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 a b s t r a c t

Understanding how animals perceive and remember their environments is essential for model-
ing ecological population dynamics. In this study, we investigate two diffusive resource-consumer 
systems that incorporate implicit spatial memory and nonlocal perception, key cognitive traits ob-
served in higher animals. The models employ a biologically motivated top-hat kernel to describe 
finite-range perception and introduce memory as a dynamic variable governed by biologically 
plausible mechanisms. We develop a coupled PDE-ODE nonlinear framework that captures these 
cognitive processes and derive conditions for Turing, Hopf, and Turing-Hopf bifurcations. Un-
like classical reaction-diffusion systems, our approach reveals richer spatiotemporal behaviors 
resulting from the interplay between memory and perception. Analytical results are supported by 
numerical simulations that show the emergence of complex patterns, including oscillating stripes, 
spots, and mixed structures. Our findings demonstrate how cognitive traits like memory decay 
and nonlocal sensing affect population distribution and stability, leading to outcomes such as spa-
tial heterogeneity, periodic cycles, or extinction. This work contributes to a deeper understanding 
of animal movement ecology and offers theoretical tools for predicting population responses to 
environmental changes.

1.  Introduction

Spatial cognition significantly influences population movements, encompassing three primary cognitive components: perception, 
memory, and learning. Therefore, incorporating these cognition-based processes into animal movement models is essential. Recently, 
an increasing number of researchers have considered spatial memory in population models and examined its impacts on population 
dynamics, particularly in highly developed animals (e.g., [1–17]). Typically, diffusion is employed to model the spatial movements 
of organisms. However, the traditional diffusion equation, derived from energy conservation and Fick’s law, has limitations when 
directly applied to population movements, especially since highly developed animals often move based on memory. For instance, 
[1] demonstrated that certain animals exhibiting memory-based behaviors also perform regular spatial movements. Additionally, [3] 
indicated that blue whales utilize chlorophyll distributions for their migratory paths. However, memory effects tend to diminish over 
time, necessitating the inclusion of delays in models. Normally, delays are introduced into the response term, representing processes 
such as population maturation or incubation. However, delays induced by spatial memory appear specifically within the diffusion 
term, as demonstrated in [7,9–16]. Most research to date has concentrated on explicit memory, wherein foragers directly reference 
past experiences. Nevertheless, implicit memory, a type that does not explicitly reference prior experiences [1,6], represents a distinct 
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$q(x,t)$


\begin {equation*}\label {equ101} \left \{\begin {aligned} &u_{t}=d_{1}\Delta u+u(1-u/k)-\frac {muv}{u+1}, (x,t)\in \Omega \times (0,+\infty ), \\ &v_{t}=d_{2}\Delta v-\chi \nabla \cdot (v\nabla q)+\frac {muv}{u+1}-dv, (x,t)\in \Omega \times (0,+\infty ),\\ &q_{t}=bu-\gamma q, (x,t)\in \Omega \times (0,+\infty ),\\ &\partial _{\upsilon } u=\partial _{\upsilon } v=0, x\in \partial \Omega ,t>0,\\ \end {aligned}\quad \right .\end {equation*}


\begin {equation*}\label {equ102} \left \{\begin {aligned} &u_{t}=d_{1}\Delta u+u(1-u/k)-\frac {muv}{u+1}, (x,t)\in \Omega \times (0,+\infty ), \\ &v_{t}=d_{2}\Delta v-\chi \nabla \cdot (v\nabla q)+\frac {muv}{u+1}-dv, (x,t)\in \Omega \times (0,+\infty ),\\ &q_{t}=buv-(\gamma +\xi v)q, (x,t)\in \Omega \times (0,+\infty ),\\ &\partial _{\upsilon } u=\partial _{\upsilon } v=0, x\in \partial \Omega ,t>0.\\ \end {aligned}\quad \right .\end {equation*}


$u(x,t),v(x,t)$


$bu$


$buv$


$\xi $


\begin {equation*}\label {equ103} K_{R}(z)=\left \{\begin {aligned} &\frac {1}{2R}, \quad |z|\leq R,\\ &0, \quad \quad \mathrm {otherwise},\\ \end {aligned}\quad \right .\end {equation*}


$R \geq 0$


$R$


$100$


\begin {equation}\label {model1} \left \{\begin {aligned} &\frac {\partial u}{\partial t}=d_{1}\Delta u+u(1-\beta u)-\frac {muv}{u+1}, (x,t)\in \Omega \times (0,+\infty ), \\ &\frac {\partial v}{\partial t}=d_{2}\Delta v-d_{3}\nabla \cdot (v\nabla q)+sv(1-\frac {v}{u}), (x,t)\in \Omega \times (0,+\infty ),\\ &q_{t}=b\hat {u}-\gamma q, (x,t)\in \Omega \times (0,+\infty ), \\ &\frac {\partial u}{\partial \mathbf {n}}=\frac {\partial v}{\partial \mathbf {n}}=0, x\in \partial \Omega ,t>0,\\ \end {aligned}\quad \right .\end {equation}


\begin {equation}\label {model2} \left \{\begin {aligned} &\frac {\partial u}{\partial t}=d_{1}\Delta u+u(1-\beta u)-\frac {muv}{u+1}, (x,t)\in \Omega \times (0,+\infty ), \\ &\frac {\partial v}{\partial t}=d_{2}\Delta v-d_{3}\nabla \cdot (v\nabla q)+sv(1-\frac {v}{u}), (x,t)\in \Omega \times (0,+\infty ),\\ &q_{t}=b\hat {u}v-(\gamma +\xi v)q, (x,t)\in \Omega \times (0,+\infty ),\\ &\frac {\partial u}{\partial \mathbf {n}}=\frac {\partial v}{\partial \mathbf {n}}=0, x\in \partial \Omega ,t>0,\\ \end {aligned}\quad \right .\end {equation}


\begin {equation*}\hat {u}=\int _{\Omega }K_{R}(x-y)u(y,t)dy,\end {equation*}


$K_{R}$


$b\hat {u}$


$b\hat {u}v$


$d_{3}\in \mathbb {R}$


$d_3 > 0$


$< 0$


$\Omega =(0,l\pi )$


$l\in \mathbb {R}^{+}$


$\partial \Omega $


\begin {equation}\label {e1} \left \{\begin {aligned} &\frac {\partial u}{\partial t}=d_{1}\Delta u+u(1-\beta u)-\frac {muv}{u+1}, (x,t)\in \Omega \times (0,+\infty ), \\ &\frac {\partial v}{\partial t}=d_{2}\Delta v-d_{3}\nabla \cdot (v\nabla q)+sv(1-\frac {v}{u}), (x,t)\in \Omega \times (0,+\infty ),\\ &q_{t}=bu-\gamma q, (x,t)\in \Omega \times (0,+\infty ),\\ &\frac {\partial u}{\partial \mathbf {n}}=\frac {\partial v}{\partial \mathbf {n}}=0, x\in \partial \Omega ,t>0,\\ \end {aligned}\quad \right .\end {equation}


\begin {equation}\label {e2} \left \{\begin {aligned} &\frac {\partial u}{\partial t}=d_{1}\Delta u+u(1-\beta u)-\frac {muv}{u+1}, (x,t)\in \Omega \times (0,+\infty ), \\ &\frac {\partial v}{\partial t}=d_{2}\Delta v-d_{3}\nabla \cdot (v\nabla q)+sv(1-\frac {v}{u}), (x,t)\in \Omega \times (0,+\infty ),\\ &q_{t}=buv-(\gamma +\xi v)q, (x,t)\in \Omega \times (0,+\infty ),\\ &\frac {\partial u}{\partial \mathbf {n}}=\frac {\partial v}{\partial \mathbf {n}}=0, x\in \partial \Omega ,t>0.\\ \end {aligned}\quad \right .\end {equation}


$E^{*}=(u^{*},v^{*},q^{*})=(\alpha ,\alpha ,b\alpha /\gamma )$


\begin {equation*}\alpha =\frac {1-m-\beta +\sqrt {(1-m-\beta )^{2}+4\beta }}{2\beta }.\end {equation*}


$E^{*}$


\begin {equation*}\frac {\partial }{\partial t} \left ( \begin {array}{c} u \\ v\\ q \end {array} \right )=D_{1}\Delta \left ( \begin {array}{c} u \\ v\\ q \end {array} \right )+A\left ( \begin {array}{c} u \\ v\\ q \end {array} \right ),\end {equation*}


\begin {equation*}D_{1}=\left ( \begin {array}{ccc} d_{1}&0&0 \\ 0&d_{2}&-d_{3}\alpha \\ 0&0&0 \end {array} \right ),\quad A=\left ( \begin {array}{ccc} 1-\beta \alpha -\frac {m\alpha }{(\alpha +1)^{2}}& -\frac {m\alpha }{\alpha +1} & 0 \\ s & s-2 & 0\\ b & 0 & {-\gamma } \end {array} \right ).\end {equation*}


\begin {equation}\label {e3} |\lambda I_{3}+D_{1}\mu _{n}-A|=0,\quad n\in \mathbb {N},\end {equation}


$\mu _{n}=(n/l)^{2},~n\in \mathbb {N}_{0}$


$I_{3}$


\begin {equation*}\lambda ^{3}+A_{n}\lambda ^{2}+B_{n}\lambda +C_{n}=0,\end {equation*}


\begin {equation*}\begin {aligned} & {{A}_{n}}=(d_{1}+d_{2})\mu _{n}+\beta \alpha +\frac {m\alpha }{(\alpha +1)^{2}}+1-s+\gamma =[d_{1}\mu _{n}-1+\beta \alpha +\frac {m\alpha }{(\alpha +1)^{2}}]+[d_{2}\mu _{n}-s+2]+\gamma , \\ &{{B}_{n}}=[(d_{1}+d_{2})\mu _{n}+\beta \alpha +\frac {m\alpha }{(\alpha +1)^{2}}+1-s]\gamma +[d_{1}\mu _{n}-1+\beta \alpha +\frac {m\alpha }{(\alpha +1)^{2}}][d_{2}\mu _{n}-s+2]+\frac {sm\alpha }{\alpha +1}, \\ & {{C}_{n}}=\gamma [d_{1}\mu _{n}-1+\beta \alpha +\frac {m\alpha }{(\alpha +1)^{2}}][d_{2}\mu _{n}-s+2]+\frac {d_{3}bm\alpha ^{2}}{\alpha +1}\mu _{n}+\frac {\gamma sm\alpha }{\alpha +1}. \\ \end {aligned}\end {equation*}


$n=0,$


\begin {equation*}(\lambda +\gamma )\Bigg \{\lambda ^{2}-\Big [s-1-\alpha \beta -\frac {m\alpha }{(\alpha +1)^{2}}\Big ]\lambda +[1-\alpha \beta -\frac {m\alpha }{(\alpha +1)^{2}}](s-2)+\frac {sm\alpha }{\alpha +1}\Bigg \}=0.\end {equation*}


\begin {equation}\label {e9} \left \{\begin {aligned} &s-1-\alpha \beta -\frac {m\alpha }{(\alpha +1)^{2}}=[1-\alpha \beta -\frac {m\alpha }{(\alpha +1)^{2}}]+(s-2)<0, \\ &[1-\alpha \beta -\frac {m\alpha }{(\alpha +1)^{2}}](s-2)+\frac {sm\alpha }{\alpha +1}>0, \end {aligned}\quad \right .\end {equation}


$E^{*}$


\begin {equation*}X=W^{2,p}_{N}(\Omega )\times W^{2,p}_{N}(\Omega )\times W^{2,p}(\Omega ),\quad Y=L^{p}(\Omega )\times L^{p}(\Omega )\times W^{2,p}_{N}(\Omega ),\end {equation*}


\begin {equation*}W^{2,p}_{N}(\Omega )=\{u\in W^{2,p}(\Omega ):~\partial _{\mathbf {n}}u=0~on~\partial \Omega \}.\end {equation*}


\begin {equation}\label {e7} \mathfrak {L}\left ( \begin {array}{c} \phi \\ \psi \\ \varphi \end {array} \right )=\left ( \begin {array}{c} d_{1}\Delta \phi +(1-\beta \alpha -\frac {m\alpha }{(\alpha +1)^{2}})\phi -\frac {m\alpha }{\alpha +1}\psi \\ d_{2}\Delta \psi -d_{3}\alpha \Delta \varphi +s\phi +(s-2)\psi \\ b\phi -\gamma \varphi \end {array} \right ),\end {equation}


$\mathfrak {L}$


$D(X)=\mathfrak {L},$


$\phi \in W^{2,p}_{N}(\Omega ),~\psi \in W^{2,p}_{N}(\Omega ),$


$\varphi \in W^{2,p}(\Omega ).$


$\mathfrak {L}$


\begin {equation*}\sigma (\mathfrak {L})=\sigma _{p}(\mathfrak {L})=S\cup \{-\gamma \},\end {equation*}


\begin {equation}\label {equ106} S=\{\mu _{n}^{(1)}\}^{+\infty }_{n=0}\cup \{\mu _{n}^{(2)}\}^{+\infty }_{n=0}\cup \{\mu _{n}^{(3)}\}^{+\infty }_{n=0},\end {equation}


$\mu ^{(j)}_{n}(j=1,2,3)$


$\mathfrak {Re}\big (\mu _{n}^{(1)}\big )<\mathfrak {Re}\big (\mu _{n}^{(2)}\big )<\mathfrak {Re}\big (\mu _{n}^{(3)}\big ).$


\begin {equation}\label {e4} \left \{\begin {aligned} &d_{1}\Delta \phi +(1-\beta \alpha -\frac {m\alpha }{(\alpha +1)^{2}})\phi -\frac {m\alpha }{\alpha +1}\psi =\mu \phi +\tau _{1}, \\ &d_{2}\Delta \psi -d_{3}\alpha \Delta \varphi +s\phi +(s-2)\psi =\mu \psi +\tau _{2},\\ &b\phi -\gamma \varphi =\mu \varphi +\tau _{3},\\ &\partial _{\mathbf {n}}\phi =\partial _{\mathbf {n}}\psi =0, \end {aligned}\quad \right .\end {equation}


$\mu \in \mathbb {C}$


$(\tau _{1},\tau _{2},\tau _{3})\in Y.$


$\mu +\gamma \neq 0,$


\begin {equation*}\label {equ107} \left \{\begin {aligned} &d_{1}\Delta \phi +(1-\beta \alpha -\frac {m\alpha }{(\alpha +1)^{2}})\phi -\frac {m\alpha }{\alpha +1}\psi =\mu \phi +\tau _{1}, \\ &d_{2}\Delta \psi -\frac {d_{3}\alpha }{\mu +\gamma }(b\Delta \varphi -\Delta \tau _{3})+s\phi +(s-2)\psi =\mu \psi +\tau _{2},\\ &\partial _{\mathbf {n}}\phi =\partial _{\mathbf {n}}\psi =0, \end {aligned}\quad \right .\end {equation*}


\begin {equation}\label {e5} \mathfrak {L}_{1}\left ( \begin {array}{c} \phi \\ \psi \end {array} \right )=\left ( \begin {array}{c} d_{1}\Delta \phi +(1-\beta \alpha -\frac {m\alpha }{(\alpha +1)^{2}})\phi -\frac {m\alpha }{\alpha +1}\psi -\mu \phi \\ d_{2}\Delta \psi -\frac {d_{3}\alpha }{\mu +\gamma }b\Delta \varphi +s\phi +(s-2)\psi -\mu \psi \end {array} \right )=\left ( \begin {array}{c} \tau _{1} \\ \tau _{2}-\frac {d_{3}\alpha }{\mu +\gamma }\Delta \tau _{3} \end {array} \right ).\end {equation}


$\phi ,\psi \in W^{2,p}_{N}(\Omega )$


\begin {equation}\label {e6} \phi =\sum ^{+\infty }_{n=0}a_{n}\phi _{n},~\psi =\sum ^{+\infty }_{n=0}b_{n}\phi _{n}.\end {equation}


\begin {equation*}\label {equ108} \left ( \begin {array}{cc} -d_{1}\mu _{n}+(1-\beta \alpha -\frac {m\alpha }{(\alpha +1)^{2}})-\mu & -\frac {m\alpha }{\alpha +1}\\ \frac {d_{3}\alpha b}{\mu +\gamma }\mu _{n}+s&-d_{2}\mu _{n}+s-2-\mu \end {array} \right )\left ( \begin {array}{c} a_{n}\\ b_{n} \end {array} \right )=\left ( \begin {array}{c} \int ^{l\pi }_{0}\tau _{1}\mathrm {d}x \\ \int ^{l\pi }_{0}\Big (\tau _{2}-\frac {d_{3}\alpha }{\mu +\gamma }\Delta \tau _{3}\Big )\mathrm {d}x \end {array} \right ).\end {equation*}


$\tau _{1}=\tau _{2}=\tau _{3}=0,$


$Ker(\mathfrak {L_{1}})=\{(0,0)^{T}\}$


$Ker(\mathfrak {L}-\mu I)$


$\{(0,0,0)^{T}\}.$


\begin {equation*}\label {equ109} \left | \begin {array}{cc} -d_{1}\mu _{n}+(1-\beta \alpha -\frac {m\alpha }{(\alpha +1)^{2}})-\mu & -\frac {m\alpha }{\alpha +1}\\ \frac {d_{3}\alpha b}{\mu +\gamma }\mu _{n}+s&-d_{2}\mu _{n}+s-2-\mu \end {array} \right |\neq 0,\end {equation*}


\begin {equation}\label {e8} \Big (\mu +d_{1}\mu _{n}-(1-\beta \alpha -\frac {m\alpha }{(\alpha +1)^{2}})\Big )(\mu +2-s+d_{2}\mu _{n})+\frac {m\alpha }{\alpha +1}\Big (\frac {d_{3}\alpha b}{\mu +\gamma }\mu _{n}+s\Big )\neq 0.\end {equation}


$\mathfrak {L}-\mu I$


$(\mathfrak {L}-\mu I)^{-1}$


\begin {equation*}\|\phi \|_{W^{2,p}_{N}(\Omega )}+\|\phi \|_{W^{2,p}_{N}(\psi )}\leq \|(\mathfrak {L}-\mu I)^{-1}\|\Bigg (\|d_{1}\Delta \phi +1{-}\beta \alpha {-}\frac {m\alpha }{(\alpha +1)^{2}}\phi {-}\frac {m\alpha }{\alpha +1}\psi \|_{L^{p}(\Omega )}+\|d_{2}\Delta \psi {-}\frac {d_{3}\alpha b}{\mu +\gamma }\Delta \phi +s\phi +(s-2)\psi \|_{L^{p}(\Omega )}\Bigg ).\end {equation*}


$\mu $


$\mathfrak {L}$


$\mu ^{(j)}_{n}~(j=1,2,3)$


$n\in \mathbb {N}_{0}.$


$\tau _{j}=0~(j=1,2,3),$


$\mu ^{(j)}_{n}$


\begin {equation*}\label {equ110} \left ( \begin {array}{c} \phi \\ \psi \\ \varphi \end {array} \right )=\left ( \begin {array}{c} \phi ^{(j)} \\ \psi ^{(j)}\\ \varphi ^{(j)} \end {array} \right )= \left ( \begin {array}{c} 1\\ \frac {\alpha +1}{m\alpha }[-d_{1}\mu _{n}-\mu _{n}^{(j)}+\frac {m\alpha }{(\alpha +1)^{2}}+\alpha \beta -1]\\ \frac {b}{\gamma +\mu _{n}^{(j)}} \end {array} \right )\phi _{n},\end {equation*}


$Ker(\mathfrak {L}-\mu _{n}^{(j)})=Span\{(\phi ^{(j)},\psi ^{(j)},\varphi ^{(j)})^{T}\}.$


$\mathfrak {L}$


$\mu _{n}^{(j)}(j=1,2,3),$


$\mu _{n}^{(j)}\in \sigma _{p}(\mathfrak {L}).$


$\mu +\gamma =0.$


\begin {equation*}\label {equ1119} \left \{\begin {aligned} &\psi =\frac {\alpha +1}{bm\alpha }[d_{1}\Delta \tau _{3}+(1-\beta \alpha -\frac {m\alpha }{(\alpha +1)^{2}})\tau _{3}+\gamma \tau _{3}-b\tau _{1}], \\ &\Delta \varphi =\frac {1}{\alpha d_{3}}[d_{2}\Delta \psi -\frac {s\tau _{3}}{b}+(s-2+\gamma )\psi -\tau _{2}]. \end {aligned}\quad \right .\end {equation*}


$\tau _{i}=0~(i=1,2,3),$


$\mathfrak {Ker}(\mathfrak {L}+\gamma I)=Span\{(0,0,\tilde {\varphi })^{T}\}$


$\Delta \tilde {\varphi }=0$


$-\gamma \in \sigma _{p}(\mathfrak {L}).$


$E^{*}$


$E^{*}$


\begin {equation*}A_{n}>0;~C_{n}>0;~A_{n}B_{n}-C_{n}>0.\end {equation*}


$d_{3}$


$C_{n}=0,$


\begin {equation}\label {e10} d_{3}^{*}(\gamma )=-\frac {\alpha +1}{bm\alpha ^{2}\mu _{n}}\Big \{\frac {\gamma sm\alpha }{\alpha +1}+[d_{1}\mu _{n}-1+\beta \alpha +\frac {m\alpha }{(\alpha +1)^{2}}][d_{2}\mu _{n}-s+2]\gamma \Big \}.\end {equation}


