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§ Recursion & Induction

Lecture 12
Open and Closed Forms:
Definition 1: A closed form expression is an expression which has a fixed number of operations.
G, = rAarlzany - M
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Definition 2: An open form expression is an expression in which the number of operations
grows depending on a variable in the expression.
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Definition 3: The sum (in open form) of the first n natural numbers each to the power i is given

by:
S:(n’) S=1+2'4++n! s—w- nza,

’

Example 1: Find a closed form for:
S W=1+2+3++n
To find the closed form, use the expansion:
(x+1)2=x2+2x+1
by plugginginx =1,x=2,x=3,..,x =n.
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Example 2: Find a closed form for:

5,00 1242243244 n?

To find the closed form, use S, and the expansion:

\Ec:)3=x3+3xz+3x+1\

by plugginginx =1,x=2,x=3,..,x=n.
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Example 3: Find a closed form expression for

G=1n+2-n-1D+3-n-2)+-+ (n-1):2 +n-1

valid forn 2 1.

’—_\— s**h‘L,‘_" WQ&"&L‘-.& £

- A,

i

A PN
Gr\ e E \((v\-— Ic 4—\) =n Zlﬂ+‘) le — Z_ “L
k=

=, “=\

LN

Gu = awy D0 = QKT = eyl
(L4

s = A (A4 \( znda\

A (it
Gr\ = el - (2"“""&&\4\\
G
g, = "%

- = 2 [3(“*\)— CZA‘H\j = Nty '(_n 4-1.3

o C

N

[

G;“ = n(ati)iner) ('H-z)

R




Example 4: For x # 1 find a closed form for:

O +xt+xt++xn
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Theorem 4: The number of ways to choose k objects from a group of n distinct

objects is given by
n\ _ n!
k] k! (n-k)!

for0<k<n.
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Theorem 5: (Pascal’s Identity)
For integers n and k with 1 < k < n, we have
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Example 5: Find a closed form for:
5 ()
L¥ 4, = Z (: )
?2:_:\} c\w-x‘b e (k:’)" :\*(:‘)
S5y = (OD-(&)
r- ko « Jet o collapsiy o~
G, %32(' “ ) <“)5 Fole Xis s».j.
ag = (%4/«?{5 +(;/S-<g,) « (F-@hen Q) (7




Example 6: Show that
_ 1 (2n
O = n+1 n

is an integer forn =1, 2, 3, ... The integer a, is called the n** Catalan number.
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