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Abstract

In this paper, we formulate and analyze a reaction-diffusion-advection vector-borne disease model with
spatial heterogeneity. We find the aggregation phenomenon of endemic equilibrium and classify possible
dynamics for the model, including the asymptotic profiles and monotonicity of basic reproduction ratio
PR with respect to the diffusion and advection rates of infected hosts and vectors. More importantly, we
obtain some crucial and interesting phenomena by classifying the level set of i¢. Specifically, there exist
unique critical surfaces to separate the dynamics, namely, the disease-free equilibrium is stable on one
side of the surface and unstable on the other side. The resulting aggregation phenomenon shows that the
infected individuals will aggregate in the downstream end if their advection rates are sufficiently large
relative to dispersal. To the best of our knowledge, the conclusions of the paper complement the results of
vector-borne disease in non-advective environments for the first time and provide new perspectives for the
investigation and control of the disease.
© 2022 Elsevier Inc. All rights reserved.
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1. Introduction

Vector-borne disease is an infectious disease that transmits the virus to hosts through vectors.
Some well-known such diseases include mosquito-borne diseases and tick-borne diseases. Math-
ematical models are powerful tools to study the spread and control of vector-borne disease. There
is growing evidence that many factors, such as natural landscape, urbanity, and vector activities,
can cause spatial heterogeneity [1,26,31,35]. Accordingly, the heterogeneity of habitat plays a
crucial role in vector-borne diseases. So far, most vector-borne disease models adopt bilinear
[34,38,43], general [21,33], standard incidence [39] or saturation incidence [9,25]. However, the
combination of saturation and standard incidences may be better to give a reasonable qualitative
description for the disease when the total host and vector populations and the number of infected
hosts and vectors are both large.

As is known to all, hosts and vectors (such as mosquitoes, birds, ticks) in some circumstances
may move passively in specific directions owing to the influence of external environments such as
water flow and wind, resulting in non-negligible impacts on disease transmission [8,22,24,28].
In general, this process can be described through incorporating the advection term(s) into the
model. It seems thus imperative to take advection effect into account in vector-borne disease
modeling. To our knowledge, however, very few studies seem to focus on the effect of advective
heterogeneous environments on vector-borne diseases.

1.1. Model and basic assumptions

Motivated by the above works, we in current paper consider the following reaction-diffusion-
advection vector-borne disease model with spatial heterogeneity:

S i

Sht - DSS]’!X)C _CIS]’!X +A('x) - M _I’Lh('x)Sha t > 09 X e (05 L)a

Sh+1In+ Ry
L = Dy Ies — c1Ipy + PLESLAC D) o t>0, xe,L)
ht I Lhxx 14hx Sh+lh+Rh h h hs 5 5 s
Rpt = DRRpxx — c1Rpx + Y () In — pp(x) Ry, t>0, xe(0,L),

x)S x, 1
Svr =dsSpxx — 28ux + M (x) — sz(h) — My (X) Sy, t>0, xe(,L),

Sy+ 1,
x)S x, 1
Ivt:dllvxx_CZva'FM_ﬂv(x)lvv t>0,xe(,L),
Sy + 1
DgSpy —c18p = Dylpy — c1lp = DRRpyx — c1 Ry =0, t>0, x=0,L,
dsSyx —c2Sy =dilyy —c2l, =0, t>0, x=0,L,
Sp(0,x) =@1(x) >0, 1,0, x) = @2(x) >0,#0, Rp(0, x) =¢3(x) >0, x€(0,L),
Su(0,x) = @4(x) =20, 1,(0,x) = ¢5(x) = 0, £0, xe(0,L),
(1.1)
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where u, and u,, denote the first and second derivatives of u with respect to (w.r.t.) x, re-
spectively, u € {Sp, In, Ry, Sy, Iy}; Sn(t,x), In(t,x) and Ry (¢, x) are the spatial densities of
susceptible, infected and recovered hosts, and S, (¢, x) and I, (¢, x) are the spatial densities of
susceptible and infected vectors at time ¢ and location x in the bounded interval [0, L], respec-
tively; L represents the size of habitat, and x = 0 and x = L denote the upstream and downstream
end, respectively; The diffusion rates of hosts and vectors are denoted by Dg, Dy, Dg and ds, dj,
respectively, and are positive; c1 (c2) represents the advection rate of hosts (vectors); The external

supplies of hosts (vectors) at x are represented by A(x) (M (x)); The terms % filx, L)

and ‘3 2 (x) Sy - fa(x, I) are the force of infection at time ¢ and location x, where 81 (x) = a;811(x),

Bo(x) = L— aPr2(x), and a; (ay) is a constant transmission ability per interaction from an infected
vector (host); B11(x) is the contact rate of a vector at x, and By;(x) is the number of vector
contact received by a host at x. Note that when the host and vector densities increase, their in-
fectivity may reach saturation. In other words, it may not be practical to take fi(x, I,) = I, and
fr(x, I) = I, since the standard incidences Sﬂ 'J(FXI)SJr”I[e”h nd 2 Z(X)S"[” make sense only when the
total host and vector populations are large while the number of 1nfected hosts and vectors is small
[16,17]; pn (x) (Ly(x)) is the death rate of hosts (vectors) at x; The recovery rate of infected hosts
is represented by yj, (x) at x; It should be pointed out that ¢ and ¢, should be nonnegative on ac-
count of the downstream end defined by x = L, and the no-flux boundary conditions indicate that
no hosts and vectors pass through the upstream end x = 0 and the downstream end x = L. More-
over, we assume that other parameters of (1.1) are Holder continuous functions in CV ([0, L])
with v € (0, 1). For simplicity, let o, (-) = py, (-) + yu(-) and

Sh f1(, Iy) Svf2(, In)
S, In, Ry, 1) = B — S, 1y, Iy) = D e
g1G, Sn, In, Ry, 1) 'Bl()Sh+Ih+Rh 820, Sy, Iy, In) = Ba () A

We first introduce some notations. Define

R (x) 1= /R ()R (x) and REE = [ RREY,

where

_hw Por) g _ o PO fy Bde

0 (x) = Oa *— fOL Mv(x)dx )

0= Gy o (x) T ey (ndy”

where B1(x) = B1(x)dy, f1(x,0) and Ba(x) = B2(x)dy, f2(x,0), x € (0, L). Here, R (x) is
called the local basic reproduction ratio of model (1.1) at location x. Biologically, D‘igh(x)
(%g”(x)) measures the impact of one infected vector (host) on susceptible hosts (vectors) at
location x (see, e.g., [23]). Furthermore, the habitat is said to be a high-risk area if 9%{)‘;6 > 1, and
be a low-risk area if mb‘jf < 1. Define the sets

R:={xe(0,L): Ry(x)> 1} and LR:= {x € (0, L) : RL°(x) < 1},

wherein HR and LR are referred to as high-risk and low-risk sites, respectively.
Throughout this paper, we make the following basic assumptions:
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Ry ()R ()

o | Hr LR X 0 LR HR %

(a) (b)

Fig. 1. Schematic diagram of 9%})(” (x) —1linx € (0, L). (a) The case (H1); (b) The case (H2).

(A1) fi(x,I) e C%((0, L) x R4 ) is nonnegative and f;(x, I) =0ifandonlyif I =0; fi(x, ) <
oo as [ — oo; 9 fi(x, I) is positive, and 8[2f,~(x, I)<0in(0,L) xRy,i=1,2.

(A2) Dy,djand cy, ¢y satisfy ¢ /Dy =c2/d; :=0.

(A3) HR and LR are nonempty, and 9‘{5"" (x) — 1 =0 has only one solution for x € (0, L).

And consider the following two scenarios:

(H1) For any xp € HR and yy € LR, then xo < yo (see Fig. 1 (a)).
(H2) For any x¢ € HR and yg € LR, then xg > yg (see Fig. 1 (b)).

Remark 1.1. Some frequently used incidence rates fulfill the assumption (A1l). For instance,
filx,I)= HIT [25] and fi(x, 1) = pi% [91, pi > 0, i =1, 2. Mathematically, the assumption
(A2) is a technical condition. In a biological sense, the hypothesis seems to be reasonable which
suggests that the movement strategies of hosts and vectors are proportional, i.e., ¢;/Dy and
c2/d; have the same scale. The assumption (A3) means that there is only one high-risk area and
one low-risk area in habitat (0, L). From an epidemiological point of view, the scenario (H1)
indicates that the upstream and downstream end belong to a high-risk site and a low-risk site,
respectively, while the upstream and downstream end belong to a low-risk site and a high-risk
site, respectively, as described in scenario (H2).

1.2. Motivation and goal

In epidemiology, the basic reproduction ratio R is one of the most important concepts which
is a crucial threshold for disease outbreak or not [30]. There are a lot of investigations on Ry,
and readers can refer to [2,36,37,45] and references therein. It is known that for the hetero-
geneous epidemic models, including vector-borne disease models, the basic reproduction ratio
is inevitably associated with diffusion and advection rate(s) [1,7,13]. One natural question is
thereby how autonomous movement (dispersal) and passive movement (advection) of individu-
als affect the spread of vector-borne disease in a spatially heterogeneous environment.

Up to now, there are many excellent works on the asymptotic behaviors and monotonicity
of Ry and steady states w.r.t. diffusion rates [1,4,11,20,23,27,41] and advection rates [5-7]. In
[4], Chen and Shi generalized the results of asymptotic behaviors for $Rp on large and small
diffusion to a more general reaction-diffusion compartmental model. A spatial SEIRS model in
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heterogeneous environment was considered, and the properties of 9}y were studied by Song et
al. [27]. Very recently, Zhao et al. [44] proposed a mosquito-borne disease model with spatial
heterogeneity and discussed the monotonicity and asymptotic profiles of JRg w.r.t. the diffusion
rates of infected individuals. In [5—7], Cui and his collaborators studied a spatial SIS model in
advective heterogeneous environments, and investigated the asymptotic behaviors of 9y, and the
concentration phenomenon of endemic equilibrium.