$A_{n}B_{n}-C_{n}=0,$


\begin {equation}\label {e11} d_{3}^{**}(\gamma )=\frac {\alpha +1}{bm\alpha ^{2}\mu _{n}}\Big \{A_{n}B_{n}-\frac {\gamma sm\alpha }{\alpha +1}-\gamma [d_{1}\mu _{n}-1+\beta \alpha +\frac {m\alpha }{(\alpha +1)^{2}}][d_{2}\mu _{n}-s+2]\Big \}.\end {equation}


$B_{n}>0$


$d_{3}^{*}(\gamma )$


$d_{3}^{**}(\gamma )$


$d_{3}^{*}(\gamma )$


$\gamma ,$


$n$


$d_{3}^{**}(\gamma )$


$\gamma $


$n$


$d_{3N}^{**}(\gamma )=\max d_{3}^{*}(\gamma )<0$


$d_{3M}^{**}(\gamma )=\min d_{3}^{**}(\gamma )>0$


$\gamma >0$


$N,M\in \mathbb {N}.$


$d_{3}^{*}(\gamma )$


\begin {equation*}k_{n}=-\frac {\alpha +1}{bm\alpha ^{2}\mu _{n}}\Big \{\frac { sm\alpha }{\alpha +1}+[d_{1}\mu _{n}-1+\beta \alpha +\frac {m\alpha }{(\alpha +1)^{2}}][d_{2}\mu _{n}-s+2]\Big \}<0,\end {equation*}


\begin {equation*}d_{3}^{**}(\gamma )=A_{0}\gamma ^{2}+A_{1}\gamma +A_{2}\end {equation*}


\begin {equation*}A_{0}=\frac {\alpha +1}{bm\alpha ^{2}\mu _{n}}[(d_{1}+d_{2})\mu _{n}+\beta \alpha +\frac {m\alpha }{(\alpha +1)^{2}}+1-s]=\frac {\alpha +1}{bm\alpha ^{2}\mu _{n}}\{[d_{1}\mu _{n}-1+\beta \alpha +\frac {m\alpha }{(\alpha +1)^{2}}]+[d_{2}\mu _{n}-s+2]\},\end {equation*}


\begin {equation*}A_{1}=\frac {\alpha +1}{bm\alpha ^{2}\mu _{n}}\{[d_{1}\mu _{n}-1+\beta \alpha +\frac {m\alpha }{(\alpha +1)^{2}}]+[d_{2}\mu _{n}-s+2]\}^{2},\end {equation*}


\begin {equation*}A_{2}=\frac {\alpha +1}{bm\alpha ^{2}\mu _{n}}\Big \{[d_{1}\mu _{n}-1+\beta \alpha +\frac {m\alpha }{(\alpha +1)^{2}}]^{2}[d_{2}\mu _{n}-s+2]+[d_{1}\mu _{n}-1+\beta \alpha +\frac {m\alpha }{(\alpha +1)^{2}}][d_{2}\mu _{n}-s+2]^{2}\end {equation*}


\begin {equation*}\hspace *{1pt} +\frac {sm\alpha }{\alpha +1}\{[d_{1}\mu _{n}-1+\beta \alpha +\frac {m\alpha }{(\alpha +1)^{2}}]+[d_{2}\mu _{n}-s+2]\}\Big \}.\end {equation*}


$A_{0}>0,~A_{1}>0,~A_{2}>0$


$\gamma =-\frac {A_{0}}{2A_{1}}$


$d_{3}^{**}(\gamma )$


$\gamma >0.$


$d_{3}^{**}(0)=A_{2}>0,$


$d_{3}^{**}(\gamma )>0$


$\gamma >0.$


$k_{n}$


$k_{n}$


$\bar {\mu }_{n}.$


$N$


$\mu _{N}$


$\bar {\mu }_{n}$


$d_{3N}^{**}(\gamma )<0$


$d_{3}^{**}(\gamma )$


$\mu _{n}$


$n$


\begin {equation}\label {equ113} d_{3}^{**}(\gamma )=\frac {\alpha +1}{bm\alpha ^{2}n}\Big \{A_{n}B_{n}-\frac {\gamma sm\alpha }{\alpha +1}-\gamma [d_{1}n-1+\beta \alpha +\frac {m\alpha }{(\alpha +1)^{2}}][d_{2}n-s+2]\Big \}.\end {equation}


\begin {equation*}\frac {\mathrm {d}[d_{3}^{**}(\gamma )]}{\mathrm {d}n}=-\frac {\alpha +1}{bm\alpha ^{2}n^{2}}\Big \{A_{n}B_{n}-\frac {\gamma sm\alpha }{\alpha +1}-\gamma [d_{1}n-1+\beta \alpha +\frac {m\alpha }{(\alpha +1)^{2}}][d_{2}n-s+2]\Big \}+\end {equation*}


\begin {equation*}\frac {\alpha +1}{bm\alpha ^{2}n}\Big \{-d_{1}[d_{2}n-s+2]\gamma -[d_{1}n-1+\beta \alpha +\frac {m\alpha }{(\alpha +1)^{2}}]d_{2}\gamma +[d_{1}+d_{2}]B_{n}+A_{n}\{[d_{1}+d_{2}]\gamma +\end {equation*}


\begin {equation*}d_{1}[d_{2}n-s+2]+[d_{1}n-1+\beta \alpha +\frac {m\alpha }{(\alpha +1)^{2}}]d_{2}\}\Big \}=-\frac {\alpha +1}{bm\alpha ^{2}n^{2}}A_{3}(n).\end {equation*}


$A_{3}(n)$


$n$


$A_{3}(n)=0$


$n=n_{*}.$


$A_{3}(n)>0$


$n\in (n_{*}.+\infty )$


$A_{3}(n)<0$


$n\in (0,n_{*}).$


$d_{3}^{**}(\gamma )$


$n=n_{*}.$


$M$


$d_{3M}^{**}(\gamma )=\min d_{3}^{**}(\gamma )>0$


$d_{3N}^{*}(\gamma )$


$d_{3M}^{**}(\gamma )$


$d_{3N}^{*}(\gamma )<d_{3}<d_{3M}^{**}(\gamma ).$


$d_{3}\geq d_{3M}^{**}(\gamma ).$


$d_{3}\leq d_{3N}^{**}(\gamma ).$


$d_{3N}^{*}(\gamma )<d_{3}<d_{3M}^{**}(\gamma ),$


$C_{n}>0,~A_{n}B_{n}-C_{n}>0$


$\mu _{n}>0;$


$d_{3}\leq d_{3N}^{**}(\gamma ),$


$C_{n}<0,$


$d_{3}=d_{3}^{**}(\gamma ),$


$d_{3}\geq d_{3M}^{**}(\gamma ),$


$A_{n}>0,~C_{n}>0,~A_{n}B_{n}-C_{n}<0,$


$d_{3}=d_{3}^{**}(\gamma ).$


$\lambda =\lambda (d_{3})\pm i\omega (d_{3})$


$d_{3}$


$d_{3}^{**}(\gamma )$


$\lambda (d_{3}^{**}(\gamma ))=0$


$\lambda '(d_{3}^{**}(\gamma ))>0.$


$d_{3},$


\begin {equation}\label {equ119} 3\lambda ^{2}\frac {\mathrm {d} \lambda }{\mathrm {d }d_{3}}+\frac {\mathrm {d}A_{n}}{\mathrm {d} d_{3}}\lambda ^{2}+2\lambda A_{n}\frac {\mathrm {d} \lambda }{\mathrm {d} d_{3}}+\frac {\mathrm {d}B_{n}}{\mathrm {d} d_{3}}\lambda +B_{n}\frac {\mathrm {d} \lambda }{\mathrm {d} d_{3}}+\frac {\mathrm {d}C_{n}}{\mathrm {d} d_{3}}=0.\end {equation}


$A_{n},B_{n},$


$C_{n},$


\begin {equation}\label {equ120} \frac {\mathrm {d}A_{n}}{\mathrm {d} d_{3}}=0,~\frac {\mathrm {d}B_{n}}{\mathrm {d} d_{3}}=0,~\frac {\mathrm {d}C_{n}}{\mathrm {d} d_{3}}=\frac {bm\alpha ^{2}}{\alpha +1}\mu _{n}.\end {equation}


$\lambda =i\omega _{n},$


\begin {equation}\label {equ11188} \frac {\mathrm {d}\lambda }{\mathrm {d}d_{3}}\Bigg |_{d_{3}=d_{3}^{**}(\gamma )}=\frac {bm\alpha ^{2}\mu _{n}}{(\alpha +1)(3\omega ^{2}_{n}-B_{n}+2iA_{n}\omega _{n})},\end {equation}


\begin {equation*}\lambda '(d_{3})=\frac {bm\alpha ^{2}\mu _{n}}{(\alpha +1)((3\omega ^{2}_{n}-B_{n})^{2}-4A^{2}_{n}\omega ^{2}_{n})}>0.\end {equation*}


$d_{3}^{*}(\gamma ),~d_{3}^{**}(\gamma )$


$d_{3N}^{*}(\gamma ),~d_{3M}^{**}(\gamma )$


$n$


$d_{3}=d_{3}^{*}(\gamma )$


$\gamma >0,~n\in \mathbb {N};$


$n$


$E^{*}.$


$n$


$d_{3}=d_{3}^{**}(\gamma )$


$\gamma >0,~n\in \mathbb {N};$


$E^{*}.$


$\gamma \in (0,+\infty ),~E^{*}$


$d_{3N}^{*}(\gamma )<d_{3}<d_{3M}^{**}(\gamma ),$


$d_{3}\in (-\infty ,d_{3N}^{*}(\gamma )]\cup [d_{3M}^{**}(\gamma ),+\infty ).$


$\Omega =(0,\pi )$


$d_{1}=0.01$


$d_{2}=0.03$


$b=0.15$


$m=1$


$s=0.1$


$\beta =1$


$(\gamma ,d_{3})$


$d_3 = 10$


$E^{*}$


$\gamma = 0.6$


$\gamma $


$\gamma = 0.21$


$d_3 = -0.1$


$E^{*}$


$\gamma = 0.1$


$\gamma $


$\gamma = 0.01$


$\gamma $


$\gamma $


$E_{*}=(u_{*},v_{*},q_{*})=(\alpha ,\alpha ,b \alpha ^{2}/(\gamma +\xi \alpha ),$


$E_{*},$


\begin {equation}\label {e12} \mathfrak {\hat {L}}\left ( \begin {array}{c} \phi \\ \psi \\ \varphi \end {array} \right )=\left ( \begin {array}{c} d_{1}\Delta \phi +(1-\beta \alpha -\frac {m\alpha }{(\alpha +1)^{2}})\phi -\frac {m\alpha }{\alpha +1}\psi \\ d_{2}\Delta \psi -d_{3}\alpha \Delta \varphi +s\phi +(s-2)\psi \\ b\alpha \phi +\frac {b\alpha \gamma }{\gamma +\xi \alpha }\psi -(\gamma +\xi \alpha )\varphi \end {array} \right ),\end {equation}


$\alpha $


$\mathfrak {\hat {L}}$


$Y,~D(\mathfrak {\hat {L}})=X.$


$\mathfrak {\hat {L}}.$


$\mathfrak {\hat {L}}:X\rightarrow Y$


$\mathfrak {\hat {L}}$


\begin {equation*}\sigma (\mathfrak {\hat {L}})=\sigma _{p}(\mathfrak {\hat {L}})=\hat {S}\cup \{-\gamma -\xi \alpha \},\end {equation*}


\begin {equation}\label {e13} \hat {S}=\{\hat {\mu }_{n}^{(1)}\}^{+\infty }_{n=0}\cup \{\hat {\mu }_{n}^{(2)}\}^{+\infty }_{n=0}\cup \{\hat {\mu }_{n}^{(3)}\}^{+\infty }_{n=0},\end {equation}


$\hat {\mu }^{(j)}_{n}(j=1,2,3)$


\begin {equation*}\lambda ^{3}+\hat {A}_{n}\lambda ^{2}+\hat {B}_{n}\lambda +\hat {C}_{n}=0,\end {equation*}


$\mathfrak {Re}\big (\hat {\mu }_{n}^{(1)}\big )<\mathfrak {Re}\big (\hat {\mu }_{n}^{(2)}\big )<\mathfrak {Re}\big (\hat {\mu }_{n}^{(3)}\big ).$


\begin {equation*}\begin {aligned} & {{\hat {A}}_{n}}=(d_{1}+d_{2})\mu _{n}+\beta \alpha +\frac {m\alpha }{(\alpha +1)^{2}}+1-s+\gamma +\xi \alpha , \\ &{{\hat {B}}_{n}}=[(d_{1}+d_{2})\mu _{n}+\beta \alpha +\frac {m\alpha }{(\alpha +1)^{2}}+1-s][\gamma +\xi \alpha ]+[d_{1}\mu _{n}-1+\beta \alpha +\frac {m\alpha }{(\alpha +1)^{2}}][d_{2}\mu _{n}-s+2]+\frac {sm\alpha }{\alpha +1}-\frac {\alpha ^{2} b\gamma d_{3}\mu _{n}}{\gamma +\xi \alpha }, \\ & {{\hat {C}}_{n}}=[d_{1}\mu _{n}-1+\beta \alpha +\frac {m\alpha }{(\alpha +1)^{2}}][d_{2}\mu _{n}-s+2][\gamma +\xi \alpha ]-\frac {b\alpha ^{2}\gamma d_{3}\mu _{n}}{\gamma +\xi \alpha }[d_{1}\mu _{n}-1+\beta \alpha +\frac {m\alpha }{(\alpha +1)^{2}}]\\ &+\frac {d_{3}bm\alpha ^{3}}{\alpha +1}\mu _{n}+\frac {[\gamma +\xi \alpha ] sm\alpha }{\alpha +1}. \end {aligned}\end {equation*}


$E_{*}$


$\hat {C}_{n}=0:$


\begin {equation}\label {e14} \begin {aligned} \hat {d}_{3}^{*}(\gamma )&={\Big \{\frac {b\alpha ^{2}\gamma \mu _{n}}{\gamma +\xi \alpha }[d_{1}\mu _{n}-1+\alpha \beta +\frac {m \alpha }{(\alpha +1)^{2}}]-\frac {bm\alpha ^{3}}{\alpha +1}\mu _{n}\Big \}}^{-1}\Big \{[d_{1}\mu _{n}-1+\beta \alpha +\frac {m\alpha }{(\alpha +1)^{2}}][d_{2}\mu _{n}-s+2][\gamma +\xi \alpha ]\\ &+\frac {[\gamma +\xi \alpha ] sm\alpha }{\alpha +1}\Big \}. \end {aligned}\end {equation}


$\hat {A}_{n}\hat {B}_{n}-\hat {C}_{n}=0,$


\begin {equation}\label {e15} \begin {aligned} \hat {d}_{3}^{**}(\gamma )&={\Big \{\frac {b\alpha ^{2}\gamma \mu _{n}}{\gamma +\xi \alpha }[d_{1}\mu _{n}-1+\alpha \beta +\frac {m \alpha }{(\alpha +1)^{2}}]-\frac {bm\alpha ^{3}}{\alpha +1}\mu _{n}\Big \}}^{-1}\Big \{[d_{1}\mu _{n}-1+\beta \alpha +\frac {m\alpha }{(\alpha +1)^{2}}][d_{2}\mu _{n}-s+2][\gamma +\xi \alpha ]\\ &+\frac {[\gamma +\xi \alpha ] sm\alpha }{\alpha +1}+\hat {A}_{n}\hat {B}_{n}\Big \}. \end {aligned}\end {equation}


$d_{3}=\hat {d}_{3}^{*}(\gamma ).$


$\hat {d}_{3}^{*}(\gamma )$


$\hat {d}_{3}^{**}(\gamma )$


$n^{*}$


$n\leq n_{*},~\hat {d}_{3}^{*}(\gamma )<0,$


$\hat {N}$


$d_{3\hat {N}}^{*}(\gamma )=\max \hat {d}_{3}^{*}(\gamma )$


$\gamma >0;$


$n> n_{*},~\hat {d}_{3}^{*}(\gamma )<0$


$\gamma \in (0,\gamma _{n}^{*}),$


$\hat {d}_{3}^{*}(\gamma )>0$


$\gamma \in (\gamma _{n}^{*},+\infty ),$


$\gamma _n^{*}$


$\frac {1}{\hat {d}_{3}^{*}(\gamma _{n}^{*})}=0.$


$~\hat {d}_{3}^{*}(\gamma )$


$n$


$\gamma $


\begin {equation}\label {e16} \hat {d}_{3}^{*}(\gamma )>\hat {d}_{3\infty }^{*}(\gamma )=\frac {d_{2}[\gamma +\xi \alpha ]^{2}}{b\alpha ^{2}\gamma },\end {equation}


$\hat {d}_{3\infty }^{*}(\gamma )$


$\gamma \in (0,\gamma ^{*})$


$\gamma \in (\gamma ^{*},+\infty )$


$\gamma ^{*}=\alpha \xi .$


$d_{3\hat {M}}^{**}(\gamma )=\min \hat {d}_{3}^{**}(\gamma )$


$\gamma >0$


$\hat {M}\in \mathbb {N}.$


$\hat {d}_{3}^{*}(\gamma )$


$\hat {d}_{3}^{**}(\gamma )$


$d_{3\hat {N}}^{*}(\gamma )$


$d_{3\hat {M}}^{**}(\gamma )$


$d_{3\hat {N}}^{*}(\gamma )<d_{3}<\min \{d_{3\hat {M}}^{**}(\gamma ),\hat {d}_{3\infty }^{*}(\gamma )\},$


$d_{3}\geq \min \{d_{3\hat {M}}^{**}(\gamma ),\hat {d}_{3\infty }^{*}(\gamma )\},$


$d_{3}=\hat {d}_{3}^{**}(\gamma ).$


$d_{3}\leq d_{3\hat {N}}^{*}(\gamma )$


$d_{3}\geq \min \{d_{3\hat {M}}^{**}(\gamma ),\hat {d}_{3\infty }^{*}(\gamma )\},$


$d_{3}=\hat {d}_{3}^{*}(\gamma ).$


$d_3=\hat {d}_{3\infty }^{*}(\gamma ),$


$\hat {\lambda }=\hat {\lambda }(d_{3})\pm i\hat {\omega }(d_{3})$


$d_{3}=\hat {d}_{3}^{**}(\gamma )$


$\hat {\lambda }(\hat {d}_{3}^{**}(\gamma ))=0$


$\hat {\lambda }'(\hat {d}_{3}^{**}(\gamma ))>0.$


$E_{*}$


$\hat {d}_{3}^{*}(\gamma ),\hat {d}_{3}^{**}(\gamma ),{d}_{3\hat {N}}^{*}(\gamma ),$


${d}_{3\hat {M}}^{**}(\gamma )$


$n$


$d_{3}={d}_{3\hat {N}}^{*}(\gamma )$


$\gamma >0,~n\in \mathbb {N}$


$E_{*};$


$n$


$d_{3}={d}_{3\hat {M}}^{**}(\gamma )$


$\gamma >0,~n\in \mathbb {N}$


$E_{*};$


$\gamma \in (0,+\infty ),$


$E_{*}$


$d_{3\hat {N}}^{*}(\gamma )<d_{3}<\min \{d_{3\hat {M}}^{**}(\gamma ),\hat {d}_{3\infty }^{*}(\gamma )\};$


$d_{3}\in (-\infty ,d_{3\hat {N}}^{*}(\gamma )]\cup [\min \{d_{3\hat {M}}^{**}(\gamma ),\hat {d}_{3\infty }^{*}(\gamma )\},+\infty ).$


$\Omega =(0,\pi )$


$d_{1}=0.01, d_{2}=0.02, b=0.15, s=0.1, \xi =0.3, \beta =1.$


$(\gamma ,d_{3})$


$m=0.8.$


$d_3=\hat {d}_{3\infty }^{*}(\gamma )$


$d_3>\hat {d}_{3\infty }^{*}(\gamma ).$


$d_3=1,$


$E_{*}$


$\gamma =0.09$


$\gamma $


$\gamma =0.05.$


$d_3=1,\gamma =0.1,m=0.8.$


$\xi $


$\xi $


$\xi =0.3$


$\xi =0.4$


$m$


$m=0.8,\gamma =0.1,$


$d_3=0.9,$


$d_3$


$0.8,$


$(d_3,\gamma )=(1,0.1),$


$m=0.7$


$m$


$0.8,$


$m=0.9,$


$m=1.$


$d_3=1,\gamma =0.1.$


$E_{*}$


$m=1.1.$


$E^{*}.$


$E^{*}$


\begin {equation*}\frac {\partial }{\partial t} \left ( \begin {array}{c} u \\ v\\ q \end {array} \right )=D_{1}\Delta \left ( \begin {array}{c} u \\ v\\ q \end {array} \right )+\mathrm {\bar {A}}\left ( \begin {array}{c} u \\ v\\ q \end {array} \right )+B\left ( \begin {array}{c} \hat {u} \\ \hat {v}\\ \hat {q} \end {array} \right ),\end {equation*}


\begin {equation*}\mathrm {\bar {A}}=\left ( \begin {array}{ccc} 1-\beta \alpha -\frac {m\alpha }{(\alpha +1)^{2}}&-\frac {m\alpha }{\alpha +1}&0 \\ s&s-2&0\\ 0&0&-\gamma \end {array} \right ),\quad B=\left ( \begin {array}{ccc} 0&0&0 \\ 0&0&0\\ b&0&0 \end {array} \right ).\end {equation*}


\begin {equation}\label {e17} \lambda ^{3}+A_{n}\lambda ^{2}+B_{n}\lambda +C_{n1}=0,\end {equation}


