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Abstract

Spatial memory and predator-induced fear have recently been considered in modeling
population dynamics of animals independently. This paper is the first to integrate both
aspects in a prey-predator model with pregnancy cycle to investigate the direct and
indirect effects of predation on the spatial distribution of prey. We extensively study
Turing instability and Hopf bifurcation. When the prey population has slow memory-
based diffusion, the model is easier to generate Turing patterns. While when the prey
population has fast memory-based diffusion, the model can exhibit rich dynamics.
Specifically, (1) for the model with spatial memory delay only, the prey population
with long term memory shows a spatially nonhomogeneous periodic distribution; (2)
for the model with pregnancy delay only, the prey population with long pregnancy
cycles shows a spatially homogeneous (or nonhomogeneous) periodic distribution,
and (3) for the model with both the two time delays, more interesting spatiotemporal
dynamics can be observed for long memory delay and (or) long pregnancy cycles. Our
findings indicate that both spatial memory and pregnancy cycle play significant roles
in the pattern formation of prey-predator interactions.
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1 Introduction

For nearly a century, the main influence of predators on prey is generally assumed
to be the loss of prey by direct predation (Wang et al. 2009; Sun 2016; Shi et al.
2017, 2019; Jia et al. 2019; Wang and Li 2019; Yan et al. 2020; Yang and Yuan
2021; Zhang et al. 2022). Recently, Montagnes et al. (2019) pointed out that ignoring
the biological aspects of predators and prey behind predation may cause a ‘false
exclusion’. Some convincing experimental studies demonstrated that the exposure of
predators or predator cues can have a sustained effects on foraging, food intake and
the physiological condition of prey (Clinchy et al. 2013; Zanette et al. 2011; Travers
et al. 2010; Preisser et al. 2005). For instance, Preisser et al. (2005) indicated that the
impact of intimidation on prey is at least as strong as direct killing and the costs of
intimidation may actually be the dominant facet of trophic interactions. Zanette et al.
(2011) found that the predator-induced fear may give rise to the decrease of the birth
rate and survival rate of prey’s offsprings.

Generally speaking, one can understand the quantitative effect of predator-induced
fear on the population dynamics of prey through aforementioned experimental studies.
In terms of the qualitative influence, it needs to be discussed through mathematical
modeling. Wang et al. (2016) originally introduced the cost of fear on prey into the
classical Lotka-Volterra model by multiplying the growth term by a fear factor. Their
results revealed that the direction of Hopf bifurcation will change as the fear level
increases, which enriches the results of the typical supercritical Hopf bifurcation for
classical prey-predator models. Soon afterwards, Wang and Zou (2017) uncovered that
the anti-predation behavior of adult prey is positively correlated with the prey density
but negatively correlated with the fear intensity by constituting a stage structure model
with maturation delay. Readers are also referred to Wang and Zou (2020), Mondal et al.
(2018), Kumar and Dubey (2019) and the references therein for more related works
on this respect.

The models mentioned above are all ordinary or delayed differential equation sys-
tems independent of individual movement. Actually, no individuals are static and they
always move over space. As a result, when prey are threatened by predators, they may
escape from predators by showing various anti-predator behaviors and then predators
want to pursue prey. In other words, prey may move oppositely to the gradient of the
predators and such movement can be described by predator-taxis. Based on this, Wang
and Zou (2018) further proposed a reaction-diffusion prey-predator model with anti-
predator behaviors and they found that for Holling-II functional response function,
small predator-taxis rate may induce pattern formation.

In addition, spatial memory may bring many benefits to animals, including improved
choice of key locations such as food storage, nesting places, etc. (Fagan et al. 2013;
Potts and Lewis 2019). Lately, Fagan et al. (2013) pointed out that it is necessary to
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combine the spatial memory with spatial mobility. The ability to perceive risks for
animals is related not only to the environment, but also to previous exposure to risks
and their memory ability. A natural question arising is how spatial memory changes the
spatial movement patterns or spatial distributions of animals? Recently, some scholars
have paid attention to this problem and carried out some related research works (Shi
et al. 2020; Song et al. 2019, 2021). Shi et al. (2020) originally proposed a minimal
self-contained single species model to incorporate spatial memory using a modified
Fick’s law, and the model has the form of a reaction-diffusion equation with a delayed
diffusion term. Song et al. (2019) proposed a single species model with memory-
based diffusion and nonlocal interaction and found that the interaction of memory
delay and diffusion may result in the occurrence of Turing-Hopf and double Hopf
bifurcations. However, to our knowledge, despite the surging interest in the role of
spatial memory, few attention has been paid to the influence of spatial memory on the
spatial distribution for the species living in an intimidatory environment. Motivated
by the technique used in Shi et al. (2020), this paper explicitly includes the spatial
memory as a time delay into the predator-prey model proposed in Wang and Zou
(2018) to explore how it affects the spatial distribution of prey.

On the other hand, as mentioned in Clinchy et al. (2013) and Wang et al. (2016),
the predator-induced fear may have an extremely harmful impact on the survival
quality of the prey population, which encompasses the decrease of the birth rate, the
increase of the death rate, and the deteriorated psychological condition of juveniles, etc.
Especially, for a species under consideration, due to the particularity of the pregnant
individuals, the impact of fear factors on them will be magnified many times. In
mathematical modeling, the pregnancy cycle is usually introduced by considering
as a time delay, which has been used to reveal many interesting natural phenomena
(May 1973; Martin and Ruan 2001). In this paper, we also follow the same way to
introduce the pregnancy cycle of prey into our model to discuss its impact on the
spatial distribution of prey in a intimidatory environment.

The prey-predator model proposed in this paper presents a reaction-diffusion equa-
tions model with a delayed chemotaxis term and a pregnancy delay. Our results show
that spatial memory, pregnancy cycle as well as memory-based diffusion and fear level
all affect the spatial distribution of the population to varying degrees. The organiza-
tion of this paper is arranged as follows. The detailed derivation process of the studied
model (3) is presented in Sect. 2. In Sect. 3, we address the existence and stability of
constant equilibria for the temporal version of the model. In Sect. 4, we mainly discuss
three kinds of solutions for model (3) with or without delays: nonconstant steady-state
solutions, spatially homogeneous periodic solutions and spatially nonhomogeneous
periodic solutions. Some enlightening numerical simulations are performed in Sect. 5
to observe the influence of memory-based diffusion, spatial memory, pregnancy period
and fear level on the spatial distribution of prey. Finally, we summarize and discuss
our main results.
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2 Model formulation

In this section, we begin with the model considered in Wang and Zou (2018) to propose
anew prey-predator model by introducing spatial memory and pregnancy cycle of prey.

Assuming that the prey and predator populations live in an isolated bounded domain
£2 with a smooth boundary 9£2 and letting u(x, ¢) and v(x, t) stand respectively for
the densities of prey and the predators at position x € §2 and time ¢, Wang and Zou
(2018) proposed the following model:

0

8—L:=dlAu+Xv . (ﬂ(u)qu)—i—%—du—auz—%, x € 82,t>0,

0

—v:dzAv—mvz—f— quy , xe2,t>0,

at 1+ cu (D)
0 0

M0, %0, xea, 1 >0,

av ov

u(x,0) =up(x) >0, v(x,0) =vo(x) >0, x € £,

where all parameters are assumed to be positive numbers. The parameters r and d are
respectively the growth rate and the natural death rate of prey irrespective of the fear
cost. The parameters a and m denote respectively the death rates of prey and predators
due to intra-specific competition. The predation term is embodied by the Holling-1I
functional response function accounting for the direct predation. The growth factor
ﬁ stands for the cost of fear from the predators and k measures the level of the fear
effect. The chemotaxis term x V - (8(u)u Vo) reflects that the prey individuals tend to
lower gradient of the predator density, and here B (u) > 0 describes the volume filling
effect, x > 0 measures the sensitivity of prey to the predation risk. In the domain £2,
the two species move randomly at the rate of d and d,, respectively. At the boundary
052, the Neumann boundary condition is imposed, which implies that the densities of
the prey and predator populations do not change by crossing the boundary. The initial
functions u((x) and vp(x) are nonnegative and continuous.

As mentioned in the previous section, spatial memory may have a great impact on
the spatial distribution of populations, and such effect is even greater in an intimidatory
environment. Suppose that the average memory period of the prey individuals is 77.
Arguing similarly as in Shi et al. (2020), spatial memory can be characterized by using
amodified Fick’s law in which the flux of prey movement at time 7 is proportional to its
density at time ¢ and the spatial gradient of predators at time ¢ — 1. By incorporating
this into model (1), we propose the following model:

U AutyBY - Ve )+ — —d 2P e 150
—= u - (uVv —— —du —au” — , X , t>0,
or areuTX T 1 +cu

9

—vzdzAv—mv2+ quy , xef2,t>0,

ot 14 cu 2)
9 9

M0, 20, xean.1>0,

v ov

u(x,t) =ug(x) >0, v(x,1) =vo(x) >0, x € 2, t € (—11,0],
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where we assume that the individuals live in a vast and bounded environment and
ignore the volume filling effect, that is S(u) = B.