Despite, to the best of our knowledge, sufficient evidence about the important impacts of
the movements of hosts and vectors under advective environments on disease transmission, it
has rarely been fully studied. From a mathematical view, the main reasons may be that, on the
one hand, unlike well-known SIS or SIR model, the vector-borne disease contains two infection
pathways, which leads to the linearized system including two equations, so it seems difficult to
derive the explicit variational characterization of 9ip; On the other hand, population dynamics
(external supplies/recruitment) are often incorporated into modeling due to the relatively short
life span of vectors, and hosts and vectors possess distinct dispersal strategies [44]. These factors
thereby bring certain difficulties to the analysis of $Rg, such as asymptotic profiles, monotonicity
and level set classification.

Inspired by the above discussions, the main purpose of this paper is to address the question:
How does the movement of infected hosts and vectors affect the spatial dynamics of model (1.1)
in advective heterogeneous environments? More precisely, the existence and stability of disease-
free equilibrium (DFE) and endemic equilibrium (EE) of (1.1) are investigated by classifying the
level set of PRy, and the aggregation phenomenon of EE is discussed, so as to explore the effects
of autonomous movement and passive movement on vector-borne disease. Many interesting and
important phenomena have been found in this paper, which are briefly summarized as follows:

(F1) When the habitat (9‘1})‘? > 1) and the downstream end (Case (H1)) are located in a high-risk
and low-risk site, respectively, there are unique surfaces dependent on diffusion rates Dy
and dj, such that the DFE is globally asymptotically stable (g.a.s.) if advection rates c
or ¢; is above the surface, namely, the disease will disappear; System (1.1) is uniformly
persistent and admits at least one EE if ¢ or ¢; is below the surface, which implies that the
disease will break out (see Theorem 4.1 and Fig. 2).

(F2) When the habitat (SRBOC < 1) and the downstream end (Case (H1)) are both located in low-
risk sites, there are two critical points D 7 and d 1, such that, in the region (0, D 1) x (0, d 1),
there exist unique surfaces, so that the DFE is g.a.s. if ¢ or ¢; is above the surface; System
(1.1)1is umformly permstent and admits at least one EE if ¢ or ¢; is below the surface; In
the region [D1 00) X [d;, o0), the DFE is always g.a.s. for any ¢; > 0 and ¢; > 0 which
indicates that the disease will be eliminated no matter how large the diffusion rates are (see
Theorem 4.2 (I) and Fig. 3).

(F3) When the habitat (9%100C < 1) and the downstream end (Case (H2)) are located in a low-risk
and high-risk site, respectively, there are two critical points D and dj, such that, in the
region (0, Dy % (0,d;], system (1.1) is uniformly persistent and admits at least one EE
for any ¢; > 0 and ¢; > 0; In the region (51, o0) X (671, 00), there exist unique surfaces
which are monotonically increasing w.r.t. D; and dj, respectively, such that system (1.1) is
uniformly persistent and admits at least one EE if ¢ or ¢ is above the surface; The DFE
is g.a.s. if ¢ or ¢ is below the surface (see Theorem 4.2 (II) and Fig. 4).

(F4) When the downstream end (Case (H2)) is located in a high-risk site, if the advection rates
of infected hosts and vectors are large relative to their diffusion rates, in other words, the
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advection effect is dominant in the migration, then there exists at least one EE, and the
infected hosts or vectors will aggregate downstream end (see Theorems 5.1-5.2).

Together with (F1)-(F4), we see that the spatial dynamics of vector-borne diseases become
more complex and abundant in advective heterogeneous environments. Our findings not only
complement the results in non-advective environments [4,23,41,44], but also may provide new
perspectives for the investigation and control of the disease. Compared with the existing liter-
atures, it should be pointed out that the main innovation of this paper lies in that it is perhaps
the first time that the advective heterogeneous environments are included in vector-borne disease
modeling, and the level set of basic reproduction ratio w.r.t. diffusion and advection rates is clas-
sified in detail. It is believed that these conclusions seem to lead to a deeper understanding of the
underlying dynamics of vector-borne diseases.

On account of the no-flux boundary conditions and the complexity of linearized system, some
crucial improvements are necessary, and major improvements are listed as follows. (1) By means
of an ingenious transformation, we transform the no-flux boundary conditions into homogeneous
Neumann boundary conditions, which allows us to utilize the classical comparison principle of
parabolic systems to cope with the well-posedness and uniform persistence of model (1.1) (see
Theorems 2.1 and 2.2). (2) Generally, the global attractivity of DFE when SRy < 1 is usually
solved with the aid of an auxiliary system [3,19,38,42], and the attractivity when $Rg = 1 is
rarely addressed. Fortunately, via constructing an appropriate Lyapunov functional and employ-
ing the LaSalle’s invariance principle [14], we obtain the attractivity of DFE when %Ry < 1 (see
Lemma 2.4). (3) With the help of the strong maximum principle of elliptic equations [29], we
overcome the technical difficulties to address the aggregation effect (see Lemma 5.1), which
generalizes the results involving a single elliptic equation in [5, Lemma 3.1].

The remainder of the paper is organized as follows. Section 2 studies the well-posedness and
threshold dynamics of model (1.1). Section 3 explores the asymptotic profiles and monotonicity
of basic reproduction ratio. The level set of basic reproduction ratio is classified in Section 4, and
the aggregation phenomenon is investigated in Section 5. Section 6 gives a brief discussion to
conclude the article.

2. Global dynamics

In this section, we deal with the well-posedness of (1.1), define the basic reproduction ratio
Mo, and then study the threshold dynamics in terms of Rg.

2.1. Well-posedness and basic reproduction ratio

Let X := C([0, L], R®) be endowed with the supreme norm, and X* := C([0, L], R}.) be the
positive cone of X. Throughout this paper, denoting || - || := || - || Le((0,£)) and

(p = (9011 (p27 (p37 9041 905), u= (S/’lv Ih, Rh» va [U)v
and

ht :=max{h(x),x €[0, L]}, h~ :=min{h(x),x € [0, L]},
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here h(-) represents the coefficients of (1.1). The well-posedness of system (1.1) are stated in the
following theorem.

Theorem 2.1. (Well-posedness) Assume that (Al) holds. For any ¢ € X%, system (1.1) has a
unique nonnegative solution u(t, -; ¢) on [0, 00) x [0, L] which eventually lies in the region

iy iy iy
0<8,<CiePs ,0=<1I, <CrePr”",0< Ry < CzePr ",
Q= u€X+ a2 Qr )
0<S, <Cse?",0<1,<Csel

for C; >0,i=1,---,5, which will be determined later. Furthermore, the solution semiflow
P(t)g :=u(t, -; @) admits a global compact attractor in XT.

Proof. Taking a transformation
hxg  fbxs fLxm 2o 2y
(Shvll’h thSv’Iv): eDS ShaeDl IhveDR Rhaeds Svsedl IU I (21)

and substituting it into system (1.1) to yield

St = DsShxx +¢18hx + A1(x) — g11(x) = i (X) S, 1>0, xe(0,L),
In = Dylpyx +cidpe + g12(x) —op(x) 1 g, t>0, xe(0,L),
Rpt = DRRjxx + 1 Rpx + 71 (X) 1 — wn(X) Ry, t>0,xe(,L),
gvt = dSvax +C25vx + Mi(x) — g2l(x) - /'Lv(x)Svs t>0, xe (Os L),
7vt :dljvxx +C27vx + g22(x) - U«v(x)iv’ t>0, xe(0,L),
ghXZThXZEhXZEUXZTUXZOs t>0, XZO,L,
_ _c _ _a — _a

Sh(0,x) =e P51 (x), T5(0,x) =¢ P y(x), Rp(0,x) =¢ PR @3(x), x € (0, L),

_ _a _ _a

5,00,x)=e B p4(x), T,(0,x) =¢ U ps(x), xe(0,L),

(2.2)
where Aj(x) =e DS Ax), Mi(x)=¢ dS M(x), yh(x)—e(D_l_D_l) yh(x) and

— C72 _ ¢
g1 (x) = B1(x)Sn f1(x, ed’xlv) gn(x )_ﬂl(x)e(us Dl) Shfl(x ed, Iv)
Dls §h+el’1 Ih"‘l_eDlR R}, DS Sh+€Dl 1h+eDR R,
and
2
'BZ(X)S fa(x, €D’ 1) ,32(X)e<ds dl) Sy fz(x eD1 Ih)
g21(x) = o , &22(x) = =
S +edl I ds S +ed’ I
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1 Cl 2
For any 9 := (91,92, 03,04, 95) = (¢ D5 g1 e B gy, e PR gy, T gy e T gs) € X,
by using [44, Lemma 1] and the strong maximum principle, there exists a constant 7;,, < oo such
that system (2.2) admits a unique positive solution (Sn, In, Ry, Sy, 1) on [0, T),) x (0, L).
Consider the following system

S = Dsthx+c1th+A1(x) wn(x)Sy, >0, x€(0,L),
th(t 0)= th(t L)= t>0.

