Math 334—Solutions to Assignment 4

1. Take the Laplace transform of the DE and let Y'(s) = L{y(t)}:
Y —14+Y = L{g}.

Then
Y(s) = 1ot L)
YT i T2V
1 .
= 11 + L{sint}L{g(t)} .
Take the inverse transform, using the convolution theorem to handle

the right-most term,
y(t) = sint+

—~

sin xg)(t)

= sint+ [ sin(t —v)g(v) dv

= sint+ [ g(t —v)sinvdv.
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(Any of these ways of expressing the answer suffices.)

2. By the convolution theorem, note that

1 1 1
El{ . } = §t2*sint

3 8241

¢
1
= §/vzsin(t—v)dv
0
¢

1
= 5/(t—v)281nvdv
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After computing these integrals (using formulas in the front cover of
the text, or integration by parts), you should get

1
t—1+—t2.
cos + 7

. Take the Laplace transform of the equation. Notice the integral is a
convolution, so its Laplace transform is a product. You should get

Y + L{t}Y = L{t*}

= Y(s)+ 5Y(s) =

52 53

2 2 2s
= Y$§)=—7=-———
(5) s(s2+1) s s2+41

= y(t) =2 —2cost.

. (a) First, we note that

L{e"5(t—2)} = /eStetd(t—Q) dt = / e~teT 5 (t—2) dt = e 2+,

0 —00

Taking the Laplace transform of both sides of the equation, we obtain
Y — 25+ 5+ 55Y — 10 + 6Y = ¢ 20+

or
2s+5 _o _og 1

= 4 e e

s2+55+6 s2+55+6

Partial fractioning yields

25+5 1 N 1
s2+55+6 s+2 s+3

and
1 1 1

2+55+6 s+2 s+3
Using the formula £L7'{e ™ F(s)} = f(t — a)u(t — a) we finally obtain

y(t) =e e e ? (e’Q(t’Z) — e’S(t’z)) u(t — 2).
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(b) The Laplace transforms of the two equations read

$X(s) ~ 3X(s) +2¥(s) = 1+ -,
4X(s) — sY(s) — Y(s) = 5211 .

Eliminating Y'(s) we obtain

3s+1

X(s) = (s2+1)(s2—25s+5)

The right-hand side can be partial fractioned to the form

As+B+C’(s—1)+D
s2+1 s2 —25+5

Y

where the constants A, B,C' and D are given by
A=7/10; B=-1/10; C=-T7/10; D =2/5.
Thus the solution x = z(t) is given by
x(t) = 7/10cost — 1/10sint — 7/10€’ cos 2t + 2/5¢" sin 2t .

Computing the derivative of  and substituting into the first equation
yields

y(t) = —11/10€" cos 2t — 3/10e" sin 2t + 11/10cost + 7/10sint.

Note that in this case we can substitute the function x in the first
equation because it is continuously differentiable.

(c¢) The Laplace transforms of the two equations read

sX(s)+Y(s)—X(s)=0, (1)
6735
25X (s) +8°Y(s) —s+1=
s
Eliminating Y'(s) we obtain
e 38 s—1
X(s) = — - (2)



The partial fractions for the first term read

1 A B C D

s2(s?2 — s —2) s+s_2+3+1+5—2

?

and the system for determining A, B, C, D is

A+C+D=0,
—A+B-20+D=0,
2A-B=0,

9B =1.

The solution to this system is given by A = 1/4,B = —1/2,C =
—1/3,D = 1/12. The partial fractions corresponding to the second
term are given by

s—1 A B C

s(s?—s—2) s+s—|—1+s—2'

Here the system for A, B, C'is

A+B+C=0,
—A-2B+C=1,
—2A=-1,

and the solution to it is A = 1/2,B = —2/3,C = 1/6. Taking the
inverse transform of (2) we finally obtain

z(t) = —1/2-1/6e*4+2/3e ' +(—1/4+1/2(t—3)+1/3e "3 —1/12e* O)u(t—3).

Substituting (2) into (1) and inverting similarly the Laplace transform
on Y (s) we obtain

y(t) = —1/2+1/6e*+4/3e " 4+(—3/44+1/2(t—3)+2/3e~ 341 /12e* %) u(t—3).

. (a) Write y = y(x) as a power series about oy = 0, i.e., let y(z) = Zooio anx"
and note that y(0) = ay =0, ¥'(0) = a; = 0. From

Y42 Ay =Y (24 1)+ 2 (1) +a)a” = a?,
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it is clear that y is a solution of the IVP if and only if

1 ifn=2,

anp2(n+2)(n+1) +2a,41(n+ 1) + a, = { 0 ifn=0,1, orn>3.