Moreover, it seems reasonable to assume that the pregnant prey individuals do
not move during their pregnancy cycles. Then the delayed term for the pregnancy
period becomes reasonable, avoiding the common modeling issue for a delayed partial
differential equation. Here the birth rate of prey at time ¢ is affected by the fear from
predators at time t — 12, where 1, is the average pregnancy period of prey. This is

described by the term m, and thus model (2) becomes

ou ru puv

— —diAu+aV - @V — du — au® — , x€R,1>0,
o =4 u+aVv - (u UT1)+1+kU1—2 u—au 1 Teu X >

av quv

— = dryAv — mv? , x€82,1>0,

Py HhAv — mv +l+cu X > 3)
ou v

— =0, — =0, x€d,t>0,

av av

u(x, 1) = ug(x) = 0,v(x, 1) =vo(x) = 0, x € 2,1 € (~max{r1, 12}, 0],

where v, = v(x,t — 12) and o = xf.

In this paper, we are engrossed in investigating the spatiotemporal dynamics of
model (3) to reveal how spatial memory and pregnancy cycles affect the spatiotemporal
distribution of prey. Notice that model (3) has two independent time delays. Such
models are often encountered in different fields (Cooke and Den Driessche 1996;
Jackson and Chencharpentier 2017; Song et al. 2008; Qu et al. 2010; Ruan and Wei
2003; Shi et al. 2019; Du et al. 2019; An et al. 2020). Mathematically, one can consider
their dynamics by fixing one delay and varying the other one (Qu et al. 2010; Ruan
and Wei 2003). An alternative approach is to exert geometric method to show the
properties of stability switching curves (Gu et al. 2005), which has been frequently
used to analyze Hopf bifurcations for various models with two delays (Lin and Wang
2012; An et al. 2019; Shi et al. 2019). In this paper, we will apply this approach to
explore the properties of the critical curves of Hopf bifurcations for model (3) with
71, 70 > 0.

3 Temporal prey-predator model

The nonspatial version of model (3) in the absence of delays is

du ru 2 puv
AR T
v cu
“
dv 5 quv
— = —mv”~ +
dr 1 +cu

The equilibria of model (4), or the constant steady state of model (3), can be deter-
mined by letting ‘é—”; = 0 and ‘é—'; = 0. Obviously, model (4) always exists the trivial
equilibrium (0, 0), which is unique provided r < d. When r > d, a semi-trivial equi-
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librium (’ ,0) emerges Any positive equilibrium (u*, v*) of model (4), if exists,

must satisfy v* = and u™* can be solved from

m(l+cu*)
rm(1 + cu) —dtaut pqu .
m 4 (cm + kq)u m(l + cu)?
Denote f(u) = #% and g(u) =d +au+ %. We can compute that
—mrkq . cmr
0O=r, fu= 0 and lim = —
FO) =r, fl(u (m+(cm+kq)u)2< Jimf (u) p————

and
g(0)=d, lim g(u) =
u—0o0

Thus, we conclude that if » < d, the curves of f(u) and g(u) do not intersect in the
interval (0, co) since f(u) is decreasing and g(u) > d for u € (0, co), and therefore
model (4) has no positive equilibrium; while if » > d, the curves of f(u) and g(u)
have at least one intersection point, which indicates that model (4) has at least one
positive equilibrium (u*, v*).

Now we perform the linear stability analysis of equilibria of model (4). The Jacobi
matrix of model (4) is

pv kru
Jo = (H—kv d —2au — (tew? — ((1+kv)2 + 1+C“)) 5)
(u,v) qu qu__ o ’
(1+cu)2 1+cu muv

At the trivial equilibrium (0, 0), the Jacobi matrix (5) has two two eigenvalues 0
and r — d. Thus, if r > d, (0, 0) is unstable; if r < d, noticing thatu =0 and v =0
are both the solutions of model (4) and there are no other equilibria in the positive
quadrant, it then follows from the theory of Poincaré-Bendixson, the existence and
uniqueness as well as the boundedness of solutions of model (4) that (0, 0) is globally

attractive in Ri. At the semi-trivial equilibrium (d 0), the two eigenvalues of (5)
are A = ai(cr(:g) > 0and Ay = —(r —d) < 0. Thus, (’ , 0) is always an unstable
saddle.

At the positive equilibrium («*, v*), the corresponding characteristic equation is

— (a1 + ax)r + (aj1a22 — appazy) =0,

where
r pv* kru* pu*
— —d —2aut — 27 = ,
A= W T A a2 M ((1 NIy p—
qu* qu* .
Bn|=——7, ar» = —2mv™.
(1 + cu*)? 1+ cu*
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Thus, (u*, v*) is locally asymptotically stable provided
an +ax <0, anax —anay > 0. (0)

To summarize, we have the following theorem.

Theorem 1 Model (4) always has a trivial equilibrium (0, 0), which is a global attrac-
tor provided r < d. When r > d, (0,0) becomes unstable, and a semi-trivial
equilibrium (%, 0) emerges, which is always a saddle; meantime, the model exists at
least one positive equilibrium (u*, v*), which is locally asymptotically stable provided
(6) is satisfied.

Since we are interested in a physically positive equilibrium, in the next section,
we will focus our main attention on the one satisfying (6), and explore the influence
of memory-based diffusion coefficient, memory-based delay and pregnant delay on
the spatiotemporal dynamics of model (3). For the sake of mathematical analysis, we
always assume that £2 = [0, [7r] in this paper.

4 Reaction-diffusion prey-predator model with delays

The linearized system of model (3) at the positive constant steady state (1™, v™*) is:

dulx. 1) .
o1 =d\Au(x,t) + au™Avy + Ajju(x, 1) + Apv(x, 1) + Bipvg,, x € 82,1 >0,
WD) Ave 1) + Agtu(e. 1)+ Aspv(x. 1), x € 2. 150
= VX, uix, vx, , X N >V,
9t 2 21 22 (7)
du(x,t dv(x,t
ulx ): , vix )=O,xe8(2,t>0,
av v
u(x,t) =up(x) >0, v(x,t) =vp(x) >0, x € 2, t € (—max{ry, 12}, 0],

where A1 = ai1, Az = — (¥, Aol = ax1, A = a, Bio = (lf,:f:)z‘ObViOUSW,
A2 4+ By2 = aj3, and the stability condition (6) can be written as
A1+ Axn <0, AjAxn — (A2 + Bi2)Az > 0. (8)

It is well known that the negative Laplace operator — A subject to zero Neumann
boundary condition

—AE = uE, Q
/ §=pug, xe ©)
E(x)=0, xe€if

. 2 .

has eigenvalues u, = ’;—2 m=0,1,2--)withO=pg < 1 <z <--- <y <

- and lim;,_, oo 4, = 00 and the corresponding eigenfunctions &, (x) = cos %x. Let

in (7) u(x, 1) = Ue* cos §x, v(x, 1) = Ve cos #x. The characteristic equation of
model (3) at (u*, v*) has the form

An(h, 71, T2, @) := A2 + Ak + By + Cpe ™™ 4+ De™2 =0, (10)
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where

2
n
A, = (dy -i-dz)l—2 — (A1 + A2),

i’l2 i’l2
B, = (dll_2 - An) (d2l_2 - Azz) — ApAz, (11)

2

n
C, = Azlau*l—2,

D = —A3 1 By3.

The stability of (u*, v*) changes only when a root A of (10) appears on and crosses the
imaginary axis. To this end, assume that the eigenvalue A has the form of iw (w > 0).
Then we have

—w? + B, + C, cos(wt)) + D cos(wt)
+i(Apw — Cp sin(wty) — D sin(wty)) = 0. (12)

Depending on the values of w and n, four kinds of solutions may be bifurcated
from (u*, v*): spatially homogeneous steady state solutions, nonconstant steady state
solutions, spatially homogeneous periodic solutions and spatially nonhomogeneous
periodic solutions.

Notice that when w = 0 and n = 0, spatially homogeneous steady state bifurcation
may occur and the bifurcated solution should also be a constant steady state. In this
situation, equation (12) becomes By + D = 0, that is

A11A2 — (A12 + B12)Ax =0,

which is in contradiction with the second condition in (8). Therefore, this kind of
bifurcation cannot occur.