By applying the ideas of [42, Lemma 2.1] and [10, Theorem 2.2], we can prove the above system
has a unique positive steady state H (x) which is globally attractive in C ([0, L], R). Thus, the
comparison principle yields that limsup,_, o, S, (¢, -) < limsup,_, o, Sp(t,)=H() uniformly in
(0, L). Then there is a constant C; = ||H(-)|| > 0, independent of @, such that

[Sy(t,x)| <Cy, forany g eX™T, t €0, Tp). (2.3)

Similarly, there exist constants C, = IHx)| >0, C3=|A®)|| >0, Cs=||[W(x)| >0 and
Cs = ||[W(x)|| > 0, independent of @, such that

T4 (2, )1l < Ca, IIRR (1, X)|| < C3, [Sy(t, x)|| < Cq and [[1,(, x)|| < Cs, 2.4

for any g € XT, t € [0, T;,,) and where H(-), A(-), W(:) and W(-) are the steady states of the
following systems respectively:

_1 ~
Iht DI]hxx + 1Ty +blf31 (x)e 2 —ap(x)I, t>0, xe(0,L),
Tna (1,0) = T (2, L) = t>0,

Eht =DR§h£x +C1§hx +}7;C2 —/Lh(x)Eh, t>0, xe(0,L),
Rpx(t,0) = Ry (¢, L) =0, t>0,

and

Sur = dsSuxy + €28ur + M1 (x) — py(1)S,, >0, x € (0, L),
Spx (2,0) = Syx(t, L) =0, t>0,

R ~
vt —dllvxx + CZva + b2/32(x)3 at uy(x)I,, t>0, xe(,L),
vx(t O)—va(t L)=0, t>0,

where b; = max{ fi(x,I):x €[0, L], I >0} < +o0,i =1, 2, by the assumption (Al).
Therefore, it follows from (2.3) and (2.4) that the solution of (2.2) exists globally on [0, c0) x
[0, L], and lies in the invariant region 2 eventually, wherein

- L0=8i=C1,0=1) =C,0= Ry = C3,
=1 Sn Ins R Sos 1) €X7 10 <5, < €4,0<T, < Cs
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According to the transformation (2.1), system (1.1) has a global solution u on [0, co0) x [0, L],
and lies in the invariant region €2 eventually. Then u is ultimately bounded which indicates that
system (1.1) is point dissipative and the semiflow P(¢) is compact. Hence, the P(z) admits a
compact global attractor in X+ by applying [15, Theorem 3.4.8]. Moreover, based on the above
discussions, system (2.2) admits a unique DFE Eo = (H(x),0,0, W(x),0), and equivalently
system (1.1) has a unique DFE Eo = (H;(x), 0,0, Wi (x), 0) satisfying Hj(x) = ¢“1*/Ps H(x)
and W (x) = e/ W(x),x €[0,L]. O

Linearizing system (1.1) at Eq to get

Iht DIIhxx - 611hx +,31(X)1 _ah(x)lh» t>0, xe(0,L),
t—dllvxx_CZva+ﬁ2(x)Ih_Mv(x)Iv, t>0, xe(0,L), (2.5)
DIIhx_ClIh =d[[ux—621v =0, t>0,x=0,L,

where ,él(~) = B1(-)d1, f1(-, 0) and ,32(-) = B2()dy, f2(:, 0). Define the operators F, B : C([0, L],
R?) — C([0, L], R?) by

{0 B@W Y\ pp [ D132 —c1d —ap(x) 0
F(x)_(ﬁzu) 0 ) Bm‘( 0 d,af—czax—uvoc))’

wherein dy and 82 denote the first and second derivatives w.r.t. x, respectively. Let £[v](x) :=
fo F(x)T(t)v(x)dt here v(x) is assumed to be the initial density distribution of infected hosts
and vectors at x € (0, L), and T(t) is the semigroup generated by dv/dt = —Buv subject to the
no-flux boundary condition. Through utilizing the next generation operator approach of [36], the
basic reproduction ratio of (1.1) is defined by the spectral radius of £, i.e.,

Ro(Dy,dy, c1,02) :=1(L).
Hence, we have the following characterization of Rg :=Ro(Dy, dy, c1, ¢2).

Lemma 2.1. Assume that (Al)-(A2) hold. Let ko := ko(Dy, dy, c1, c2) be the positive eigenvalue
of the elliptic eigenvalue problem

—Drex +c1dox F oV =kpi@)Ys, x €O, L),
—diYaxx + 2¥ax + ()Y =k fo(x)y2, x € (0, L), 2.6)

—Dyyrox + 1y = —diax + 24 =0, x=0,L,

with a positive eigenfunction. Then kg is unique and Ry = 1/ko.

Proof. Assume that (v, ¥4) is the positive eigenfunction corresponding to x( of problem (2.6),
and let (Y2, ¥4) = €°*(¢2, ¢p4). By simple calculations, (¢2, ¢4) fulfills

—Didoxx — c1P2x + ap(X) = Ko,?l(x)¢4, x e (0, L),
—di$axx — C2Pax + o (X)Ps = kof2(x)p2,  x € (0, L), Q2.7)

$2x(0) = ¢2x (L) = $pax (0) = dpax (L) =
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To prove Rg = 1/ko, inspired by the arguments of [36, Theorem 3.2], it is necessary to show the
uniqueness of «p. By means of Lemma 2.2 in [27], we suppose that iy is another eigenvalue with
positive eigenfunction (¢2, ¢4) such that

—Di¢rex — c1¢hax +an(x)$2 =Rop2()ps, x € (0, L),
—di$axx — C29ax + o (X)Ps = kof1(x)p2,  x € (0, L), (2.8)

$2x(0) = ¢y (L) = Py (0) = dpax (L) = 0.

Multiplying the first equation of (2.6) and (2.8) by ¢» and v, respectively, and then integrating
by parts over (0, L), one obtains

L L L L
m/QWmM—m/W%M+/wmmﬁm=m/&®W@M

0 0 0 0

L L L L
DI/dsleﬂzxdx—C1/1/f2¢_>2xdx+/Olh(X)¢2<l_52dx=I?o//§2(x)1/f2¢_>4dx.

0 0 0 0

Subtracting the above two equations to obtain

L L
m/&mw@M—@/&mw@mzo 2.9)
0 0

Similarly, we multiply the second equation of (2.6) and (2.8) by ¢4 and 4 respectively, and
integrate by parts in (0, L), and then subtract the resulting equations to get

L L
m/&wm@M—%/&mWQM=a (2.10)
0 0

Then, adding (2.9) and (2.10), one has
L L
m—@)/&mm@M+f&mm@m o0,
0 0

By the positivity of ,31-, ¥ and q_bj on [0, L],i=1,2,j=2,4, thus kg = k9 which means that x
is unique. Then Ry = 1/k¢ by ideas similar to those in [36, Theorem 3.2 and Remark 3.1] and
the uniqueness of «( with the positive eigenfunction. O

Lemma 2.2. Assume that (Al) holds. For Dy > 0, dj > 0, ¢; > 0 and ¢ > 0, then the following
inequality is valid:
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<Ro(Dy,dy, c1,c2) <

Proof. By Lemma 2.1, 1 /%Ry is the principle eigenvalue of (2.0), i.e.,

1 4
=Dy + c1ox +ap(x)yr = %ﬂl(X)W, xe€ (0, L),
1 A
—diYaxx + C2¥ax + (X)) Py = %ﬁz(xwfz, xe(0,L),
—Diyrox 4+ c1¥2 = —diax + 24 =0, x=0,L.

Integrating the two equations of above system by parts over (0, L), one has

L L
1 n
f (2 = f B1 () Wadx,
0
0 0
L ] L
/ o () Prady = — / Ba()¥adx.
Ro
0 0

Thus,

Jo Br@vadx [y prGoyvadx | YA
S an () yadx fy (0 Yadx ~ | @ by

which establishes the boundedness of Rg. O

Denoting (7;, (t,), Z,(t, ) = e ¥ (n(-), n4(-)) and substituting it into the linearized system
(2.5) to yield

Dinaxx — cimax + P10 — an()m2 + 112 =0, x € (0, L),
dinaxxy — c2nax + B2(X)M — oy (X)n4 +kna =0, x€(0,L),
Dymy —cim =dinax — cana =0, x=0,L.

Let (n2, n4) = €°*(p2, p4). Then (p2, p4) satisfies

Dipaex +c1pac + 1) pa — an()p2 +kp2 =0, x € (0, L),
drpaxx + c2pax + Ba(X)p2 — py(xX)pa + kps =0, x € (0, L), @2.11)

P2x(0) = pax (L) = p4x(0) = pax (L) = 0.
It thus from the Krein-Rutman theorem [18] that problem (2.11) has a unique principal eigenvalue
k1 :=«x1(Dy,dj, c1,c2), i.e., k1 is real and simple with positive eigenfunction (p2, p4) and the

real parts of other eigenvalues are strictly greater than «.
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Lemma 2.3. Assume that (Al)-(A2) hold. For D; > 0, d; >0, ¢y > 0 and cy > 0, then 1 <0 if
Ro>1L k1 =0ifRo=1,andk; >0if Ry < 1.

Proof. Set (p2, p4) be the positive eigenfunction of the corresponding eigenvalue x| for the
adjoint problem of (2.11). Then (p2, p4) meets

—Djpaxx — €1P2x —ﬁz(X)ﬁzx +an(x)p2=x1p2, x€(0,L),
—d Paxx — C2Pax — B1(X) P2 + o (x) pa =K1p4,  x €(0, L), (2.12)

P2:(0) = pax (L) = pax(0) = pax(L) =0

Multiplying the first equation of (2.6) and (2.12) by p» and 1, respectively, and then integrating
by parts over (0, L), one gets

L L L L
_ _ _ 1 a
D1/P2x1ﬁ2xdx—61/W2P2xdx+/ahP2¢2dX= %/ﬂ1P2W4M,
0 0 0 0
L L L L L
DI/ﬁle/fzxdx—lel//zﬁzxdx / p41ﬂ2dx+/ahﬁ21ﬂ2dx=K1/ﬁ21ﬁ2dx.
0 0 0 0

Subtracting the above two equations to yield

L L
1 ~ ~
K1 /ﬁzlﬂzdx: 9?0/,31 (x)ﬁzllfztdx—/ﬂz(X)ﬁuﬂde- (2.13)
0 0 0

Similarly, multiplying the second equation of (2.6) and (2.12) by pa and ¥4 respectively,
integrating by parts over (0, L), and then subtracting two resulting equalities, one has

L L L
1 ~ N
m f P = o / Ba) parad — f B1 () prvad. 2.14)
0 0 0 0
Adding (2.13) and (2.14) to get
L L | L L
K1 / Paradx + f pavadx | = (% - 1) / Br(x) papadx + / B (x) papadx
0 0 0 0

Since V¥, p; and ﬁ,- are positive on (0,L), i = 1,2, j = 2,4, we have sign(l — Ry) =
signky;. O
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2.2. Threshold dynamics

In this subsection, the global stability of Eg when $Rg < 1, uniform persistence and existence
of EE for (1.1) when Rg > 1 are investigated. We have the following results:

Theorem 2.2. (Stability and persistence) Assume that (Al)-(A2) hold. If Ro < 1, then Ey is
g.a.s. If Ro > 1, then there exists a constant 8o > 0, such that the solution of (1.1) meets

Uminf[|(Sp (7, x), In(1, ), R (2, ), Sp(t, ), Ly (1, X)) = (H1(x), 0,0, Wi (x), 0)l| > 8o (2.15)

uniformly for x € [0, L]. Moreover, system (1.1) admits at least one EE.
We will complete the proof of Theorem 2.2 via proving several lemmas.

