4) are the
same.
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Unbounded norm convergence

Suppose X is a normed lattice. If the convergence is norm convergence,
then its unbounded counterpart is unbounded norm convergence or
un-convergence.

A net (xα) in a normed lattice un-converges to x if

|xα − x | ∧ y
‖·‖−−→ 0

for each y ∈ X+. Notation: xα
un−→ x .

Example

C (K )-spaces: un-convergence = uniform convergence.

c0, `p (1 ≤ p <∞): un-convergence = coordinatewise convergence.

Lp(µ) (1 ≤ p <∞) with µ finite: un-convergence = convergence in
measure.

C0(Ω) where Ω is locally compact Hausdorff: un-convergence =
uniform convergence on compact subsets of Ω.
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Marko Kandić (FMF) Unbounded norm topology July 20, 2017 4 / 20



Unbounded norm convergence

Suppose X is a normed lattice. If the convergence is norm convergence,
then its unbounded counterpart is unbounded norm convergence or
un-convergence.

A net (xα) in a normed lattice un-converges to x if

|xα − x | ∧ y
‖·‖−−→ 0

for each y ∈ X+. Notation: xα
un−→ x .

Example

C (K )-spaces: un-convergence = uniform convergence.

c0, `p (1 ≤ p <∞): un-convergence = coordinatewise convergence.

Lp(µ) (1 ≤ p <∞) with µ finite: un-convergence = convergence in
measure.

C0(Ω) where Ω is locally compact Hausdorff: un-convergence =
uniform convergence on compact subsets of Ω.
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Unbounded norm topology

Properties of un-convergence

xα
un−→ x iff xα − x

un−→ 0 (translation invariant)

xα
un−→ x , yα

un−→ y ⇒ λxα + µyα
un−→ λx + µy (linear)

xα
un−→ x and xα

un−→ y ⇒ x = y (uniqueness of limits)

xα
un−→ x ⇒ |xα|

un−→ |x | (continuity of lattice operations)

xα
un−→ 0, |yα| ≤ |xα| ⇒ yα

un−→ 0 (solidity)

xn
un−→ 0 ⇒ xnk

uo−→ 0 for some subsequence (xnk )

X order continuous and xα
uo−→ 0 ⇒ xα

un−→ 0

Un-convergence is topological

xα
un−→ 0 iff for each subnet yβ there exists a further subnet zγ such that

zγ
un−→ 0.
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Marko Kandić (FMF) Unbounded norm topology July 20, 2017 5 / 20



Unbounded norm topology

Properties of un-convergence

xα
un−→ x iff xα − x

un−→ 0 (translation invariant)

xα
un−→ x , yα

un−→ y ⇒ λxα + µyα
un−→ λx + µy (linear)

xα
un−→ x and xα

un−→ y ⇒ x = y (uniqueness of limits)

xα
un−→ x ⇒ |xα|

un−→ |x | (continuity of lattice operations)

xα
un−→ 0, |yα| ≤ |xα| ⇒ yα

un−→ 0 (solidity)

xn
un−→ 0 ⇒ xnk

uo−→ 0 for some subsequence (xnk )

X order continuous and xα
uo−→ 0 ⇒ xα

un−→ 0

Un-convergence is topological

xα
un−→ 0 iff for each subnet yβ there exists a further subnet zγ such that

zγ
un−→ 0.
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Unbounded norm topology

Topology behind un-convergence

For ε > 0 and u ∈ X+ define

Vu,ε = {x ∈ X : ‖|x | ∧ u‖ < ε}.

Theorem (Deng, O’Brien, Troitsky)

The collection of all sets of the form Vu,ε is the base of neighborhoods of
zero for some Hausdorff linear topology τ .

This topology is called unbounded norm topology or un-topology.

It is easy to see
xα

un−→ 0 ⇐⇒ xα
τ−→ 0.
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Topological properties of un-topology

Un-topology = norm topology?

xα
‖·‖−−→ 0 always implies xα

un−→ 0 (norm topology is stronger than
un-topology)

When does xα
un−→ 0 imply xα

‖·‖−−→ 0?