4.1 Spatially homogeneous Hopf bifurcations

When n = 0 and w # 0, spatially homogeneous periodic solutions may emerge. Note
that when n = 0, equation (12) becomes

— * 4 By + D cos(wma) + i (Agw — D sin(wt)) = 0, (13)

which contains only pregnancy delay 7. This indicates that the spatially homogeneous
periodic solutions cannot be bifurcated from (u*, v*) for model (3) with only spatial
memory 71. Therefore, in this subsection, we need only to consider the situation when
71 = 0 and 7 > 0. From (13) we can obtain that

. Aow w? — By
sin(wty) = - >0, cos(wm) = —
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and
ot + (A% - 230) o+ B2 — D? = 0. (14)

Notice that Bg — D? has the same sign as By — D since By + D > 0. We treat (14)
as a quadratic equation of w? and consider the following three cases.

Case 1. By < D

In this case, (14) has a unique positive root and then (10) has a pair of purely imaginary
roots :I:a)z oi» where

—(A — 2Bo) + [ A} — 4By A + 4D>

wlg = . (15)
The corresponding critical values of delay 7, are
- 1 w32 — By
tzjng arccos —=>—— +2jz |, j=01,2,---. (16)
Ty D
As for the transversality condition, we claim that
dR(n
LA (17)
4w Jo=fg

In fact, let n = 71 = 0 in (10) and regard A as a function of 7. Taking the derivative
with respect to 7> on both sides of (10), we obtain that

dnoy\ !
< d‘[z )

Notice that the critical delay sequence {rzj X}iio is increasing with respect to j. It

20)% + A2 — 2B \/Ag —4ByA} +4D?
i+ D? B D?

1'2=T2’0

> 0. (I18)

then follows from (17) that if 7o = tilj)r, (10) has a pair of purely imaginary roots; if
0<n< ‘L’S’g, all the roots of (10) have negative real parts, and if 75 > tgig, (10) has
at least a pair of conjugate complex roots with positive real parts.

Case 2. By > D and 43 <2(Bo — /B3 - D?).

In this case, (14) has two different positive roots and then (10) has two pairs of purely
imaginary roots :i:witoi, where

(A}~ 2Bo) £ [ A} — 4By A} +4D>

5 (19)

+2
W0 =
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The corresponding critical values of delay 1, are respectively

+2

1 w5 — Bo

rzjﬁ_wT<arccos%+2jﬂ), j=0,1,2,---. (20)
2,0

Itis easy to know that the spacing between critical delay Values in the subsequence

{r2 0} ~0 18 + and that in the subsequence {r2 O};’O o 18 w— Moreover, we can
@30 ’

2,0
compute that for j =0, 1,2, - -,

AR\ !
( dny >

1
ﬁ\/Ag —4ByA} +4D? > 0,

et 1)
dm(,\))— o ;
= ——JAY —4ByA2 +4D2 < 0.
< do o fz’E DZ\/ 0 0

It follows that the positive jumps of the real part of the eigenvalues as 1, increases are
more frequent than the negative jumps due to a);r 0 > @, (. Therefore, thereisax > 0
such that when

n €0, fzo)U(Tz 000 O)U U(Tz(Ko - L T30):

all the roots of (10) have negative real parts; when 7o = rzj,g, j=0,1,2,---  « (resp.

) = 12/;8, j=0,1,2,--- ,k—1),all roots of (10) except :i:ia)zfo (resp. iiwio) have
negative real parts; when

1 1
ne @ no Ui nolU-- U ah 'O UES. +oo.

(10) has at least a pair of conjugate complex roots with positive real parts.

Case 3. By > D and A3 >2(Bo — /B3 - D?)

In this case, (14) has no positive real roots, and therefore no Hopf bifurcations occur.
To summarize, we have the following lemma.

Lemma 1 Assumer > d and (8) hold. For 11 = 0 and n = 0, the following statements
are true.

(1) If By < D, then (u*, v*) is asymptotically stable for 1) < 1:2‘5 and unstable for
7 > ‘L’zo When v, = t2 0(] =0,1,2,---), model (3) undergoes a spatially
homogeneous Hopf blfurcatlon at (u*, v*).

(2) If By > D and A2 < 2(Bo - ,/Bz - 2) then there is a k > 0 such that (u*, v*)

is asymptotically stable for Ty € (0, 12 Y- U(r(K b=

€ (72,0’ 1'2’0) U~~~U(r2’0,+oo). When 1, = 12’0(] =0,1,2,---), model
(3) undergoes a spatially homogeneous Hopf bifurcation at (u*, v*).

12 0 Y and unstable for
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(3) If By > D and A(z) > 2(Bo — ,/Bg — Dz), then (u*, v*) is always asymptotically
stable for all p > 0.

4.2 Spatially nonhomogeneous steady state bifurcation

When w = 0 and n # 0, spatially nonhomogeneous steady state bifurcation may
occur and the bifurcating solutions should be nonconstant steady state solutions. In
this case, equation (12) can be simplified as B, + C,, + D = 0, that is

4 2
n n
— — (Andy + Anpdy — aAgu™) — + A11An — A2 (A2 + Bi) = 0.

didy / 2
(22)
Notice that (22) contains only n. This indicates that the occurrence of spatially
nonhomogeneous steady bifurcation has nothing to do with spatial memory t; and
pregnancy cycle 7. Thus, in this subsection, we only need to consider the situation
when 1y =1 = 0.
Now we treat (22) as an equation with respect to @ and regard n as a positive real
number, then

_d1d2n4 — (A11dy + Apd)I*n® + (A1 A — A2 (A2 + Bi)l*

a(nz) - Arqu*l?n?
(23)
It follows that a(n%) > 0 if and only if
Andy + And) > 0, (24)
and
(A11dy — Apdy)* +4d1dr Az1 (Arz + Bio) > 0. (25)

In (23), by taking the derivative with respect to n2, we have

_d1d2n4 — (A11Axn — A1 (A1p + Bp)I*
Aou*?n?

o' (n?) =

s

which indicates that «’(n%) > 0 if n? < n2, and o’ (n?) < 0 if n? > n2, where

2 o |A11Axn — A21(A12 + B12)
ns =1 .
¥ dydy
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Therefore, the function a(n2) reaches its positive maximum value o* at nzT, i.e.,
o* = a(nzT), where
| if a([n.]%) > a(([n + D?),
nr = . 2 2 (26)
[ne] + 1, if a([n.]7) < a(([ns] + 1)7).

Here [-] is the integer part function. Moreover, we can deduce that «* > 0 if and only
if

(d1dr)?

(A11dy — Anpady)* +4dyda Az (A2 + Bro) > e

27

It then follows that when « > o*, there is no positive integer n> satisfying equation
(22); while when o < o, there is always a positive integer n2 such that B, +C, +D <
0.

As for the transversality condition, firstly, we show that A = 0Ois a simple eigenvalue
of (10) with 71 = 1p = 0. In fact,

Ay (h
M =A, > 0. (28)
In A=0
In addition, we can obtain from (10) that
dis Arju* n?
E o = — An l_2 < 0. (29)

As a summary, we have the following lemma.

Lemma2 Assume r > d and (8) hold. For 11 = v = 0, if (24) and (27) are
satisfied, then there exists a positive integer n, which is defined in (26), such that
ot = ot(nzT) > 0. Moreover, if a > o, there is no Turing instability; if « < o*, there
is at least one n € N such that B, + C, + D < 0, that is, Turing instability occurs.

Remark 1 From an ecological point of view, this result reveals that («*, v*) will retain
its stability for fast memory-based diffusion, but it is easy to generate spatial patterns
for slow memory-based diffusion, which implies that fast chemotaxis is conducive to
homogenization.

In the sequel of this section, we always assume that « > o, that is no Turing
instability occurs and the constant steady state (u*, v*) is stable for model (3) without
delay.

4.3 Spatially nonhomogeneous Hopf bifurcations
When o # 0 and n # 0, spatially nonhomogeneous periodic solutions may emerge.
In this case, we need only consider three scenarios when o > o™: (i) 71 > 0, 7 = 0;

(i) 11 =0, 7o > 0, and (iii) 71, 7» > O.
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431171 >0, 1, =0
In this scenario, equation (12) becomes
— w* 4 B, + Cycos(wt)) + D + i(Apw — Cp sin(wt))) = 0, (30)

from which we obtain that

A 2_(B,+D
sin(wty) = n® >0, cos(wt)) = w,
C, Cy
and
w* + (A?, —2(B, + D)) @* + (B, + D)> — C2 = 0. G1)

Notice that @ > «* implies that (B,, + D)2 — C,% # 0 for all n € N\{0}. Regarding
(31) as a quadratic equation of w?, we consider the following three cases.
Case 1. There exists an € N\{0} such that

(B, + D)* - C? <0. (32)

In this case, (31) has a unique positive root, which implies that (10) has a pair of purely
imaginary roots :i:a)fni, where

S —(A2 —2(B, + D)) + /A2 — 4(B,, + D)A2 + 4C?

l,I’L - 2 9 (33)
and the corresponding critical values of 77 are
: 1 w2 — (By+ D)
r{j=—+ arccos —2——" 42z ], j=0,1,2,---. (34
’ o1, Cn

Notice that for each fixed »n satisfying (32), the critical delay sequence {T{,:,L}?o:o is
increasing with respect to j. For all n satisfying (32), denote

. 0 : 0
o =1y, = min{r) 1}, (35)
where n. is the n such that r?jc is the minimum of the sequence {r?j;}. Obviously,

7} is also the minimum value of the sequence {rlj :}?O:O. Moreover, we can compute
that

dR() VALY —4(B, + D)A2 + 4C?
_ = >

i 2
dry n=tit C;

0.
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It then follows that when 0 < 71 < 1, all the roots of (10) have negative real parts;
when 71 = 1, all the roots of (10) except :I:la)frn have negative real parts; when
71 > 74, (10) has at least a pair of conjugate complex roots with positive real parts.