\begin {equation*}\begin {aligned} & {{C}_{n1}}=\gamma [d_{1}\mu _{n}-1+\beta \alpha +\frac {m\alpha }{(\alpha +1)^{2}}][d_{2}\mu _{n}-s+2]+\frac {d_{3}bm\alpha ^{2}}{\alpha +1}H(R,n)\mu _{n}+\frac {\gamma sm\alpha }{\alpha +1}, \\ & H(R,n)= \left \{\begin {aligned} &\frac {\sin (nR)}{nR},\quad n\neq 0, \\ &1,\quad \quad \quad \quad n=0. \end {aligned}\quad \right . \\ \end {aligned}\end {equation*}


$n=0$


$E^{*}.$


$E^{*}$


$R=0,~H(0,n)=1$


$n\neq 0,~n\in \mathbb {R},$


$n>0$


$R>0$


$E^{*}$


$R$


$C_{n1}$


$E^{*}$


\begin {equation*}X=W^{2,p}_{N}(\Omega )\times W^{2,p}_{N}(\Omega )\times W^{2,p}(\Omega ),\quad Y=L^{p}(\Omega )\times L^{p}(\Omega )\times W^{2,p}_{N}(\Omega )\end {equation*}


\begin {equation*}W^{2,p}_{N}(\Omega )=\{u\in W^{2,p}(\Omega ):~\partial _{\mathbf {n}}u=0~on~\partial \Omega \}.\end {equation*}


\begin {equation}\label {e18} \mathfrak {\bar {L}}\left ( \begin {array}{c} \phi \\ \psi \\ \varphi \end {array} \right )=\left ( \begin {array}{c} d_{1}\Delta \phi +(1-\beta \alpha -\frac {m\alpha }{(\alpha +1)^{2}})\phi -\frac {m\alpha }{\alpha +1}\psi \\ d_{2}\Delta \psi -d_{3}\alpha \Delta \varphi +s\phi +(s-2)\psi \\ -\gamma \varphi \end {array} \right ),\end {equation}


$\mathfrak {\bar {L}}$


$D(X)=\mathfrak {\bar {L}}.$


$\phi ,~\psi \in W^{2,p}_{N}(\Omega ),$


$\varphi \in W^{2,p}(\Omega ).$


$\mathfrak {\bar {L}}$


\begin {equation*}\sigma (\mathfrak {L})=\sigma _{p}(\mathfrak {L})=S\cup \{-\gamma \},\end {equation*}


\begin {equation}\label {e19} S=\{\mu _{n}^{(1)}\}^{+\infty }_{n=0}\cup \{\mu _{n}^{(2)}\}^{+\infty }_{n=0}\cup \{\mu _{n}^{(3)}\}^{+\infty }_{n=0},\end {equation}


$\mu ^{(j)}_{n}(j=1,2,3)$


$\mathfrak {Re}\big (\mu _{n}^{(1)}\big )<\mathfrak {Re}\big (\mu _{n}^{(2)}\big )<\mathfrak {Re}\big (\mu _{n}^{(3)}\big ).$


\begin {equation}\label {e20} \left \{\begin {aligned} &d_{1}\Delta \phi +(1-\beta \alpha -\frac {m\alpha }{(\alpha +1)^{2}})\phi -\frac {m\alpha }{\alpha +1}\psi =\mu \phi +\tau _{1}, \\ &d_{2}\Delta \psi -d_{3}\alpha \Delta \varphi +s\phi +(s-2)\psi =\mu \psi +\tau _{2},\\ &-\gamma \varphi =\mu \varphi +\tau _{3},\\ &\partial _{\mathbf {n}}\phi =\partial _{\mathbf {n}}\psi =0, \end {aligned}\quad \right .\end {equation}


$\mu \in \mathbb {C}$


$(\tau _{1},\tau _{2},\tau _{3})\in Y.$


$\mathbf { Case~1}$


$\mu +\gamma \neq 0.$


\begin {equation*}\label {ee} \left \{\begin {aligned} &d_{1}\Delta \phi +(1-\beta \alpha -\frac {m\alpha }{(\alpha +1)^{2}})\phi -\frac {m\alpha }{\alpha +1}\psi =\mu \phi +\tau _{1}, \\ &d_{2}\Delta \psi +\frac {d_{3}\alpha }{\mu +\gamma }\Delta \tau _{3}+s\phi +(s-2)\psi =\mu \psi +\tau _{2},\\ &\partial _{\mathbf {n}}\phi =\partial _{\mathbf {n}}\psi =0. \end {aligned}\quad \right .\end {equation*}


\begin {equation}\label {e21} \mathfrak {\bar {L}}_{1}\left ( \begin {array}{c} \phi \\ \psi \end {array} \right )=\left ( \begin {array}{c} d_{1}\Delta \phi +(1-\beta \alpha -\frac {m\alpha }{(\alpha +1)^{2}})\phi -\frac {m\alpha }{\alpha +1}\psi -\mu \phi \\ d_{2}\Delta \psi +s\phi +(s-2)\psi -\mu \psi \end {array} \right )=\left ( \begin {array}{c} \tau _{1} \\ \tau _{2}-\frac {d_{3}\alpha }{\mu +\gamma }\Delta \tau _{3} \end {array} \right ).\end {equation}


$\phi ,\psi \in W^{2,p}_{N}(\Omega )$


\begin {equation}\label {e22} \phi =\sum ^{+\infty }_{n=0}a_{n}\phi _{n},~\psi =\sum ^{+\infty }_{n=0}b_{n}\phi _{n}.\end {equation}


\begin {equation*}\label {equ1112} \left ( \begin {array}{cc} -d_{1}\lambda _{n}+(1-\beta \alpha -\frac {m\alpha }{(\alpha +1)^{2}})-\mu & -\frac {m\alpha }{\alpha +1}\\ s&-d_{2}\lambda _{n}+s-2-\mu \end {array} \right )\left ( \begin {array}{c} a_{n}\\ b_{n} \end {array} \right )=\left ( \begin {array}{c} \int ^{l\pi }_{0}\tau _{1}\mathrm {d}x \\ \int ^{l\pi }_{0}\Big (\tau _{2}-\frac {d_{3}\alpha }{\mu +\gamma }\Delta \tau _{3}\Big )\mathrm {d}x \end {array} \right ).\end {equation*}


$\tau _{1}=\tau _{2}=\tau _{3}=0,$


$Ker(\mathfrak {\bar {L}_{1}})=\{(0,0)^{T}\}$


$Ker(\mathfrak {\bar {L}}-\mu I)$


$\{(0,0,0)^{T}\}.$


\begin {equation*}\label {equ123} \left | \begin {array}{cc} -d_{1}\lambda _{n}+(1-\beta \alpha -\frac {m\alpha }{(\alpha +1)^{2}})-\mu & -\frac {m\alpha }{\alpha +1}\\ s&-d_{2}\lambda _{n}+s-2-\mu \end {array} \right |\neq 0,\end {equation*}


\begin {equation}\label {e23} \Big (\mu +d_{1}\lambda _{n}-(1-\beta \alpha -\frac {m\alpha }{(\alpha +1)^{2}})\Big )(\mu +2-s+d_{2}\lambda _{n})+\frac {sm\alpha }{\alpha +1}\neq 0.\end {equation}


$\mathfrak {\bar {L}}-\mu I$


$(\mathfrak {\bar {L}}-\mu I)^{-1}$


\begin {equation*}\|\phi \|_{W^{2,p}_{N}(\Omega )}+\|\phi \|_{W^{2,p}_{N}(\psi )}\leq \|(\mathfrak {\bar {L}}-\mu I)^{-1}\|\Bigg (\|d_{1}\Delta \phi +1-\beta \alpha -\frac {m\alpha }{(\alpha +1)^{2}}\phi -\frac {m\alpha }{\alpha +1}\psi \|_{L^{p}(\Omega )}+\|d_{2}\Delta \psi +s\phi +(s-2)\psi \|_{L^{p}(\Omega )}\Bigg ).\end {equation*}


$\mu $


$\mathfrak {\bar {L}},$


$\mu ^{(j)}_{n} (j=1,2,3)~n\in \mathbb {N}_{0}.$


$\tau _{j}=0 (j=1,2,3)$


$\mu ^{(j)}_{n}$


\begin {equation*}\label {equ122} \left ( \begin {array}{c} \phi \\ \psi \\ \varphi \end {array} \right )=\left ( \begin {array}{c} \phi ^{(j)} \\ \psi ^{(j)}\\ \varphi ^{(j)} \end {array} \right )= \left ( \begin {array}{c} 1\\ \frac {\alpha +1}{m\alpha }[-d_{1}\lambda _{n}-\mu _{n}^{(j)}+\frac {m\alpha }{(\alpha +1)^{2}}+\alpha \beta -1]\\ 0 \end {array} \right )\phi _{n},\end {equation*}


$Ker(\mathfrak {\bar {L}}-\mu _{n}^{(j)})=Span\{(\phi ^{(j)},\psi ^{(j)},\varphi ^{(j)})^{T}\}.$


$\mu _{n}^{(j)}(j=1,2,3)$


$\mathfrak {\bar {L}},~\mu _{n}^{(j)}\in \sigma _{p}(\mathfrak {\bar {L}}).$


$\mathbf {Case~2}$


$\mu +\gamma =0.$


\begin {equation*}\label {equ131} \left \{\begin {aligned} &\psi =-\frac {\alpha +1}{bm\alpha }b\tau _{1}, \\ &\Delta \varphi =\frac {1}{\alpha d_{3}}[d_{2}\Delta \psi +(s-2+\gamma )\psi -\tau _{2}]. \end {aligned}\quad \right .\end {equation*}


$\tau _{i}=0~(i=1,2,3),$


$\mathfrak {Ker}(\mathfrak {\bar {L}}+\gamma I)=Span\{(0,0,\tilde {\varphi })^{T}\}$


$\Delta \tilde {\varphi }=0,$


$-\gamma \in \sigma _{p}(\mathfrak {\bar {L}}).$


$E^{*}$


\begin {equation*}A_{n}>0;~C_{n1}>0;~A_{n}B_{n}-C_{n1}>0.\end {equation*}


$d_{3}$


$C_{n1}=0:$


\begin {equation}\label {e25} \bar {d}_{3}^{*}(\gamma )=-\frac {\alpha +1}{bm\alpha ^{2}\mu _{n}H(R,n)}\Big \{\frac {\gamma sm\alpha }{\alpha +1}+[d_{1}\mu _{n}-1+\beta \alpha +\frac {m\alpha }{(\alpha +1)^{2}}][d_{2}\mu _{n}-s+2]\gamma \Big \}.\end {equation}


$A_{n}B_{n}-C_{n1}=0:$


\begin {equation}\label {e26} \bar {d}_{3}^{**}(\gamma )=\frac {\alpha +1}{bm\alpha ^{2}\mu _{n}H(R,n)}\Big \{A_{n}B_{n}-\frac {\gamma sm\alpha }{\alpha +1}-[d_{1}\mu _{n}-1+\beta \alpha +\frac {m\alpha }{(\alpha +1)^{2}}][d_{2}\mu _{n}-s+2]\gamma \Big \},\end {equation}


$B_{n}>0$


$\bar {d}_{3}^{*}(\gamma )$


$\bar {d}_{3}^{**}(\gamma )$


$\bar {d}_{3}^{*}(\gamma )$


$\gamma $


$n$


$\bar {d}_{3}^{**}(\gamma )$


$\gamma $


$n\in (2k\pi /R, (2k+1)\pi /R), k\in \mathbb {N}$


$n\in (2k\pi /R, (2k+1)\pi /R)~(k\in \mathbb {N})$


$\gamma >0,$


$N, M\in \mathbb {N}$


\begin {equation*}\bar {d}_{3N}^{**}(\gamma )=\max \bar {d}_{3}^{*}(\gamma )<0~and~\bar {d}_{3M}^{**}(\gamma )=\min \bar {d}_{3}^{**}(\gamma )>0.\end {equation*}


$\bar {d}_{3}^{*}(\gamma )$


\begin {equation*}\bar {k}_{n}=-\frac {\alpha +1}{bm\alpha ^{2}\mu _{n}H(R,n)}\Big \{\frac { sm\alpha }{\alpha +1}+[d_{1}\mu _{n}-1+\beta \alpha +\frac {m\alpha }{(\alpha +1)^{2}}][d_{2}\mu _{n}-s+2]\Big \}<0\end {equation*}


$n\in (2k\pi /R, (2k+1)\pi /R)~(k\in \mathbb {N}).$


$\gamma $


\begin {equation*}\bar {d}_{3}^{**}(\gamma )=\bar {A}_{0}\gamma ^{2}+\bar {A}_{1}\gamma +\bar {A}_{2}\end {equation*}


\begin {equation*}\bar {A}_{0}=\frac {\alpha +1}{bm\alpha ^{2}\mu _{n}H(R,n)}[(d_{1}+d_{2})\mu _{n}+\beta \alpha +\frac {m\alpha }{(\alpha +1)^{2}}+1-s]= \frac {\alpha +1}{bm\alpha ^{2}\mu _{n}H(R,n)}\{[d_{1}\mu _{n}-1+\beta \alpha +\frac {m\alpha }{(\alpha +1)^{2}}]+[d_{2}\mu _{n}-s+2]\},\end {equation*}


\begin {equation*}\bar {A}_{1}=\frac {\alpha +1}{bm\alpha ^{2}\mu _{n}H(R,n)}\{[d_{1}\mu _{n}-1+\beta \alpha +\frac {m\alpha }{(\alpha +1)^{2}}]+[d_{2}\mu _{n}-s+2]\}^{2}, \bar {A}_{2}=\frac {\alpha +1}{bm\alpha ^{2}\mu _{n}H(R,n)}\{[d_{1}\mu _{n}-1+\beta \alpha +\frac {m\alpha }{(\alpha +1)^{2}}]\end {equation*}


\begin {equation*}+[d_{2}\mu _{n}-s+2]\}\frac {sm\alpha }{\alpha +1}=\frac {s}{b\alpha \mu _{n}H(R,n)}\{[d_{1}\mu _{n}-1+\beta \alpha +\frac {m\alpha }{(\alpha +1)^{2}}]+[d_{2}\mu _{n}-s+2]\}.\end {equation*}


$\bar {A}_{0}>0,~\bar {A}_{1}>0,~\bar {A}_{2}>0$


$\gamma =-\frac {\bar {A}_{0}}{2\bar {A}_{1}}$


$n\in (2k\pi /R, (2k+1)\pi /R)~(k\in \mathbb {N})$


$\bar {d}_{3}^{**}(\gamma )$


$\gamma >0.$


$\bar {d}_{3}^{**}(0)=\bar {A}_{2}>0,$


$\bar {d}_{3}^{**}(\gamma )>0,~\gamma >0$


$n\in (2k\pi /R, (2k+1)\pi /R), k\in \mathbb {N}.$


$\bar {k}_{n}$


$\bar {\mu }_{n}$


$\bar {k}_{n}$


$N$


$\mu _{N}$


$\bar {\mu }_{n},$


$\bar {d}_{3N}^{**}(\gamma )<0$


$\bar {d}_{3}^{**}(\gamma )$


$n$


$\mu _{n}$


$n$


\begin {equation}\label {equ140} \bar {d}_{3}^{**}(\gamma )=\frac {\alpha +1}{bm\alpha ^{2}nH(R,n)}\Big \{A_{n}B_{n}-\frac {\gamma sm\alpha }{\alpha +1}-[d_{1}n-1+\beta \alpha +\frac {m\alpha }{(\alpha +1)^{2}}][d_{2}n-s+2]\gamma \Big \}.\end {equation}


$n$


\begin {equation*}\frac {\mathrm {d}[\bar {d}_{3}^{**}(\gamma )]}{\mathrm {d}n}=-\frac {\alpha +1}{bm\alpha ^{2}n^{2}H(R,n)}\Big \{A_{n}B_{n}-\frac {\gamma sm\alpha }{\alpha +1}-[d_{1}n-1+\beta \alpha +\frac {m\alpha }{(\alpha +1)^{2}}][d_{2}n-s+2]\gamma \Big \}+\end {equation*}


\begin {equation*}\frac {\alpha +1}{bm\alpha ^{2}nH(R,n)}\Big \{-d_{1}[d_{2}n-s+2]\gamma -[d_{1}n-1+\beta \alpha +\frac {m\alpha }{(\alpha +1)^{2}}]d_{2}\gamma +[d_{1}+d_{2}]B_{n}+A_{n}\{[d_{1}+d_{2}]\gamma +\end {equation*}


\begin {equation*}d_{1}[d_{2}n-s+2]+[d_{1}n-1+\beta \alpha +\frac {m\alpha }{(\alpha +1)^{2}}]d_{2}\}\Big \}=-\frac {\alpha +1}{bm\alpha ^{2}n^{2}H(R,n)}\bar {A}_{3}(n).\end {equation*}


$\bar {A}_{3}(n)$


$n$


$\bar {A}_{3}(n)=0$


$n=n_{*}.$


$\bar {A}_{3}(n)>0$


$n\in (n_{*}.+\infty )$


$\bar {A}_{3}(n)<0$


$n\in (0,n_{*}).$


$\bar {d}_{3}^{**}(\gamma )$


$n=n_{*}.$


$M$


$\bar {d}_{3M}^{**}(\gamma )=\min \bar {d}_{3}^{**}(\gamma )>0$


$\bar {d}_{3N}^{**}(\gamma )$


$\bar {d}_{3M}^{**}(\gamma )$


$n\in (2k\pi /R, (2k+1)\pi /R)~(k\in \mathbb {N})$


$\bar {d}_{3N}^{**}(\gamma )<d_{3}<\bar {d}_{3M}^{**}(\gamma );$


$d_{3}\geq \bar {d}_{3M}^{**}(\gamma );$


$d_{3}\leq \bar {d}_{3N}^{**}(\gamma ).$


$n\in (2k\pi /R, (2k+1)\pi /R)~(k\in \mathbb {N})$


$\bar {d}_{3N}^{**}(\gamma )<d_{3}<\bar {d}_{3M}^{**}(\gamma ),$


$C_{n1}>0,$
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\begin {equation}\label {equ155} 3\lambda ^{2}\frac {\mathrm {d} \lambda }{\mathrm {d }d_{3}}+\frac {\mathrm {d}A_{n}}{\mathrm {d} d_{3}}\lambda ^{2}+2\lambda A_{n}\frac {\mathrm {d} \lambda }{\mathrm {d} d_{3}}+\frac {\mathrm {d}B_{n}}{\mathrm {d} d_{3}}\lambda +B_{n}\frac {\mathrm {d} \lambda }{\mathrm {d} d_{3}}+\frac {\mathrm {d}C_{n1}}{\mathrm {d} d_{3}}=0.\end {equation}
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\begin {equation}\label {equ156} \frac {\mathrm {d}A_{n}}{\mathrm {d} d_{3}}=0,~\frac {\mathrm {d}B_{n}}{\mathrm {d} d_{3}}=0,~\frac {\mathrm {d}C_{n1}}{\mathrm {d} d_{3}}=\frac {bm\alpha ^{2}}{\alpha +1}H(R,n)\mu _{n}.\end {equation}


$\lambda =i\omega _{n},$
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$\mathfrak {\hat {L}}_{1}$


$Y$


$D(\mathfrak {\hat {L}}_{1})=X.$


$\mathfrak {\hat {L}}_{1}.$
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\begin {equation*}\lambda ^{3}+\hat {A}_{n}\lambda ^{2}+\hat {B}_{n}\lambda +\hat {C}_{n1}=0\end {equation*}
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$\hat {A}_{n}\hat {B}_{n}-\hat {C}_{n1}=0$
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$\tilde {\gamma }_{n}^{*}$
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$n$
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$\gamma \in (\gamma ^{*},+\infty )$


$\gamma ^{*}=\alpha \xi .$


$\tilde {M}$


$d_{3\tilde {M}}^{**}(\gamma )=\min \tilde {d}_{3}^{**}(\gamma )$


$\gamma >0,~\tilde {M}\in \mathbb {N}.$


$\tilde {d}_{3}^{*}(\gamma )$


$\tilde {d}_{3}^{**}(\gamma )$


$d_{3\tilde {N}}^{*}(\gamma ),~d_{3\tilde {M}}^{**}(\gamma )$


$n\in (2k\pi /R, (2k+1)\pi /R)~(k\in \mathbb {N}),$


$d_{3\tilde {N}}^{*}(\gamma )<d_{3}<\min \{d_{3\tilde {M}}^{**}(\gamma ),\tilde {d}_{3\infty }^{*}(\gamma )\},$


$d_{3}\geq \min \{d_{3\tilde {M}}^{**}(\gamma ),\tilde {d}_{3\infty }^{*}(\gamma )\},$


$d_{3}=\tilde {d}_{3}^{**}(\gamma ).$


$d_{3}\leq d_{3\tilde {N}}^{*}(\gamma )$


$d_{3}\geq \min \{d_{3\tilde {M}}^{**}(\gamma ),\tilde {d}_{3\infty }^{*}(\gamma )\},$


$d_{3}=\tilde {d}_{3}^{*}(\gamma ).$


$\check {\lambda }=\check {\lambda }(d_{3})\pm i\check {\omega }(d_{3})$
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and higher-level brain function involving the storage of perceived information. Research on implicit memory remains sparse, and 
most existing studies assume populations diffuse within localized ranges.

