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Bessel's Equation and Bessel Functions

We use the following boundary value-initial value problem satisfied by a vibrating circular membrane in the
plane to introduce Bessel’s equation and its solutions.
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u(r, —m,t) = u(r,m,t),
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u(a,0,t) =0,
lu(a,0,t)] < oo asr — 0T
u(r,8,0) = f(r,6)

ou
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forO<r<a, —m<6<m andt>0.

We look for a separated solution of the form
u(r,0,t) = R(r) - ¢(9) - G(¢),

and substituting this into the wave equation, we have
1! 2 /! 1 / C2 /!
RoG" =c" (R"+ -R' ) oG+ — R¢"G,
T T

dividing by c?R¢G, we have
G// R// _"_ R/ 1 //
_T L1

2G rR r2 ¢

since the left-hand side depends only on ¢ and the right-hand side depends only on r and 6. Thus, we have
the two differential equations

G+ \*G =0 and r?R'¢+rR ¢+ MN?Rp = —R¢,

—)X  (constant)

and separating variables again in the second equation, we have

r2R" +rR' + Mr2R 9

7 5 1 (constant)

so that
PR+ rR +(M?* - p)R=0 and ¢" 4+ ugp = 0.



We can meet the periodicity conditions and the boundary and boundedness conditions by requiring that
¢(—m)=¢(r) and  ¢'(-m)=¢'(m)
and

R(a) =10 and |R(r)| < oo as r—0%

Thus, we have the following ordinary differential equations:

(a) Angular problem:

' pup=0 —-mT<l<m
¢(=m) = o(m)
¢ (—m) = ¢'(m)
with eigenvalues and corresponding eigenfunctions
Ln =12 and &n(0) = ay, cosnd + by, sin nb
for n > 0.
(b) Radial problem:

r?R"4+rR +(M? —n*)R=0
R(a)=0
|R(r)| <oo as r—0F

(¢) Temporal problem:

G" 4+ MG =0
We can put the radial equation into Sturm-Liouville form:
d dR n?
% (T‘W) + ()\T'—7)R—O7

Py =r,  gl)=-—.  ol)=r,

with

and this eigenvalue problem is a singular Sturm-Liouville problem since
p(0)=0(0)=0, and q(r) — —oco as r—0T,

as well, the boundary conditions are not of Sturm-Liouville form. However, we can still find the eigenvalues
and eigenfunctions.

If (A, R) is an eigenpair of the radial equation, the Rayleigh quotient is

a

—rR(r)R/(r)

+ /Oa |:T‘RI(’I“)2 + nTQR(r)2 dr

/Oa R(r)?rdr

From the boundary condition and the boundedness condition, we have

A= 0

a

= —aR(a)R'(a) + lim rR(r)R'(r) =0,

0 r—0t+

—rR(r)R'(r)

and therefore all the eigenvalues are nonnegative.



For A = 0, the radial problem is

PR"+rR —n’R=0, 0<r<a
R(a) =0,

|IR(r)| <oo as r—0%,
and the differential equation is a Cauchy-Euler equation or an equidimensional equation with solution
Ro(r) = Aglogr + By, for n=0,

and B
Ry (r) = A,r™ + ==, for n>1.
r

For A > 0, we can transform the radial equation into an equation that is independent of X by letting z = v/Ar,
then

dR dR d’R d’R
— =VA— d — =
dr VA dx an dr? dx?’
and the equation becomes
dzR dR 9 9 o d*R dR 9 9
@z gy T R =2t t e+ (@R - )R =0,

that is,

LR AR,
T2 +x dm+(z —n”)R =0,

Bessel’s equation of order n (nonparametric).

We will use a power series method called the Method of Frobenius, to find two linearly independent
solutions to Bessel’s equation.

Bessel Functions

We look for a solution to Bessel’s equation

where n is an integer, of the form

y:aoxm+a1xm+1+-~-—|—akxm+k+~-~ ,
that is,
o0
k=0
where ag # 0.