Case 2. There exists a n € N\{0} such that

(B, +D)?—C?>0, A2 < 2((3,, + D) — /(B, + D)? —cg). (36)

In this case, (31) has two distinct positive roots, which implies that (10) has two pairs
of purely imaginary roots :I:a)fni , Where

4+ —(A2—2(B, + D)) £/A2 —4(B, + D)A2 +4C?

Then the corresponding critical values of 77 are
1 w (B, + D)
rljf_ — (arccosln— 2j7r>, j=0,1,2,---. (3%
l,n n
Moreover, we can compute that for j =0, 1,2, ---,
dR(n) 1 \/
= —./A% —4(B, + D)A2 +4C? > 0,
dTl r1:rii+ CI% " ( " ) ! "
) (39)
) —i\/A4 — 4(B, + D)A2 +4C2 <0
dt] Tl:rii_ C}% n n n n .

Thus, for each fixed n # 0 satisfying (36), both {1: }"o oand {'L'l " }OO o areincreasing

with respect to j. Moreover, the spacing between crmcal delay values in the subse-

}OO 2018 - 2” and that in the subsequence {rl B }°° o is == It follows from

l n l
(39) that the positive jumps of the real part of the eigenvalues as 7| increases are more

quence {rl M

frequent than the negative jumps due to “)1 , > o ,. Notice also that {'L’l n} < {1:1 )

for all n. Define 7| := min, {IP;’,‘} Then ;" is minimum critical value of delay 7;. For
the convenience of narration, for all n # 0 satisfying (36), we reorder the delay sub-
}OO

sequence {‘L’l n} o (resp. {1’1 2 1520) as an increasing order and denote the resulting

sequence as {7,'1+}001 (resp. {t1 152 1)- Notice that 7} = r1+ Therefore, there must

have a 1 > 0 such that when

ne© O gH Y YT g,

all the roots of (10) have negative real parts; when

ne@ i Ja T e AT e oo,
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(10) has at least a pair of conjugate complex roots with positive real parts.
Case 3. For any n € N\{0},

(B, +D)* —C2>0, A2> 2((3,, + D) — /(B +D)2—cg>. (40)

In this case, there is nothing to say.
To summarize, we have the following lemma.

Lemma 3 Assumer > d, a > «* and (8) hold. For 1y = 0 and n # 0, the following
statements are true.

(1) If there exists a n € N\{0} such that (32) holds, then (u*, v*) is asymptotlcally
stablefor <1 = mln,,{rl+} and unstable for T\ > t{. When 1| = rl M (] =
0,1,2,---), model (3) undergoes a spatially nonhomogeneous Hopf blfurcatlon
at (u*, v*).

(2) If there exists a n € N\{0} such that (36) holds, then there is a k1 > 0 and a

sequence {rfi}ooo such that (u™*, v*) is asymptotically stable for t1 € (0, r?"") u
U(‘L'(K] K1+) and unstable for T| € (r ?7)U U(f'”Jr +00). When
=1 (s = 0,1,2,---), model (3) undergoes a spatially nonhomogeneous

Hopf bifurcation at (u*, v*).
(3) If (40) is satisfied for all n € N\{0}, then (u*, v*) is always asymptotically stable
forall ty > 0.

432 11=0,70>0
Arguing similarly as in the scenario when 71 > 0 and 1, = 0, we can obtain the

corresponding results. To avoid repetition, we just provide the results as a lemma.
Denote

L —(A2—2(B, + Cy) £ VAL — 4(B, + C,)A2 + 4D2

on = 2 , 41
+2
; 1 w55 — (By + Cy)
1:2]1: =— (arccos 2n ! i 2jn> , j=0,1,2,---, (42)
a)Z,n D
r 43
u= eanll\I?O}{tz ). (43)

Lemma4 Assumer > d, « > o™ and (8) hold. For 11 = 0 and n # 0, the following
statements are true.

(1) If there exists a n € N\{0} such that (B, + Cp)* — D* < 0, then (u *) is
asymptotically stable for to < 13 and unstable for vy > ;. When 1) = r ( j=
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0,1,2,---), model (3) undergoes a spatially nonhomogeneous Hopf bifurcation
at (u*, v*).

(2) Ifthere existsan € N\{0} such that (B,+C,)>—D? > 0and A2 < 2((B,+Cy)—
\/(B,, + Cy)% — D?), then there is a ky > 0 and an increasing sequence {IZSi}SiO
such that (u*, v*) is asymptotically stable for Ty € (0, 12()+)U- . -U(IZ(KZ_I)_, rfﬁ)
and unstable for 1, € (té”', rg_) U---u (r§2+, 400). When 1 = tgi(s =
0,1,2,---), model (3) undergoes a spatially nonhomogeneous Hopf bifurcation
at (u*, v*).

(3) If (By + C»)?> = D> > 0 and A2 > 2((B, + Cp) — v/ (B, + C)* — D?) for all
n € N\{0}, then (u*, v*) is always asymptotically stable for all v, > 0.

433 11,7 >0

We have analyzed the two scenarios when model (3) has only a single delay above.
Then, how does the Hopf bifurcation behave when the two time delays both exist?
We will use the geometric method proposed in Gu et al. (2005) to discuss this issue.
Also, we assume that ¢ > «*, i.e., the positive equilibrium (u*, v*) is linearly stable
for model (3) with 7, = 70 = 0.

For this purpose, we rewrite the characteristic equation (10) as

Dy(r, 71, 12) 1= Pop(A) 4+ Pra(M)e ™™ + Py y(R)e ™ =0, (44)
where
PO,n()L) :)Lz + An)L + Bn’ Pl,n()\) = Cn, P2,n()t) = D! (45)

where A,, B, C, and D are defined in (11). Obviously, for each n, Py ,(X), Py (L)
and P, , (1) satisfy the assumptions (I)~(IV) in Gu et al. (2005). Denote

Pin(2) Py (1)

ai(A) = ,ay() = : (46)
: Po,(1)’ 2 Pyn(2)
Then the characteristic equation (44) becomes
a" (1, ) = 1+ al (e ™™ +al(h)e™? =0. (47)

As argued above, when the equilibrium loses its stability, there is at least one charac-
teristic root A that appears on and crosses the imaginary axis from left to right. Notice
that O is not a root of (47). Therefore, we only need to determine the conditions that
A = iw (w > 0) satisfies (47). Notice also that Py ,(iw) # 0 (s = 0, 1, 2) for all
o > 0. By Proposition 3.1 in Gu et al. (2005), we know that A = i®w (v > 0) is a
solution of (47) if and only if the set

2 ={w Ry 1 |al ()] + a4 (i0)| = 1, —1 < |a} (iw)| — |} ()] < 1}. (48)
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is nonempty. £2, is called the crossing set and consists of a finite number of intervals
with finite length (Gu et al. 2005). Obviously, if we assume these intervals as £2,, k,
k=1,2,..., N and they are arranged by the way that the left end of £2,, x is increasing
with respect to k, then £2, = ,1(\':1 §2; k- The following lemma is about the basic form
of the crossing set £2,,.

