






























What is the Problem?
• What are the values of n > 9 such 

that n children can share 9 identical 
chocolate bars equally, with the 
restriction that no bar be cut into 
more than two pieces ?



What are the solutions?

• The first solution is easy to find.

• n = 18: Each of 18 children gets half 
a chocolate bar



n = 18: Each of 18 children gets 
1/2 of a chocolate bar.

(1/2, 1/2), (1/2, 1/2), (1/2, 1/2)

(1/2, 1/2), (1/2, 1/2), (1/2, 1/2)

(1/2, 1/2), (1/2, 1/2), (1/2, 1/2)



Are there other  
solutions?

• A second solution is not quite as easy
to find.

• n = 10: Each of 10 children gets 
9/10 of a chocolate bar.



n = 10: Each of 9 children gets 
9/10 of a chocolate bar,
10th child gets 9  1/10.

(9/10, 1/10), (9/10, 1/10), (9/10, 1/10)

(9/10, 1/10), (9/10, 1/10), (9/10, 1/10)

(9/10, 1/10), (9/10, 1/10), (9/10, 1/10)



n = 10: Another Solution. Not all
bars have to be divided
the same way.

(9/10, 1/10), (8/10, 2/10), (7/10, 3/10)

(6/10, 4/10), (5/10, 5/10), (4/10, 6/10)

(3/10, 7/10), (2/10, 8/10), (1/10, 9/10)



Are there any other 
solutions?

• A third solution is also not quite as 
easy to find.

• n = 12: Each of 12 children gets 
3/4 of a chocolate bar.



n = 12: Each of 9 children gets 3/4 of
a chocolate bar,
remaining 3 children each get 
3  1/4 of a chocolate bar.

(3/4, 1/4), (3/4, 1/4), (3/4, 1/4)

(3/4, 1/4), (3/4, 1/4), (3/4, 1/4)

(3/4, 1/4), (3/4, 1/4), (3/4, 1/4)



n = 12: Another Solution. Again, not 
all bars have to be divided in
the same way.

(3/4, 1/4), (1/2, 1/2), (1/4, 3/4)

(3/4, 1/4), (1/2, 1/2), (1/4, 3/4)

(3/4, 1/4), (1/2, 1/2), (1/4, 3/4)



These are the ONLY solutions!!!



Why are these the only 
solutions?

• We know there are no solutions
for n > 18.

• So how do we show 10, 12, and 18 are 
the only solutions?



We represent the 
solutions using a GRAPH:

• The vertices of the graph are the
n children.

• There is an edge between two 
vertices if and only if the 
corresponding two children share a 
chocolate bar.



Graph n = 12

Graph n = 10

Graph n = 18

The solutions found so far:

are all forests, that is, disjoint 
collections of trees.

Now we can show why n = 10, 12, and 18 
are the only
solutions.



Suppose we have a solution with n > 9
vertices and 9 edges,
and suppose the graph contains a cycle.

For example, as in the figure,  each of the
children (vertices) in the cycle gets at least

a full chocolate bar, which is not
possible, since n > 9.

4 children share
at least 4 bars



The graph is a Forest!
Now note that each tree in the 
forest contains the same number
of edges:  
If one tree has e edges and 
another has f edges, since
each child gets same amount, then 

e/(e+1) = f/(f+1)
and therefore e = f. 



If there are k trees in the forest,
and each tree has e edges, then the
total number of edges is

k  e = 9,
that is, the number of trees is a     
divisor of 9.



If k = 1, there is one tree in the 
forest with 9 edges and n = 10 vertices.

If k = 3, there are three trees in the
forest, each with 9/3 = 3 edges and
3 + 1 = 4 vertices, so  n = 3  4 = 12

If k = 9, there are nine trees in the
forest, each with 9/9 = 1 edge and

1 + 1 = 2 vertices, 
so n = 9  2 = 18.



THAT’S ALL         
FOLKS !!!
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