In many scenarios, perceptual ability is assumed to rely purely on local information. Since Fagan et al. [2] proposed a resource-
consumer system modeling the interplay between perceptual ranges and foraging success, local perception and learning mechanisms 
have attracted considerable research attention [6,17–19]. Wang et al. [6] introduced a resource-consumer model incorporating a 
term that biases consumer movement, accounting for non-uniform perceptual abilities over varying distances (an instance of nonlocal 
perception). They suggested that animals implicitly remember to follow or avoid areas of high population density. Subsequently, Shi 
et al. [17] proposed two systems incorporating a local perceptual function 𝑞(𝑥, 𝑡), which explicitly represents implicit memory derived 
from consumer learning and memory fading:

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑢𝑡 = 𝑑1Δ𝑢 + 𝑢(1 − 𝑢∕𝑘) −
𝑚𝑢𝑣
𝑢 + 1

, (𝑥, 𝑡) ∈ Ω × (0,+∞),

𝑣𝑡 = 𝑑2Δ𝑣 − 𝜒∇ ⋅ (𝑣∇𝑞) + 𝑚𝑢𝑣
𝑢 + 1

− 𝑑𝑣, (𝑥, 𝑡) ∈ Ω × (0,+∞),

𝑞𝑡 = 𝑏𝑢 − 𝛾𝑞, (𝑥, 𝑡) ∈ Ω × (0,+∞),

𝜕𝜐𝑢 = 𝜕𝜐𝑣 = 0, 𝑥 ∈ 𝜕Ω, 𝑡 > 0,

and

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑢𝑡 = 𝑑1Δ𝑢 + 𝑢(1 − 𝑢∕𝑘) −
𝑚𝑢𝑣
𝑢 + 1

, (𝑥, 𝑡) ∈ Ω × (0,+∞),

𝑣𝑡 = 𝑑2Δ𝑣 − 𝜒∇ ⋅ (𝑣∇𝑞) + 𝑚𝑢𝑣
𝑢 + 1

− 𝑑𝑣, (𝑥, 𝑡) ∈ Ω × (0,+∞),

𝑞𝑡 = 𝑏𝑢𝑣 − (𝛾 + 𝜉𝑣)𝑞, (𝑥, 𝑡) ∈ Ω × (0,+∞),

𝜕𝜐𝑢 = 𝜕𝜐𝑣 = 0, 𝑥 ∈ 𝜕Ω, 𝑡 > 0.

Here, 𝑢(𝑥, 𝑡), 𝑣(𝑥, 𝑡) represent densities of resource and consumer populations. Shi et al. analyzed the spectra of the linearized operators 
and investigated the conditions for Hopf and Turing bifurcations. In these models, implicit memory is explicitly described by an addi-
tional equation. The first scenario models population movement responding to landscape markers (such as urine, feces, or footprints) 
left by other populations, with marks accumulating linearly relative to resource availability and decaying constantly. The term 𝑏𝑢
indicates attraction to resource-rich areas. The second scenario differs in that implicit memory resides within the foragers’ cognition. 
Individuals recall locations of recent encounters with members of other populations and adapt their movements accordingly. Addi-
tionally, it assumes intra-population communication, allowing individuals to share collective expectations about other populations’ 
distributions. Here, 𝑏𝑢𝑣 captures consumer-resource encounters, while 𝜉 signifies the cognitive decay rate caused by repeated visits 
to the same location and conflicting sensory inputs.

However, [17] considered only the effect of local perception, wherein the perceptual range is very narrow. In most cases, percep-
tual ability relies solely on local information, implying that interactions occur only among individuals occupying the same spatial 
location—these are termed local behaviors. In reality, perception should not be restricted in this manner, as nonlocal cues such as 
visual and auditory signals also significantly inform animal movements. The concept of nonlocal interactions in single-species popu-
lation systems was first proposed by Furter et al. [18], who introduced an integral form involving a kernel function. Subsequently, 
several researchers [20–26] have extensively investigated how nonlocal perception influences population dynamics. Typically, nonlo-
cal terms in these studies represent spatial averages, suggesting that the growth rate at a specific location is influenced by the average 
population density across the entire spatial domain. Wang et al. [6] utilized a top-hat kernel function to model nonlocal perception:

𝐾𝑅(𝑧) =

⎧

⎪

⎨

⎪

⎩

1
2𝑅

, |𝑧| ≤ 𝑅,

0, otherwise,

where 𝑅 ≥ 0 denotes the nonlocal perception radius. This implies that a population perceives resources within a fixed distance 𝑅 from 
its current location, whereas resources beyond this radius remain undetected, thus nullifying the perception ability.  For example, 
when wildebeest could track the availability of their resources at the 100 km scale, but there was no migration when the foragers 
based their movement decision on purely local information by [2]. However, the Gaussian and exponential detection functions in 
[20–26], respectively, allow the agent to perceive nearby resources most clearly and decays monotonically as the distance from the 
observation location increases. Consequently, the top-hat kernel function offers a more realistic representation, as animals typically 
possess restricted habitats but broad perceptual ranges. The influence of the top-hat kernel function on population dynamics has been 
extensively studied in [17,26,27].
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Table 1 
Parameter descriptions.
 Parameter  Description
𝑑1  The Fickian diffusion coefficient of the resource
𝑑2  The Fickian diffusion coefficient of the consumer
𝑑3  The cognitive diffusion rate
𝛽  The carrying capacity
𝑅  The perceptual scale
𝑚  The encounter rate between resources and consumers
𝑠  The consumer’s intrinsic growth rate
𝑏  The growth rate
𝛾  The decay rate due to finite memory capacity
𝜉  The decay rate associated with consumers returning to areas with low resource density
𝐧  The normal vector on 𝜕Ω

Motivated by the preceding analysis, we formulate two diffusive resource-consumer systems that incorporate implicit memory 
and nonlocal perception, subject to Neumann boundary conditions:

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝜕𝑢
𝜕𝑡

= 𝑑1Δ𝑢 + 𝑢(1 − 𝛽𝑢) −
𝑚𝑢𝑣
𝑢 + 1

, (𝑥, 𝑡) ∈ Ω × (0,+∞),

𝜕𝑣
𝜕𝑡

= 𝑑2Δ𝑣 − 𝑑3∇ ⋅ (𝑣∇𝑞) + 𝑠𝑣(1 − 𝑣
𝑢
), (𝑥, 𝑡) ∈ Ω × (0,+∞),

𝑞𝑡 = 𝑏𝑢̂ − 𝛾𝑞, (𝑥, 𝑡) ∈ Ω × (0,+∞),
𝜕𝑢
𝜕𝐧

= 𝜕𝑣
𝜕𝐧

= 0, 𝑥 ∈ 𝜕Ω, 𝑡 > 0,

(1.1)

and

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝜕𝑢
𝜕𝑡

= 𝑑1Δ𝑢 + 𝑢(1 − 𝛽𝑢) −
𝑚𝑢𝑣
𝑢 + 1

, (𝑥, 𝑡) ∈ Ω × (0,+∞),

𝜕𝑣
𝜕𝑡

= 𝑑2Δ𝑣 − 𝑑3∇ ⋅ (𝑣∇𝑞) + 𝑠𝑣(1 − 𝑣
𝑢
), (𝑥, 𝑡) ∈ Ω × (0,+∞),

𝑞𝑡 = 𝑏𝑢̂𝑣 − (𝛾 + 𝜉𝑣)𝑞, (𝑥, 𝑡) ∈ Ω × (0,+∞),
𝜕𝑢
𝜕𝐧

= 𝜕𝑣
𝜕𝐧

= 0, 𝑥 ∈ 𝜕Ω, 𝑡 > 0,

(1.2)

where

𝑢̂ = ∫Ω
𝐾𝑅(𝑥 − 𝑦)𝑢(𝑦, 𝑡)𝑑𝑦,

and the kernel function 𝐾𝑅 is the top-hat function. Systems (1.1)–(1.2) indicate that consumers can perceive nonlocal resource 
densities and recall locations where resources were previously encountered. Additionally, implicit memory is treated as a dynamically 
evolving quantity that continuously updates as consumers traverse their habitats, allowing memories to form and reshape over time. 
Here 𝑏𝑢̂ indicates attraction to resource-rich areas by nonlocal perception. 𝑏𝑢̂𝑣 means consumer-resource encounters as the consumers 
rely on the memory for the distribution of the resources in certain areas. Clearly, systems (1.1)–(1.2) differ significantly from classical 
reaction-diffusion systems, presenting additional analytical challenges for investigating their dynamics.

Descriptions of all parameters are provided in Table 1. All parameters are positive constants except for 𝑑3 ∈ ℝ, where specifically, 
𝑑3 > 0 (or < 0) indicates attraction toward regions of higher (or lower) population density. We assume that the two populations inhabit 
the isolated and bounded region Ω = (0, 𝑙𝜋), with 𝑙 ∈ ℝ+ and a smooth boundary 𝜕Ω. The imposed boundary condition reflects that 
the populations exist within a closed environment to describe animal movement better by [6] and [17].

In the following sections, we primarily investigate the dynamics of systems (1.1)–(1.2) to identify additional dynamical properties 
and to explore how implicit memory and nonlocal perception influence the spatiotemporal distributions of populations. Since pattern 
formation is essential for understanding species distributions, our analysis provides theoretical insights into the mechanisms under-
lying spatial population dynamics. The remainder of this paper is organized as follows: Section 2 examines the dynamics of systems
(1.1)–(1.2) without nonlocal interactions; Section 3 investigates the dynamics of systems (1.1)–(1.2) with nonlocal interactions, in-
cluding numerical simulations to support theoretical findings. Finally, Section 4 concludes the paper with a concise summary of the 
main results.
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2.  Dynamics without nonlocal perception

In this section, we investigate conditions of the stability and bifurcations for systems (1.1)–(1.2) in the absence of nonlocality, 
which are

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝜕𝑢
𝜕𝑡

= 𝑑1Δ𝑢 + 𝑢(1 − 𝛽𝑢) −
𝑚𝑢𝑣
𝑢 + 1

, (𝑥, 𝑡) ∈ Ω × (0,+∞),

𝜕𝑣
𝜕𝑡

= 𝑑2Δ𝑣 − 𝑑3∇ ⋅ (𝑣∇𝑞) + 𝑠𝑣(1 − 𝑣
𝑢
), (𝑥, 𝑡) ∈ Ω × (0,+∞),

𝑞𝑡 = 𝑏𝑢 − 𝛾𝑞, (𝑥, 𝑡) ∈ Ω × (0,+∞),
𝜕𝑢
𝜕𝐧

= 𝜕𝑣
𝜕𝐧

= 0, 𝑥 ∈ 𝜕Ω, 𝑡 > 0,

(2.1)

and

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝜕𝑢
𝜕𝑡

= 𝑑1Δ𝑢 + 𝑢(1 − 𝛽𝑢) −
𝑚𝑢𝑣
𝑢 + 1

, (𝑥, 𝑡) ∈ Ω × (0,+∞),

𝜕𝑣
𝜕𝑡

= 𝑑2Δ𝑣 − 𝑑3∇ ⋅ (𝑣∇𝑞) + 𝑠𝑣(1 − 𝑣
𝑢
), (𝑥, 𝑡) ∈ Ω × (0,+∞),

𝑞𝑡 = 𝑏𝑢𝑣 − (𝛾 + 𝜉𝑣)𝑞, (𝑥, 𝑡) ∈ Ω × (0,+∞),
𝜕𝑢
𝜕𝐧

= 𝜕𝑣
𝜕𝐧

= 0, 𝑥 ∈ 𝜕Ω, 𝑡 > 0.

(2.2)

2.1.  Dynamics of (2.1)

In this subsection, we verify the conditions of stability and bifurcations of (2.1), and validate theoretical results by simulations.
Through direct calculations, system (2.1) has a unique constant equilibrium 𝐸∗ = (𝑢∗, 𝑣∗, 𝑞∗) = (𝛼, 𝛼, 𝑏𝛼∕𝛾), where

𝛼 =
1 − 𝑚 − 𝛽 +

√

(1 − 𝑚 − 𝛽)2 + 4𝛽
2𝛽

.

Linearizing system (2.1) at 𝐸∗ gives

𝜕
𝜕𝑡

⎛

⎜

⎜

⎝

𝑢
𝑣
𝑞

⎞

⎟

⎟

⎠

= 𝐷1Δ
⎛

⎜

⎜

⎝

𝑢
𝑣
𝑞

⎞

⎟

⎟

⎠

+ 𝐴
⎛

⎜

⎜

⎝

𝑢
𝑣
𝑞

⎞

⎟

⎟

⎠

,

where

𝐷1 =
⎛

⎜

⎜

⎝

𝑑1 0 0
0 𝑑2 −𝑑3𝛼
0 0 0

⎞

⎟

⎟

⎠

, 𝐴 =

⎛

⎜

⎜

⎜

⎝

1 − 𝛽𝛼 − 𝑚𝛼
(𝛼+1)2 − 𝑚𝛼

𝛼+1 0
𝑠 𝑠 − 2 0
𝑏 0 −𝛾

⎞

⎟

⎟

⎟

⎠

.

Hence, we obtain the characteristic equation
|𝜆𝐼3 +𝐷1𝜇𝑛 − 𝐴| = 0, 𝑛 ∈ ℕ, (2.3)

where 𝜇𝑛 = (𝑛∕𝑙)2, 𝑛 ∈ ℕ0, and 𝐼3 is the unit matrix. (2.3) simplifies to
𝜆3 + 𝐴𝑛𝜆2 + 𝐵𝑛𝜆 + 𝐶𝑛 = 0,

where

𝐴𝑛 = (𝑑1 + 𝑑2)𝜇𝑛 + 𝛽𝛼 +
𝑚𝛼

(𝛼 + 1)2
+ 1 − 𝑠 + 𝛾 = [𝑑1𝜇𝑛 − 1 + 𝛽𝛼 + 𝑚𝛼

(𝛼 + 1)2
] + [𝑑2𝜇𝑛 − 𝑠 + 2] + 𝛾,

𝐵𝑛 = [(𝑑1 + 𝑑2)𝜇𝑛 + 𝛽𝛼 +
𝑚𝛼

(𝛼 + 1)2
+ 1 − 𝑠]𝛾 + [𝑑1𝜇𝑛 − 1 + 𝛽𝛼 + 𝑚𝛼

(𝛼 + 1)2
][𝑑2𝜇𝑛 − 𝑠 + 2] + 𝑠𝑚𝛼

𝛼 + 1
,

𝐶𝑛 = 𝛾[𝑑1𝜇𝑛 − 1 + 𝛽𝛼 + 𝑚𝛼
(𝛼 + 1)2

][𝑑2𝜇𝑛 − 𝑠 + 2] +
𝑑3𝑏𝑚𝛼2

𝛼 + 1
𝜇𝑛 +

𝛾𝑠𝑚𝛼
𝛼 + 1

.

For 𝑛 = 0, (2.3) reduces to

(𝜆 + 𝛾)

{

𝜆2 −
[

𝑠 − 1 − 𝛼𝛽 − 𝑚𝛼
(𝛼 + 1)2

]

𝜆 + [1 − 𝛼𝛽 − 𝑚𝛼
(𝛼 + 1)2

](𝑠 − 2) + 𝑠𝑚𝛼
𝛼 + 1

}

= 0.

If
⎧

⎪

⎨

⎪

⎩

𝑠 − 1 − 𝛼𝛽 − 𝑚𝛼
(𝛼 + 1)2

= [1 − 𝛼𝛽 − 𝑚𝛼
(𝛼 + 1)2

] + (𝑠 − 2) < 0,

[1 − 𝛼𝛽 − 𝑚𝛼
(𝛼 + 1)2

](𝑠 − 2) + 𝑠𝑚𝛼
𝛼 + 1

> 0,
(2.4)

then 𝐸∗ is locally asymptotically stable for the non-spatial system of (2.1).
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In order to analyse the spectral, we denote
𝑋 = 𝑊 2,𝑝

𝑁 (Ω) ×𝑊 2,𝑝
𝑁 (Ω) ×𝑊 2,𝑝(Ω), 𝑌 = 𝐿𝑝(Ω) × 𝐿𝑝(Ω) ×𝑊 2,𝑝

𝑁 (Ω),

where

𝑊 2,𝑝
𝑁 (Ω) = {𝑢 ∈ 𝑊 2,𝑝(Ω) ∶ 𝜕𝐧𝑢 = 0 𝑜𝑛 𝜕Ω}.

From the previous linearization, we obtain the linear operator

𝔏
⎛

⎜

⎜

⎝

𝜙
𝜓
𝜑

⎞

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎝

𝑑1Δ𝜙 + (1 − 𝛽𝛼 − 𝑚𝛼
(𝛼+1)2 )𝜙 − 𝑚𝛼

𝛼+1𝜓
𝑑2Δ𝜓 − 𝑑3𝛼Δ𝜑 + 𝑠𝜙 + (𝑠 − 2)𝜓

𝑏𝜙 − 𝛾𝜑

⎞

⎟

⎟

⎟

⎠

, (2.5)

here linear operator 𝔏 is closed with 𝐷(𝑋) = 𝔏, showing that 𝜙 ∈ 𝑊 2,𝑝
𝑁 (Ω), 𝜓 ∈ 𝑊 2,𝑝

𝑁 (Ω), and 𝜑 ∈ 𝑊 2,𝑝(Ω). From [28], the following 
conclusions are obtained.
Theorem 2.1. Spectrum of 𝔏 is

𝜎(𝔏) = 𝜎𝑝(𝔏) = 𝑆 ∪ {−𝛾},

here

𝑆 = {𝜇(1)𝑛 }+∞𝑛=0 ∪ {𝜇(2)𝑛 }+∞𝑛=0 ∪ {𝜇(3)𝑛 }+∞𝑛=0, (2.6)

and 𝜇(𝑗)𝑛 (𝑗 = 1, 2, 3) are the characteristic roots satisfying ℜ𝔢
(

𝜇(1)𝑛
)

< ℜ𝔢
(

𝜇(2)𝑛
)

< ℜ𝔢
(

𝜇(3)𝑛
)

.

Proof.  Consider the following nonhomogeneous problem
⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑑1Δ𝜙 + (1 − 𝛽𝛼 − 𝑚𝛼
(𝛼 + 1)2

)𝜙 − 𝑚𝛼
𝛼 + 1

𝜓 = 𝜇𝜙 + 𝜏1,

𝑑2Δ𝜓 − 𝑑3𝛼Δ𝜑 + 𝑠𝜙 + (𝑠 − 2)𝜓 = 𝜇𝜓 + 𝜏2,

𝑏𝜙 − 𝛾𝜑 = 𝜇𝜑 + 𝜏3,

𝜕𝐧𝜙 = 𝜕𝐧𝜓 = 0,

(2.7)

here 𝜇 ∈ ℂ and (𝜏1, 𝜏2, 𝜏3) ∈ 𝑌 .
Firstly, consider the case 𝜇 + 𝛾 ≠ 0, then (2.7) can be simplified to

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑑1Δ𝜙 + (1 − 𝛽𝛼 − 𝑚𝛼
(𝛼 + 1)2

)𝜙 − 𝑚𝛼
𝛼 + 1

𝜓 = 𝜇𝜙 + 𝜏1,

𝑑2Δ𝜓 −
𝑑3𝛼
𝜇 + 𝛾

(𝑏Δ𝜑 − Δ𝜏3) + 𝑠𝜙 + (𝑠 − 2)𝜓 = 𝜇𝜓 + 𝜏2,

𝜕𝐧𝜙 = 𝜕𝐧𝜓 = 0,

that is

𝔏1

(

𝜙
𝜓

)

=

(

𝑑1Δ𝜙 + (1 − 𝛽𝛼 − 𝑚𝛼
(𝛼+1)2 )𝜙 − 𝑚𝛼

𝛼+1𝜓 − 𝜇𝜙

𝑑2Δ𝜓 − 𝑑3𝛼
𝜇+𝛾 𝑏Δ𝜑 + 𝑠𝜙 + (𝑠 − 2)𝜓 − 𝜇𝜓

)

=

(

𝜏1
𝜏2 −

𝑑3𝛼
𝜇+𝛾Δ𝜏3

)

. (2.8)

As 𝜙,𝜓 ∈ 𝑊 2,𝑝
𝑁 (Ω) and set

𝜙 =
+∞
∑

𝑛=0
𝑎𝑛𝜙𝑛, 𝜓 =

+∞
∑

𝑛=0
𝑏𝑛𝜙𝑛. (2.9)

From (2.8) and (2.9), integrate (2.8) and obtain
(

−𝑑1𝜇𝑛 + (1 − 𝛽𝛼 − 𝑚𝛼
(𝛼+1)2 ) − 𝜇 − 𝑚𝛼

𝛼+1
𝑑3𝛼𝑏
𝜇+𝛾 𝜇𝑛 + 𝑠 −𝑑2𝜇𝑛 + 𝑠 − 2 − 𝜇

)

(

𝑎𝑛
𝑏𝑛

)

=

(

∫ 𝑙𝜋0 𝜏1d𝑥
∫ 𝑙𝜋0

(

𝜏2 −
𝑑3𝛼
𝜇+𝛾Δ𝜏3

)

d𝑥

)

.