Lemma5 Foranyn € N\{0},
(1) When C, + D < |B,],
(la) If A2 > 2(B, — /B2 — (C, + D)?), then 2, = ;
(Ib) If2(B, — /B2 — (C, — D)?) < A2 < 2(B, — \/B2 — (C, + D)?), then

2, = [}, 0l (49)

n

(Ic) If A2 < 2(B, — /B2 — (C,, — D)?), then

20 = 2u1|J 202 = oy "1 Jlop" . oy 1. (50)

(2) When C, + D > |B,]|,

(2a) If |ICy — D| < |Byl, A} = 2(B, — /B2 — (C,, — D)?), then

2, =0, 0,71; (51)
(2b) If|Cy — D| < |By|, A2 < 2(B, — \/B} = (Cy, — D)?), then
20 = 2u1 202 = 0. 02 1l )" ); (52)
(2¢) IfICy — D| > |By|, then
2, =[w2", w1, (53)

Here

g \/—(A,%—zB,,)—./Al . \/—(A%—ZB,,)+«/A1
(,()n = 5 wl’l - )

2 2
i \/—(A%—ZBn)—\/_Az o \/—(Ag—anH./—Az
n 2 ’ n ) )

and

Ay =AY —4B,A2 + 4(C, + D)%,

4 2 2 (54)
Ay =AY —4B,A2 +4(C, — D)%
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Proof From (45) and (46), we can obtain that

C,+D

1 =laj(io)] + la; (i) = , (55)
1 ’ VT BT+ A?
which is equivalent to
o'+ (A2 = 2B,)w* + B2 — (C, + D)* = 0. (56)

We can easily check that
e when C, + D < |B,|, if A2 > 2(B, — /B2 — (C, + D)?), then la} (iw)| +

laj (iw)| < 1forallw > 0, which violates the first condition of (48), and therefore,

2, = 0 if A2 < 2(B, — /B2 — (C, + D)?), then |a/ (iw)| + |al (iw)| > 1 for
we oy, oyl

e when C, + D > |B,|, then |a (iw)| + |a} (iw)| = 1 forall w € (0, w,11’r].
On the other hand,

la (iw)| — |a4 (iw)]| = 1 is equivalent to
w* + (A2 = 2B,)w* 4+ B2 — (C, — D)* = 0. (57)

Similarly, we can also have
e when|C,—D| < |B,|,if A2 > 2(B,—/BZ — (C, — D)?),then—1 < | (iw)|—
lai(iw)| < 1 forall o € (0,00); if A2 < 2(B, — /B2 — (C, — D)?), then
—1 < |al(iw)] — |d(i®)] < 1forallw € (0, wp']U [0p", +00);
e When [C, — D| > |Byl, then —1 < |al(iw)| — |a}(iw)| < 1 for all €
[@>", +00].

In addition, from (54), we can see that A; > A, which implies that a),l,’l < a),zl’l

and a),zl’r < a),l,’r. To summarize, we can obtain the results on £2,, listed in Lemma 5. O

Remark 2 1t is easy to see that B, — (C, + D) — oo and A% — 2(B, —
B2 — (C, + D)?) — 00 as n — oo. Then from Lemma 5 (la) we know that
£2, = ¢ for n large enough such that the following conditions hold:

Cn+ D < |By|, A2 > 2(B, —/B% — (C, + D)?). (58)

If £2, is nonempty, then for any w € £2,, one can express the pairs of time delays
(11, Tp) satisfying (48) as

Prn(w) + ki — D £ 915 (@)

‘L’lj,:n,k|(w)= o s k] Zkﬁn,kﬁn"‘l’kfrz"‘z,.., ,
(59)

2.0 (@) + 2ka — D F Y n(w)
‘L'Zi,n,kz(w)z n - n , kzzkzi)n,kzi’n+1,k2i’n+2’... ,
(60)
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where

V1 (w) = arccos (1 +la o) + |a; (ia))|) ’

2]af (iw)|
1+ |a} (iw)| + lag(iw)l)
2|a% (iw)] ’

Yr2.n(w) = arccos <

and ¢ ,(w) and ¢ ,(w) are respectively the arguments of a (iw) and a5 (iw). kT

1,n°

— + — . + — + —
kl’n, k2,n anq k2,n are the smallest 1nteg§rs suc.h thflt T ke Ty Donko and Tnks
are nonnegative. Then the mode-n stability switching curves of (44) can be expressed

by

N
T =J 7, 61)

k=1

where
+oo 400
k k —k 2
% = U U (L%lekl,kz’ cgi.l,kl,kz) ﬂR ’ (62)
k1=—00 kp=—00

T = (@ T @) 0 € 2. (63)

For given n, 7, is the set of all the points (1, 72) in Ri satisfying that D, (X, 11, 72)
has at least one root i .

Now, we describe the geometric structures of stability switching curves .7;,. Firstly,
we follow the notations in Gu et al. (2005) to introduce the following four types
of the ends of §2,, x: (0) Type 0, when the left end of §2,,  is O; (1) Type 1, when
the end of £2,; satisfies |a] (iw)| — |a5(iw)| = 1; (2) Type 2, when the end of
2, satisfies |aj (iw)| — |a] (iw)| = 1; (3) Type 3, when the end of £2,, ; satisfies
la} (iw)|+ a5 (iw)| = 1. £2, 4 is called as type [r if the left end of £2,, x is of type [ and
its right end is of type r. In this way, §2,, x appeared in Lemma 5 can then be classified
as follows. If 2, = [wh”, @)1, then it is of type 33. If £2, x = (0, wy" ], then it is
of type 03. When C, > D, 2, = oy, 03] is of type 31, 2,4 = [0p", wy" ] is
of type 13, £2, x = (0, a),%’l] is of type 01; while when C,, < D, 2, 1 = [a),i’l, a)g’l] is
of type 32, 2,1 = [w2", wa"1is of type 23, 2ux = (0, w2 is of type 02.

Based on Proposition 4.5 in Gu et al. (2005), we can obtain the structures of the
mode-n stability switching curves .7,. From Remark 2, we know that .7}, is an empty
set for large n satisfying (58). For other n, we have the following lemma.

Lemma 6 The mode-n stability switching curves J, may have the following structures
in 11-12 plane:

(1) When C, + D < |B,],
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(la) 9, is a series of closed curves if

Z(Bn — /B2 = (C, - D)2) <A< 2(Bn — B2 —(C, + D)2>. (64)

(1b) 9, is a series of spiral-like curves with axes oriented t-axis if

Co=D >0, A2 <2(B, =B} = (C, = D). (65)

(Ic) Ty is a series of spiral-like curves with axes oriented t-axis if

Co—D <0, A <2(Bn—,/33—(cn—0)2). (66)

(2) When Cp + D > | By,

(2a) 9, is a series of open ended curves with both ends approaching infinity if

(Co = DI < By, AL 22(Bu— /B2 = (€= D). (6D

(2b) T, consists of two kinds of curves: one is a series of open ended curves with
both ends approaching infinity, and the other one is a series of spiral-like
curves with axes oriented ty-axis if

0<C,—D < |Byl, A§<2(Bn—,/Bg—(cn—D)2). (68)

(2¢) Iy, consists of two kinds of curves: one is a series of open ended curves with
both ends approaching infinity, and the other one is a series of spiral-like
curves with axes oriented t1-axis if

— Byl <Cp—D <0, A < 2(3,, —\/m). (69)

(2d) 9, is a series of spiral-like curves with axes oriented t-axis if

Cn — D > |B,|. (70)
(2e) Ty, is a series of spiral-like curves with axes oriented t1-axis if

Cn— D < —|By|. (71)

2
Remark 3 In fact, C,, > D implies that ¢ > _ﬁlnzzl . This indicates that if n is fixed,
then for fast memory-based diffusion, the mode-n stability switching curves 7, is a
series of spiral-like curves with axes oriented 7,-axis; while for slow memory-based

diffusion, .7, is a series of spiral-like curves with axes oriented t;-axis.
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In the following paragraphs, we investigate the crossing direction of the roots of
(44) when they cross the imaginary axis. For any stability switching curves ﬂnikkl o
we refer to the direction in which w increases as the positive direction of the curves.
We also refer to the region on the left-hand side as the region on the left when we go
forward in the positive direction of the curve. Similarly, the right region can be defined
suitably.

Let A = o + iw, then the implicit function theorem indicates that ty, 7o can be
expressed as a function of o and w. From (47), we can compute that

1 0a"™(A; 11,
R = _m<_a<—f1fz>)
A 0T
= Co ((—a)2 + B,) cos(wt)) — Ay sin(wrl)) ,
w* + (A2 — 2B,)w? + B?

(1 aa"(x; Ty, rz)>

A=iw

I =-5
A 07|

A=iw

_Cn 5 )
T (A2 _2B,)a? + B2 ((—w + By) sin(wt)) + Anwcos(wrl)) ,
Ry = —z)’t(l da" (% 11, T2>>
A a7 r—ie

D 2 .
= PR (A% 2B T B,% ((—w + B,) cos(wtp) — Ayw sm(wrz)) ,
rlaa"(x; T, )
e ({2
A 0Ty
—-D

_ 2 ;
=iy (A,% 2B T B,% ((—a) + B,) sin(wtn) + Ao cos(a)rz)) .

r=iw

It follows that

—Cp,D
Ry — R = i — , 72
= Rh = s 1 B sin(w (11 — 12)) (72)
which is positive provided
sin(w(t] — 1)) < 0, (73)

due to the fact that the denominator w* + (A2 — 2B,)®? + B2 > 0 for all o > 0. By
Proposition 6.1 in Gu et al. (2005), we arrive at the following conclusion.

Lemma7 Letw € 2,k and (11, 12) € (yn:,tkl,kZ such that . = iw is a simple root of
a*(x; Ty, 1) = 0. Then as (1, T2) moves from the region on the right to the region on
the left of the stability switching curve, a pair of conjugate complex roots of (47) cross
the imaginary axis to the right if (73) is satisfied and if (73) is reversed, the crossing
is in the opposite direction.
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Now, according to Lemmas 1, 2, 6 and 7, we arrive at the following stability results
of (i, Vs).