Differentiating the series, we have

d oo
=3 (m+ R
v k=0
and
de - m-t+k— 2
= Zm+k (m+k—1agx
k=0



substituting this into the differential equation we have

Z [(m+k)(m+k— 1)+ (m + k) — n?] apa™ " + Zakxm+k+2 =0,
k=0 k=0

and reindexing the last sum, we have

o0

Z [(m+k)(m+k— 1)+ (m+ k) — n?] apa™ " + Z ap_oz™E = 0.
k=0 k=2

Therefore,

oo
Z m—|—k —n}akxmﬂﬂ—i—zgk QxR = =0,
k=0 k=2

that is,
(m? — n?)agz™ + [(m +1)% - nz] arz™t Z { [(m + k)% - nQ} ay + ak,Q} Mtk — .
k=2
This must be an identity in x, hence, all coefficients must vanish, so that
(m?* —n*ag =0
[(m+1)*-n*]a1=0
[(m + k)2 — n2] ap +ap_2=0
for k > 2.

Since ag # 0, we get the indicial equation from the first term
m? —n? =0,

so that m = £n, and for the moment we choose m = n.
Also, with this choice of m, (m + 1)? — n? # 0, we must have a; = 0.

Finally, we get the recurrence relation
1

T ke k)2

for k > 2.

Using the fact that a; = 0, from the recurrence relation we find
a3=O, a5:07 a7=O, a9=07 ey

that is, agr+1 = 0 for & > 0.

Also, from the recurrence relation

1 1
Q) = ———— - — (4
T 1 (n+1) 227
1 1
a —_———
T2 (nt2) 2277
1
ag=———+—qQ
°T 3 (n+3) 2™
k 1
a2k = — a2k —2

1-(n+k) 22



If we multiply the terms on the left and multiply the terms on the right, and cancel the common factor
ag - a4 - Qg - - A2p—_2, We get
(—1)F 1 (-Dkn! 1
—y = ———— - ——
Kn+1)n+2)---(n+k) 220 kln+k)! 22%°°

a2k =

for k > 1.

Therefore, the solution is (recall that m = n)
o0
Y= apx™ + Z agkx""'%,
k=1

and it is an easy exercise to show that this series converges absolutely and uniformly for all real numbers z
(use the ratio test).

Note that the constant ag can have any nonzero value, and if we chose

1
ag= ———
0= pron’

then the solution becomes

o = (=1)kn! (x)”+2k
y_n!-2"+;k!(n+k)! 2 ’
and we denote this function by J,(x), so that
1 /z\" = (=1)F x\ nt2k
o= 4 (3" S ()
(@) =21 (3 +;k!(n+k)! 2
that is,

OO (_1)k x\ n+2k
Tnlw) =3 Kl(n + k)! (5)

k=0
for n > 0. The function J,(x) is called the Bessel function of the 1st kind of order n.

Note that

so that

Jn(z) is an even function if n =0, 2, 4, ...

Jn(z) is an odd function if n =1, 3, 5, ...
Also, Jy(0) =1, while J,(0) =0 for n > 1.
The Bessel function of order 0 is given by

JO (l‘) = Z
k=0

and since (k!)? =22.42.62...(2k)?, we can rewrite this as

()"

(=D*
(K1)?

%k x? xt x0

WD=1+2 mpe =" ter peet
k=1



which looks similar to the Maclaurin series for cos z.

There are also similarities between the derivatives of JO(:U) and cos z; for example,

) 2k—1 2k—1 O (Z1)H e 2041
Jo'(x) = ((k'))z@Tk(>k _Zkl _1 ()k - é(!(617~)+1)!(§)H

£=0

that is,

Zkl k+ ( )%H =A@

for all . Graphs of Jy(x) and J;(x) are shown below:

IRV ZE

There are two linearly independent solutions to Bessel’s equation of order m

d’y dy
2 2 _
viog e + (* —m?)y = 0.

One of them we found using series solutions:

=S e (3)

for m =0,1,2,..., called a Bessel function of the 1st kind of order m.

The Bessel functions Jy(x), Ji(z), J2(x), and J3(z) are plotted below.
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A second linearly independent solution is

m— 1

2

Ym(z)_;[‘]m(f)(”y+log§)_% m k—l (2)2km

T ) m-+2k

1 & (DR 0k) + o0k +m)] (5
_E; El(m + k)! ]

=0




where L1 1
¢(l€):1+§+§+---+E,

and v is the Euler-Mascheroni constant

1 1 1
=1 I+ -+-+--+-—logk).
7 kggo<+2+3+ +k og>

The function Y;,(x) is called a Bessel function of the 2nd kind of order m, or a Neumann function,
or a Weber function. The functions Yy(x),Y:1(x), and Ya(z) are plotted below.
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Note: The functions J,(z) and Y, (z) can also be defined for values of v which are not integers, and satisfy
Bessel’s equation of order v :
x2y// + CEyl + (£C2 _ V2)y =0

where v is a constant (not necessarily an integer).