With 𝜏1 = 𝜏2 = 𝜏3 = 0, then 𝐾𝑒𝑟(𝔏⦒) = {(0, 0)𝑇 } and 𝐾𝑒𝑟(𝔏 − 𝜇𝐼) is {(0, 0, 0)𝑇 }. As it is injective, then get
|

|

|

|

|

|

−𝑑1𝜇𝑛 + (1 − 𝛽𝛼 − 𝑚𝛼
(𝛼+1)2 ) − 𝜇 − 𝑚𝛼

𝛼+1
𝑑3𝛼𝑏
𝜇+𝛾 𝜇𝑛 + 𝑠 −𝑑2𝜇𝑛 + 𝑠 − 2 − 𝜇

|

|

|

|

|

|

≠ 0,

that is
(

𝜇 + 𝑑1𝜇𝑛 − (1 − 𝛽𝛼 − 𝑚𝛼
(𝛼 + 1)2

)
)

(𝜇 + 2 − 𝑠 + 𝑑2𝜇𝑛) +
𝑚𝛼
𝛼 + 1

( 𝑑3𝛼𝑏
𝜇 + 𝛾

𝜇𝑛 + 𝑠
)

≠ 0. (2.10)
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(2.5) implies that 𝔏 − 𝜇𝐼 is surjective. According to [29], it is also bijective. Furthermore, (𝔏 − 𝜇𝐼)−1 is bounded and

‖𝜙‖𝑊 2,𝑝
𝑁 (Ω) + ‖𝜙‖𝑊 2,𝑝

𝑁 (𝜓) ≤ ‖(𝔏 − 𝜇𝐼)−1‖

(

‖𝑑1Δ𝜙 + 1−𝛽𝛼− 𝑚𝛼
(𝛼 + 1)2

𝜙− 𝑚𝛼
𝛼 + 1

𝜓‖𝐿𝑝(Ω) + ‖𝑑2Δ𝜓−
𝑑3𝛼𝑏
𝜇 + 𝛾

Δ𝜙 + 𝑠𝜙 + (𝑠 − 2)𝜓‖𝐿𝑝(Ω)

)

.

Hence, 𝜇 lies in resolvent set of 𝔏 and does not belong to spectrum set if (2.10) is satisfied. Otherwise, then the characteristic equation 
owns roots 𝜇(𝑗)𝑛 (𝑗 = 1, 2, 3) for each 𝑛 ∈ ℕ0. Set 𝜏𝑗 = 0 (𝑗 = 1, 2, 3), and take 𝜇(𝑗)𝑛  in (2.7). Therefore, obtain

⎛

⎜

⎜

⎝

𝜙
𝜓
𝜑

⎞

⎟

⎟

⎠

=
⎛

⎜

⎜

⎝

𝜙(𝑗)

𝜓 (𝑗)

𝜑(𝑗)

⎞

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎝

1
𝛼+1
𝑚𝛼 [−𝑑1𝜇𝑛 − 𝜇

(𝑗)
𝑛 + 𝑚𝛼

(𝛼+1)2 + 𝛼𝛽 − 1]
𝑏

𝛾+𝜇(𝑗)𝑛

⎞

⎟

⎟

⎟

⎠

𝜙𝑛,

which means that 𝐾𝑒𝑟(𝔏 − 𝜇(𝑗)𝑛 ) = 𝑆𝑝𝑎𝑛{(𝜙(𝑗), 𝜓 (𝑗), 𝜑(𝑗))𝑇 }. Thus, eigenvalues of 𝔏 are 𝜇(𝑗)𝑛 (𝑗 = 1, 2, 3), and 𝜇(𝑗)𝑛 ∈ 𝜎𝑝(𝔏).
Secondly, consider the case 𝜇 + 𝛾 = 0. (2.7) can be turned into

⎧

⎪

⎨

⎪

⎩

𝜓 = 𝛼 + 1
𝑏𝑚𝛼

[𝑑1Δ𝜏3 + (1 − 𝛽𝛼 − 𝑚𝛼
(𝛼 + 1)2

)𝜏3 + 𝛾𝜏3 − 𝑏𝜏1],

Δ𝜑 = 1
𝛼𝑑3

[𝑑2Δ𝜓 −
𝑠𝜏3
𝑏

+ (𝑠 − 2 + 𝛾)𝜓 − 𝜏2].

Let 𝜏𝑖 = 0 (𝑖 = 1, 2, 3), then obtain 𝔎𝔢𝔯(𝔏 + 𝛾𝐼) = 𝑆𝑝𝑎𝑛{(0, 0, 𝜑̃)𝑇 } as Δ𝜑̃ = 0 and −𝛾 ∈ 𝜎𝑝(𝔏). This ends the proof. ∎
From Theorem 2.1, we have the following result.

Theorem 2.2. The equilibrium 𝐸∗ of  system (2.1) is locally stable if all roots of the characteristic equation own negative real parts; otherwise, 
it is unstable.

Next, we discuss bifurcation conditions for (2.1). 𝐸∗ is stable if and only if
𝐴𝑛 > 0; 𝐶𝑛 > 0; 𝐴𝑛𝐵𝑛 − 𝐶𝑛 > 0.

Otherwise,  system (2.1) undergoes bifurcations. The specific bifurcation conditions for various cases are discussed below, choosing 
the cognitive diffusion 𝑑3 as the bifurcation parameter.

From 𝐶𝑛 = 0, we get

𝑑∗3 (𝛾) = − 𝛼 + 1
𝑏𝑚𝛼2𝜇𝑛

{ 𝛾𝑠𝑚𝛼
𝛼 + 1

+ [𝑑1𝜇𝑛 − 1 + 𝛽𝛼 + 𝑚𝛼
(𝛼 + 1)2

][𝑑2𝜇𝑛 − 𝑠 + 2]𝛾
}

. (2.11)

By 𝐴𝑛𝐵𝑛 − 𝐶𝑛 = 0, we obtain

𝑑∗∗3 (𝛾) = 𝛼 + 1
𝑏𝑚𝛼2𝜇𝑛

{

𝐴𝑛𝐵𝑛 −
𝛾𝑠𝑚𝛼
𝛼 + 1

− 𝛾[𝑑1𝜇𝑛 − 1 + 𝛽𝛼 + 𝑚𝛼
(𝛼 + 1)2

][𝑑2𝜇𝑛 − 𝑠 + 2]
}

. (2.12)

By (2.4), 𝐵𝑛 > 0 holds. (2.11) ((2.12)) indicates that the consumers can attract toward regions of lower (higher) population density, 
then system (2.1) undergoes steady-state (Hopf) bifurcations.
Lemma 2.1. Let 𝑑∗3 (𝛾) and 𝑑∗∗3 (𝛾) be (2.11) and (2.12). Then the following results hold.

(i) 𝑑∗3 (𝛾) is decreasing with 𝛾, and crosses the origin for some 𝑛; 𝑑∗∗3 (𝛾) is increasing with 𝛾 for some 𝑛.
(ii) 𝑑∗∗3𝑁 (𝛾) = max 𝑑∗3 (𝛾) < 0 and 𝑑∗∗3𝑀 (𝛾) = min 𝑑∗∗3 (𝛾) > 0 with 𝛾 > 0 and 𝑁,𝑀 ∈ ℕ.

Proof.  (i) From (2.11), it follows that 𝑑∗3 (𝛾) is a direct line with slope

𝑘𝑛 = − 𝛼 + 1
𝑏𝑚𝛼2𝜇𝑛

{ 𝑠𝑚𝛼
𝛼 + 1

+ [𝑑1𝜇𝑛 − 1 + 𝛽𝛼 + 𝑚𝛼
(𝛼 + 1)2

][𝑑2𝜇𝑛 − 𝑠 + 2]
}

< 0,

and (2.12) can be rewritten as
𝑑∗∗3 (𝛾) = 𝐴0𝛾

2 + 𝐴1𝛾 + 𝐴2

with

𝐴0 =
𝛼 + 1
𝑏𝑚𝛼2𝜇𝑛

[(𝑑1 + 𝑑2)𝜇𝑛 + 𝛽𝛼 +
𝑚𝛼

(𝛼 + 1)2
+ 1 − 𝑠] = 𝛼 + 1

𝑏𝑚𝛼2𝜇𝑛
{[𝑑1𝜇𝑛 − 1 + 𝛽𝛼 + 𝑚𝛼

(𝛼 + 1)2
] + [𝑑2𝜇𝑛 − 𝑠 + 2]},

𝐴1 =
𝛼 + 1
𝑏𝑚𝛼2𝜇𝑛

{[𝑑1𝜇𝑛 − 1 + 𝛽𝛼 + 𝑚𝛼
(𝛼 + 1)2

] + [𝑑2𝜇𝑛 − 𝑠 + 2]}2,

𝐴2 =
𝛼 + 1
𝑏𝑚𝛼2𝜇𝑛

{

[𝑑1𝜇𝑛 − 1 + 𝛽𝛼 + 𝑚𝛼
(𝛼 + 1)2

]2[𝑑2𝜇𝑛 − 𝑠 + 2] + [𝑑1𝜇𝑛 − 1 + 𝛽𝛼 + 𝑚𝛼
(𝛼 + 1)2

][𝑑2𝜇𝑛 − 𝑠 + 2]2

+ 𝑠𝑚𝛼
𝛼 + 1

{[𝑑1𝜇𝑛 − 1 + 𝛽𝛼 + 𝑚𝛼
(𝛼 + 1)2

] + [𝑑2𝜇𝑛 − 𝑠 + 2]}
}

.
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It follows that 𝐴0 > 0, 𝐴1 > 0, 𝐴2 > 0 and let 𝛾 = − 𝐴0
2𝐴1

. Thus, 𝑑∗∗3 (𝛾) is increasing for 𝛾 > 0. Since 𝑑∗∗3 (0) = 𝐴2 > 0, then 𝑑∗∗3 (𝛾) > 0 for 
all 𝛾 > 0.

(ii) 𝑘𝑛 attains its maximum due to the hook function. 𝑘𝑛 can get to its maximum at 𝜇̄𝑛. Take 𝑁 as 𝜇𝑁  is eigenvalue closest for 𝜇̄𝑛
and 𝑑∗∗3𝑁 (𝛾) < 0 from (i).

Rewrite 𝑑∗∗3 (𝛾) by expressing 𝜇𝑛 in terms of 𝑛:

𝑑∗∗3 (𝛾) = 𝛼 + 1
𝑏𝑚𝛼2𝑛

{

𝐴𝑛𝐵𝑛 −
𝛾𝑠𝑚𝛼
𝛼 + 1

− 𝛾[𝑑1𝑛 − 1 + 𝛽𝛼 + 𝑚𝛼
(𝛼 + 1)2

][𝑑2𝑛 − 𝑠 + 2]
}

. (2.13)

Then we have
d[𝑑∗∗3 (𝛾)]

d𝑛
= − 𝛼 + 1

𝑏𝑚𝛼2𝑛2
{

𝐴𝑛𝐵𝑛 −
𝛾𝑠𝑚𝛼
𝛼 + 1

− 𝛾[𝑑1𝑛 − 1 + 𝛽𝛼 + 𝑚𝛼
(𝛼 + 1)2

][𝑑2𝑛 − 𝑠 + 2]
}

+

𝛼 + 1
𝑏𝑚𝛼2𝑛

{

− 𝑑1[𝑑2𝑛 − 𝑠 + 2]𝛾 − [𝑑1𝑛 − 1 + 𝛽𝛼 + 𝑚𝛼
(𝛼 + 1)2

]𝑑2𝛾 + [𝑑1 + 𝑑2]𝐵𝑛 + 𝐴𝑛{[𝑑1 + 𝑑2]𝛾+

𝑑1[𝑑2𝑛 − 𝑠 + 2] + [𝑑1𝑛 − 1 + 𝛽𝛼 + 𝑚𝛼
(𝛼 + 1)2

]𝑑2}
}

= − 𝛼 + 1
𝑏𝑚𝛼2𝑛2

𝐴3(𝑛).

Here, 𝐴3(𝑛) is a cubic function in 𝑛. We verify that the equation 𝐴3(𝑛) = 0 has a unique positive root 𝑛 = 𝑛∗. 𝐴3(𝑛) > 0 with 𝑛 ∈ (𝑛∗. +∞)
and 𝐴3(𝑛) < 0 with 𝑛 ∈ (0, 𝑛∗). Thus, 𝑑∗∗3 (𝛾) attains its minimum at 𝑛 = 𝑛∗. Therefore, there must exist a positive integer 𝑀 satisfying 
𝑑∗∗3𝑀 (𝛾) = min 𝑑∗∗3 (𝛾) > 0. ∎
Lemma 2.2. Let 𝑑∗3𝑁 (𝛾) and 𝑑∗∗3𝑀 (𝛾) be in Lemma 2.1. Then statements below hold.
(i) All roots of the characteristic equation have negative real parts as 𝑑∗3𝑁 (𝛾) < 𝑑3 < 𝑑∗∗3𝑀 (𝛾).
(ii) The characteristic equation has a pair of purely imaginary roots as 𝑑3 ≥ 𝑑∗∗3𝑀 (𝛾).
(iii) The characteristic equation has a zero root as 𝑑3 ≤ 𝑑∗∗3𝑁 (𝛾).

Proof.  By Lemma 2.1, when 𝑑∗3𝑁 (𝛾) < 𝑑3 < 𝑑∗∗3𝑀 (𝛾), it follows that 𝐶𝑛 > 0, 𝐴𝑛𝐵𝑛 − 𝐶𝑛 > 0 with 𝜇𝑛 > 0; thus, (i) holds. If 𝑑3 ≤ 𝑑∗∗3𝑁 (𝛾),
then 𝐶𝑛 < 0, indicating that characteristic equation owns one positive real part eigenvalue. As 𝑑3 = 𝑑∗∗3 (𝛾), the characteristic equation 
has a zero root. If 𝑑3 ≥ 𝑑∗∗3𝑀 (𝛾), then 𝐴𝑛 > 0, 𝐶𝑛 > 0, 𝐴𝑛𝐵𝑛 − 𝐶𝑛 < 0, and the characteristic equation has a pair of purely imaginary 
roots with 𝑑3 = 𝑑∗∗3 (𝛾). ∎

Based on Lemma 2.2, we derive the following lemma.
Lemma 2.3. The characteristic equation has a pair of roots as 𝜆 = 𝜆(𝑑3) ± 𝑖𝜔(𝑑3) as 𝑑3 is near 𝑑∗∗3 (𝛾) with 𝜆(𝑑∗∗3 (𝛾)) = 0 and 𝜆′(𝑑∗∗3 (𝛾)) > 0.

Proof.  Differentiating the characteristic equation with respect to 𝑑3, we get

3𝜆2 d𝜆
d𝑑3

+
d𝐴𝑛
d𝑑3

𝜆2 + 2𝜆𝐴𝑛
d𝜆
d𝑑3

+
d𝐵𝑛
d𝑑3

𝜆 + 𝐵𝑛
d𝜆
d𝑑3

+
d𝐶𝑛
d𝑑3

= 0. (2.14)

From the equations of 𝐴𝑛, 𝐵𝑛, and 𝐶𝑛, we obtain
d𝐴𝑛
d𝑑3

= 0,
d𝐵𝑛
d𝑑3

= 0,
d𝐶𝑛
d𝑑3

= 𝑏𝑚𝛼2

𝛼 + 1
𝜇𝑛. (2.15)

Let 𝜆 = 𝑖𝜔𝑛, then get
d𝜆
d𝑑3

|

|

|

|

|𝑑3=𝑑∗∗3 (𝛾)
=

𝑏𝑚𝛼2𝜇𝑛
(𝛼 + 1)(3𝜔2

𝑛 − 𝐵𝑛 + 2𝑖𝐴𝑛𝜔𝑛)
, (2.16)

and

𝜆′(𝑑3) =
𝑏𝑚𝛼2𝜇𝑛

(𝛼 + 1)((3𝜔2
𝑛 − 𝐵𝑛)2 − 4𝐴2

𝑛𝜔2
𝑛)
> 0.

 ∎
Combining with Lemmas 2.1–2.3, we have the following conclusions.

Theorem 2.3. Let 𝑑∗3 (𝛾), 𝑑∗∗3 (𝛾) be (2.11) and (2.12), 𝑑∗3𝑁 (𝛾), 𝑑∗∗3𝑀 (𝛾) be in Lemma 2.1. Then results below are true with system (2.1).
(i) 𝑛-mode Turing bifurcations occur at 𝑑3 = 𝑑∗3 (𝛾) with 𝛾 > 0, 𝑛 ∈ ℕ; 𝑛-mode nonhomogeneous steady states appear near 𝐸∗.
(ii) 𝑛-mode Hopf bifurcations occur at 𝑑3 = 𝑑∗∗3 (𝛾) with 𝛾 > 0, 𝑛 ∈ ℕ; nonhomogeneous periodic solutions appear near 𝐸∗.
(iii) For some 𝛾 ∈ (0,+∞), 𝐸∗ is locally stable with 𝑑∗3𝑁 (𝛾) < 𝑑3 < 𝑑∗∗3𝑀 (𝛾), and unstable with 𝑑3 ∈ (−∞, 𝑑∗3𝑁 (𝛾)] ∪ [𝑑∗∗3𝑀 (𝛾),+∞).

Remark 2.1.  Biologically, Theorem 2.3 indicates that when consumers disperse based on local perception, the three populations 
might not settle into a homogeneous equilibrium but instead exhibit spatially heterogeneous patterns. This means population densities 
can differ across spatial regions.  This indicates that system (2.1) undergoes a Turing bifurcation under the influence of the spatial 
memory diffusion coefficient, leading the system to transition from a homogeneous steady state to a stable spatial pattern, and 
consequently the population density exhibits spatial heterogeneity. Additionally, the emergence of spatially nonhomogeneous Hopf 
bifurcations suggests that populations may display not only periodic distributions but also spatial variations within these cycles.
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Fig. 1. The bifurcation diagram of (2.1) in (𝛾, 𝑑3) plane.

Fig. 2. Spatial periodic patterns of resources near the Hopf bifurcation curves in (2.1).

Fig. 3. Patterns of resources near the Turing bifurcation curves in (2.1).

Next, we present numerical simulations to validate the analytical results and to obtain ecological insights.  According to [17] 
and the biological meanings, we set the parameters as follows: Ω = (0, 𝜋), 𝑑1 = 0.01, 𝑑2 = 0.03, 𝑏 = 0.15, 𝑚 = 1, 𝑠 = 0.1, and 𝛽 = 1. We 
illustrate only the resource distributions, as consumer distributions exhibit similar spatial patterns.

Fig. 1 displays several Turing and Hopf bifurcation curves. Hopf bifurcation curves corresponding to different modes may intersect, 
resulting in double Hopf bifurcations. For a fixed 𝑑3 = 10, Fig. 2 shows that the homogeneous steady state 𝐸∗ remains stable at 𝛾 = 0.6. 
As 𝛾 decreases to 0.32, a nonhomogeneous periodic pattern with mode 2 emerges. This pattern remains stable even at 𝛾 = 0.21. 
Consequently, the spatial distribution of resources exhibits temporally periodic variations.

Fig. 3 presents the spatially nonhomogeneous steady state along with selected Turing patterns. Fixing 𝑑3 = −0.1, the constant 
steady state 𝐸∗ remains stable at 𝛾 = 0.1. As 𝛾 decreases to 0.02, a nonhomogeneous steady state emerges, which continues to persist 
at 𝛾 = 0.01. This suggests that as the decay rate 𝛾 decreases, the stable homogeneous equilibrium transitions into an irregular bar-like 
pattern. Further reductions in 𝛾 result in the development of increasingly distinct bar patterns.
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2.2.  Dynamics of (2.2)

In this subsection, we analyze the stability and conditions of bifurcations in (2.2). Consider the constant equilibrium 𝐸∗ =
(𝑢∗, 𝑣∗, 𝑞∗) = (𝛼, 𝛼, 𝑏𝛼2∕(𝛾 + 𝜉𝛼), which is locally stable in non-spatial system of (2.2).

Linearizing (2.2) at 𝐸∗, we obtain

𝔏̂
⎛

⎜

⎜

⎝

𝜙
𝜓
𝜑

⎞

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎝

𝑑1Δ𝜙 + (1 − 𝛽𝛼 − 𝑚𝛼
(𝛼+1)2 )𝜙 − 𝑚𝛼

𝛼+1𝜓
𝑑2Δ𝜓 − 𝑑3𝛼Δ𝜑 + 𝑠𝜙 + (𝑠 − 2)𝜓
𝑏𝛼𝜙 + 𝑏𝛼𝛾

𝛾+𝜉𝛼𝜓 − (𝛾 + 𝜉𝛼)𝜑

⎞

⎟

⎟

⎟

⎠

, (2.17)

where 𝛼 is defined as previously. Thus, linear operator 𝔏̂ is closed in 𝑌 , 𝐷(𝔏̂) = 𝑋. We now present spectral properties of 𝔏̂.
Theorem 2.4. Denote 𝔏̂ ∶ 𝑋 → 𝑌 . Spectrum of 𝔏̂ is given by

𝜎(𝔏̂) = 𝜎𝑝(𝔏̂) = 𝑆̂ ∪ {−𝛾 − 𝜉𝛼},

where

𝑆̂ = {𝜇̂(1)𝑛 }+∞𝑛=0 ∪ {𝜇̂(2)𝑛 }+∞𝑛=0 ∪ {𝜇̂(3)𝑛 }+∞𝑛=0, (2.18)

and 𝜇̂(𝑗)𝑛 (𝑗 = 1, 2, 3) are roots of the characteristic equation:
𝜆3 + 𝐴̂𝑛𝜆2 + 𝐵̂𝑛𝜆 + 𝐶̂𝑛 = 0,

satisfying ℜ𝔢
(

𝜇̂(1)𝑛
)

< ℜ𝔢
(

𝜇̂(2)𝑛
)

< ℜ𝔢
(

𝜇̂(3)𝑛
)

. The coefficients are defined as

𝐴̂𝑛 = (𝑑1 + 𝑑2)𝜇𝑛 + 𝛽𝛼 +
𝑚𝛼

(𝛼 + 1)2
+ 1 − 𝑠 + 𝛾 + 𝜉𝛼,

𝐵̂𝑛 = [(𝑑1 + 𝑑2)𝜇𝑛 + 𝛽𝛼 +
𝑚𝛼

(𝛼 + 1)2
+ 1 − 𝑠][𝛾 + 𝜉𝛼] + [𝑑1𝜇𝑛 − 1 + 𝛽𝛼 + 𝑚𝛼

(𝛼 + 1)2
][𝑑2𝜇𝑛 − 𝑠 + 2] + 𝑠𝑚𝛼

𝛼 + 1
−
𝛼2𝑏𝛾𝑑3𝜇𝑛
𝛾 + 𝜉𝛼

,

𝐶̂𝑛 = [𝑑1𝜇𝑛 − 1 + 𝛽𝛼 + 𝑚𝛼
(𝛼 + 1)2

][𝑑2𝜇𝑛 − 𝑠 + 2][𝛾 + 𝜉𝛼] −
𝑏𝛼2𝛾𝑑3𝜇𝑛
𝛾 + 𝜉𝛼

[𝑑1𝜇𝑛 − 1 + 𝛽𝛼 + 𝑚𝛼
(𝛼 + 1)2

]

+
𝑑3𝑏𝑚𝛼3

𝛼 + 1
𝜇𝑛 +

[𝛾 + 𝜉𝛼]𝑠𝑚𝛼
𝛼 + 1

.

