


1. Baskerhound had herded Evangeline and her friends into a room containing five caskets. Baskerhound
stated that sixty minutes after he leaves the room, four of the five caskets will disintegrate and release
a poison gas. The other casket contains the key to the door. They must find the key before the hour
is up to escape.

He gave them a clue: The key is in casket number 3n + 1 where n > 1000, and it is also in casket
number 5m + 1 where m > 1000. But there is only one key.

You count the caskets as follows: Casket 1 was 1, Casket 2 was 2, and so on, until Casket 5 which was
5. Then the kidnapper started counting backwards: Casket 4 was 6, Casket 3 was 7, Casket 2 was 8,
and Casket 1 was 9. Then the count reversed once more, and Casket 2 was 10, Casket 3 was 11, etc.

Find the casket which contains the key.

Solution: Evangeline started counting the caskets as shown in the figure below:

1 2 3 4 5
9 8 7 6

10 11 12 13
17 16 15 14

18 19 20 21
25 24 23 22

26 27 28 29
33 32 31 30

34 35 36 37
...

...
...

...
...

She quickly noticed that

(1) The numbers labeling casket #1 were all congruent to 1 modulo 8.

(2) The numbers labeling casket #2 were all congruent to 0 or 2 modulo 8.

(3) The numbers labeling casket #3 were all congruent to 3 or 7 modulo 8.

(4) The numbers labeling casket #4 were all congruent to 4 or 6 modulo 8.

(5) The numbers labeling casket #5 were all congruent to 5 modulo 8.

Baskerhound had stated that the key was in a casket labeled 3n + 1 with n > 1, 000, and also in a
casket labeled 5m + 1 with m > 1, 000, so Evangeline began computing: modulo 8

(a) For n even, say n = 2k, we have 32k + 1 ≡ 9k + 1 ≡ 2 (mod 8).

(b) For n odd, say n = 2k + 1, we have 32k+1 + 1 ≡ 3 · 9k + 1 ≡ 4 (mod 8).

(c) For m even, say m = 2k, we have 52k + 1 ≡ 25k + 1 ≡ 2 (mod 8).

(d) For m odd, say m = 2k + 1, we have 52k+1 + 1 ≡ 5 · 25k + 1 ≡ 6 (mod 8).

She immediately deduced that the key was in casket #2.

Note: If Evangeline had counted modulo 4 instead of 8, then

(1) The numbers labeling casket #1 were all congruent to 1 modulo 4.

(2) The numbers labeling casket #2 were all congruent to 0 or 2 modulo 4.

(3) The numbers labeling casket #3 were all congruent to 3 modulo 4.

(4) The numbers labeling casket #4 were all congruent to 0 or 2 modulo 4.

(5) The numbers labeling casket #5 were all congruent to 1 modulo 4.

And now, modulo 4, we have

3n + 1 ≡ (−1)n + 1 ≡







0 for n odd

2 for n even,

5m + 1 ≡ 1m + 1 ≡ 2 for all m,

so that n and m must be even, and the label on the casket must be congruent to 2 modulo 4. In this
case, all we can say is that the key is in casket #2 or casket #4.