1
Recall that ag = a; = 0. Hence a, =0, a3 =0, ay = —, and

12’
2 1
ap, = ——0p_1 — —————ap_o foralln>5.
n(n —1)

Specificall L L t d
i = —— = — = —— ., an
pecifically, as 20 %= 1900 & o3g; et and so
L VR L L
v = 57 557 Tt g0t T

This power series converges for all real numbers x.

(b) The characteristic equation r*> + 2r +1 = (r + 1)? = 0 associated
with the homogeneous ODE 3" 4+ 2y +y = 0 has r = —1 as a double
root, whereas o + 18 = 0 is not a root. A correct ”trial” solution for
the inhomogeneous equation therefore is yp(z) = A+ Az + Ayx?, and

y;/g —|— 2y;3 + Yyp = (AO + 2A1 —|— 2142) —|— (Al + 4142)1’ —|— AQ.’L’Q = ZL’2
shows that
A0+2A1+2A2:O, A1+4A2:O, Agzl,

and consequently, Ag = 6, A; = —4, and A, = 1. Hence the general
solution of y” + 2y’ 4+ y = 22 is given by

y(x) = Cre™" + Chze ™™ + 6 — 4o + 27,
and imposing the initial conditions
y(0)=Ci+6=0, 3 (0)=-C+Co—4=0,
yields Cf = —6, Cy = —2, and so
y(r) = —6e™" — 2we™" + 6 — 4a + 2*

00 (_l)nxn 00 (_1)nxn+1 )
=6y -2y 4 6-drta

n! = n!

o0 n—3 ., 1 1 1 1
— 2(—1)" n__ — 4 _ — .5 P Y ¢
2y 20t = gt = g gt~ g




which not only is in perfect agreement with the power series found in
(a), but also shows that in fact a,, = 2(—1)"(n — 3)/n! for all n > 3.

. Assume

o n / > n—1 " & n—2
Yy = E apz”, Yy = E na,x"" ", Yy = E n(n—1)a,z"=.
n=0 n=1 n=2

Substitute into the ODE,

n(n—1)a,z" =+ na,x" —2 na,x" " — az" = 0.
n=2 n=1 n=1 n=0

Let k =n—2,k=mn,k=mn-—1, and k = n, respectively, in these
summations. We obtain

Zk_0<k+2)(k+1>ak+2$k+zk kagx —ZZ apy1 (k+1)z —Zk Oakxk =0

so that
2a2—2a1—a0+2:;1((k—|—2)(k+1)ak+2—2(k+1)ak+1+(k—1)ak):vk = 0.

Hence ay = a; + %ao where a¢ and a, are arbitrary. The recursion
formula is

2ak+1 (k — 1)ak

QApro = — , =1,2,...
T L2 k+2)(k+ 1)
And the first few coefficients are
2 n 1 1 n 1
as = —a —a ay = —a —ay.
3= 30+ 0o, 4= g0t 2ao

Therefore the general solution is

1 1 1 2 1
y:ao<1+§x2+§x3+§m4+--->+a1 (x+x2+§x3+1x4+-~).

Since y(0) = —1 and 4/(0) = 0, ap = —1 and a; = 0, and so the solution

to the IVP is ] ] ]
y:—1—§x2—§x3—§x4—---.



2
——3 the singular points occur when
x

1+ 23

7. Since p(x) = and ¢(z) =
l+2°=1+z)(2* —2+1) =0,

1+i/3

ie., xr=—1, . Then the distance between o =1 and z = —1
1+iv3
is 2, and the distance between zy and x = TZ\/_ is
1\* 3 1 3
— —=4/-F+-=1<2.
(2) + 4 4 + 4 =

Therefore a lower bound for the radius of convergence of the solution
is 1.

8. Assume

Y= ZZO_O ant”, Yy = 2:;1 na,t"l,  y" = ZZO_Q n(n — apt"2.

Then

o oo t2 t3 oo
n—2 n n __
E ann(n—l)ant + E 1 nant + (1 +1+ 5 + 5 + - ) E "0 ant =0.

Writing out the first few terms,

(2ay + 6ast + 12a4t* + 20ast® - - - ) + (a1t + 2a; + 3azt® + -+ )

t2 t3 ) t3
"‘Go"‘@ot"‘dog‘i‘@ogﬁ‘@ﬂf"‘dﬂf +a15
2 3 t4 3
—|—(1,2t +a2t +a2§+~-+a3t +... = 0.

Equating the coefficients of the like terms,

consts.: 2as +ag =0
t: 6a3—|—a1+a0—|—a1:0
t22 12@4"‘2&2"‘%—}-@14‘@2:0

a a
tsi 20a5+3a3+go+?1+a2+a3:0

etc.



Since ag = 0 and a; = —1, we have

1 1 1
az =0, a3=§, ay = ——, a5 = ——~

12

and the solution is

y(t) = ag+ait+ast® + ...

1 1 1
= —t4+-t34 —tt——P+. ...
+3 MR YL