The proof of Theorem 2.4 is similar to that of Theorem 2.1 and is therefore omitted. This result establishes the stability of the 
system.

Theorem 2.5. 𝐸∗ is locally stable in system (2.2) as all the roots of the characteristic equation own negative real parts; otherwise, it is 
unstable.

By Theorems 2.4–2.5, we derive steady state bifurcation points by setting 𝐶̂𝑛 = 0 ∶

𝑑∗3 (𝛾) =
{ 𝑏𝛼2𝛾𝜇𝑛
𝛾 + 𝜉𝛼

[𝑑1𝜇𝑛 − 1 + 𝛼𝛽 + 𝑚𝛼
(𝛼 + 1)2

] − 𝑏𝑚𝛼3

𝛼 + 1
𝜇𝑛

}

−1
{

[𝑑1𝜇𝑛 − 1 + 𝛽𝛼 + 𝑚𝛼
(𝛼 + 1)2

][𝑑2𝜇𝑛 − 𝑠 + 2][𝛾 + 𝜉𝛼]

+
[𝛾 + 𝜉𝛼]𝑠𝑚𝛼

𝛼 + 1

}

.

(2.19)

Similarly, from 𝐴̂𝑛𝐵̂𝑛 − 𝐶̂𝑛 = 0, we obtain:

𝑑∗∗3 (𝛾) =
{ 𝑏𝛼2𝛾𝜇𝑛
𝛾 + 𝜉𝛼

[𝑑1𝜇𝑛 − 1 + 𝛼𝛽 + 𝑚𝛼
(𝛼 + 1)2

] − 𝑏𝑚𝛼3

𝛼 + 1
𝜇𝑛

}

−1
{

[𝑑1𝜇𝑛 − 1 + 𝛽𝛼 + 𝑚𝛼
(𝛼 + 1)2

][𝑑2𝜇𝑛 − 𝑠 + 2][𝛾 + 𝜉𝛼]

+
[𝛾 + 𝜉𝛼]𝑠𝑚𝛼

𝛼 + 1
+ 𝐴̂𝑛𝐵̂𝑛

}

.

(2.20)

Similarly, (2.19) ((2.20)) indicates that the consumers can attract toward regions of lower (higher) population density, then system
(2.2) undergoes steady-state (Hopf) bifurcations.  In what follows, we analyze the properties of the Turing curves 𝑑3 = 𝑑∗3 (𝛾).

Lemma 2.4. Let 𝑑∗3 (𝛾) and 𝑑∗∗3 (𝛾) be (2.19) and (2.20). Then results below hold.

(i) There exist 𝑛∗ such that 𝑛 ≤ 𝑛∗, 𝑑∗3 (𝛾) < 0, and for an integer 𝑁̂ where 𝑑∗
3𝑁̂

(𝛾) = max 𝑑∗3 (𝛾) with some 𝛾 > 0; For 𝑛 > 𝑛∗, 𝑑∗3 (𝛾) < 0

when 𝛾 ∈ (0, 𝛾∗𝑛 ), and 𝑑∗3 (𝛾) > 0 when 𝛾 ∈ (𝛾∗𝑛 ,+∞), where 𝛾∗𝑛  satisfies 1
𝑑∗3 (𝛾

∗
𝑛 )

= 0. Moreover, 𝑑∗3 (𝛾) is strictly decreasing in 𝑛 for fixed 𝛾
and satisfies:

𝑑∗3 (𝛾) > 𝑑
∗
3∞(𝛾) =

𝑑2[𝛾 + 𝜉𝛼]2

𝑏𝛼2𝛾
, (2.21)

where 𝑑∗3∞(𝛾) decreases as 𝛾 ∈ (0, 𝛾∗) and increases as 𝛾 ∈ (𝛾∗,+∞) with 𝛾∗ = 𝛼𝜉.
(ii) 𝑑∗∗

3𝑀̂
(𝛾) = min 𝑑∗∗3 (𝛾) for fixed 𝛾 > 0 and 𝑀̂ ∈ ℕ.
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Similarly we can obtain the properties of eigenvalues of the characteristic equation below.

Lemma 2.5. Let 𝑑∗3 (𝛾) and 𝑑∗∗3 (𝛾) be defined as in (2.19) and (2.20), with 𝑑∗
3𝑁̂

(𝛾) and 𝑑∗∗
3𝑀̂

(𝛾) as in Lemma 2.4. Then conclusions below 
hold.

(i) For 𝑑∗
3𝑁̂

(𝛾) < 𝑑3 < min{𝑑∗∗
3𝑀̂

(𝛾), 𝑑∗3∞(𝛾)}, all eigenvalues of the characteristic equation own negative real parts.
(ii) For 𝑑3 ≥ min{𝑑∗∗

3𝑀̂
(𝛾), 𝑑∗3∞(𝛾)}, the characteristic equation owns a pair of purely imaginary roots when 𝑑3 = 𝑑∗∗3 (𝛾).

(iii) For 𝑑3 ≤ 𝑑∗
3𝑁̂

(𝛾) or 𝑑3 ≥ min{𝑑∗∗
3𝑀̂

(𝛾), 𝑑∗3∞(𝛾)}, the characteristic equation has a zero root at 𝑑3 = 𝑑∗3 (𝛾).

Remark 2.2. Lemma 2.4 implies that when the homogeneous steady state loses stability at 𝑑3 = 𝑑∗3∞(𝛾), the corresponding linearized 
system has infinitely many eigenvalues with positive real parts.  Therefore, the system becomes unstable, and periodic temporal 
oscillations will occur.

Next, we verify the transversality condition for Hopf bifurcation in (2.2) and omit the proof.

Lemma 2.6. The characteristic equation has a pair of roots as 𝜆̂ = 𝜆̂(𝑑3) ± 𝑖𝜔̂(𝑑3) near 𝑑3 = 𝑑∗∗3 (𝛾) satisfying 𝜆̂(𝑑∗∗3 (𝛾)) = 0 and 𝜆̂′(𝑑∗∗3 (𝛾)) > 0.

By Lemmas 2.4–2.6, we obtain stability and bifurcations of 𝐸∗ in  system (2.2).

Theorem 2.6. Let 𝑑∗3 (𝛾), 𝑑∗∗3 (𝛾), 𝑑∗
3𝑁̂

(𝛾), and 𝑑∗∗
3𝑀̂

(𝛾) be as defined above. Then in  system (2.2)

(i) 𝑛-mode Turing bifurcations occur at 𝑑3 = 𝑑∗
3𝑁̂

(𝛾) with 𝛾 > 0, 𝑛 ∈ ℕ, leading to spatially nonhomogeneous steady states near 𝐸∗;
(ii) 𝑛-mode Hopf bifurcations occur at 𝑑3 = 𝑑∗∗

3𝑀̂
(𝛾) with 𝛾 > 0, 𝑛 ∈ ℕ, generating spatially nonhomogeneous periodic solutions near 𝐸∗;

(iii) for some 𝛾 ∈ (0,+∞), 𝐸∗ is locally stable if 𝑑∗3𝑁̂ (𝛾) < 𝑑3 < min{𝑑∗∗
3𝑀̂

(𝛾), 𝑑∗3∞(𝛾)}; and unstable if 𝑑3 ∈ (−∞, 𝑑∗
3𝑁̂

(𝛾)] ∪
[min{𝑑∗∗

3𝑀̂
(𝛾), 𝑑∗3∞(𝛾)},+∞).

In the following simulations, set Ω = (0, 𝜋) with parameters 𝑑1 = 0.01, 𝑑2 = 0.02, 𝑏 = 0.15, 𝑠 = 0.1, 𝜉 = 0.3, 𝛽 = 1. The resource distribu-
tions are shown similarly for consumers except Fig. 9.

Fig. 4 displays Turing and Hopf bifurcation curves, revealing several key features: The limiting Turing bifurcation curve 𝑑3 = 𝑑∗3∞(𝛾)
corresponds to infinite modes and destabilises system (2.2) when 𝑑3 > 𝑑∗3∞(𝛾). Intersections between different Hopf bifurcation modes 
indicate the occurrence of double Hopf bifurcations.

For the specific case 𝑑3 = 1, in Fig. 5 the steady state 𝐸∗ becomes unstable at 𝛾 = 0.09, giving rise to 5-mode quasi-periodic patterns. 
When 𝛾 decreases to 0.08, 4-mode nonhomogeneous periodic pattern emerges. This 4-mode pattern persists but remains unstable at 
𝛾 = 0.05.

These results directly indicate that the spatial resource distributions undergo periodic temporal oscillations under the influence 
of smaller decay rate. When the local perception decay is not obvious, distributions of resources and consumers present a periodic 
distribution, but the distribution range is large. Once the local perception decay is very serious, distributions of resources and con-
sumers still oscillate periodically, but due to the weak local perception memory, distributions of resources and consumers are not 
concentrated.

Choose 𝑑3 = 1, 𝛾 = 0.1, 𝑚 = 0.8. Fig. 6 shows that the decay rate associated with consumers returning to areas with low resource 
density 𝜉 can influence the dynamics of (2.2). The dynamics exhibit strong dependence on 𝜉. At 𝜉 = 0.3, 5-mode periodic patterns 
emerge. At 𝜉 = 0.4, system stabilizes to constant resource-consumer distributions. This indicates that the density distributions of 
resources and consumers eventually reach a steady state with the enhancement of resource memory decay.

In Figs. 7–8, some patterns near Hopf bifurcation curves are investigated by varying 𝑚. Fix 𝑚 = 0.8, 𝛾 = 0.1, as 𝑑3 = 0.9, a quasi-
periodic pattern occurs. While 𝑑3 decreases to 0.8, then resources and consumers coexist. Fix (𝑑3, 𝛾) = (1, 0.1), a quasi-periodic pattern 
occurs with 𝑚 = 0.7; increase 𝑚 to 0.8, then there are 5-mode nonhomogeneous periodic patterns. If 𝑚 = 0.9, then 4-mode nonhomo-
geneous periodic pattern remains unstable. Finally, resources and consumers coexist and are stable with 𝑚 = 1. This shows that with 
the continuous full contact between consumers and resources, they eventually show a steady state distribution.

Fig. 9 demonstrates the emergence of spatially nonhomogeneous steady states and Turing patterns with 𝑑3 = 1, 𝛾 = 0.1. Key ob-
servations reveal pattern formations. The homogeneous steady state 𝐸∗ becomes unstable at 𝑚 = 1.1. Resources and implicit memory 
maintain an even spatial distribution. Consumers develop coexisting dot and stripe patterns. Frequent resource-consumer interactions 
lead to various system dynamics. Stable distributions are displayed for both resources and implicit memory. Persistent coexistence of 
dot and bar patterns occur for consumers. These phenomena are notably absent in system (2.1), highlighting the distinctive dynamics 
of system (2.2). Compared to [17], it shows that systems (2.1)–(2.2) with local perception have similar results, both Hopf and Turing 
bifurcations are caused by the cognitive diffusion, and populations presents complex patterns.

3.  Dynamics with nonlocal perception

In this part, we study stability and conditions of bifurcations for systems (1.1)–(1.2) in the presence of nonlocality, and demonstrate 
corresponding results by simulations.
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Fig. 4. The bifurcation diagram of (2.2) in (𝛾, 𝑑3) plane.

Fig. 5. Spatially periodic resource patterns near the Hopf bifurcation curves of (2.2).

Fig. 6. Resource patterns near Hopf bifurcation curves of (2.2).
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Fig. 7. Fix 𝑚 = 0.8. patterns of resources near the Hopf bifurcation curves of (2.2).

Fig. 8. Periodic patterns of resources near the Hopf bifurcation curves of (2.2).
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Fig. 9. Spatially nonhomogeneous patterns populations near Turing bifurcation curves of (2.2).

3.1.  Dynamics of (1.1)

This subsection focuses on investigating dynamics of  system (1.1). It still possesses the constant equilibrium 𝐸∗. The linearized 
system at 𝐸∗ is derived below:

𝜕
𝜕𝑡

⎛

⎜

⎜

⎝

𝑢
𝑣
𝑞

⎞

⎟

⎟

⎠

= 𝐷1Δ
⎛

⎜

⎜

⎝

𝑢
𝑣
𝑞

⎞

⎟

⎟

⎠

+ Ā
⎛

⎜

⎜

⎝

𝑢
𝑣
𝑞

⎞

⎟

⎟

⎠

+ 𝐵
⎛

⎜

⎜

⎝

𝑢̂
𝑣̂
𝑞

⎞

⎟

⎟

⎠

,

where

Ā =

⎛

⎜

⎜

⎜

⎝

1 − 𝛽𝛼 − 𝑚𝛼
(𝛼+1)2 − 𝑚𝛼

𝛼+1 0
𝑠 𝑠 − 2 0
0 0 −𝛾

⎞

⎟

⎟

⎟

⎠

, 𝐵 =
⎛

⎜

⎜

⎝

0 0 0
0 0 0
𝑏 0 0

⎞

⎟

⎟

⎠

.

The characteristic equation is
𝜆3 + 𝐴𝑛𝜆2 + 𝐵𝑛𝜆 + 𝐶𝑛1 = 0, (3.1)

where

𝐶𝑛1 = 𝛾[𝑑1𝜇𝑛 − 1 + 𝛽𝛼 + 𝑚𝛼
(𝛼 + 1)2

][𝑑2𝜇𝑛 − 𝑠 + 2] +
𝑑3𝑏𝑚𝛼2

𝛼 + 1
𝐻(𝑅, 𝑛)𝜇𝑛 +

𝛾𝑠𝑚𝛼
𝛼 + 1

,

𝐻(𝑅, 𝑛) =

⎧

⎪

⎨

⎪

⎩

sin(𝑛𝑅)
𝑛𝑅

, 𝑛 ≠ 0,

1, 𝑛 = 0.

For 𝑛 = 0, Eq. (3.1) reduces to the characteristic equation of the corresponding ODE of (1.1) at 𝐸∗. Under the conditions of (2.4), 𝐸∗

remains stable. When 𝑅 = 0, 𝐻(0, 𝑛) = 1 for 𝑛 ≠ 0, 𝑛 ∈ ℝ, and the characteristic equation simplifies to that of (2.1) without nonlocal 
perception. The analysis below focuses on the case where 𝑛 > 0 and 𝑅 > 0, exploring the distribution of roots of (3.1). Note that 
changes in the stability of 𝐸∗ and potential bifurcations are linked to characteristic roots with zero real parts. Since the perception 
scale 𝑅 can influence the value of 𝐶𝑛1, it may also affect the stability of 𝐸∗ and and the occurrence of bifurcations.

To analyze the spectrum, we define the following spaces:
𝑋 = 𝑊 2,𝑝

𝑁 (Ω) ×𝑊 2,𝑝
𝑁 (Ω) ×𝑊 2,𝑝(Ω), 𝑌 = 𝐿𝑝(Ω) × 𝐿𝑝(Ω) ×𝑊 2,𝑝

𝑁 (Ω)

with

𝑊 2,𝑝
𝑁 (Ω) = {𝑢 ∈ 𝑊 2,𝑝(Ω) ∶ 𝜕𝐧𝑢 = 0 𝑜𝑛 𝜕Ω}.

From the linearization process, we obtain the linear operator:

𝔏̄
⎛

⎜

⎜

⎝

𝜙
𝜓
𝜑

⎞

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎝

𝑑1Δ𝜙 + (1 − 𝛽𝛼 − 𝑚𝛼
(𝛼+1)2 )𝜙 − 𝑚𝛼

𝛼+1𝜓
𝑑2Δ𝜓 − 𝑑3𝛼Δ𝜑 + 𝑠𝜙 + (𝑠 − 2)𝜓

−𝛾𝜑

⎞

⎟

⎟

⎟

⎠

, (3.2)

where closed linear operator 𝔏̄ satisfies 𝐷(𝑋) = 𝔏̄. This implies 𝜙, 𝜓 ∈ 𝑊 2,𝑝
𝑁 (Ω), and 𝜑 ∈ 𝑊 2,𝑝(Ω). Based on [28], we derive the 

following results.
Theorem 3.1. Spectrum of 𝔏̄ is given by:

𝜎(𝔏) = 𝜎𝑝(𝔏) = 𝑆 ∪ {−𝛾},
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here

𝑆 = {𝜇(1)𝑛 }+∞𝑛=0 ∪ {𝜇(2)𝑛 }+∞𝑛=0 ∪ {𝜇(3)𝑛 }+∞𝑛=0, (3.3)

and 𝜇(𝑗)𝑛 (𝑗 = 1, 2, 3) are the characteristic roots satisfying ℜ𝔢
(

𝜇(1)𝑛
)

< ℜ𝔢
(

𝜇(2)𝑛
)

< ℜ𝔢
(

𝜇(3)𝑛
)

.

Proof.  Consider the nonhomogeneous problem:
⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑑1Δ𝜙 + (1 − 𝛽𝛼 − 𝑚𝛼
(𝛼 + 1)2

)𝜙 − 𝑚𝛼
𝛼 + 1

𝜓 = 𝜇𝜙 + 𝜏1,

𝑑2Δ𝜓 − 𝑑3𝛼Δ𝜑 + 𝑠𝜙 + (𝑠 − 2)𝜓 = 𝜇𝜓 + 𝜏2,

− 𝛾𝜑 = 𝜇𝜑 + 𝜏3,

𝜕𝐧𝜙 = 𝜕𝐧𝜓 = 0,

(3.4)

where 𝜇 ∈ ℂ and (𝜏1, 𝜏2, 𝜏3) ∈ 𝑌 .
𝐂𝐚𝐬𝐞 𝟏   𝜇 + 𝛾 ≠ 0.
The system (3.4) simplifies to:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑑1Δ𝜙 + (1 − 𝛽𝛼 − 𝑚𝛼
(𝛼 + 1)2

)𝜙 − 𝑚𝛼
𝛼 + 1

𝜓 = 𝜇𝜙 + 𝜏1,

𝑑2Δ𝜓 +
𝑑3𝛼
𝜇 + 𝛾

Δ𝜏3 + 𝑠𝜙 + (𝑠 − 2)𝜓 = 𝜇𝜓 + 𝜏2,

𝜕𝐧𝜙 = 𝜕𝐧𝜓 = 0.

Equivalently,

𝔏̄1

(

𝜙
𝜓

)

=

(

𝑑1Δ𝜙 + (1 − 𝛽𝛼 − 𝑚𝛼
(𝛼+1)2 )𝜙 − 𝑚𝛼

𝛼+1𝜓 − 𝜇𝜙
𝑑2Δ𝜓 + 𝑠𝜙 + (𝑠 − 2)𝜓 − 𝜇𝜓

)

=

(

𝜏1
𝜏2 −

𝑑3𝛼
𝜇+𝛾Δ𝜏3

)

. (3.5)

Assume 𝜙,𝜓 ∈ 𝑊 2,𝑝
𝑁 (Ω) and express them as:

𝜙 =
+∞
∑

𝑛=0
𝑎𝑛𝜙𝑛, 𝜓 =

+∞
∑

𝑛=0
𝑏𝑛𝜙𝑛. (3.6)

Substituting (3.6) into (3.5) and integrating yields:
(

−𝑑1𝜆𝑛 + (1 − 𝛽𝛼 − 𝑚𝛼
(𝛼+1)2 ) − 𝜇 − 𝑚𝛼

𝛼+1
𝑠 −𝑑2𝜆𝑛 + 𝑠 − 2 − 𝜇

)

(

𝑎𝑛
𝑏𝑛

)

=

(

∫ 𝑙𝜋0 𝜏1d𝑥
∫ 𝑙𝜋0

(

𝜏2 −
𝑑3𝛼
𝜇+𝛾Δ𝜏3

)

d𝑥

)

.

For 𝜏1 = 𝜏2 = 𝜏3 = 0, the kernel satisfies 𝐾𝑒𝑟(𝔏̄⦒) = {(0, 0)𝑇 } and 𝐾𝑒𝑟(𝔏̄ − 𝜇𝐼) is {(0, 0, 0)𝑇 }. Since it is injective, we have:
|

|

|

|

|

−𝑑1𝜆𝑛 + (1 − 𝛽𝛼 − 𝑚𝛼
(𝛼+1)2 ) − 𝜇 − 𝑚𝛼

𝛼+1
𝑠 −𝑑2𝜆𝑛 + 𝑠 − 2 − 𝜇

|

|

|

|

|

≠ 0,

which simplifies to:
(

𝜇 + 𝑑1𝜆𝑛 − (1 − 𝛽𝛼 − 𝑚𝛼
(𝛼 + 1)2

)
)

(𝜇 + 2 − 𝑠 + 𝑑2𝜆𝑛) +
𝑠𝑚𝛼
𝛼 + 1

≠ 0. (3.7)

(3.7) implies that 𝔏̄ − 𝜇𝐼 is surjective. It is also bijective. Moreover, (𝔏̄ − 𝜇𝐼)−1 is bounded, satisfying:

‖𝜙‖𝑊 2,𝑝
𝑁 (Ω) + ‖𝜙‖𝑊 2,𝑝

𝑁 (𝜓) ≤ ‖(𝔏̄ − 𝜇𝐼)−1‖

(

‖𝑑1Δ𝜙 + 1 − 𝛽𝛼 − 𝑚𝛼
(𝛼 + 1)2

𝜙 − 𝑚𝛼
𝛼 + 1

𝜓‖𝐿𝑝(Ω) + ‖𝑑2Δ𝜓 + 𝑠𝜙 + (𝑠 − 2)𝜓‖𝐿𝑝(Ω)

)

.