If (xα) is almost order bounded, then YES.

Theorem (K., Marabeh, Troitsky)

For a Banach lattice X the following are equivalent:

un-topology and norm topology agree.

X has a strong unit.

un-topology = norm topology iff X is lattice isomorphic to C (K ).

Marko Kandić (FMF) Unbounded norm topology July 20, 2017 7 / 20



Topological properties of un-topology

Un-topology = norm topology?

xα
‖·‖−−→ 0 always implies xα

un−→ 0 (norm topology is stronger than
un-topology)

When does xα
un−→ 0 imply xα

‖·‖−−→ 0?

If (xα) is almost order bounded, then YES.

Theorem (K., Marabeh, Troitsky)

For a Banach lattice X the following are equivalent:

un-topology and norm topology agree.

X has a strong unit.

un-topology = norm topology iff X is lattice isomorphic to C (K ).
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X has a strong unit.

un-topology = norm topology iff X is lattice isomorphic to C (K ).
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Topological properties of un-topology

Metrizability

If µ is a finite measure, the topology of convergence in measure is
metrizable:

d(f , g) =

∫
Ω

min{|f − g |, 1}dµ

Theorem (K., Marabeh, Troitsky)

Un-topology of a Banach lattice X is metrizable iff X has a quasi-interior
point.

If u is a quasi-interior point, (the) metric is given by

d(x , y) = ‖|x − y | ∧ u‖.
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Marko Kandić (FMF) Unbounded norm topology July 20, 2017 8 / 20



Topological properties of un-topology

Metrizability

If µ is a finite measure, the topology of convergence in measure is
metrizable:

d(f , g) =

∫
Ω

min{|f − g |, 1}dµ

Theorem (K., Marabeh, Troitsky)

Un-topology of a Banach lattice X is metrizable iff X has a quasi-interior
point.

If u is a quasi-interior point, (the) metric is given by

d(x , y) = ‖|x − y | ∧ u‖.
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Topological properties of un-topology

Witness of un-convergence

If u ∈ X+ is a quasi-interior point, then

xα
un−→ 0 ⇐⇒ d(xα, 0)→ 0

⇐⇒ ‖|xα| ∧ u‖ → 0.

Theorem (K., Marabeh, Troitsky)

For a positive element u ∈ X+ of a Banach lattice X the following
statements are equivalent:

u is a quasi-interior point.

For every net (xα) in X+, if xα ∧ u
‖·‖−−→ 0 then xα

un−→ 0.

For every sequence (xn) in X+, if xn ∧ u
‖·‖−−→ 0 then xn

un−→ 0.
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Topological properties of un-topology

Un-completeness

A net (xα) in a topological vector space is Cauchy, if for each
neighborhood U of zero there is α0 such that for all α, α′ ≥ α0 we have
xα − xα′ ∈ U.

A set A is complete whenever every Cauchy net in A converges in A.

Example

C (K ) is un-complete.

In c0 define sn = e1 + · · ·+ en. Then (sn) is un-Cauchy but not
un-convergent in c0.

If X is order continuous, then X is un-complete iff dimX <∞.
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Topological properties of un-topology

Theorem (K., Marabeh, Troitsky)

Let X be an order continuous Banach lattice. Then BX is un-complete iff
X is a KB-space.

We apply AL-representations:

Suppose X is order continuous with a weak unit. Then X ↪→ L1(µ) as
a norm dense ideal and µ can be chosen to be a probability measure.

un-topology is metrizable; need to prove sequential un-completeness.

xn is un-Cauchy in X ⇒ xn is un-Cauchy in L1(µ) ⇒ xn is Cauchy in
measure in L1(µ) ⇒ xn converges in measure in L0(µ) ⇒ xnk
converges a.e. ⇒ xnk is uo-Cauchy in L0(µ) ⇒ xnk is uo-Cauchy in X .

KB-spaces are boundedly uo-complete. (Gao, Xanthos) ⇒ xnk
converges uo and hence un.