Lemma 2.4. Assume that (Al)-(A2) hold and Ry < 1. Then Ey is globally attractive, that is,
tlim (Sn(t, %), In(t, x), Rn (2, x), Sy (2, x), Iy(t, x)) = (H1(x), 0,0, Wi (x), 0)
—00

uniformly for x € [0, L].
Proof. Let P(t)p = (Sp(z,-), In(t,-), Ry(t, ), Sp(t, ), I, (¢, -)) be the unique solution of (1.1)
with ¢ € Q, where the set 2 is determined by Theorem 2.1. To prove (I(t, -), I, (¢, -)) — (0, 0)

as t — oo in [0, L]. According to [27], thanks to the Sobolev inequalities and L? estimates, for
any B € (0, 1), there is a constant Cs > 0 such that

1(Shs Ins Ris S, 1) 5, < Csl[(Sn» Ins Rus Sv,s Do)l Loo (@ —1,04+11x[0.L1) »
2P ([ 1.+ +11x[0,L])

for each t* > 1. Then there is a constant Cg > O such that

1(Sns Ins Ris Sv, o)l et 0,1)) < C5Ce, for any 7> 1.
Hence, P(t) is compact, and for each ¢ € 2, the orbit of P ()¢ under the dynamical system

generated by (1.1) has a compact closure in 2.
Define a Lyapunov functional as follows

L
g[u](t):/(lhl;2+lvﬁ4)dx» u=(Sp, In, Ry, Sv, Iy) € 2,
0

wherein (pa, p4) is the positive eigenfunction corresponding to the eigenvalue «1 of (2.12). After
elementary computations, by the second and fifth equations of (1.1) and the assumption (A1), we
obtain
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L
Glul(r) = / (Pl + alur)dx
0

L
=/[D11h” el + 8105 S Ty Ris 1) — an (6 1 adly
0
L

+ /[dllvxx —calyx + 82(x, Sy, Iy, Iy) — wy(x) 1y padx
0

L L
=/[D1132xx + c1p2x — ap(x) p2llpdx +/g1(x, S, In, Ry, 1y) p2dx
0 0
L L
+ /[d1ﬁ4xx + C2[34x - /‘Lv(x)ﬁ4]1vdx "l‘/gZ(xv Sv, Iy, Ih)ﬁ4dx
0 0
L L
=—K] /(Ihﬁz + Iy ps)dx — /[32(36)1;1 — 82(x, Sy, Iy, Ip)]padx
0 0

L
- / [B1(x) L, — g1(x, Sh. I, Ry, I,)] prdx
0

L L
<—kK /(Ihﬁz + Iy p4)dx — / [31, f2(x, 0) I, — fa(x, In)] B2 (x) padux
0 0
L
- / (81, £106, OV, — £i(x. 1)] B1(x) padx
0

L
=—ki /(Ihﬁz + Iy pa)dx,
0

where * denotes the derivative of ¢. Note that xk; > 0 owing to Lemma 2.3 and Ry < 1. Since
(P2, pa) and (I, I,) are positive, G(¢) < 0, for any ¢ € [0, 00). Let S := {u € Q| G[u](r) = 0}.
Then the maximal invariant set of S is Sy = {u € Q| I, =0, I, = 0}. Therefore, utilizing the
LaSalle’s invariance principle for infinite dimensional dynamical systems [14, Theorem 1] to
get (I(t,-), I,(t,)) — (0,0) as t — oo uniformly in [0, L] which yields that Ry (¢, -) — O as
t — 00 according to the third equation of (1.1).

Moreover, similar to the arguments of [44, Proposition 1], by using the theory of internally
chain transitive sets established in [46], we can show that
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llim 1(Sh(t, x), Sy(t, x)) — (Hi(x), Wi(x))|]| =0, uniformly for x € [0, L].
—> 00
Hence, Ej is globally attractive. O

Lemma 2.5. Assume that (A1)-(A2) hold. IfRo < 1, then Ey is asymptotically stable. If Ry > 1,
then there exists a constant 8o > 0, such that the solution of (2.2) satisfies

1itminf||(§h(t,x),Th(t,x),ﬁh(t,x),ﬁv(t,x),7v(z,x)) —(H(x),0,0, W(x),0)|| >8y (2.16)
— 00
uniformly for x € [0, L]. Moreover, system (2.2) admits at least one EE.

Proof. When Ry < 1, E is asymptotically stable resembling the ideas of Theorem 3.1 in [36].
It then remains to deal with the persistence of (2.2) in the case of 93y > 1. Let

Qo= (g Qg #0and g5 #0) and 9 := (g € 2|7, = 0 or g5 = 0},

where @ and Q are defined by Theorem 2.1. It is easy to know that Q=Q0UdQ, and Qo and
dQ are relatively open and closed subsets of €2, respectively. Moreover, Q is a convex set. Set
P (1)@ be the unique solution of (2.2) with ¢ € Q. By Theorem 2.1, P(¢) admits a global compact
attractor and P (1) C Qo. In addition, denote Uy as the maximum positively invariant set of
P(t) in 39, i.e., Uy :={g € Q| P(1)g € 0Qp, t > 0}. Then Uy = {g € Q |9, = g5 = 0}. Let
o (@) be the omega limit set of @ in Q, and U := U [pe U@ (@). To end the proof, we divided it
into two steps:

Step 1. Claim that Uy = {Eo)}. In fact, for any @ € Uy, from the definition of U, we have
I,(t,x)=1,(t,x) =0, forall x € [0, L], t > 0. Substituting it into (2.2), one gets

Sht = DgShxx + ¢18hx + A1(x) — up(x)Sy, t>0, x€(0,L),

Eht = DRﬁhxx +C1Ehx - Mh(x)ﬁhv t>0,xe(,L),
Evt = ngvxx + CZE‘UX +Mi(x) — [,LU(X)EU, t>0,xe(0,L),
Ehxzﬁhngvxzov t>0, x=0,L.

Then Eh_(t, ) — H(), Ry(t,) = 0and Sy(¢,-) —> W(-) as ¢t — oo uniformly in (0, ). Hence,
Uy ={Eo}, and {E¢} is an isolated and compact invariant set of P(¢) restricted in Uy.
Step 2. Claim that there exists a constant §; > 0, independent of @, such that

limsup || P(t)g — (H(-),0,0, W(-), 0)|| > &;. (2.17)

11— 00
By a contradictive argument, for any 81 > 0, there exists a 0" = (91,95, 93, 9, ¥5) such that

limsup [ P()g* — (H (), 0,0, W(-),0)|| <51, (2.18)

—00

where P(1)* = (S, (1. ). T;(t. ). Ry (1. ). 531, ). T, (¢, ). t > 0.
Take 8, > 0 small enough. Suppose that Kfz =«k1(Dy,dy, c1, c2,62) is the principal eigen-
value of the following eigenvalue problem
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‘1 23
Bi(x)e?s” (H —32)31v 1, e 8))
Drpzuct bt = ! T Pa—an()p2t K2 pa =0,

eDs” (H—Sz)—i-eDI 52+eDR 82

x€(0,L),
Q. o1y
Ba(x)e’s™ (W —82)dy, fo(x, eP17 8r)

2x Q. pz_,uv(x)P4+Kf2p4=(),
eds (W —687) + ed 8

dp paxx + c2pax +

x € (0, L),
P2x(0) = pax (L) = pax (0) = pax (L) =0,

2.19
wherein (p2, pa) is the corresponding positive eigenfunction in (0, L). Since 9Rp > 1, /c(l < 3
by Lemma 2.3, here « is the eigenvalue of (2.11). Notice that Kfz — k1 <0 as § — 0. Thus,
one can choose a sufficiently small §, such that Kfz < 0. From the arbitrariness of 31, letting
81 = 8. Following from (2.18) that there is a 7 > 0 such that Syt )= H() =8, So(t,) >
W) — 82, T)(t,-) <82, Ry(t,-) <8 and T,(t,-) <8, for any ¢ > T in [0, L]. By inspection
of the assumptions (A1)-(A2), we obtain

L4 ) y— 2 y— ‘L 2
il M), v, T _ Bir)ePs" (H = 5)dy, fi(x. e 8)

I, (2.20)

Ly Ly Q. = <L [ <L
e?s’S, +ePr'T, +ePk' R, ePs" (H —8) +eDi 8 +ePr* 5,

and

2 _ 2\, _ 3

ﬂz(x>e<ds df)"sifz(x,eDz"IZ) ﬁz(X)e"S W — 52)31,1f2(x ePi*sy) . 221
92, . h» .
e S 4 eWT, o5 (W—52)+ed1 8

forall r > TO* and x € [0, L].