One solution is the Bessel function of the 1st kind of order v

N (=" A
o) = nZOF(nJrl)F(n+u+1) (5) ’

where I' is the gamma function defined by

I‘(l/):/ ' te ™" da
0

for v > 0.

A second linearly independent solution is

cosmv J, (z) — J_, ()

sin v

Y., (z) =

the Bessel function of the 2nd kind of order v.

)

Properties of Bessel Functions

Recall: For a nonnegative integer m,

for —oo < x < 0.



The following relations hold among Bessel functions and their derivatives, and are true for J,,(x) as well as
Y. (x), whether or not m is an integer.

Theorem 1.

(i) di [ T (2)] = 2™ Jpm—1(x) for m>1, and
x

(ii) % [T (2)] = =2~ " Jpg1(x)  for m >0.

Proof. We will prove part (i) and leave part (ii) as an exercise. Differentiating (x), we have

i bonte = 5 |3 m—H( "
- S e ()

_ mzk' (_)2k+m 1

We also have the following recurrence relations for J,,(z) and J,,,"(z) :

Theorem 2.

(i) Jon'(2) = 2 () = —Tons1(2)

(it)) 27/ (2) = Jpo1(2) — i1 (@)

(1) 2 J () = o (&) + T ()

Proof. From the previous theorem we have

% (™ T (2)] = 2™ T (2) + ma™ T (z) = 2™ T (2),

and

% [xfme(a:)] =27 (2) —maT " (x) = 27 g (2).

Dividing the first equation by ™ and multiplying the second equation by ™, we get (i) and (ii).

Adding and subtracting (i) and (ii), we get (iii) and (iv).



Note: From the above, it is clear that every Bessel function J,(z) with n an integer can be expressed in
terms of Jo(x) and Jy(x), for example, taking m = 1 in (iv), we have

JQ(CC) = ; Jl(I) — J()(CC),

and taking m = 2 in (iv), we have

Js(z) = —g Jo() — (1 - x—gz) Ji(2).

Also, we can write the differentiation formulas

di [ T ()] = 2™ Tmo1(x) for m>1,
x
and

d  _

I (27" Im(2)] = =2~ " Jpmga(z) for >0,

as integral formulas

and

where C' is constant.

For example, when m = 1, the first equation yields

/xJO(:c) dx =z Jy(z) + C.

Fourier - Bessel Series

Given a fixed nonnegative integer m, the function J,,(z) has an infinite number of positive zeros: znm,
n=12,3,...,so that
Im(Znm) =0

forn=1,2,3,....

Suppose that we want to expand a given function f(x) in terms of a fixed Bessel function, that is,
f(w) = Z anJm(anx) = aljm(zlmx) + a2Jm(22mx) + - 'anJm(anx) +---,
n=1

where f(z) is defined for 0 < & <1 and the z,,,’s are the positive zeros of J,,(x).

In order to determine the coefficients a,, we need an orthogonality relation just as we did for Fourier
series. In this case, however, we are expanding the function f(z) in terms of a fixed Bessel function J,,(z)
and the series is summed over the positive zeros of J,, ().

Recall that the Bessel function J,,(x) was a solution to a singular Sturm-Liouville problem, and we will
show that the eigenfunctions J,(znm), for n = 1,23, ..., are orthogonal on the interval [0, 1] with respect
to the weight function o(x) = x.



Theorem 3. For a fixed integer m > 0,

1
/ I m (Znm®) Im (2Emax) de = 0
0

for n # k, and

1
1
/ iZ?Jm(anZE)2 dx = 5 Jerl(an)2
0

where 2z, is the nth positive zero of J,, ().

Thus, the functions \/z Jy, (2,m®) are orthogonal on the interval 0 < z < 1.