General case through a disjoint band decomposition whose linear span
is dense in X .
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Marko Kandić (FMF) Unbounded norm topology July 20, 2017 11 / 20



Topological properties of un-topology

Theorem (K., Marabeh, Troitsky)

Let X be an order continuous Banach lattice. Then BX is un-complete iff
X is a KB-space.

We apply AL-representations:

Suppose X is order continuous with a weak unit. Then X ↪→ L1(µ) as
a norm dense ideal and µ can be chosen to be a probability measure.

un-topology is metrizable; need to prove sequential un-completeness.

xn is un-Cauchy in X ⇒ xn is un-Cauchy in L1(µ)

⇒ xn is Cauchy in
measure in L1(µ) ⇒ xn converges in measure in L0(µ) ⇒ xnk
converges a.e. ⇒ xnk is uo-Cauchy in L0(µ) ⇒ xnk is uo-Cauchy in X .

KB-spaces are boundedly uo-complete. (Gao, Xanthos) ⇒ xnk
converges uo and hence un.

General case through a disjoint band decomposition whose linear span
is dense in X .
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Marko Kandić (FMF) Unbounded norm topology July 20, 2017 11 / 20



Topological properties of un-topology

Theorem (K., Marabeh, Troitsky)

Let X be an order continuous Banach lattice. Then BX is un-complete iff
X is a KB-space.

We apply AL-representations:

Suppose X is order continuous with a weak unit. Then X ↪→ L1(µ) as
a norm dense ideal and µ can be chosen to be a probability measure.

un-topology is metrizable; need to prove sequential un-completeness.

xn is un-Cauchy in X ⇒ xn is un-Cauchy in L1(µ) ⇒ xn is Cauchy in
measure in L1(µ) ⇒ xn converges in measure in L0(µ)

⇒ xnk
converges a.e. ⇒ xnk is uo-Cauchy in L0(µ) ⇒ xnk is uo-Cauchy in X .

KB-spaces are boundedly uo-complete. (Gao, Xanthos) ⇒ xnk
converges uo and hence un.

General case through a disjoint band decomposition whose linear span
is dense in X .
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Topological properties of un-topology

Un-compactness

Given A ⊆ X , is A un-compact?

If X has a quasi-interior point, then sequential un-compactness =
un-compactness.

If X is order continuous, then un-compactness implies sequential
un-compactness.

If X is a KB-space, then for norm bounded un-closed sets sequential
un-compactness = un-compactness.

Theorem (K., Marabeh, Troitsky)

For a Banach lattice X the following statements are equivalent:

1 BX is un-compact.

2 BX is sequentially un-compact.

3 X is an atomic KB-space.
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Unbounded norm topology beyond normed lattices

Extending un-topology

If µ is finite, convergence in measure on L1(µ) is the un-topology
induced by norm topology from L1(µ).

xα
µ−→ 0 in L0(µ) iff |xα| ∧ 1→ 0 in L1(µ).

Suppose X is a normed lattice which is an ideal in a vector lattice Y . We
say yα un-converges to y ∈ Y with respect to X if

‖|yα − y | ∧ x‖ → 0

for all x ∈ X+. We write yα
un−X−−−→ y .

Similarly as before,
un−X−−−→ defines a topology on Y . This topology is

called un-topology on Y induced by X .

Y is Hausdorff iff X is order dense in Y .
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Marko Kandić (FMF) Unbounded norm topology July 20, 2017 13 / 20



Unbounded norm topology beyond normed lattices

Uniqueness

If Z is norm dense ideal in X , then Z and X induce the same
un-topology on Y .

If µ is finite and 1 ≤ p, q <∞, then Lp(µ) and Lq(µ) induce the
same un-topology on L0(µ).

Theorem (K., Li, Troitsky)

Let (X1, ‖ · ‖1) and (X2, ‖ · ‖2) be order continuous Banach lattices which
are order dense ideals in Y . Then X1 and X2 induce the same un-topology
on Y .