Thus, 𝜇 is in resolvent set of 𝔏̄, otherwise not in as (3.7) holds. If (3.7) fails, then the characteristic equation yields three roots 
𝜇(𝑗)𝑛 (𝑗 = 1, 2, 3) 𝑛 ∈ ℕ0. Setting 𝜏𝑗 = 0(𝑗 = 1, 2, 3) and substituting 𝜇(𝑗)𝑛  into (3.4), we obtain

⎛

⎜

⎜

⎝

𝜙
𝜓
𝜑

⎞

⎟

⎟

⎠

=
⎛

⎜

⎜

⎝

𝜙(𝑗)

𝜓 (𝑗)

𝜑(𝑗)

⎞

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎝

1
𝛼+1
𝑚𝛼 [−𝑑1𝜆𝑛 − 𝜇

(𝑗)
𝑛 + 𝑚𝛼

(𝛼+1)2 + 𝛼𝛽 − 1]
0

⎞

⎟

⎟

⎟

⎠

𝜙𝑛,

which shows that 𝐾𝑒𝑟(𝔏̄ − 𝜇(𝑗)𝑛 ) = 𝑆𝑝𝑎𝑛{(𝜙(𝑗), 𝜓 (𝑗), 𝜑(𝑗))𝑇 }. Hence, 𝜇(𝑗)𝑛 (𝑗 = 1, 2, 3) are eigenvalues of 𝔏̄, 𝜇(𝑗)𝑛 ∈ 𝜎𝑝(𝔏̄).
𝐂𝐚𝐬𝐞 𝟐 𝜇 + 𝛾 = 0.
(3.4) reduces to:

⎧

⎪

⎨

⎪

⎩

𝜓 = −𝛼 + 1
𝑏𝑚𝛼

𝑏𝜏1,

Δ𝜑 = 1
𝛼𝑑3

[𝑑2Δ𝜓 + (𝑠 − 2 + 𝛾)𝜓 − 𝜏2].

For 𝜏𝑖 = 0 (𝑖 = 1, 2, 3), we find 𝔎𝔢𝔯(𝔏̄ + 𝛾𝐼) = 𝑆𝑝𝑎𝑛{(0, 0, 𝜑̃)𝑇 } for Δ𝜑̃ = 0, confirming −𝛾 ∈ 𝜎𝑝(𝔏̄). This completes the proof. ∎
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Based on Theorem 3.1, we have the following theorem.
Theorem 3.2. The equilibrium 𝐸∗ of  system (1.1) is locally stable if all roots of characteristic equation own negative real parts; otherwise, 
it is unstable.

To analyze bifurcations, we use the Routh-Hurwitz criteria: eigenvalues own negative real parts iff
𝐴𝑛 > 0; 𝐶𝑛1 > 0; 𝐴𝑛𝐵𝑛 − 𝐶𝑛1 > 0.

Otherwise,  system (1.1) undergoes bifurcations. Below, we discuss bifurcation conditions for different cases, taking the cognitive 
diffusion 𝑑3 as the bifurcation parameter.

From 𝐶𝑛1 = 0 ∶

𝑑∗3 (𝛾) = − 𝛼 + 1
𝑏𝑚𝛼2𝜇𝑛𝐻(𝑅, 𝑛)

{ 𝛾𝑠𝑚𝛼
𝛼 + 1

+ [𝑑1𝜇𝑛 − 1 + 𝛽𝛼 + 𝑚𝛼
(𝛼 + 1)2

][𝑑2𝜇𝑛 − 𝑠 + 2]𝛾
}

. (3.8)

From 𝐴𝑛𝐵𝑛 − 𝐶𝑛1 = 0 ∶

𝑑∗∗3 (𝛾) = 𝛼 + 1
𝑏𝑚𝛼2𝜇𝑛𝐻(𝑅, 𝑛)

{

𝐴𝑛𝐵𝑛 −
𝛾𝑠𝑚𝛼
𝛼 + 1

− [𝑑1𝜇𝑛 − 1 + 𝛽𝛼 + 𝑚𝛼
(𝛼 + 1)2

][𝑑2𝜇𝑛 − 𝑠 + 2]𝛾
}

, (3.9)

By (2.4), 𝐵𝑛 > 0 holds.
Lemma 3.1. Let 𝑑∗3 (𝛾) and 𝑑∗∗3 (𝛾) be defined as in (3.8) and (3.9). Then

(i) 𝑑∗3 (𝛾) decreases in 𝛾 and crosses the origin for some 𝑛; 𝑑∗∗3 (𝛾) increases in 𝛾 with some 𝑛 ∈ (2𝑘𝜋∕𝑅, (2𝑘 + 1)𝜋∕𝑅), 𝑘 ∈ ℕ;
(ii) for 𝑛 ∈ (2𝑘𝜋∕𝑅, (2𝑘 + 1)𝜋∕𝑅) (𝑘 ∈ ℕ) and 𝛾 > 0, there exist 𝑁,𝑀 ∈ ℕ with

𝑑∗∗3𝑁 (𝛾) = max 𝑑∗3 (𝛾) < 0 𝑎𝑛𝑑 𝑑∗∗3𝑀 (𝛾) = min 𝑑∗∗3 (𝛾) > 0.

Proof.  (i) From (3.8), 𝑑∗3 (𝛾) is a direct line with slope

𝑘̄𝑛 = − 𝛼 + 1
𝑏𝑚𝛼2𝜇𝑛𝐻(𝑅, 𝑛)

{ 𝑠𝑚𝛼
𝛼 + 1

+ [𝑑1𝜇𝑛 − 1 + 𝛽𝛼 + 𝑚𝛼
(𝛼 + 1)2

][𝑑2𝜇𝑛 − 𝑠 + 2]
}

< 0

for 𝑛 ∈ (2𝑘𝜋∕𝑅, (2𝑘 + 1)𝜋∕𝑅) (𝑘 ∈ ℕ).
Rewriting (3.9) as a quadratic in 𝛾

𝑑∗∗3 (𝛾) = 𝐴̄0𝛾
2 + 𝐴̄1𝛾 + 𝐴̄2

with

𝐴̄0 =
𝛼 + 1

𝑏𝑚𝛼2𝜇𝑛𝐻(𝑅, 𝑛)
[(𝑑1 + 𝑑2)𝜇𝑛 + 𝛽𝛼 +

𝑚𝛼
(𝛼 + 1)2

+ 1 − 𝑠] = 𝛼 + 1
𝑏𝑚𝛼2𝜇𝑛𝐻(𝑅, 𝑛)

{[𝑑1𝜇𝑛 − 1 + 𝛽𝛼 + 𝑚𝛼
(𝛼 + 1)2

] + [𝑑2𝜇𝑛 − 𝑠 + 2]},

𝐴̄1 =
𝛼 + 1

𝑏𝑚𝛼2𝜇𝑛𝐻(𝑅, 𝑛)
{[𝑑1𝜇𝑛 − 1 + 𝛽𝛼 + 𝑚𝛼

(𝛼 + 1)2
] + [𝑑2𝜇𝑛 − 𝑠 + 2]}2, 𝐴̄2 =

𝛼 + 1
𝑏𝑚𝛼2𝜇𝑛𝐻(𝑅, 𝑛)

{[𝑑1𝜇𝑛 − 1 + 𝛽𝛼 + 𝑚𝛼
(𝛼 + 1)2

]

+[𝑑2𝜇𝑛 − 𝑠 + 2]} 𝑠𝑚𝛼
𝛼 + 1

= 𝑠
𝑏𝛼𝜇𝑛𝐻(𝑅, 𝑛)

{[𝑑1𝜇𝑛 − 1 + 𝛽𝛼 + 𝑚𝛼
(𝛼 + 1)2

] + [𝑑2𝜇𝑛 − 𝑠 + 2]}.

Clearly, 𝐴̄0 > 0, 𝐴̄1 > 0, 𝐴̄2 > 0 and 𝛾 = − 𝐴̄0
2𝐴̄1

 with 𝑛 ∈ (2𝑘𝜋∕𝑅, (2𝑘 + 1)𝜋∕𝑅) (𝑘 ∈ ℕ). Then 𝑑∗∗3 (𝛾) increases with 𝛾 > 0. Since 𝑑∗∗3 (0) =
𝐴̄2 > 0, then 𝑑∗∗3 (𝛾) > 0, 𝛾 > 0 with 𝑛 ∈ (2𝑘𝜋∕𝑅, (2𝑘 + 1)𝜋∕𝑅), 𝑘 ∈ ℕ.

(ii) ̄𝑘𝑛 attains its maximum due to the properties of the hook function. Let 𝜇̄𝑛 be the point where ̄𝑘𝑛 is maximized. Take 𝑁 and 𝜇𝑁
is eigenvalue closest to 𝜇̄𝑛, ensuring 𝑑∗∗3𝑁 (𝛾) < 0 from (i).

Rewriting 𝑑∗∗3 (𝛾) in terms of 𝑛 (replacing 𝜇𝑛 into 𝑛):

𝑑∗∗3 (𝛾) = 𝛼 + 1
𝑏𝑚𝛼2𝑛𝐻(𝑅, 𝑛)

{

𝐴𝑛𝐵𝑛 −
𝛾𝑠𝑚𝛼
𝛼 + 1

− [𝑑1𝑛 − 1 + 𝛽𝛼 + 𝑚𝛼
(𝛼 + 1)2

][𝑑2𝑛 − 𝑠 + 2]𝛾
}

. (3.10)

Differentiating with respect to 𝑛:
d[𝑑∗∗3 (𝛾)]

d𝑛
= − 𝛼 + 1

𝑏𝑚𝛼2𝑛2𝐻(𝑅, 𝑛)

{

𝐴𝑛𝐵𝑛 −
𝛾𝑠𝑚𝛼
𝛼 + 1

− [𝑑1𝑛 − 1 + 𝛽𝛼 + 𝑚𝛼
(𝛼 + 1)2

][𝑑2𝑛 − 𝑠 + 2]𝛾
}

+

𝛼 + 1
𝑏𝑚𝛼2𝑛𝐻(𝑅, 𝑛)

{

− 𝑑1[𝑑2𝑛 − 𝑠 + 2]𝛾 − [𝑑1𝑛 − 1 + 𝛽𝛼 + 𝑚𝛼
(𝛼 + 1)2

]𝑑2𝛾 + [𝑑1 + 𝑑2]𝐵𝑛 + 𝐴𝑛{[𝑑1 + 𝑑2]𝛾+

𝑑1[𝑑2𝑛 − 𝑠 + 2] + [𝑑1𝑛 − 1 + 𝛽𝛼 + 𝑚𝛼
(𝛼 + 1)2

]𝑑2}
}

= − 𝛼 + 1
𝑏𝑚𝛼2𝑛2𝐻(𝑅, 𝑛)

𝐴̄3(𝑛).

Here 𝐴̄3(𝑛) is a cubic function of 𝑛. The equation 𝐴̄3(𝑛) = 0 has a unique positive root 𝑛 = 𝑛∗. 𝐴̄3(𝑛) > 0 for 𝑛 ∈ (𝑛∗. +∞) and 𝐴̄3(𝑛) < 0
for 𝑛 ∈ (0, 𝑛∗). Thus, 𝑑∗∗3 (𝛾) attains its minimum at 𝑛 = 𝑛∗. Therefore, there exists a positive integer 𝑀 such that 𝑑∗∗3𝑀 (𝛾) = min 𝑑∗∗3 (𝛾) >
0. ∎
Lemma 3.2. Let 𝑑∗∗3𝑁 (𝛾) and 𝑑∗∗3𝑀 (𝛾) be defined as in Lemma 3.1 for 𝑛 ∈ (2𝑘𝜋∕𝑅, (2𝑘 + 1)𝜋∕𝑅) (𝑘 ∈ ℕ). Then
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(i) all roots of the characteristic equation have negative real parts if 𝑑∗∗3𝑁 (𝛾) < 𝑑3 < 𝑑∗∗3𝑀 (𝛾);
(ii) the characteristic equation has a pair of purely imaginary roots if 𝑑3 ≥ 𝑑∗∗3𝑀 (𝛾);
(iii) the characteristic equation has a zero root if 𝑑3 ≤ 𝑑∗∗3𝑁 (𝛾).

Proof.  By Lemma 3.1, for 𝑛 ∈ (2𝑘𝜋∕𝑅, (2𝑘 + 1)𝜋∕𝑅) (𝑘 ∈ ℕ), if 𝑑∗∗3𝑁 (𝛾) < 𝑑3 < 𝑑∗∗3𝑀 (𝛾), then 𝐶𝑛1 > 0, and 𝐴𝑛𝐵𝑛 − 𝐶𝑛1 > 0 for 𝜇𝑛 > 0,
which validates (i). When 𝑑3 ≤ 𝑑∗∗3𝑁 (𝛾), 𝐶𝑛1 < 0, and the characteristic equation has at least one eigenvalue with positive real part. 
For 𝑑3 = 𝑑∗∗3 (𝛾), the characteristic equation has a zero root. If 𝑑3 ≥ 𝑑∗∗3𝑀 (𝛾), then 𝐴𝑛 > 0, 𝐶𝑛1 > 0, and 𝐴𝑛𝐵𝑛 − 𝐶𝑛1 < 0, causing the 
characteristic equation to have a pair of purely imaginary roots when 𝑑3 = 𝑑∗∗3 (𝛾). ∎

From Lemma 3.2, the following lemma holds.
Lemma 3.3. The characteristic equation owns a pair of roots 𝜆̃ = 𝜆̃(𝑑3) ± 𝑖𝜔̃(𝑑3) when 𝑑3 is near 𝑑∗∗3 (𝛾), with 𝜆̃(𝑑∗∗3 (𝛾)) = 0 and 𝜆̃′(𝑑∗∗3 (𝛾)) > 0
for some 𝑛 ∈ (2𝑘𝜋∕𝑅, (2𝑘 + 1)𝜋∕𝑅) (𝑘 ∈ ℕ).

Proof.  Differentiating the characteristic equation with respect to 𝑑3 yields

3𝜆2 d𝜆
d𝑑3

+
d𝐴𝑛
d𝑑3

𝜆2 + 2𝜆𝐴𝑛
d𝜆
d𝑑3

+
d𝐵𝑛
d𝑑3

𝜆 + 𝐵𝑛
d𝜆
d𝑑3

+
d𝐶𝑛1
d𝑑3

= 0. (3.11)

From the equations of 𝐴𝑛, 𝐵𝑛, 𝐶𝑛1, then we obtain
d𝐴𝑛
d𝑑3

= 0,
d𝐵𝑛
d𝑑3

= 0,
d𝐶𝑛1
d𝑑3

= 𝑏𝑚𝛼2

𝛼 + 1
𝐻(𝑅, 𝑛)𝜇𝑛. (3.12)

Let 𝜆 = 𝑖𝜔𝑛, then get
d𝜆
d𝑑3

|

|

|

|

|𝑑3=𝑑∗∗3 (𝛾)
=

𝑏𝑚𝛼2𝐻(𝑅, 𝑛)𝜇𝑛
(𝛼 + 1)(3𝜔2

𝑛 − 𝐵𝑛 + 2𝑖𝐴𝑛𝜔𝑛)
, (3.13)

and

𝜆′(𝑑3) =
𝑏𝑚𝛼2𝐻(𝑅, 𝑛)𝜇𝑛

(𝛼 + 1)((3𝜔2
𝑛 − 𝐵𝑛)2 − 4𝐴2

𝑛𝜔2
𝑛)
> 0

for some 𝑛 ∈ (2𝑘𝜋∕𝑅, (2𝑘 + 1)𝜋∕𝑅) (𝑘 ∈ ℕ). ∎
From Lemmas 3.1–3.3, we derive the following results.

Theorem 3.3. Let 𝑑∗3 (𝛾) and 𝑑∗∗3 (𝛾) be (3.8) and (3.9), 𝑑∗3𝑁 (𝛾) and 𝑑∗∗3𝑀 (𝛾) be defined as in Lemma 3.1 for 𝑛 ∈ (2𝑘𝜋∕𝑅, (2𝑘 + 1)𝜋∕𝑅) (𝑘 ∈ ℕ). 
Then the following results hold for (1.1) in (𝛾, 𝑑3) plane.

(i) 𝑛-mode Turing bifurcations occur at 𝑑3 = 𝑑∗3 (𝛾). Therefore, 𝑛-mode nonhomogeneous steady states emerge near 𝐸∗.
(ii) 𝑛-mode Hopf bifurcations occur at 𝑑3 = 𝑑∗∗3 (𝛾). Thus, spatially nonhomogeneous periodic solutions can arise near 𝐸∗.
(iii) For some 𝛾, 𝐸∗ is locally stable as 𝑑∗3𝑁 (𝛾) < 𝑑3 < 𝑑∗∗3𝑀 (𝛾), and unstable for 𝑑3 ∈ (−∞, 𝑑∗3𝑁 (𝛾)] ∪ [𝑑∗∗3𝑀 (𝛾),+∞).

Similarly, taking 𝑅 as the bifurcation parameter, we can get the joint influence of the perceptual range and cognitive diffusion by 
Theorem 3.3 and [30].
Lemma 3.4. If there exists 𝑅∗ satisfying:

(i) 𝐴0(𝐸∗)𝐵0(𝐸∗) − 𝐶01(𝐸∗) = 0;
(ii) ∃ 𝑖 ∈ ℕ satisfies 𝐶𝑖1(𝐸∗) = 0, 𝐴𝑖(𝐸∗)𝐵𝑖(𝐸∗) − 𝐶𝑖1(𝐸∗) > 0. For 𝑖 ∈ ℕ0 {0, 𝑖}, 𝐶𝑖1(𝐸∗) > 0, 𝐴𝑖(𝐸∗)𝐵𝑖(𝐸∗) − 𝐶𝑖1(𝐸∗) > 0;
(iii)

d(𝐴0(𝐸∗)𝐵0(𝐸∗) − 𝐶01)(𝐸∗)
d𝑑3

|

|

|

|

|(𝑅,𝑑3)=(𝑅∗ ,𝑑∗∗3 )
≠ 0;

d(𝐶𝑖1(𝐸∗))
d𝑑3

|

|

|

|

|(𝑅,𝑑3)=(𝑅∗ ,𝑑∗∗3 )
≠ 0,

then  system (1.1) may exhibit Turing-Hopf bifurcations at 𝐸∗ as (𝑅, 𝑑3) = (𝑅∗, 𝑑∗∗3 ).

Remark 3.1.  According to Theorem 3.3, the perception range 𝑅 significantly influences the dynamics of the three populations. 
Due to the combined effect of nonlocal perception and the spatial memory diffusion, (1.1) exhibits more complex bifurcation such as 
Turing–Hopf bifurcation. These results appear richer than those in [17]. Biologically, the emergence of a spatially nonhomogeneous 
Hopf bifurcation in system (1.1) suggests that the populations may not only develop periodic spatial patterns but also vary across 
different regions. Furthermore, due to the nonlocal nature of consumer perception, the populations may fail to stabilize at a uniform 
equilibrium, instead exhibiting uneven spatial distributions. In other words, distinct areas may display different population patterns.

Lemma 3.4 reveals that system (1.1) may exhibit rich dynamics in the vicinity of the bifurcation point (𝑅∗, 𝑑∗∗3 ). These dynam-
ics include the emergence of spatially inhomogeneous steady states, as well as both spatially homogeneous and inhomogeneous 
periodic solutions. Consequently, the population distributions may display a variety of spatiotemporal patterns, such as spatially 
uneven distributions, temporally periodic but spatially uniform patterns, or patterns that are both temporally periodic and spatially 
heterogeneous.

Communications in Nonlinear Science and Numerical Simulation 154 (2026) 109593 

16 



L. Ye and H. Wang

Fig. 10. The curves 𝐻 = 𝐻(𝑛,𝑅). The minimum of 𝐻(𝑛,𝑅) ≈ −0.202.

Fig. 11. The bifurcation diagram of (1.1) in (𝛾, 𝑑3) plane.

In the following, numerical simulations are conducted using the parameters 𝑑1 = 0.01, 𝑑2 = 0.02, 𝑏 = 0.15, 𝑠 = 0.1, and 𝛽 = 1. The 
resulting population distributions are illustrated accordingly. Fig. 10 shows that the minimum value of 𝐻(𝑛,𝑅) remains consistently 
around −0.202. For 𝑅 = 1, the Turing and Hopf bifurcation curves are plotted in the (𝛾, 𝑑3) plane, as shown in Fig. 11. When 𝑚 = 1.1, 
spatially homogeneous periodic solutions emerge, as depicted in Fig. 12. This suggests that consumers tend to form periodic spatial 
patterns when encountering abundant resources. While resources are uniformly distributed, consumers display a mixture of dot and 
stripe patterns. Biologically, frequent interactions between resources and consumers result in a stable distribution of resources and 
implicit memory effects, whereas consumers exhibit complex, mixed spatial patterns. These phenomena are not observed in system
(2.1). Fig. 13 presents additional Turing and Hopf bifurcation curves in the (𝑅, 𝑑3) plane for 𝛾 = 0.1. Notably, the intersection points 
of these curves correspond to Turing-Hopf bifurcation points.