Theorem 2 Assume that r > d, a > o, (8) hold. Then

(1) If Bp > D, A(z) > 2(Bg — ,/Bg — D2) holds for n = 0 and (58) holds for each
n € N\{0}, then (uy, vy) is always stable for all t1, Ty > 0.

(2) Ifeither By < D or By > D, A} < 2(By — / B§ — D?) holds for n = 0 and (58)
holds for each n € N\{0}, then there exists a t} > O such that (i, vy) is stable
forty > 0and vo < 1j.

(3) Ifeither By < D or By > D, A} < 2(Bo—,/ B3 — D?) holds forn = 0 and either
Cp+D > Byl or Cy + D < |Byl, A2 < 2(B, — /BZ — (Cn + D)?) holds for

some n € N\{0}, then there exist some delay pairs (‘L']O, té)) and o such that i is
a simple root of the characteristic equation (47). Moreover, ifa)o(rlo - ‘L'g) # km
(k € 7Z), then there exists a neighborhood U of (‘L’?, ré)) such that (uy, vy) is
linearly stable for (11, 12) € U N O and unstable for (11, 13) € U \@, where ® is
the stable region enclosed by t1- and t;-axis and all the stability switching curves

U, Zn , but not including \ J,) .

Proof (1) From Lemma 1 we know that (i, v,) is linearly stable for model (3) with
n = 0 when By > D, A(2) > 2(Bg — ,/BS — D?2). In addition, we know from
Lemma 6 that for each n € N\{0}, if (58) holds, then Un#o , is an empty set.
Therefore, we have that when o > o™, (1, v,) is always stable for any 71, 75 > 0.

(2) If B < Dor By > D, A% < 2(Bg — 1/Bg — D?), it then follows from Lemma 1

that there exists a 12* > ( such that (u., vy) is linearly stable for 7o < 12*. We have
also shown in (1) that Un;ﬁO I, is an empty set. Therefore, (us, vy) is stable for
71 >0and 1p < 75

(3) If for some n € N\{0}, either C, + D > |B,| or C,, + D < |By,]|, A% <
2(B, — /B? — (Cy, + D)?) holds, then from Lemma 6 we know that the sta-
bility switching curves .7, are either closed curves or spiral-like curves or open
ended curves. Then, there must exist some (rlo, rg) and a »° such that io? is a
simple root of a”(}; r{), rg) = 0. If further wo(r? - ré)) #* kr (k € 7Z), i.e.,
sin(a)o(tf) - rg)) # 0, then according to the curves .7, we can determine the
stable region @ of (u, v,) and it is nonempty. O

5 Numerical simulations

Throughout this section, we always fix the parameters

=25 r=18, d=0.01, a=0.1, p=0.7,

(74)
c=05 m=0.15 ¢q=0.66, d =0.1,
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Fig.1 (Color online) A graph of
o= a(nz) in n-« plane. The
green region is unstable region
of (u*, v*). Here k = 0.1,

dy =30,7y =0and p =0,
other parameter values are the
same as in (74)

50

and vary «, 11, T2, k and d; to observe the influence of memory-based diffusion, spatial
memory, pregnancy cycle and predator-induced fear on the spatial distribution of the
prey population. Similar pattern structures can also be seen for the predators.

5.1 The effect of memory-based diffusion on pattern formation

In this subsection, we show the effect of memory-based diffusion on the spatial dis-
tribution of prey by assuming 71 = 72 = 0 in model (3), i.e., model (1). Besides the
parameter values fixed in (74), we take k = 0.1 and d, = 30, then model (3) has
a unique positive constant steady state (u*, v*) = (0.8949, 2.7203). Our theoretical
analysis reveals that (1™, v*) can only be destabilized through Turing bifurcation. The
instability range is depicted in Fig. 1, from which we know that the critical value of
ais a® &~ 9.7696. When o < 9.7696, Turing instability occurs and (u*, v*) becomes
unstable, under this circumstance prey present a nonuniform distribution; while when
a > 9.7696, (u*, v*) remains stable and prey follow the uniform distribution. The
numerical simulations shown in Fig. 2 well validate our theoretical analysis. Inter-
estingly, a suitable memory-based diffusion can induce rich spatiotemporal patterns.
Prey tend to migrate toward the boundary and the larger « is, the faster prey move to
the boundary (Fig. 2(a—c)). These results reveal that small memory-based diffusion
may facilitate the occurrence of traveling wave patterns.

5.2 The effect of spatial memory delay on pattern formation

Taking parameter values k = 0.3, d» = 10, 1p = 0 and those fixed in (74), in this
subsection, we illustrate the influence of spatial memory delay on the spatial distri-
bution of prey by varying 71 in model (3). It is easy to compute that model (3) has
a unique positive constant equilibrium (#*, v*) = (0.57, 1.96) and the critical value
of Turing bifurcation is «™ ~ 1.5654. In Fig. 3, we select two distinct values of « to
conduct the numerical simulations. When ¢ = 2 > 1.5654, the critical time delay
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Fig. 2 (Color online) Spatiotemporal diagram of prey for model (3) with the initial functions u(x, 0) =
u* 4+ 0.0005 cos(mx) and v(x, 0) = v* + 0.0005 cos(x). The value of ¢ issetasaa = I, ba =4, ¢
a = 8, d o = 10. The other parameters are the same as Fig. 1

of Hopf bifurcation is 7{* &~ 12.3985. For 11 = 5 < 12.3985, prey follow a uniform
distribution (Fig. 3(a)) and for 71 = 15 > 12.3985, prey show a spatially nonhomo-
geneous periodic distribution (Fig. 3(b)). When o = 0.5 < 1.5654, Turing instability
occurs and prey follow a nonuniform steady state distribution. At this moment, the
spatial memory delay may induce the pattern phase transition (Figs. 3(c) and (d)). By
comparing Figs. 3(b) and (d), we also find that the memory-based diffusion can induce
the emergence of a traveling wave patterns.

Now, we keep the parameter values invariant in Fig. 3(c) and (d) except the diffusion
coefficient of the predators d», and increase it from d> = 10 to 30 to discuss how
the spatial memory delay affects the spatial distribution of prey in the case of fast
diffusion of the predators. We can compute that the critical value of Turing bifurcation
is o™ ~ 10.8336. In Fig. 4, « = 2 < «* and Turing patterns emerge. For small spatial
memory delay (r; = 1), flocks of prey migrate towards the boundary of the region at
a smaller rate (the slope of each golden area is relatively small), and a small portion
of prey will gradually disappear during the evolution process (Fig. 4(a)). If the spatial
memory delay is increased a bit (r; = 3), the spatiotemporal distribution of prey
becomes a bit chaotic and the density of the prey flocks decreases a bit (Fig. 4(b)). We
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Fig. 3 (Color online) Spatiotemporal diagram of prey for model (3). The initial functions are u(x, ) =
u* 41075 cos(rx) and v(x, 1) = v* + 107 cos(rrx) for t € [—7, 0]. The value of 5 is setas a o = 0.5,
11=5ba=051=15ca=2,1=5da=2,17 =15 Herek =0.3,dy = 10 and 7o = 0, other
parameter values are the same as in (74)

continue to increase the spatial memory delay to 71 = 5, the number of prey flocks
increase, but we are surprised to find that the prey population evolves according to some
interesting laws (Fig. 4(c)). Here, the interaction of the prey population and the predator
population still plays a very important role. In general, neither the prey population nor
the predator population really presents a periodic oscillation distribution, but at some
specific locations, for example, x = 35, two populations exhibit seemingly temporal
periodicity (Fig. 5(a)), but no spatial periodicity (Fig. 5(b)). In Fig. 5(a), the densities
of prey and the predators are neither synchronous nor anti-synchronous: when the
density of prey is the smallest or the largest, the density of the predator is the smallest,
but when the prey density is some intermediate value, the predator density reaches
the maximum. For large spatial memory delay, the prey population presents a regular
oscillation distribution, and the oscillation frequency decreases with the increase of
memory delay (Figs. 4(d),(e) and (f)). Moreover, by comparing the results in Figs. 5(b)
and (d), we can find that with the increase of spatial memory delay, the densities of
the prey and predator populations become more regular, and even show some certain
synchronization when t; = 40.
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Fig. 4 (Color online) Spatiotemporal diagram of prey for model (3) with the initial functions u(x, ) =
u* +1073 cos(rx) and v(x, t) = v* + 1073 cos(rx) for t € [—71, 0]. The value of 7y issetasa ) = 1,
bty =3,¢c1y =5,d7r =10,e 71 =20, f 71 = 40. Here k = 0.01, d» = 30, « = 2 and 7 = 0, other
parameter values are the same as in (74)

5.3 The effect of pregnancy delay on pattern formation

In this subsection, we discuss the influence of pregnancy delay 7o on the spatial
distribution of prey by taking k = 1, d» = 30, 72 = 0 and those parameter values fixed
in (74). In this case, model (3) has a unique constant positive steady state (u*, v*) =
(0.3333, 1.2570), and the critical value of Turing instability is «* ~ 3.6538. In what
follows, we take two different values of « to achieve our goal.