Proof. Note that y = J,,,(2) is a solution to the differential equation
y”+§y’+ (1—7;1—22>y—07

and if a and b are distinct positive constants, then the functions

u(z) = Jm(ax) and v(x) = Jp(bx)

satisfy the differential equations

and

T

2
v'/+lv/+<b2—m—)v— ,

respectively. Multiplying the first of these equations by v and the second by u, and subtracting, we have

d / ! 1 / / 2 2
p [uv vu]—i—x(uv vu)+(a )UU s

and multiplying by x, we have
d
. [z (v'v —v'u)] = (b* — a®)zuv.
x

Integrating from 0 to 1,
1

1
(b? — a2)/0 ru(z)v(z) dr = [x(u'v —v'u)]|

0

and since
u(1) = Jpm(a) and v(v) = T (D),

if @ and b are distinct positive zeros of J,, (), say zpm and zgm,, then

1
(zim - zim) / I m (Znm®) I (zema) dz = 0,
0

and since zpm # Zkm, then
1
/ I (Zrm@) I (Zkm ), x dz = 0,
0

that is, the functions \/x Jy, (znme) are orthogonal on the interval 0 < x < 1.

To find the normalization constant, we note again that for a > 0, the function J,,(ax) satisfies the differential

equation
1 m?
u + =+ ( 2——2>u=07
T T



and multiplying this equation by 222u’, we get
2% u" + 2zu/v + 2622 un’ — 2mPuu’ = 0,

that is,

i2/2}i222 2 2 A o5 o9
dx[xu —l—dm[axu} 2a°xu dm[mu]—o.

Integrating this equation from 0 to 1, we have

1
2(12/ ru? dr = [xzu/z + (a®2* — m2)u2}
0

0
and since u(0) = J;,,(0) for m > 1, then at z = 0,

22u” + (a*z? —m*u? =0

for all m > 0.
Also, at x =1,
d
/ _ v _ /
u'(1) = dr [Jm (az)] . aJm'(a),
so that

1 2
1 1
/0 Jm(ax)?z do = 3 T (a)? + 3 (1 — %) T (a)?
for m > 0. Now put a = zpm, the m' positive zero of Jm(z), then

1
1 1
/ Jm(znmx)2:1c doe = = Jm'(znm)2 = —Jm+1(znm))2
) 2 2

for m > 0.

Now suppose that we have a function f defined on the interval 0 < z < 1, and that it has a Fourier-Bessel

series expansion given by
o0
x) = E ag I (ZEm),
k=1

we can find the coefficients in this expansion by multiplying the equation by xJ,,(znme) and integrating, to
get

1
/ f(@)Im (Zamz)x doe = %1 m+1(znm)2.
0
Therefore, if

then

ay = / f (@) (zamez) x dz
m+1 an

for n > 1.

We have a convergence theorem for Fourier-Bessel series similar to Dirichlet’s theorem:



Theorem 4. (Fourier-Bessel Expansion Theorem)

If f and f’ are piecewise continuous on the interval 0 < x < 1, then for 0 < xzg < 1, the series

i Ap, Jm (anxO)
n=1

1
converges to 3 [f(xd) + f(xg)] -
At zp = 1, the series converges to 0, since every Jp,(znm) = 0.

At zo = 0, the series converges to 0 if m > 1, and to f(0T) if m = 0.

Vibrating Circular Membrane

We now return to the vibrating circular membrane problem we started with:
Pu (0w 10u 1 9%
oz o2 ror r2062)’

u(r, —m,t) = u(r,m,t),

—m,t) = %(n m, t),

u(a,8,t) =0,

o
90"

lu(a,0,t)] < coasr — 0T,
u(r,0,0) = f(r,0),

ou

E(ra 93 O) = 9(7"7 9)7

for 0 <r < a, —m <@ <, and t > 0. Separating variables, we assumed that u(r,0,t) = R(r)¢(0)G(t), and
obtained three ordinary differential equations

Temporal equation:

G"+2*G=0 t>0
Angular equation:

¢ +up=0 —-wT<O<m
p(—m) = (),
¢'(—m) = ¢'();
Radial equation:
PR'+rR +(M?—pR=0, 0<r<a
R(a) =0,
|R(r)| <oo as r—0%;

where A and p are separation constants.

For the angular equation, the eigenvalues and eigenfunctions are
o, = > and Om (0) = ay, cosmé + by, sinmb

for m > 0.