Let X be an order continuous Banach function space over a σ-finite
measure which is an order dense ideal in Y .

Since X always has weak units, un-topology is metrizable.

yα
un−X−−−→ 0 in L0(µ) iff yα|A

µ−→ 0 whenever µ(A) <∞.
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Unbounded norm topology on universal completions

Metrizability

Theorem (K., Li, Troitsky)

Let X be a Banach lattice which is an order ideal in a vector lattice Y .
The following are equivalent:

The un-topology on Y is metrizable.

The un-topology on X is metrizable and X is order dense in Y .

X contains a quasi-interior point which is also a weak unit in Y .

Corollary

Let X be an order complete Banach lattice.

Un-topology on X u is Hausdorff.

Un-topology on X u is metrizable iff X has a quasi-interior point.
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Marko Kandić (FMF) Unbounded norm topology July 20, 2017 15 / 20



Unbounded norm topology on universal completions

Metrizability

Theorem (K., Li, Troitsky)

Let X be a Banach lattice which is an order ideal in a vector lattice Y .
The following are equivalent:

The un-topology on Y is metrizable.

The un-topology on X is metrizable and X is order dense in Y .

X contains a quasi-interior point which is also a weak unit in Y .

Corollary

Let X be an order complete Banach lattice.

Un-topology on X u is Hausdorff.

Un-topology on X u is metrizable iff X has a quasi-interior point.
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Unbounded norm topology on universal completions

Un-topology vs. Measure theory

If µ is finite, then every sequence in L0(µ) which is Cauchy in
measure, converges in measure in L0(µ).

Theorem (K., Li, Troitsky)

If X is order continuous, then the un-topology on X u is complete.

If fn
µ−→ f , then fnk

a.e.−−→ f for some subsequence.

Theorem (K., Li, Troitsky)

Let X be an order continuous Banach lattice with a weak unit such that X
is an order dense ideal in Y . If yn

un−X−−−→ 0 in Y , then there is a
subsequence ynk

uo−→ 0 in Y .
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Unbounded norm topology on universal completions

Idea of the proof

First case: Y = X u.

Represent X ↪→ L1(µ); then X u can be
represented by L0(µ).

yn
un−X−−−→ 0 in Y ⇒ yn

µ−→ 0 in L0(µ) ⇒ ynk → 0 a.e. ⇒ ynk
uo−→ 0 in

L0(µ) ∼= X u = Y .

General case: X order dense in Y ⇒ X u = Y u so WLOG
X ⊆ Y ⊆ X u ⇒ yn

un−X−−−→ 0 in X u ⇒ ynk
uo−→ 0 in X u

Y order dense in X u ⇒ ynk
uo−→ 0 in Y
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Y order dense in X u ⇒ ynk
uo−→ 0 in Y
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Marko Kandić (FMF) Unbounded norm topology July 20, 2017 17 / 20



Unbounded norm topology on universal completions

Counterexample (K., Li, Troitsky)

Take Γ to be the set of all strictly increasing sequences of natural
numbers.

Let X be the `1-sum of L1[0, 1] indexed by Γ.

X is an AL-space (in particular the norm of X is order continuous).

Let Y be the product of infinitely many copies of L0[0, 1] indexed by
Γ.

Then Y is universally complete and X is an order dense ideal of Y .
Hence Y = X u.

Fix a sequence (fk) in L0[0, 1] such that fk
µ−→ 0 but not almost

everywhere.

For each n define yn ∈ Y as follows
for each γ = (nk) ∈ Γ if n = nk for some k put yγ

n = fk otherwise put
zero.

Then yn is un-null, yet there is no subsequence which is uo-null.
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Unbounded norm topology on universal completions

Where to go from now?

Normed lattices can be replaced by locally solid vector lattices.

Theory of unbounded topologies over locally solid vector lattices is rich!

M. A. Taylor

Y. A. Dabboorasad, E. Y. Emelyanov, M. A. A Marabeh
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Unbounded norm topology on universal completions

Thank you for your attention!
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