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Some eighty years ago Stanistaw Mazur asked the

following question (see “Problem 24” from the famous
“Scottish Book” [6]):

In a space E of type (B), there is given an addi-
tive functional F'(x) with the following property:
If x(t) is a continuous function in 0 <t <1 with
values in F, then F(x(t)) is a measurable func-
tion. Is F(x) continuous ?

Half century later, the solution, in the affirmative, was
given by I. Labuda and R. D. Mauldin [4]. As a matter of
fact, they have proved a more general theorem: instead
of functionals they considered additive operators from a
Banach space into a Hausdorff topological vector space.
Fairly soon afterwards this result was generalized by
Z. Lipecki [5] to the case where the domain and range
of the additive transformations considered are suitable
Abelian topological groups.



111 years ago Danish mathematician
J.L.W.V. Jensen

(Sur les fonctions convexes et les inégualités entre
les valeurs moyennes, Acta Math. 30 (1906), 175-193)
expressed the following opinion:

“Il me semble que la notion de fonction convexe est
a peu prés ausst fondamentale que celles-ci fonction
positive, fonction croissante. St je ne me trompe pas
en cect, la notion devra trouver sa place dans les expo-
sitzons élémentaires de la théorie des fonctions réelles.

And he was certainly not mistaken!

It is widely known (see e.g. M. Kuczma [3]) that the
regularity behaviour of the so called Jensen-convex func-
tionals is, in general, very similar to that of additive
ones. Therefore, it seems natural to ask after the Jensen-
convex analogue of Mazur’s problem.



In [1] the following result has been proved.

THEOREM 1. Let (E,| -||) be a real Banach space and
let D be a nonempty open and convex subdomain of E.
Then each Jensen-convex functional F': D — R having
the property that the superposition F'ox 1s Lebesgue me-
asurable for every continuous map x : [0,1] — D, s
continuous (and hence also convezx).

For finite dimensional spaces this result may essen-
tially be strengthened. Namely we have the following

THEOREM 2. Let (E,||-||) be a real Banach space and
let D be a nonempty open and convex subdomain of
E. Then each Jensen-convex functional F': D — R
having the property that the superposition F ox is Le-
besgue measurable for every affine map v :[0,1] — D,
is convex. In particular, if the space (E,| -||) is finite
dimensional, then F is also continuous.



What about convexity of higher orders? More exactly,
the question reads as follows:

Given a nonempty open and convex subdomain D of
a real Banach space (F, || - ||) endowed with a cone C' of
positive elements with C'N (—C) = {0}, assume that F is
an n-th order Jensen-convex functional on D, i.e. F' is a
solution to the conditional functional inequality
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Does the requirement that the superposition F' o x
is Lebesgue measurable for every continuous map z :
0,1] — D, force F to be continuous ? To give a partial
answer to that question we need to recall some facts.

1. Any continuous (first order) Jensen-convex functio-
nal /' : D — R is convex in the usual sense, i.e. it
satisfies the inequality

FAxr+(1—=MNy) < AF(z)+(1=XNF(y)

for all vectors x,y from D and all scalars A from the
unit interval [0, 1].



2. Any continuous n-th order Jensen-convex functional
F': D — R is n-convex in the sense of Tiberiu Po-
poviciu (see e.g. M. Kuczma [3]), i.e. it satisfies the
conditional inequality
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for every choice of real numbers 0 = g < \; < -+ <

A < App1 =1, where V stands for the Vandermonde’s
determinant of the variables considered (a higher or-

der counterpart of the standard convexity and redu-

cing to it in the case n =1).

3. The linear structure of a real linear space £ induces
the so called core-topology in E as follows: given a
set G C E denote by core(G the set of all points
y € G enjoying the property that for every x € F one
may find an € > 0 such that y+tz € G for all t € (—¢,¢).
Then G is said to be algebraically open provided that
G = coreG. The family of all algebraically open sets
forms a topology in E which is just termed core-
topology. Unfortunately, in general, a linear space
with its core-topology fails to be a topological linear
space: instead of having the joint continuity of the
map

ExXEXR3 (z,y\)— M +yekE



we get merely the separate continuity of it (semili-
nearity). The core-topology of a linear space E turns
out to be the finest possible semilinear topology in
E. There exist numerous sources in mathematical li-
terature where these topologies are studied. In what
follows the knowledge of Chapter I in Z. KOMINEK’S
dissertation [2] is utterly sufficient.

Theorem 3. Let (E,| -||),D and C have the meaning
described above. Then any solution ' : D — R of the
condzitional functional inequality
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for all uv,v € D , having the property that the super-
position I'ox 1s Lebesgue measurable for every affine
map x :[0,1] — D, s n—convex. In the case where the
order relation generated by the cone C in question is
linear (i.e. CU(—=C) = FE) F is also continuous in the
core-topology of L.



Remark 1. Noteworthy is the fact that the family of
all continuous “testing functions” x : [0,1] — D wused in
the statement of Mazur’s problem has been restricted
merely to affine functions.

Remark 2. The question whether or not F'is continu-
ous in the norm topology of the space (F, ||-||) considered
remains open even under the Mazur’s assumption that
the superposition I'ox is Lebesque measurable for every
continuous map z : [0,1] — F.

However, since in finite dimensional spaces n—convex
functions on open and convex domains are automatical-
ly continuous (see e.g. M. KuczMmA [3]), a positive answer
to the corresponding Mazur’s question results immedia-
tely from Theorem 1. Namely, we have the following:

Theorem 4. Given a nonempty open and convex
subdomain D of a finite dimensional real Banach spa-
ce endowed with a cone C of positive elements with
CN(=C)={0}, assume that F is an n—th order Jensen-
convex functional on D, 1.e. F' 1s a solution to the con-
ditional functional inequality
v—u € C — 3 (—1)1 (”*, 1>F ((1 I 4 v) >0

j=0 J n+1 n+1
valid for all w,v € D. Suppose that the superposition
F'ox 1s Lebesgue measurable for every affine map
z:|0,1] — D. Then F is continuous.




Remark 3. Without any changes in the proof one mi-
ght replace the assumption that

the superposition F o x 1s Lebesgue measurable for
every affine map v :[0,1] — D

by the requirement that

for every affine map z : [0,1] — D, the superposition
F oz 1s bounded on a second category Baire subset of
D, that may depend upon =,

or any other alternative assumption forcing an n-th or-
der Jensen-convex functional on an open subinterval of
the real axis to be continuous. Numerous such sufficient
conditions may be found in M. KuczMmA’S monograph [3],
for instance.



THEOREM 5. Let (E,| -||) be a real Banach space and
let D be a nonempty open and convex subdomain of E.
Let further F: D — R be a Wright-convex functional,
t.e. F' solves the functional inequality

For+ (1 =Ny +FAy+(1—-XNzx) < F(z)+ F(y)

for all x,y € D. If the superposition F ox s Lebesgue
measurable for every affine map v : [0,1] — D, then F

is convex. In particular, if the space (E,| -||) is finite
dimensional, then F is also continuous.
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