We saw earlier using the Rayleigh quotient, that all the eigenvalues of the radial problem are nonnegative.

For A = 0, the radial equation is

PR"+rR —m?R=0, 0<r<a
R(a) =0,

|IR(r)| <oo as r—0%,
and the differential equation is a Cauchy-Euler equation or an equidimensional equation with solution
Ro(r) = Aplogr + By, for m =0,

and B
Ry (r)=Apr™+ =2, for m>1.
/rrm

Since the solutions must be bounded at r = 0, then we have Ag = 0 and B,, = 0 for all m > 1, so that
Ro(r) = By and R, (r) = Apr™,

and applying the boundary condition R(a) = 0, we see that By = 0 and A, =0 for all m > 1. Thus, A=0
is not an eigenvalue.

For A > 0, the radial equation is

PR’ +rR + (M —=m*)R=0
R(a) =0

|IR(r)| <oo as r—0%,

with general solution

R(r) = AJp (VA1) + BY, (VA T),

and since Y}, is not bounded as » — 0%, then we must have B = 0, and the solution is
R(r) = AJpm(VAT).
The boundary condition R(a) = 0 gives us
AJm(\/X a) =0,
and in order to get a nontrivial solution we must have

Jm(VXa) = 0.

The eigenvalues are those values of A for which Jm(\/X a) = 0, that is, for which VAa = zpm, where zpm, is
the n'® positive zero of J,, :
Znm | 2
a

forn>1and m > 0.
The corresponding eigenfunctions are
forn>1and m > 0.

Note: For a fixed m > 0, these eigenfunctions form an orthogonal basis for the linear space PW S[0,a] of
piecewise smooth functions on [0, a] with weight function o(r) = r, so that

/ Jm(zn—mr)Jm(Zk—mr) rdr =20
0 a a

for n # k.



The generalized Fourier series is now called a Fourier-Bessel series, and for w € PW.S[0, a] we have

)= 3 e (21).

/f an )TdT’
/OJm(ZnTmTYTdr

where

for n > 1.

We only need to solve the time equation for those values of A for which we have a nontrivial solution to the
radial equation, that is, A = A\,,,, and the time equation is

G" 4 Xy G = 0,

with general solution
Gum(t) = Acos(ey/Apm t) + Bsin(cv/ Apm t)

forn>1and m > 0.

For each m > 0, n > 1, the product solution

unm(ra 0, t) = an(r) “Pm (9) “Grm (1)

satisfies the PDE, the boundary condition, and the boundedness condition. In order to satisfy the initial
conditions we use the superposition principle to write

u(r, 0,t) Z { A r) {anm cos mb cos (c Anm t) + by cos mé sin (c A t)

+ Cpm Sin MO cos (c Anm t) + dym Sin mé sin (c Anm t)} }

forO0<r<a, —-m<@<m t>0.

Now we apply the initial conditions to determine the constants a.,m, bnm, Coum, and dy.,. For simplicity, we
assume that 5

ot
and this implies, after differentiating term-by-term and setting ¢t = 0, that

—(r,0,0) = g(r,0) =0,

bym =0 and dpm =0
for m > 0 and n > 1, so that the solution becomes
(r,0,t) Z Z Jm Anm r cos (c Anm t) [anm cosmb + ¢, Sin mtﬂ .
m=0n=1
Setting t = 0, we have

f(r,0) = u(r,6,0) = ZZJ nmr [anmcosmG—i—cnmsinm@},

m=0n=1

which is a Fourier series for f(r,6) on the interval [—, 7] holding r fixed.



Therefore,

Z anoJo(VAnoT) = % f(r,0)do, form =0

Zanm m( an :l/ f(r,0)cosm@df, form >1
T J—x

0o 1 -
Z Cnme nm 7") = — f(T’, 9) sin m# d0, for m > 1.
™

—T

Note: These Fourier series coeflicients are actually Fourier-Bessel series, so that

/ / F(r,0)Jo (v Ano7) 7 dr db
form=0,n>1

a )
/ Jo(\/)\ ) rdr
/ / flr,0)J nmr) cosm@rdrdb
nm — , form>1,n>1
/ Jm(\/)\nmr) rdr
/ / flr,0)J nmr)smm@rdrd@
Cnm — , form>1,n>1

/ Jm(MT) rdr

0