In addition, it follows from Theorem 2.1 and the strong maximum principle that (E;, TZ, EZ,
Sjjj) € Int(XT) (interior of X*). Then, there is a constant 7p > 0 small enough, such that
TH(T§, x) = top2 and Ty (T, x) > o pa, x € (0, L). With the help of (2.20)-(2.21), we can testify

—k =k . .
that (1, I,)) is a super-solution of the problem:

~ ~ ~ X eDS H —6§)0 X, edl s
Tou = DiTh 1Ty + 1002 TN T 2o )T, 150, x e 0,1,

eDs™ gH—(Sg)—}-eDl 82+€DR 52
ﬂz(X)edS W = 82)0, (5. eP1'8y)

o5 (W —82) + et "8

Z}t =dIZJxx +CZZ)X +

Iy —,uv(x)lv, t>0, xe((0,L),

Dne(,0) = Tne (8, L) = Toe (t,0) = T (¢, L) =0, t>0,
L(T§, x) = topa(x), TH(Ty, %) =topalx), x€(0,L).
. . (2.22)
* 2 *
From (2.19), it is straightforward to observe that (tge ™ =T P2, Toe 1 (=Tg) p4) is a solution

of (2.22). Then, thanks to the comparison principle and the fact Kfz < 0, we have
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2(-1) kP2 (—T)

Ih(t x) > 19€ ) 0/ pa(x) = 00, T:(t,x) > poe pa(x) = 00 ast — o0

which contradicts (2.18), and so (2.17) is valid which implies that {Ey)} is an isolated invariant
set of P(¢) restricted in , and WS ({Eo}) N Qo = @, where WS ({E()}) represents the stable set
of {Eo} w.rt. P(¢).

Combining Steps 1-2 and [46, Theorem 1.3.1], P(¢) is uniformly persistent for (2, dQo).
Consequently, (2.16) holds. Furthermore, system (2.2) possesses at least one endemic steady
state when Rg > 1 by using the Theorem 1.3.7 in [46]. O

Proof of Theorem 2.2. According to Lemma 2.5, we see that Ey is asymptotically stable and
then is g.a.s. together with Lemma 2.4 as 9ip < 1. In addition, Lemma 2.5 indicates that there
exists a constant &g > 0, such that (2.15) holds, and system (1.1) has at least one EE. Theorem 2.2
is proved. O

3. Asymptotic profiles and monotonicity of basic reproduction ratio

In this section, we discuss some important properties of basic reproduction ratio 9ig, which
are concerned with the asymptotic behaviors and monotonicity.

3.1. Forthe case ci =c2 =0

We consider system (1.1) with non-advective effects in this subsection. When ¢ = ¢z =0,
the basic reproduction ratio corresponding to (1.1) is denoted as Qg := QR (D, d;) which was
investigated in [44]. Then there are the following statements:

Proposition 3.1. (Asymptotic profiles of 97{0, [44]) Assume that (A1) holds. Then

1) mo(D, d;) — max {Sﬁloc(x) x €0, L]} as D; — 0 and d;j — 0O;
) Ro(Dy,dy) — R as Dy — 00 and dj — oo.

Proposmon 3.2. (Monotonicity of ‘ﬁo, [44]) Assume that (A1) holds. For any D; > 0 and dj >
lf/31 x)= ,82(x)f0r any x € (0, L), then %O(Dl dr) is a monotone nonincreasing function of
Dy and dj, respectively.

According to Propositions 3.1 and 3.2, we have:

Lemma 3.1. Assume that (Al) holds and D‘i('jh (x)mg“ (x) — 1 changes sign in (0, L) and ﬁl x) =
Bo(x) for any x € (0, L). Then

1) Ifﬁ)%loc > 1, then %O(DI,dI) > 1 forany D; > 0 and d1 > 0;
2) If%boac < 1, then there exists a umque positive point (D[, d]) such that %O(DI dr) > 1 for
0< D[ < D[, 0< d[ < d[, and%o(D[,dﬂ < lfOI" D[ > D[, d[ > d[

Proof. (1) By Proposition 3.1 (2), we have

lim Ro(Dy,dr) = REE >

Dj—o00,d;—00
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Thus, 5%0 > 1 for any Dy > 0 and d; > 0 due to the monotonicity of 5%0 in Proposition 3.2.
(2) Similar to the proof of (1), since mgh (x)i)%g“(x) — 1 changes sign, we get

lim 0097{0(0,, dr) =R <1,

D[—)OO,d1—>

tim  Fo(Dy,dp) =max [R<(), xe(0,L1] > 1,
D;—0,d;—0

which guarantees the existence and uniqueness of (Dy,dp) from Proposition 3.2. O

Remark 3.1. Lemma 3.1 indicates that when there is no advection effects, the disease will break
out if the habitat is a high-risk area (Sf{g;f > 1); If the habitat is a low-risk area (SR})‘;C < 1), then
the outbreak of disease is related to the diffusion rates of infected hosts and vectors, that is, when
0< Dy < 51, 0<d; < d, 1, the disease will break out no matter how small the diffusion rates are,
and when D; > 51, dr > d, 1, the disease will be eliminated no matter how large the diffusion
rates are.

3.2. Forthe case c; > 0andcy >0

In this subsection, we study the asymptotic properties of 2R under the advective effects. To
summarize, the main results are as follows:

Theorem 3.1. (Asymptotic profiles of 9Ry) Assume that (Al)-(A2) hold. Then $Rg satisfies the
following properties:

(I) For any fixed D; > 0 and d; > 0, Ry — 5{0 as cy — 0and cp — 0Oy
(II) For any fixed D; > 0 and dj > 0, Rog — %bOC(L) as ¢ — oo and ¢y — 00;
(III) For any fixed c¢; > 0 and c; > 0, Ry — i)fig’c(L) as Dy — 0 and df — 0;
(AV) For any fixed ¢i > 0 and c; > 0, Ry — ERB‘;C as D; — oo and dj — o00;
(V) Mo — R(L) as c; — 0, c2 > 0, ¢3/D; — 00 and c3/d; — oo.

Before proving Theorem 3.1, the following conclusions are needed.
Lemma 3.2. If (A1)-(A2) hold, then Ro — R (L) as o — 00, ¢§/D; — 0o and ¢3/d; — oo.

Proof. Let (Y, ¥4) = eJ”(qz, q4) in (0, L), where 0 = c1/Dj = ¢3/d; and (Y2, ¥4) is the
positive eigenfunction corresponding to 1/93¢ of (2.6), and J represents some constant which
will be selected later for different aims. Since (¥, ¥4) satisfies (2.6), it follows that

1 4
—Digrx +c1(1 =20)q2x +[c10J (1 = J) +ap(x)]gr = %ﬂl(x)tﬂh xe (0, L),

1 4
—diqaxx +c2(1 = 2J)qax +[c20J (1 = J) + py(x)]gs = %ﬁz(x)q& xe(,L),
Diq2x(0) =c1(1 — J)q2(0), Dyga(L) =c1(1 — J)qa(L),
drqax (0) = c2(1 — J)qa(0), drqax(L) =c2(1 — J)qa(L).

3.1)
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First, weset J =1+ K1 Dy/ c% where K1 > 0 will be chosen later. Then, by (3.1), we have

2K1D;g KD,
—Digaex —c1 | 1+ 2 e —Ki| 1+ 2 +an(x) | g2
1 1

1,
= %51@)%% x€(0,1), (3-2)

K K
42x(0) = ——22(0), gac(L) = ——q(L).
Cl Cl

Suppose that g2 (x) reaches the minimum value at x5 € [0, L], that is, g2 (x3) = miny¢[o, ] g2 (x).
Due to the positivity of g2, then g2, (0) < 0 from the boundary condition of (3.2) which leads to
x3 > 0.1f x3 € (0, L), then g2, (x3) = 0 and g2, (x5) > 0. Hence, following from (3.2) that

KD 1 4 *
[—m (1 + #) +ah<x;)} ~ b e i L

c q2(x3) ~

If we choose K| = a;l' for any sufficiently small D;/ c%, then

1 R *
[—Kl (1 L f’) +ah<x§)} - %m(x;‘)‘“(x” <0

o Q2(x§)

which is a contradiction and so xé‘ = L. Thus, g2(L) < g2(x), for any x € [0, L]. By ¢2(x) =
e‘J”wz(x) and J =1+ K]D;/c%, we obtain

3 Dy

— 4k 2 )L — (14K, 2L )x
@(l)=e ( ) Ya(L) < qr(x) = e ( ) Y (x),

that is,

=5 (182 )0 o)
YLy’

e

for all x € [0, L]. 3.3)

Moreover, if letting J = 1 + K»d; /c%, where Kp = uj, then one can similarly obtain

7%(1+K2%>(L*x) _ Y
~ Ya(l)
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Next, choose J =1— K3D;/ c% where K3 > 0 will be selected later. From (3.1), one gets

2K3Dy K3D
—Digaex —cr |1 - o |t K3|1— 2 +an(x) | g2
1 1

1,
= mTOﬁI(X)Qm x€(0,1), (3.5)

K K
42:(0) = =245(0). qa (L) = 2 g(L).
Cl Cl

Assume that g»(x) reaches the maximum value at x3* € [0, L], i.e., g2(x3™) = max,¢[o,1] g2(X).
Owing to g2(-) > 0, we have g2,(0) > 0 by the boundary condition of (3.5) and so x3* > 0. If
x3* € (0, L), then g2, (x3*) = 0 and g, (x5*) < 0. Thus, by (3.5), one has

K3D 1 4 o
[’Q (1 B %> +ah<x§*>} - a?om(x;*)q“% ) <o, (3.6)

¢ q2(x3*)

Since Bl (+), g2(-) and g4(-) are positive continuous functions on [0, L], there exists a constant
N1 > 0 such that B1(x3*)q4(x3™)/q2(x3*) < N1. Then we choose

