Lecture 15

The Principle of Mathematical Induction: to show a statement B, is true for all positive
integers greater or equal to ny there are two steps:

e Base Case: Show B, is true

e Inductive Step: Show: B, = P,,., (foralln = ny)

Example 1: Prove:
+1)-
1+2+ 3+---+n=-(n% (»)

for n > 1 by using mathematical induction.
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Example 2: Prove:

1 + 1 - 1 _n
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for n > 1 by using mathematical induction. (e, ® LS e W
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Example 3: Let m be an integer and prove
+m)(n—-m+1
m+(m+1)+---+n=(n m)(z )

for n > m by using mathematical induction. (e werciae ).
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Example 4: Find a closed form for the following expression.
1+2+-+n
n+(n+1)+--+2n
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Example 5: For n > 1 prove:

J2+ ’2+---+ﬁ=2-cos(2::+1) &2

where the statement on the left has n 2’s. Recall the half angle formula
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Example 6: Define a sequence of shapes as follows:

¢ K, is an equilateral triangle

e forn > 1,K, is formed by replacing each line segment

of K,,—, with the shape

according to the following three steps
1) The line segment was divided into three segments of equal length.

2) An equilateral triangle was drawn pointing outward that has its middle segment from
step 1 as its base.

3) The line segment that is the base of the triangle from step 2 was removed.

The limit of this sequence of shapes is known as the Koch snowflake:
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a) Write down a recurrence relation for a,, the number of line segments in K.
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b) Show by induction that the number of line segments in K, is: ( exconcise)
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Example 7: Conjecture a formula for the sum of the first n Fibonacci numbers with even indices

and prove your formula works by using mathematical induction. That is, find and prove a
formula for F, + F4 + - + Fy,.

Note:
F1=1,
Fz=1,
Fo=Faoq + Fpea
["b:o _
F =y = § =)
‘\'-:‘ = \ L 3
F = Rrfy =l#3=y% =5-v = & !
F3 =2 RFEPg* = ¢ 48 =1 =i3-y = "7 7\
FK: 2 F"":'-‘?FC"FQ = 3% = 34 —\ = t-ﬂ-'
=35
s B el ks dgle
F( = Y
F = 3 _ .
1 - — — - =
- “Lf\‘(.‘ + = ‘\- \.L.‘ == \l'\‘.'i \ (*)
My = 21\
1
£ 3%
— - s /
B.< B, 2l 22 -0 2§ - B0 Lol B R

leavy
i T
= o~ b Y Tt = B ® Bae =
\—v-\_
- rl—u-s (‘rn- (o} TVORPU r-_\g\nm)
- T N-; = ‘

A '-‘E (%) e ﬂ.—n‘ Yoo A A e ‘Q‘n\-:_

Ba_ V;iv-s"': -, C © +r~' flbv‘ e\ ;\“‘-JMJ =21

>



Example 8: Consider the recurrence relation defined by:

a°=1,
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Conjecture a solution to this recurrence relation and prove it my mathematical induction.
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Example 9: Use mathematical induction to show that n3 — n is divisible by 3 for every positive
integer n.
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Example 10: ™

All girls have the same hair colour. We claim that all girls in any group of » girls have the same
hair colour, foreachn=1, 2, ...

Step 1: When n = 1, there is only one girl in the group, so all girls within the group clearly have
the same hair colour. e cate e

Step 2: Assume that the case n = k holds. Given a group of k + 1 girls, remove one of them from
the group. By assumption, each of the remaining k girls have the same hair colour. Now swap
one of these girls with the girl we removed. Since every girl in this new group of k girls also
have the same hair colour, we know now that all k + 1 girls have the same hair colour!

By induction, the claim holds.

Is there an error in the above “proof”? If so, where is the flaw?
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Strong Induction; to show a statement P, is true for all positive integers greater or equal to n,
there are two steps:

e Base Case: Show P, is true (you may need to do this for other values also)

o Inductive Step: Show: (Po, &Py 41 & Prosz & + &P) = Poyy  (foralin 2 ny)

Example 11: P,: "Postage of n cents can be formed using 4-cent and 5-cent stamps.” Show: P,
is true for n > 12.
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Example 12: Show that every positive integer can be written as a sum of distinct powers of two.
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Example 13: Define the recurrence relation:
a =1
a, = 1
an = 20n_; +an_;
Show that a,, is odd for alln = 0.
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Example 14: Prove that 5"*! + 2 - 3" + 1 is divisible by 8 forall n > 1.
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