For 𝑚 = 1.1, 𝑑3 = 1, and 𝑅 = 1.29, spatially homogeneous periodic solutions emerge, as shown in Fig. 14. This suggests that, 
under moderate interaction between resources and consumers, and with a moderate perceptual range, consumers exhibit periodic 
behavior. Unlike system (2.1), system (1.1) produces spatially homogeneous periodic solutions as a result of nonlocal perception. As 
the perceptual range of consumers increases, their densities tend to adopt a periodic temporal distribution. Meanwhile, both resources 
and implicit memory stabilize at their respective maximum levels.

For 𝑑3 = −1, Fig. 15 illustrates the emergence of various spatiotemporal patterns. In the absence of perceptual range (𝑅 = 0), all 
populations stabilize through local perception. When the perceptual range is small (𝑅 = 1), the implicit memory develops a square 
pattern, while the resources and consumers exhibit stripe patterns. At 𝑅 = 1, the domain of the implicit memory contracts, yet the 
stripe patterns for resources and consumers persist. As the perceptual range increases to 𝑅 = 2, the implicit memory transitions to 
a spot pattern, while the distributions of resources and consumers evolve into thinner stripe patterns. With further increases in per-
ceptual range, the implicit memory continues to exhibit spot patterns, and the stripe patterns in resource and consumer distributions 
become increasingly refined.
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Fig. 12. Patterns near Hopf bifurcation curves for (1.1).

Fig. 13. The bifurcation diagram of (1.1) in (𝑅, 𝑑3) plane.

Fig. 14. Patterns near Hopf bifurcation curves for (1.1).

Fixing the perceptual range at 𝑅 = 2, Fig. 16 illustrates various spatiotemporal pattern formation scenarios influenced by cognitive 
diffusion. In the absence of cognitive diffusion, the resources and consumers remain stable, while the implicit memory continues to 
exhibit a dot pattern. When consumers spread more rapidly due to cognitive effects, the resources and consumers develop spatially 
stripe pattern distributions, and the implicit memory adopts a dot-patterned distribution. However, regardless of the rate at which 
consumers spread in response to cognition, the distributions of all three populations eventually reach a steady state.

From the above results, it is evident that in system (1.1), all three populations transit into distinct patterns, which are not observed 
in system (2.1).

3.2.  Dynamics of (1.2)

In this subsection, we analyze the dynamics of  system (1.2). Consider the positive constant equilibrium 𝐸∗, which is locally stable 
in the corresponding non-spatial system.
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Fig. 15. Spatiotemporal patterns for (1.1) with 𝑑3 = −1.

Fig. 16. Spatiotemporal patterns for (1.1) with 𝑅 = 2.

Linearizing  system (1.2) at 𝐸∗, we obtain

𝔏̂1

⎛

⎜

⎜

⎝

𝜙
𝜓
𝜑

⎞

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎝

𝑑1Δ𝜙 + (1 − 𝛽𝛼 − 𝑚𝛼
(𝛼+1)2 )𝜙 − 𝑚𝛼

𝛼+1𝜓
𝑑2Δ𝜓 − 𝑑3𝛼Δ𝜑 + 𝑠𝜙 + (𝑠 − 2)𝜓

𝑏𝛼𝛾
𝛾+𝜉𝛼𝜓 − (𝛾 + 𝜉𝛼)𝜑

⎞

⎟

⎟

⎟

⎠

, (3.14)

where 𝛼 is defined as before. Here, linear operator 𝔏̂1 is closed in 𝑌  with 𝐷(𝔏̂1) = 𝑋. We give results on spectrum of 𝔏̂1.

Theorem 3.4. Let 𝔏̂1 ∶ 𝑋 → 𝑌 . Its spectrum satisfies
𝜎(𝔏̂1) = 𝜎𝑝(𝔏̂1) = 𝑆̂ ∪ {−𝛾 − 𝜉𝛼},

where

𝑆̂ = {𝜇̂(1)𝑛∗ }
+∞
𝑛=0 ∪ {𝜇̂(2)𝑛∗ }

+∞
𝑛=0 ∪ {𝜇̂(3)𝑛∗ }

+∞
𝑛=0, (3.15)

and 𝜇̂(𝑗)𝑛∗ (𝑗 = 1, 2, 3) are roots of the characteristic equation
𝜆3 + 𝐴̂𝑛𝜆2 + 𝐵̂𝑛𝜆 + 𝐶̂𝑛1 = 0

with ℜ𝔢
(

𝜇̂(1)𝑛∗
)

< ℜ𝔢
(

𝜇̂(2)𝑛∗
)

< ℜ𝔢
(

𝜇̂(3)𝑛∗
)

. Here

𝐶̂𝑛1 = [𝑑1𝜇𝑛 − 1 + 𝛽𝛼 + 𝑚𝛼
(𝛼 + 1)2

][𝑑2𝜇𝑛 − 𝑠 + 2][𝛾 + 𝜉𝛼] −
𝑏𝛼2𝛾𝑑3𝜇𝑛
𝛾 + 𝜉𝛼

[𝑑1𝜇𝑛 − 1 + 𝛽𝛼 + 𝑚𝛼
(𝛼 + 1)2

]

+
𝑑3𝑏𝑚𝛼3

𝛼 + 1
𝐻(𝑅, 𝑛)𝜇𝑛 +

[𝛾 + 𝜉𝛼]𝑠𝑚𝛼
𝛼 + 1

.

The proof of Theorem 3.4 is similar to Theorem 3.1 and omitted. Thus, we get the following results.

Theorem 3.5. 𝐸∗ is locally stable in  system (1.2) when all the roots of the characteristic equation own negative real parts; otherwise, it is 
unstable.
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By Theorems 3.4–3.5, we derive the steady-state bifurcation condition 𝐶̂𝑛1 = 0, which gives

𝑑∗3 (𝛾) =
{ 𝑏𝛼2𝛾𝜇𝑛
𝛾 + 𝜉𝛼

[𝑑1𝜇𝑛 − 1 + 𝛼𝛽 + 𝑚𝛼
(𝛼 + 1)2

] − 𝑏𝑚𝛼3

𝛼 + 1
𝐻(𝑅, 𝑛)𝜇𝑛

}

−1
{

[𝑑1𝜇𝑛 − 1 + 𝛽𝛼 + 𝑚𝛼
(𝛼 + 1)2

][𝑑2𝜇𝑛 − 𝑠 + 2][𝛾 + 𝜉𝛼]

+
[𝛾 + 𝜉𝛼]𝑠𝑚𝛼

𝛼 + 1

}

.

(3.16)

Similarly, the condition 𝐴̂𝑛𝐵̂𝑛 − 𝐶̂𝑛1 = 0 yields

𝑑∗∗3 (𝛾) =
{ 𝑏𝛼2𝛾𝜇𝑛
𝛾 + 𝜉𝛼

[𝑑1𝜇𝑛 − 1 + 𝛼𝛽 + 𝑚𝛼
(𝛼 + 1)2

] − 𝑏𝑚𝛼3

𝛼 + 1
𝐻(𝑅, 𝑛)𝜇𝑛

}

−1
{

[𝑑1𝜇𝑛 − 1 + 𝛽𝛼 + 𝑚𝛼
(𝛼 + 1)2

][𝑑2𝜇𝑛 − 𝑠 + 2][𝛾 + 𝜉𝛼]

+
[𝛾 + 𝜉𝛼]𝑠𝑚𝛼

𝛼 + 1
+ 𝐴̂𝑛𝐵̂𝑛

}

.

(3.17)

The following analysis focuses on the properties of the Turing bifurcation curves 𝑑3 = 𝑑∗3 (𝛾).

Lemma 3.5. Let 𝑑∗3 (𝛾) and 𝑑∗∗3 (𝛾) be defined as in (3.16) and (3.17). Then the following results hold for some 𝑛 ∈ (2𝑘𝜋∕𝑅, (2𝑘 + 1)𝜋∕𝑅) (𝑘 ∈
ℕ):

(i) There exist 𝑛̃∗ such that for 𝑛 ≤ 𝑛̃∗, 𝑑∗3 (𝛾) < 0, and 𝑁̃ with 𝑑∗
3𝑁̃

(𝛾) = max 𝑑∗3 (𝛾) for 𝛾 > 0; For 𝑛 > 𝑛̃∗, 𝑑∗3 (𝛾) < 0 when 𝛾 ∈ (0, 𝛾̃∗𝑛 ), and 
𝑑∗3 (𝛾) > 0 when 𝛾 ∈ (𝛾̃∗𝑛 ,+∞), where 𝛾̃∗𝑛  satisfies 1

𝑑∗3 (𝛾̃
∗
𝑛 )

= 0. Moreover, 𝑑∗3 (𝛾) is strictly decreasing in 𝑛 for fixed 𝛾 and satisfies

𝑑∗3 (𝛾) > 𝑑
∗
3∞(𝛾) =

𝑑2[𝛾 + 𝜉𝛼]2

𝑏𝛼2𝛾
, (3.18)

where 𝑑∗3∞(𝛾) decreases for 𝛾 ∈ (0, 𝛾∗) and increases for 𝛾 ∈ (𝛾∗,+∞) with 𝛾∗ = 𝛼𝜉.
(ii) There exists 𝑀̃ such that 𝑑∗∗

3𝑀̃
(𝛾) = min 𝑑∗∗3 (𝛾) with fixed 𝛾 > 0, 𝑀̃ ∈ ℕ.

Similar to Lemma 3.4, we can derive the properties of eigenvalues for the characteristic equation.
Lemma 3.6. Let 𝑑∗3 (𝛾) and 𝑑∗∗3 (𝛾) be defined as in (3.16) and (3.17), and 𝑑∗

3𝑁̃
(𝛾), 𝑑∗∗

3𝑀̃
(𝛾) as in Lemma 3.4. Then for 𝑛 ∈ (2𝑘𝜋∕𝑅, (2𝑘 +

1)𝜋∕𝑅) (𝑘 ∈ ℕ), the following conclusions hold.
(i) When 𝑑∗

3𝑁̃
(𝛾) < 𝑑3 < min{𝑑∗∗

3𝑀̃
(𝛾), 𝑑∗3∞(𝛾)}, all eigenvalues of the characteristic equation own negative real parts.

(ii) When 𝑑3 ≥ min{𝑑∗∗
3𝑀̃

(𝛾), 𝑑∗3∞(𝛾)}, the characteristic equation owns a pair of purely imaginary roots at 𝑑3 = 𝑑∗∗3 (𝛾).
(iii) When 𝑑3 ≤ 𝑑∗

3𝑁̃
(𝛾) or 𝑑3 ≥ min{𝑑∗∗

3𝑀̃
(𝛾), 𝑑∗3∞(𝛾)}, the characteristic equation owns a zero root at 𝑑3 = 𝑑∗3 (𝛾).

In the following, we verify the transversality condition for Hopf bifurcation in  system (1.2) and omit the proof.
Lemma 3.7. The characteristic equation has roots as 𝜆̌ = 𝜆̌(𝑑3) ± 𝑖𝜔̌(𝑑3) for 𝑑3 near 𝑑∗∗3 (𝛾) with 𝜆̌(𝑑∗∗3 (𝛾)) = 0 and 𝜆̌′(𝑑∗∗3 (𝛾)) > 0 for some 
𝑛 ∈ (2𝑘𝜋∕𝑅, (2𝑘 + 1)𝜋∕𝑅) (𝑘 ∈ ℕ).

From Lemmas 3.4–3.6, we obtain the stability and bifurcations of the positive steady state of  system (1.2).
Theorem 3.6. Let 𝑑∗3 (𝛾) and 𝑑∗∗3 (𝛾) be defined as in (3.16) and (3.17), 𝑑∗

3𝑁̃
(𝛾) and 𝑑∗∗

3𝑀̃
(𝛾) as in Lemma 3.4. Then for (1.2) with some 

𝑛 ∈ (2𝑘𝜋∕𝑅, (2𝑘 + 1)𝜋∕𝑅) (𝑘 ∈ ℕ),

(i) 𝑛-mode Turing bifurcations occur at 𝑑3 = 𝑑∗
3𝑁̃

(𝛾) with 𝛾 > 0, producing 𝑛-mode nonhomogeneous steady states near 𝐸∗;
(ii) 𝑛-mode Hopf bifurcations occur at 𝑑3 = 𝑑∗∗

3𝑀̃
(𝛾) for 𝛾 > 0, generating spatially nonhomogeneous periodic solutions near 𝐸∗;

(iii) for fixed 𝛾 ∈ (0,+∞), 𝐸∗ is locally stable when 𝑑∗3𝑁̃ (𝛾) < 𝑑3 < min{𝑑∗∗
3𝑀̃

(𝛾), 𝑑∗3∞(𝛾)}; otherwise unstable.
Similarly, taking 𝑅 as the bifurcation parameter, we can get the joint influence of the perceptual range and cognitive diffusion 

according to Theorem 3.6 and [30].
Lemma 3.8. If there exists 𝑅∗ satisfies:
(i) 𝐴̂0(𝐸∗)𝐵̂0(𝐸∗) − 𝐶̂01(𝐸∗) = 0;
(ii) ∃ 𝑖 ∈ ℕ satisfies 𝐶̂𝑖1(𝐸∗) = 0, 𝐴̂𝑖(𝐸∗)𝐵̂𝑖(𝐸∗) − 𝐶̂𝑖1(𝐸∗) > 0. For 𝑖 ∈ ℕ0 {0, 𝑖}, 𝐶̂𝑖1(𝐸∗) > 0, 𝐴̂𝑖(𝐸∗)𝐵̂𝑖(𝐸∗) − 𝐶̂𝑖1(𝐸∗) > 0;
(iii)

d(𝐴̂0(𝐸∗)𝐵̂0(𝐸∗) − 𝐶̂01)(𝐸∗)
d𝑑3

|

|

|

|

|(𝑅,𝑑3)=(𝑅∗ ,𝑑∗∗3 )
≠ 0;

d(𝐶̂𝑖1(𝐸∗))
d𝑑3

|

|

|

|

|(𝑅,𝑑3)=(𝑅∗ ,𝑑∗∗3 )
≠ 0,

then system (1.2) may exhibit Turing-Hopf bifurcations at 𝐸∗ as (𝑅, 𝑑3) = (𝑅∗, 𝑑∗∗3 ).

Remark 3.2. Theorem 3.6 indicates that the perceptual range 𝑅 influences the dynamics of the three populations. Due to the 
combined effect of nonlocal perception and the spatial memory diffusion, (1.2) exhibits more complex bifurcation such as Turing–
Hopf bifurcation. These results appear richer than those in [17]. Lemma 3.8 reveals that system (1.2) can exhibit complex dynamics in 
the vicinity of (𝑅∗, 𝑑∗∗3 ). These dynamics may include spatially inhomogeneous steady states, as well as both spatially homogeneous 
and inhomogeneous periodic solutions. Consequently, the distributions may display a variety of spatiotemporal patterns, such as 
spatially uneven steady states, temporally periodic yet spatially uniform distributions, or patterns that are periodic in time and 
uneven in space.

Communications in Nonlinear Science and Numerical Simulation 154 (2026) 109593 

20 



L. Ye and H. Wang

Fig. 17. The bifurcation diagram of (1.2) in (𝛾, 𝑑3) plane with 𝑅 = 1.

Fig. 18. Spatiotemporal patterns for (1.2) with 𝑑3 = 0.02, 𝑅 = 1.

In the following, we present numerical simulations with fixed parameters: 𝑑1 = 0.01, 𝑑2 = 0.02, 𝑏 = 0.15, 𝑠 = 0.1, 𝜉 = 0.3, and 
𝛽 = 1. The distributions of populations are illustrated. Fig. 17 shows the Turing and Hopf bifurcation curves in the (𝛾, 𝑑3) plane 
for 𝑅 = 1. Notably, a limiting Turing bifurcation curve 𝑑3 = 𝑑∗3∞(𝛾) appears for infinite modes, which can destabilize system (1.2) 
when 𝑑3 > 𝑑∗3∞(𝛾). For 𝑑3 = 0.02 and 𝑅 = 1, spatiotemporal pattern formations are observed, as illustrated in Fig. 18. When 𝛾 = 0, the 
resources and consumers exhibit hyperbolic patterns, while the implicit memory displays square patterns. As 𝛾 increases further, the 
octagonal patterns of the resources and consumers expand, and the square patterns of the implicit memory grow correspondingly. 
These results highlight how the memory decay rate 𝛾 influences spatial pattern transitions within the ecological system.

Fig. 19 presents the Turing and Hopf bifurcation curves in the (𝑅, 𝑑3) plane for 𝛾 = 0.1, where their intersections correspond 
to Turing-Hopf bifurcation points. Fig. 20 illustrates the influence of perceptual range 𝑅 on pattern formation for 𝑑3 = 0.02 and 
𝛾 = 0.1. When the perceptual range is absent (𝑅 = 0), all populations remain stable. For small 𝑅, bar patterns emerge in the implicit 
memory, while the resources and consumers exhibit octagonal patterns. As 𝑅 increases to 4, the implicit memory develops finer 
bar structures, and the resources and consumers display star-like patterns. These observations suggest that population densities 
remain stable when consumers possess only local perception. However, with nonlocal perception, the densities of resources and 
consumers become spatially aggregated at varying scales. Notably, larger perceptual ranges result in weaker aggregation, with lower 
concentrations of both resources and consumers.

For 𝑅 = 4 and 𝛾 = 0.1, Fig. 21 explores the role of cognitive diffusion. In the absence of cognitive diffusion, the resources and 
consumers reach a stable state, while the implicit memory exhibits spot patterns. When cognitive diffusion is introduced, the implicit 
memory retains its spot patterns, but the resources and consumers evolve into a central vertical band that expands toward the four 
corners, forming an “X” or hourglass shape patterns with spatially varying densities. These patterns reach steady states regardless 
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Fig. 19. The bifurcation diagram of (1.2) in (𝑅, 𝑑3) plane with 𝛾 = 0.1.

Fig. 20. Spatiotemporal patterns for (1.2) with 𝑑3 = 0.02, 𝛾 = 0.1.

Fig. 21. Spatiotemporal patterns for (1.2) with 𝑅 = 4, 𝛾 = 0.1.

of the speed of cognitive diffusion. This indicates that even though consumers possess nonlocal perceptual capabilities, the system 
remains stable as long as the perception itself is not diffused. In this scenario, consumers’ perceptual range remains fixed and effective. 
However, once cognitive diffusion is activated, regardless of its intensity, it drives the aggregation of resources and consumers.

These results highlight two key findings: the perceptual range 𝑅 governs the transition of spatial patterns from steady states to star 
patterns via intermediate octagonal structures; and system (1.2) exhibits richer pattern diversity than systems (1.1)/(2.2), primarily 
due to the effects of nonlocal perception.
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4.  Discussion

In light of the role of cognition in animal movement, increasing attention has been devoted to the study of spatial memory. 
Numerous studies have explored this topic [7,9,10,12–16,23]. In particular, [6] introduced the concept of implicit memory using a 
learning-based approach, distinguishing it from the more commonly studied explicit memory. While many existing works focus on 
the influence of explicit memory, investigations into implicit memory remain limited. More recently, [17] examined two consumer-
resource models incorporating implicit memory based on local perception. Building upon this, we focus on two diffusive resource-
consumer systems that integrate both implicit memory and nonlocal perception. Compared to [17], our model adopts a top-hat 
function as the kernel for nonlocal perception, which is more biologically realistic. The objective should be to investigate effects of 
cognitive diffusion and perceptual range. To this end, we analyze the system dynamics both in the absence and presence of nonlocality.

On one hand, since systems (1.1)–(1.2) and (2.1)–(2.2) consist of PDE-ODE couplings, their analysis is more challenging than 
that of classical reaction-diffusion systems. On the other hand, we treat cognitive diffusion and perceptual range as bifurcation 
parameters to investigate the conditions under which bifurcations occur. Our theoretical and numerical results show that both Turing 
and Hopf bifurcations can arise with or without nonlocal perception. In the absence of nonlocality, system (2.2) displays especially rich 
dynamics: the combined effects of cognitive diffusion and memory decay rate can generate four-mode or five-mode periodic patterns, 
as well as quasi-periodic structures. Biologically, this implies the existence of complex population distributions characterized by 
nonhomogeneous periodicity in multiple spatial modes.

Furthermore, when nonlocality is included, the systems may undergo Turing-Hopf bifurcations, leading to an even wider array 
of spatial patterns. These include stripes, spots, and hybrid structures resulting from the interplay between cognitive diffusion and 
perceptual range. Such phenomena are novel outcomes of nonlocal perception and stand in stark contrast to the findings of [17], 
underscoring the substantial influence of implicit memory and cognitive diffusion on animal movement.

Our work offers new insights into animal movement by demonstrating that systems (1.1)–(1.2), which incorporate implicit mem-
ory and nonlocal perception, produce much richer pattern dynamics than models limited to local perception. From a biological 
perspective, this reflects realistic ecological constraints in which animals navigate bounded habitats while maintaining broad per-
ceptual awareness, resulting in intricate spatial distributions. The framework of nonlocal perception thus provides a more accurate 
representation of animal movement and resource-consumer interactions. However, this study focuses only on dynamics near constant 
steady states in 1D domain. The dynamics associated with non-constant steady states remain unexplored in multi-dimensional do-
mains. In future work, we aim to address this gap, and extend the current approach to include advanced nonlocal perception models 
incorporating time delays and multi-scale habitat structures in multi-dimensional domains or computing Turing-Hopf normal forms 
or global attractors for future work.
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