Dy . . Dy 1
and —- is small enough fulfilling —- < —-
| AN

This, together with Lemma 2.2, can be concluded that

K3D; L oa e a5
K3|1- +an(x5*) = —p1(x3*
< 2 ) 2R T a3

+,,+
oy Mty

~_ A~

By By

=ay (x3™) > 0,

which contradicts (3.6) and thus x3* = L. Then g2(x) < g2(L) for all x € [0, L]. By g2(x) =
e~y (x) and J = 1 — K3D;/c}, we obtain

B(x) = e__<1_K3?‘_?1)xwz(x> <L) = e_%<1_K3"_I)sz<L>,

equivalently,
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va) _ (1B e
Ya(l) =

, forallx e[0, L]. 3.7

In the similar fashion, let J =1 — K4d1/c%, where

dr d 1
and — is sufficiently small to satisfies —; < —
3 ;g 4N

for some constants N, > 0. Hence,

2 (1—k 9L V(L—x
Z“((i)) ’(1 K4f%)(L ' forall x €[0. L], (3.8)
4

Consequently, from (3.3), (3.7) and (3.4), (3.8), we obtain

_D_l<1+K1 2)(L 0 Yn(x) -, (1 K3 2L )(L x)

3.9
¢ - 1/fz(L) - .
and
) d d
e—ﬁ(m(zé)@—x) Yax) _ ?(Hﬁé)“_x), xel0.L]. (3.10)
1/’4(L)
Denote & = ci(L —x)/Dy =c2(L —x)/dy. By (3.9) and (3.10), one gets
- D, L — Do (1_x. 21
. <1+K‘ c%)sfuge (1 KBC%)g G.1D
Yo (L)
and
- a4 L — d_[ dy
, (1+K2(%)$ - M < (1 Kﬂz)g £e[0,0L). (3.12)

e ,
Ya(L) -

Integrating (2.6) in (0, L) and then dividing by y¥»(L) and ¥4 (L) respectively, we have

L

/ah(x)wx)

0

[ ne
4 (x 2 (x

O/UmWL /ﬂ() D

Therefore,
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L L L

/ah(x) Yax) o / / 1//4()6)
¥2(L)

0 0 0

@) 4
)

Since x =L — Dj&/cy = L — dj&/c», it follows that

va (L - 2g) va (L - L)
O/ (L B ?§> 2D dg/ (L "o ) o ©
1/f4 1ﬁz( )
__/ ( a Eé) 1/f4(L) dg/ﬁ ( e ) 1/fz(L) a.

Thus, Ro = +/G1(Dy,dj, c1,¢2)/G2(Dy, dp, c1, c2) where

oL 1#4 1””2( )
G1(D1,d1,cl,cz)—/ﬂ1< CzE) Ve (L) dg/ﬂ ( c1 )de’
0

and

Ga(D;,d 7 L wz 474 W( _%E)d
2(Dy, 1,c1,c2)—0/05h< —C15> Wz(L) g/'““”( _a )W g

Combining (3.11)-(3.12) and applying the Lebesgue dominant convergence theorem to yield

. . G1(Dy,dy,cy,c2)
lim Ro = lim
c1/Dj—00,¢3/Dj—00 c1/Dj—00,c3/Dj—o0 \| G2(Dr,dr, c1,¢2)
cz/d1—>oo,c%/d1—>oo cz/d1—>oo,c%/a'1—>oo

= lim 00Lﬂ< _d15> (x//4<L) )d“?f ( 5)%&
S\ e (- ) 7 i G ) P70 (L dls)ﬂdg

2/dj—00, ¢} /dj—o0 0 wz(L) Ya(L)
_ | hWetds " et ds  [RLIABW) e
J&E an(Lye8de [ py(Lyetde ~ Voan(po(L) 0 7

This completes the proof. O

Lemma 3.3. Assume that (Al)-(A2) hold. For any fixed ¢y > 0 and ¢; > 0, Rog — 9%1“ as D; —
oo and dj — 0.
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Proof. According to the uniform boundedness of R in terms of D; and d; by Lemma 2.2,
passing to a sequence if necessary, there exists a finite constant 23 > O such that 5o — R;
when D; — oo and dj — oo. Let (Y2, ¥4) be the positive eigenfunction corresponding to 1/Rg
of (2.6). Without loss of generality, assuming ||y + ||¥4|| = 1. With the help of L? estimate
and the ideas of [27], we know that [|Y2]ly2.5((0, 1)) @and [[¥4llw2.r((0, 1)) are uniformly bounded,
for any integer p > 1. Then, thanks to the Sobolev embedding theorem [12], |||l c1.¢((0, 1)) and

1]l cle(,L)) are uniformly bounded, for any 0 < o < 1. Accordingly, there is W > 0 such that
¥ (+) converges to Wj in C1([0, L)), j =2,4, as D; — oo and d; — o0o. Applying the elliptic
regularity estimate [12] to yield ¥, and ¥4 are constants. Thus, integrating (2.6) over (0, L) and
passing to the limit D; — oo and d;j — oo to obtain

L { L
%/ozh(x)dx=$4%/;§1(x)dx,
0
0 0
L 1 L
E4/Mv(x)dXIW2ﬁ/ﬁz(x)dX,
0 0 0

which leads to R =,/ %82 9%85 = %&C. O

Proof of Theorem 3.1. (I) is obvious. (II)-(IlT) and (IV) are the direct consequences of Lem-
mas 3.2 and 3.3 respectively. For (V), it is straightforward that ¢; /Dy = (clz/DI)/cl — 00 and
c2/d; = (c5/dy)/c2 — o0 as ¢}/ Dj — 0o, ¢; — 0 and ¢3/d; — 00, ¢ — 0. Then (V) follows
from Lemma 3.2. This ends the proof. O

4. Classification of level set of basic reproduction ratio

With the aid of the conclusions obtained in Section 3, in this section, we study the level set
classification of SR w.r.t. diffusion rates (D;, d;) and advection rates (c1, ¢»), which determines
the dynamical behaviors of system (1.1).

Consider the matrix

M()C) — eO‘X <_£Xh(.x) :él(x) )
' Pax)  —pe(x)/)

By simple calculations, the principle eigenvalue of M (x) atx € (0, L) is

() + 0 ()] 4y T () + 120 (12 + 4By (02 (6) — e ()12 ()]
2

X

kp(x)=e°

Let (e 111/1 (x), 612” (x)) be the positive eigenfunction corresponding to ks (x) at x, i.e.,

1 1
M (x) (eM(x)) = iy (%) (“?M(x)> . xe(0,L).

e%,[ (x) e%,l (x)
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Denote (¢21, ¢j) as the positive eigenfunction corresponding to 3¢9 =1 (i.e., kg = 1) of (2.7). To
classify the level set of SRy, the following lemma is necessary:

Lemma 4.1. Assume that (Al)-(A3) hold. If there exists some sufficiently smooth positive function
k(x) such that (¢} (x), ¢ (x)) = k(x) (e}, (x), €3, (x)), x € (0, L), then

(1) If (H1) is valid, then ¢} (x) <0 and ¢} (x) <0 forx € (0, L);
(2) If (H2) is valid, then ¢} (x) > 0 and ¢} (x) > 0 for x € (0, L).

Proof. By the assumption (A3) and (H1), there is a x* € (0, L) such that 9%8’"‘ (x)é}{g”(x) > 1lin
(0, x*) and %gh(x)iﬁg”(x) < lin (x*, L). Recall that ((]521, qbi) satisfies

—D1¢y,, — c1¢y, +an(0)$y = pi(x)gy. x €O, L),
—di$iy — 20}, + 1 ()G = P2(x)¢y,  x € (0, L), @.1)

$y. (0) =) (L)=¢, (0)=¢, (L) =

Multiplying the two equations of (4.1) by e“1*/P1 and ¢“2%/%1  respectively, we get

D[(eD1 ¢2x)x _ ,0X (—th(x) El(x) ><¢21> Y <¢%> oL
( d1(ez11 ¢4 )x) e Bo(x)  —pp(x) ¢i (x) ¢z{ , x€(,L).

Since (1, ¢1) =k(x)(el,, e3)) and M(x)(el,, e3)T =k (x)(el,, &3 )T, it follows that

1 1
( D’(e ¢2x)x) = k(x)icp (x) (eﬁ") = Ky (x) <¢ ) » x€(0,L).
d1(e"1 “hh ) ‘M %4

According to the above discussion, k; > 0in (0, x*) and «p; < 0 in (x*, L). Therefore,

<0, xe€(0,x%), <0, xe(0,x),

>0, xe(* L),

‘1
(e ¢3,)
10, xe@" L),

and (e%)‘(p)u)x {

which implies that e1*/P1 ‘1’5)( and e€2¥/di ¢ix monotonically decrease on (0, x*) and increase on
(x*, L). Owing to ¢}, (0) = ¢} (L) =0, j =2, 4, one has e*/P1 ¢} < 0and e/ ¢ <0in
(0, L), and thereby qb]l.x <0in (0, L), j =2,4. The proof of (2) resembles that of (1). O

Remark 4.1. Although the hypothesis in Lemma 4.1 is somewhat harsh, it is necessary in math-
ematical techniques to cope with the monotonicity of ¢21 and ¢i in (0, L).