We first take o« = 2, which is smaller than o*. In this case, Turing instability occurs
and (u™*, v*) is unstable for model (3). Lemma 2 indicates that model (3) exists non-
constant steady state solutions. The numerical results shown in Fig. 6 well validate
the theoretical analysis. To uncover the influence of 7, on the prey population under
this condition, we choose four different values of 7, to show the pattern results. For
small pregnancy delay of prey (7o = 1), prey follow a spatial non-uniform steady state
distribution (Fig. 6(a)). When 1, is increased, for example 7 = 3 or 5, prey eventu-
ally present a spatial non-uniform distribution with temporal oscillations, and before
arriving this state, prey have a spatially homogeneous distribution for a period of time
(Figs. 6(b) and (c)). For large pregnancy delay of prey (7o = 10), prey directly transit
from spatial uniform steady-state distribution to spatial non-uniform distribution with
temporal oscillation. These results indicate that for prey, its own pregnancy cycle can
induce the emergence of spatial non-uniform distribution with temporal oscillation
mode.

Then, we take & = 5.5, which is larger than «*. In this case, Turing instability do
not occur and the critical value of Hopf bifurcation is 7, ~ 1.7265, which is taken
when n = 0. Therefore, in addition to the steady state distribution, model (3) can
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Fig. 5 (Color online) Distributions of prey and predators for model (3). (a,c): the time series diagram at
position x = 35; (b,d): the spatial distribution at time = 1000. The value of 77 is set as (a,b) 71 = 5,
(c,d) ry = 40. The initial functions and the other parameters are the same as Fig. 4

only have spatially homogeneous periodic solutions. Our numerical results shown in
Fig. 7 well validate the theoretical analysis. When 70 = 1 < 1.7265, prey follow the
uniform distribution for (Fig. 7(a)) and when tp = 3 > 1.7265, prey present a spatially
homogeneous periodic distribution (Fig. 7(b)). In fact, according to the above analysis,
we know that this pattern phase transition is completely induced by Hopf bifurcation.
However, the pattern phase transition between Figs. 6(a) and 7(a) or Figs. 6(b) and
7(b) is caused by Turing bifurcation.

5471>0,72>0

This subsection is devoted to illustrating the joint effect of t; and 0. Take k = 1,
dy = 30 and o = 5.5, other parameter values are given in (74). Then model (3) has
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Fig. 6 (Color online) Spatiotemporal diagram of prey for model (3) with = 2. The initial functions are
u(x,t) = u* + 1073 cos(rx) and v(x, 1) = v* + 107 cos(rx) for € [—T3, 0]. The value of 17 is set as
arp=1,brp=3,c1p=5,d1p =10. Here k = 1, dp = 30 and 7] = 0, other parameter values are the
same as in (74)
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Fig.7 (Color onhne) Spatiotemporal dlagram of prey for model (3) with « = 5.5. The initial functions are
u(x,t) =u*+10" cos(ﬂx) and v(x, 1) = v* + 107 cos(ﬂx) fort € [—19, 0]. The value of 17 is set as
a1y = 1, b rp = 3. The other parameters are the same as Fig. 6
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Fig. 8 (Color online) Three types of stability switching curves for different n values. a Spiral-like curves
with axes oriented ty-axis (n = 1). b Open ended curves (n = 4), ¢ Open ended curves (n = 14). d
Spiral-like curves with axes oriented 7p-axis (n = 15). The blue (red) curve represents ZlJrkkl o (Z:kkl , kz)
and the arrow represents the crossing direction. Here k = 1, d» = 30 and o = 5.5, other parameter values
are the same as in (74)

a unique positive constant steady state (u*, v*) = (0.3333, 1.2570), and the critical
value of Turing bifurcation is a* & 3.6538, which indicates that (u*, v*) is linearly
stable for model (3) with t; = 1o = 0. By direct calculations, we find that the crossing
set £2,, is an empty set exceptn = 0, 1 and 3 < n < 26. When n = 0, model (3) has
a single time delay 12, and in this situation, the critical value of Hopf bifurcation is
T} A~ 1.7265. For other n, according to Lemma 6, there are three types of stability
switching curves .7, as shown in Fig. 8: (i) whenn = 1, 5, .7}, is a series of spiral-like
curves with axes oriented 7;-axis; (ii) when 15 < n < 25, .7}, is a series of spiral-like
curves with axes oriented 7,-axis; (iii) when n = 3,4,26 or6 < n < 14, 9, is a
series of open ended curves. In what follows, we select several representative values
of n to discuss the structures of stability switching curves .7, and then determine the
linearly stable region of (u*, v*).

When n = 1, the crossing set is 21 = £211 U 212 = [0.194,0.2075] U
[0.373,0.381]. Then the stability switching curves are 7] = 21 U flz. Accord-
ing to Lemma 6, we know that both ﬂll and 912 have the form of a series of spiral-like
curves with axes oriented ti-axis. In Fig. 8(a), we just show the structure of ,911.
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Specifically, at the left end @ = 0.194, ﬁl_kll 1%, Connects yl*;(ll 1.4, and at the right

end w = 0.2075, the other end of 9]‘5(1“,(2 connects ‘%._klﬂ»l.kz and so on. By judging
the direction of the curves, it is clear that above each spiral-like curve, Equation (10)
has characteristic roots with positive real parts. Therefore, if (71, 72) lies in the region
below the bottom curve in Fig. 8(a), the equilibrium (u*, v*) is stable, and it is unstable
if (71, 1) is seated above the bottom curve.

When n = 4, the crossing set is £24 = $24,1 = (0,0.103]. Then the stability
switching curves are .7 = §41 , which is a series of open ended curves with both ends
extending to infinity, which is formed by connecting 94*;(11 &, and ‘Z_kll &, at the right
end w = 0.103. The structures of %1 are shown in Fig. 8(b). Under this circumstance,
we know that in the sector domain formed by 944;(11 ko and ‘Z_kl. ko for fixed ki, ko,
Equation (10) has characteristic roots with positive real parts. In other words, the sector
regions are all unstable regions. The stable region is enclosed by 71- and 13-axis and
the curves .7, but not including .7;.

When n = 14, the crossing set is 214 = £214.1 = (0, 0.032]. Then the stability
switching curves are Jj4 = ylh which is a series of open ended curves with both
ends extending to infinity, see Fig. 8(c). As discussed for n = 4, the stable region is
enclosed by ;- and 7;-axis and the curves 714, but not including 714.

When n = 15, the crossing set is 215 = £215,1 = [0.0123, 0.0335]. Then the
stability switching curves are Jjs = 9115, which has the form of a series of spiral-
like curves with axes oriented 1,-axis. The structures of 9 L is shown in Fig. 8(d).
Especially, at the right end @ = 0.0335, 915 ki.k, Connects ylglk , and at the left

end w = 0.0123, the other end of 915 ki connects 915 ki kot 10 and so on. From the
crossing direction, we know that on the rlght hand of each sp1ra1 like curve, Equation
(10) has characteristic roots with positive real parts. Therefore, the stable region is
enclosed by 7;- and 1,-axis and the leftmost curve but not including it, see Fig. 8(d).

According to the stability switching curves discussed as above, we can determine
the Hopf bifurcation curve in t1-17 plane by plotting the stability switching curves for
each n, which is shown in Fig. 9. The stable region of (¢*, v*) is marked by S, in which
Hopf bifurcation cannot occur. As (71, 72) moves and crosses the black curve (or blue
curve), the equilibrium (u*, v*) loses its stability. We show some numerical results
in Fig. 10 to reveal the joint influence of 71, 7o on the spatial distribution of prey by
selecting four sets delay values. For 71 = 5, 7o = 1.5, the delay pair (71, 12) lies in the
stable region and the positive equilibrium (u*, v*) is stable. In this case, prey follow
the uniform distribution (see Fig. 10(a)). We first keep 71 = 5 invariant and increase
7> such that (71, 72) is above the stable region, for example, t; = 5, 15 = 5, in this
situation, prey show a spatially homogeneous periodic distribution (see Fig. 10(b)).
In fact, this is because the black curve stands for Hopf bifurcation curve for n = 0,
which indicates that only spatially homogeneous periodic solutions can emerge. Now
we keep 7o = 1.5 invariant and increase 7| such that (7, 72) is on the right side of
the blue curve, for example, t; = 31, 1o = 1.5, under this circumstance, prey show a
spatially nonhomogeneous periodic distribution (see Fig. 10(c)). This phase transition
is because (71, 12) crosses the blue curve, which corresponds to the stability switching
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Fig.9 (Color online) Hopf 5
bifurcation curves in t1-72

plane. The stable region is
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curve for n = 12. When (ty, 12) is seated in the upper right region of the stable region,
prey present a spatially nonhomogeneous distribution (see Fig. 10(d)).