4.1. Classification of R for gq})(;c -1

In this subsection, we investigate the classification of fRy in the case of 9%100 > 1. The main
conclusions are as follows:
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Theorem 4.1. (Classification of dynamics for Eﬁ}ﬁf > 1) Under the conditions of Lemma 4.1,
assume that (A1)-(A3) hold. If (H1) is valid, RC > 1, and P1(x) = Ba(x) for any x € (0, L),
then there are unique surfaces

Iy = {(c1, Y1(Dy,dp)) : Ro(Dy,dy, Y1(Dy,dp)) =1, (Dy, dp) € (0, 00)%},

and

My = {(c2, Y2(Dy,dp)) : Ro(Dy, dr, Yo(Dy,dp)) =1, (Dy, dy) € (0, 00)%},

in spaces ¢c1 — (Dy,dy) and c; — (Dy, d)), respectively, such that, for each D; > 0 and dj > 0,
system (1.1) is uniformly persistent and admits at least one EE for any 0 < ¢ < Y1(Dy, dy) or
0 < cy < Yo(Dy,dp), and Eg is g.a.s. for any c1 > Y1(Dy,dy) or c2 > Y2(Dy,dy). Further-
more, Y1(Dy,dy) and Yr(Dy,dy) : (0, oo)2 — (0, 00) satisfy

Y1(Dy,dp)

lim Y;(Dy,d;) =0, lim — =0,
D;—0,d;—0 i(Dr.dp) Dj—00,dj—00 D; 0
Y>(Dy,d
lim 2(Dy,dr) —or,
Dj—o00,dj—00 d]

wherei =1, 2, and ®E") is a positive solution of the equation G (®) =0, here

L

L L L
G(©) =/e®x,31(x)dx/e®xﬁz(x)dx —/e@xa,,(x)dx/e@mv(x)dx, O € [0, 00).
0 0 0 0

Remark 4.2. Since ¢1/D; = ¢p/d; from the assumption (A2), it follows that Yo = d;Y1/Dj.
To state the results of Theorem 4.1 more clearly, we use graphics to elucidate the interesting
phenomena. Define the regions

S5 = {(Dr.dy.ci) :Ro(Dy.dp.ci) < 1, Rg(L) < 1 and Ry > 1},
and
U-LH __ N - . loc loc
EC[ —_— {(Dlad]acl) . mO(D[,d],Cl) > 17 m() (L) < 1 and m()a > 1}’

where i = 1,2. The illustrations of dynamic classification in Theorem 4.1 are shown as in
Fig. 2.

Furthermore, Theorem 4.1 combining Fig. 2 shows that when the advection rate c; (or ¢7)
are fixed at any value, Eg is g.a.s. for relatively small diffusion rates D; and d;, and sys-
tem (1.1) is uniformly persistent for relatively large D; and d;, which means that the stability
of DFE will change at least once as Dy and d; vary from zero to infinity. Accordingly, the
vector-borne disease will die out if ¢;/Dy (or c2/dy) is large, and will break out if ¢1/Dy
(or c2/dy) is small. From the biological point of view, advection effects convey hosts and
vectors to an advantageous place recalling that the downstream end x = L is a low-risk area
(RI°(L) < 1).
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e cz ‘/

Zi—LH “/’ "

/d,,1 ¢, =Y,(D,.d,) HT
Jeaniin
4 Hm’”ﬂ’@l}ﬁ
0 ST L
D[
(b)

Fig. 2. Description of dynamic classification in Theorem 4.1. The direction of red and blue arrows represent the re-
gions Z‘CS;LH and ngLH, respectively. In other words, Egi*LH ={(Dy,dj,c;):c;i > Yi(Dy,dy), D; >0,d; > 0}
and ngLH ={(Dy,dj,c;):0<c;j <Yi(Dy,dy),D; > 0,d; > 0}. (a) In space ¢; — (Dy,dy), Eg is g.a.s. when
(Dy,dy.cy) € E‘Cgr LH \which suggests that the disease will disappear, and system (1.1) is uniformly persistent when
(Dy,dj,cy) € ZZ_LH which means that the disease will break out; (b) In space ¢» — (Dy,dj), Eq is g.a.s. when
(Dy,dj,c) € ZEZ_LH, and system (1.1) is uniformly persistent when (Dy,dy, cp) € ZSJZ_LH
the colors in the figure(s), the reader is referred to the web version of this article.)

. (For interpretation of

The proof of Theorem 4.1 will be completed through one proposition and one lemma.

Proposition 4.1. UndAer the cgnditions of Lemma 4.1, assume that (Al)-(A3) hold. If (HI) is
valid, mg;c > 1, and B1(x) = B2(x) for any x € (0, L), then

(1) Forany D; > 0 and d; > 0, there exists a unique ¢ = c{(Dy, dy) such that Ro(Dy,dy) > 1
if0<cy <cf and Ro(Dy,dy) < 1ifecy > cf;

(2) Forany D; > 0 and d; > 0, there exists a unique c; = c;(DI, dy) such that Ro(Dy,dp) > 1
if0<cy <cjandRo(Dy,dp) < lifea>c3.

Proof. We just prove the conclusion (1) since the proof of (2) is analogous. Fixed Dy > 0,d; > 0
and ¢y > 0. Differentiating the problem (2.7) w.r.t. ¢ to give

Ry 1
—Die = 92 — 1y + () =~ 5B Da+ gl x € O.L),
/ / / m{) 5 L 5 / 4.2
—d1 By — 2P + (D)D) = — 3 B2 (X) 2 + —— P2 (X)), xe(,L), &2
R Ro
#5,.(0) =¢5 (L) = ¢,,(0) =, (L) =0,
where ’ denotes the derivative of ¢. Multiplying the first equation of (2.7) and (4.2) by e1*/P1 ¢}

and e“1*/D1 ¢, respectively, and then integrating by parts over (0, L) to yield
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L L L
D, / DI boudx + / e P o, () ppaddx = 9% / e D B (x) g pad,
0 0 0 0
L ) L L
D, / D5 o — / D oo + / ¢ 7 o, (x) phpadx

0 0 0

L L
Ry [ Lxy 1 DY /
=—— [ ePI" Bi1(x)dapadx + — | €P1” Bi(x)¢agydx.
703 Ro
0 0

Subtracting the above two resulting equations, we get

L L
’
~0

R
/Dl B1(x)pagpadx = /DI ¢>2¢2xdx+9?/ o TR ($29) — Prda)dx.  (4.3)
ERO J

In addition, we multiply the second equation of (2.7) and (4.2) by eC2X/di ¢, and e2*/d1 g,
respectively, and then integrate by parts over (0, L) to get

L L L
i [ e pand " Lpadx = —— [ T p L rd
1| eY  PpPaxdx + | ey (X)pypadx Mo e’1” Br(x)py¢adx,
0 0 0
L L
) )
di / e ¢l pandy + / e 11y ()Pl pady
0 0
L L
R QA 1 QA ,
=—@/6d1 /32(X)¢4¢2dX+%/€"’ B2(x)pagprdx.
0% 0
Hence,
L L
Ry [ 2x54 1 9y , ,
erd’ B2 (X)popadx = mTO/edl B2 (x) (P24 — Ppo¢py)dx. 4.4)
0
0 0

Adding (4.3) and (4.4), and according to the assumption (A2) and ,31 = ,32 in (0, L), then

L L
R/ n n
- / XA (%) + Pa(x)daady = / 7 drdardr. 4.5)
0 0 0

By Lemma 3.2 and the assumption (A2), for fixed D; > 0 and d; > 0, we induce that

lim Ro=  lim  Mo=NR(L) <1

c1—> 00 €]1— 00, C3—> 00
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which is owing to (H1). Thanks to Theorem 3.1 and Lemma 3.1 (1), one has

lim Rp= lim SRo=NRo> 1.

c1—0 c1—0,c0—0

Therefore, there is at least one point ¢} = ¢} (Dy, d;) > 0 such that Ro(Dy, d;, ¢}, c2) = 1. To
establish the uniqueness of CT, it suffices to prove that 9%(D 1.dp, c’lk, ¢2) < 0 foreach c’lk meeting
Ro(Dy,dy, ¢}, c2) = 1. According to (4.5) and Lemma 4.1, it follows that

llvd ,C1,C2 L
0( 1 1 c ) ﬂ N /
3%2 e Dy “] X + /; X (sz(bz d.x = e

0

.
qx
D

1 ¢rghrdx < 0.

By the positivity ofﬁl s ,32 and (¢2, ¢4), so 9%6(D1, dy, ¢}, c2) < 0 which yields that ¢} is unique.
Then Ro(Dy, dy, c1,c2) > 1forany 0 < ¢y < cf and Ro(Dy, dy, c1,¢2) < 1forany ¢y >c¢f. O

Remark 4.3.

(i) It is not conclusive to investigate the monotonicity of $Ry w.r.t. advection rates, and yet we
can find the unique point ¢} satisfying that R (Dy, d;) is large than one if 0 < ¢; < ¢} and
less than one if ¢; > ¢}, i =1, 2.

(ii) By inspection of Proposition 4.1, it is clear that there is unique function ¢; = Y;(Dy, dy) of
Dy and dy, such that Ro(Dy,d;, Y1(Dy,dp), Yo(Dy,dp)=1,i=1,2.

Next, we continue to explore the asymptotic properties of Y;(Dy,dy),i =1, 2.

Lemma 4.2. Under the conditions of Proposition 4.1, if (H1) is valid, i)‘{g’ac > 1, and Bi(x) =

ﬁz(x) for any x € (0, L), then there exists function Y;(Dy,dy) : (0, 00)2 — (0, 00) such that
Ro(Dy,dy, Yi(Dy,dr)) =1,i=1,2. Furthermore, Y;(Dy,dr) fulfills

Y, (Dy,d .
lim  Yi(Dr.d)=0. _lim M=®3, lim

D;—0,d;— 71— 00, dj—00 Dy D;—00,d;—00 dy
where @ is a positive solution of the equation G(®) =0, where

L L

L L
G(©) =/e®x,(§1(x)dx/e®x,32(x)dx —/e®xah(x)dx/e®xuv(x)dx.
0 0 0

0

Proof. Arguing by contradiction, we suppose that there are positive constants go < oo and g1 <
oo such that Yy (Dy,dr) — qo and Y2(Dy,dr) — g1 as Dy — 0 and d; — 0. By Lemma 3.2
and (H1), we have

im Ro(Dy.dy, Y1(Dy.dp), Yo(Dy.dp)) =Rg*(L) < 1
Y1(Dy,dr)—>q0, Y1(Dy,dy)/Dj—00
Y2(Dy,dr)—>q1, Y2(Dy,dp)/dj—00
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which contradicts Ro(Dy,dy, Y1(Dy,dr), Y2(Dy,dy)) = 1. Consequently, Y;(Dy,d;) — 0
(i=1,2)as D; - 0andd; — 0.