5.5 The effect of fear level on pattern formation

Itis known that the average pregnancy period can almost be regarded as a fixed constant
for a species. For this reason, we fix 7o = 5. As stated in the introduction, Zanette
et al. (2011) pointed out that the predator-induced fear can reduce the birth rate and
increase the mortality rate of prey. The predator’s attack speed needs to be large enough
to make prey feel fear, otherwise, the fear will not affect the prey-predator dynamics
significantly. In Fig. 11, we discuss the effect of fear on the spatial distribution of
prey by varying the fear level k without considering the memory ability of prey.
We can observe the transitions from uniform stationary distribution to nonuniform
distribution to spatially nonhomogeneous periodic distribution and finally to stationary
distribution. If the predator-induced stress is removed (k = 0), the prey population
follows the stationary distribution (Fig. 11(a)). For small fear level, for example,
k = 0.005 or k = 0.01, the prey population tends to move to the boundary as time
evolves (Figs. 11(b) and (c)). As k increases gradually, prey distribute in fragments
in space, but the distribution of prey is still relatively regular (Figs. 11(d) and (e)).
When we increase k continuously until £ = 0.3 (or k = 0.5), we are surprised to see
that prey follow a seemingly spatially nonhomogeneous periodic distribution (Figs.
11(f) and (g)). If we continue to increase k (e.g., k = 1), the spatially homogeneous
periodic distribution disappears gradually and the spatially nonhomogeneous periodic
distribution eventually emerges (Fig. 11(h)). However, if k is large enough (k = 10),
the uniform distribution reappears (Fig. 11(1)).

In addition, we show the relations between the amplitude of the average prey density
and the fear level in Fig. 12. Here, the average density refers to the spatial average
over the whole region, that is, the biomass of the whole area divided by the size of
the area. It means that the amplitude of prey density is negatively correlated with fear
intensity. The constant positive steady state of model (3) is linearly stable if the fear
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Fig. 10 (Color online) Spatiotemporal diagram of prey for model (3). The initial functions are u(x,t) =
u* 41073 cos(rx) and v(x, 1) = v* 4+ 1073 cos(rrx) for t € [—17, 0]. The value of 7 is setas (a) Tp = 1,
(b) o =3, (c) ip =5, (d) 7o = 10. The other parameters take the same values as Fig. 8

intensity is smaller or larger, but if the fear intensity is moderate, it becomes unstable
and a temporal oscillation solution emerges.

6 Discussion

In this paper, we propose and analyze a spatial memory prey-predator model with
predator avoidance and pregnant time delay, in which the direct predation is described
by Holling type II functional response and the indirect effect of predation is presented
by the fear function. The average pregnancy period of prey is denoted as 7. We assume
that the pregnant prey do not move during their pregnancy cycle, which indicates
that during the pregnancy, prey tend to stay in one safe location to avoid the threat
of predators. This assumption sounds reasonable and makes the model “correct”" to
piece up delay and diffusion, whose combination normally has issues as we know. In
addition, the startled prey always make a conscious effort to avoid the predators and
then a directional movement is formed (called predator-taxis), which is described by
the memory-based diffusion term. The indirect effect of predation may have a more

@ Springer



A diffusive prey-predator model with spatial... Page 33 of 36 12

8.1637

60 81636
50
x40 81636 x 40
30
20 8.1636
10
o |
o 200 400 600 800 0 200 400 600 800 0 200 400 600 800

t

(b) &=0.005 (c) k=0.01

‘e ..,.“”.’W (N
S| il nml(.(lm
. ..".m]mnm( M

010934
5 70
60
4 0.10933
010933

1 0.10932

0 200 400 600 800
t

(g)‘k =05 @) k=10

Fig. 11 (Color online) Spatiotemporal diagram of prey for model (3). The initial functions are u(x, t) =
u* + 1079 sin(rx) and v(x, £) = v* + 1077 sin(rrx) for t € [—13, 0]. The value of k is setas a k = 0, b
k =0.005,¢ck =001,dk =0.05,ek =0.1,fk =0.3,gk =0.5hk =1,ik = 10. Here dy = 30,
71 =0, 7o = 5 and o = 2, other parameter values are the same as in (74)
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Fig. 12 (Color online) The time Serles diagram of the mean density of prey for model (3). The initial
functions are u(x,1) = u™ + 10~ sm(nx) and v(x, 1) = v* + 10~ 5 sin(rx) for t € [—13, 0]. The value
of k is set as k = 0 (black curve), k = 0.5 (blue curve), k = 1 (green curve), k = 10 (red curve). The other
parameter values are the same as Fig. 11
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striking effect on prey than the direct predation. Undoubtedly, the severity of this
indirect effect can be influenced by some characteristics of prey, such as, the memory-
based diffusion coefficient, the memory period, the pregnancy period and the natural
birth rate. It is important to uncover the impact of these factors on the prey distribution
over space and time.

For the subject model (3), in this paper, we focus on the situation when it exists
a stable positive constant steady state (u*, v*). In the absence of spatial memory
and pregnancy period, model (3) is reduced to model (1), which has ever been
studied numerically in Wang and Zou (2018). Both our theoretical and numerical
results reveal that slow memory-based diffusion can induce a Turing instability, which
makes (u*, v*) lose its stability and consequently a spatially non-uniform steady state
emerges, while fast memory-based diffusion does not affect the stability of (u*, v*).
This is consistent with the universal conclusion that fast diffusion tends to homogenize.

In the presence of spatial memory only, model (3) is reduced to model (2). In this
case, spatially homogeneous periodic solutions can not occur. For fast memory-based
diffusion, there is a critical spatial memory delay. When the spatial memory delay is
less than this critical value, the positive constant steady state (u*, v*) is stable and
the prey population is uniformly distributed; when the spatial memory delay exceeds
this critical value, (u*, v*) loses its stability, the prey population presents a spatially
inhomogeneous periodic distribution. For slow memory-based diffusion, (u*, v*) is
unstable and the population presents a spatially non-uniform distribution due to Turing
instability. In this situation, as illustrated in Fig. 4, the spatial memory delay may
cause various spatial distribution structures of the prey population. Particularly, large
spatial memory delay can induce a regular oscillation distribution and the oscillation
frequency decreases with the increase of memory delay (see Figs. 4(d),(e) and (f)).

In the presence of pregnant time delay only, the prey population with fast memory-
based diffusion and long pregnancy cycles is more easy to show a periodic distribution
in time, which is either spatially homogeneous or nonhomogeneous. Whether the
solution is spatially uniform or not depends on whether the minimum critical delay
for the occurrence of Hopf bifurcation is achieved when 7 is zero or not. In Fig. 7(b), we
show a numerical result which distribution is spatially homogeneous periodic. While
the prey population with slow memory-based diffusion presents a spatially nonuniform
distribution, which is mainly caused by Turing instability. Also, the individuals with
long pregnancy cycles show some temporal heterogeneity (see Fig. 6). Moreover, for
a specific prey species, its pregnancy period can be regarded as a constant. When
prey are threatened, they instinctively consume less food or adjust strategies to escape
danger in order to find a suitable ‘refuge’. The effects of different levels of fear on
prey will vary greatly. A suitable level of fear may cause fragmentation or regular
spatiotemporal periodic distribution of prey (see Fig. 11).

For the model with both the two delays, the structures of the stability switching
curves for each feasible n can be determined by using the method in Gu et al. (2005),
which are either spiral-like curves or open-ended curves (see Fig. 8). The bifurcation
diagram in Fig. 9 indicates that both the spatial memory delay and the pregnancy cycle
of prey may induce the instability of the positive constant steady state (u*, v*). The
dynamics of the model with two delays are much richer than those with single one:
the prey population may exhibit a spatially homogeneous or nonhomogeneous peri-
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odic distribution (induced by Hopf bifurcation), or simply spatially nonhomogeneous
distribution (see Fig. 10).

As we have argued above, pattern formation can be affected by many factors
involved in the model under consideration, such as the reproduction rate, the diffusion
rate and the memory-based diffusion rate. In fact, under the background of global
climate change, the richness of species, species distribution pattern, inter-specific
relationship will undergo profound changes, and thereby increase the risk of species
invasion and species extinction. The adaptive ability of a species will affect its survival.
Recently, Sommers and Chesson (2019) indicated that both the adaptive ability and
predator avoidance behavior can determine the destiny of species. The investigation
of a prey-predator model incorporating both the adaptive behavior of the species and
the indirect effect of predation will remain an interesting and ongoing topic.
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