If Y1 (Dy,d;)/D; — oo and Yo (Dy,dy)/d; — oo as D — oo and dj — o0, then we can ob-
tain a contradiction similarly. Thus, Y1 (Dy, dy)/ Dy is bounded for sufficiently large D;. Passing
to a subsequence if necessary, we assume that Y1 (D, d;)/D; — (:)T and Yo (Dy,dp)/d; — @T
for some nonnegative constant @*, as D; — oo and dj — o0. Let (5;,5:) be the positive
eigenfunction corresponding to PRo(Dy,d;, Y1(Dy,dy), Y2(Dy,dy)) = 1 of (2.7) satisfying
51l + 4]l = 1. Multiplying the two equations of (2.7) by eY1(P1-dDx/Di and ¢X2(Pr.di)x/di
respectively, we have

X1 (Drdp) Xy (Dy.dp)

—D (e xqs;) =e D1 [—ap(x)ps + P (x)dyl, x €0, L),

YoDpdp) YoDpdp)
—dl(e K %) =e T 0y + a0)da). x €. L),
X

$2:(0) = §3, (L) = $3,(0) = $3, (L) =0
Integrating the above system over (0, L) to give

T\ D)) | _* YDpdp
e P o ()l + / T B (0B = 0,

0

(4.6)
Yo (Dy.dp) Yo(Dy.dp)

AL o+ / T By (0 gidx = 0.
0

Ct—n TT—n

Similar to the analysis of Lemma 3.3, with the aid of the elliptic regularity estimate, there exist
positive constants ¢2 and ¢4, such that (¢2(x) ¢4(x)) — (¢2 ¢4) in (0, L) as Dy — oo and
d; — oo. Taking a limit by letting Dy — oo and d; — 00 in (4.6), one gets

(‘foL leah(x)dx fo o Xﬂl(x)dx ) <(~ZE> :=/\/’(@k> =0.

Jo P pmdx  — f Oy (ndx ) \ 6] 5
Since 5; > 0 and aj{ > 0, it follows that the matrix A/ must be a singular matrix, i.e.,

L L L L

N = / Oy, (x)dx / O 1y (x)dx — f O B (x)dx / O By (x)dx = 0.

0 0 0 0

To end the proof, it only remains to show that the equation G(®) = 0 admits at least one
positive root @ by proving the following Claim. Actually, ©F = ©7 > 0.

Claim. There is some constant P > 0 such that G(®) <0 as ® > P.
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By utilizing the property of Dirac delta function, we have

L L
G)113100@%‘”’LG(@): @121100 / %D g, (x)dx / Q> 1) B (x)dx
0 0
L L
= Jim_ f Oe®C Dy, (x)dx / ©e®CD 1y (x)dx
0 0

=B1(L)B2(L) — ap(L)y(L) <0

which is due to (H1), and thus ©2¢ 2L G(®) < 0 for sufficiently large ®. In other words, there
is a constant P > 0 large enough such that ©%2¢ 2L G(©) < 0 for ® > P, and hence G(O) <0

for any ® > P. Therefore, the Claim is true.

In addition, according to the assumption D%B‘zc > 1, we have

L

L L L
60 = [ frwas [ fawar— [wwar [ w0
0 0 0 0
By the continuity of G(®) w.r.t. ©, there is at least ©; > 0 such that G(©) = 0. Without loss
of generality, we take O = ©]. O

Proof of Theorem 4.1. Itis obvious to see that Theorem 4.1 is the direct consequences of Propo-
sition 4.1, Lemma 4.2 and Theorem 2.2. O

4.2. Classification of Ry for 9%%)0; <1

We subsequently discuss the classification of Ry in the case of SR%‘;C < 1, and there are the
following main conclusions:

Theorem 4.2. (Classification of dynamics for Eﬁ})‘;‘: < 1) Under the conditions of Lemma 4.1,
assume that (Al)-(A3) hold, 9%%)(;‘7 < 1, and ,él(x) = ﬁg(x) for any x € (O,NL). Then there exist
two positive constants Dy and dj, which is the unique root of the equation Ro(Dy, dy) = 1, such
that the following statements hold:

(D) If (H1) is valid, then ~
(I-1) As (Dy,dy) € (0, Dy) x (0, dy), there exist unique surfaces

M3 = {(c1, Y3(Dy,dp)) : Ro(Dy, dy, Y3(Dy, dp)) =1, (Dy,dy) € (0, Dy) x (0,dp)},
and

My = {(c2, Y4(Dy,dp)) : Ro(Dy,dy, Ya(Dy,dp)) =1, (Dy,dy) € (0, Dy) x (0,dp)},
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in spaces ¢c1 — (Dy,dy) and ¢y — (Dy, dy), respectively, such that system (1.1) is uniformly
persistent and admits at least one EE for any 0 < c1 < Y3(Dy,dy) or 0 < ¢y < Y4(Dy, dy),
and Ey is g.a.s. for any c1 > Y3(Dy,dy) or ¢co > Y4(Dy,dy). Furthermore, Y;(Dy,dy) :
(0, D;) x (0,d;) — (0, 00) fulfills

lim  Yi(D;,d;) =0, lim _ Yy(D;,d;) =0, i=3,4;
D;—0,d;—0 D;— Dy ,dj—d;

(I-2) As (Dy,dp) € [51, o0) X [Ei,, 00), Ey is g.a.s. for any c¢1 > 0 and c; > 0.

If (H2) is valid, then

II-1) As (Dy,d;) € (0, 51] x (0, ZZV[], system (1.1) is uniformly persistent and admits at
least one EE for any c1 > 0 and ¢y > 0;

(II-2) As (Dy,dp) € (51, o0) X (EI, 00), there exist unique surfaces

Ms = {(c1, Ys(Dy,dp)) : Ro(Dy, dr, Ys(Dy,dp)) =1, (Dy,dp) € (Dy, 00) x (dj, 50)},

and

Mg = {(c2, Y6(Dy1,dr)) : Ro(Dy, dr, Ye(Dy,dr)) =1, (Dy,dp) € (Dy, 00) x (dj, %)},

in spaces c1 — (Dy,dy) and c» — (Dy,dy), respectively, such that Eg is g.a.s. for any
0 <cy <Ys5(Dy,dy) or 0 <cy < Ye(Dy,dy), and system (1.1) is uniformly persistent
and admits at least one EE for any ¢\ > Ys(Dy,dy) or ¢y > Ye(Dy,dy). Furthermore,
Ys(Dy,dy) and Y¢(Dy,dy) : (51, 00) X (21“,, o0) — (0, 00) are monotonically increasing
function of Dy and dj, respectively, and fulfill

Ys(Dy,d
lim _ Y;(D;.d)=0, lim M:@;,
D;— D}, di—d} Dj—00,d;—00 Dy
Ye(Dy,d
lim 6(Dr.dr) — o3,
Dj—o00,d;j—>00 d[

where j = 5,6, and @3 is a positive solution of the equation G(®) =0, here G(®) is
defined by Theorem 4.1.

Remark 4.4. Similar to the description of Theorem 4.1 in Remark 4.2, we also utilize graphics
to illustrate the meaningful findings of Theorem 4.2. Define the regions

and

B ={(Dy.dy, ci) :Ro(Dydy, i) < 1, REE(L) < 1 and REe < 13,
UL = {(Dy. dy, i) : Ro(Dy.dp. ci) > 1, REE(L) < 1 and REE < 1},

25 ML = {(Dr.dy.ci) :Ro(Dy.dp.ci) < 1, Rg(L) > 1 and Ry < 1},

M =(Dy.dy. i) : Ro(Dy.dy.ci) > 1, Rg*(L) > 1 and Rige < 1),
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Fig. 3. Description of dynamic classification in Theorem 4.2 (I). The direction of red and blue arrows represent the regions
Efi*LL and ngLL, respectively. Namely, Efi*LL = nglfLL ) ECS;szL where Efl.*]*LL ={(Dy,dy,cj):c; >
Y;(Dy.dp), (Dy.dp) € (0,Dp) x (0.d)} and 257270 = (D, dy.¢;) 1 ¢; > 0,(Dy.dy) € [Dy. 00) x [d]. o0)),
and 2L = (Dy.dy.¢j) 1 0 < ¢; < Yj(Dy.dp), (D, dp) € (0,Dp) x (0.dp)}, i = 1,2, j =3,4. (a) In space
Efru‘ which indicates that the disease will die out, and sys-

tem (1.1) is uniformly persistent when (Dj,dj,cy) € 25’1*“ which implies that the disease will break out; (b)

¢y — (Dy,dj), Eg is g.a.s. when (Dy,dj,cy) €

In space ¢ — (Dy,dy), Ep is g.a.s. when (Dy,dj,cp) € EEZ_LH, and system (1.1) is uniformly persistent when
(Dy.dj.cp) e G,

where i = 1,2. The illustrations of dynamic classification in Theorem 4.2 are depicted as in
Figs. 3-4.

Denote Tj :=max{Y;(Dy,d): (Dy,dr) €0, 51] x [0, Zl}]}, Jj =3, 4. According to Fig. 3,
Theorem 4.2 (I) shows that: If the advection rate is large enough to make c; > Y3 (or ¢a > Ya4),
no matter what the dispersal of infected hosts and vectors is, the disease will disappear. It should
be noted that if 0 < ¢; < Y3 (or 0 < ¢ < Yy) is fixed, then the stability of Ey will change at
least twice with the increase of D; and dj. Namely, when D; and dj are sufficiently small or
large, Eg is g.a.s., and when Dj and dj are between some intermediate values, system (1.1) is
uniformly persistent. Biologically, for sufficiently small diffusion rates, advection effects convey
hosts and vectors to an advantageous place since the downstream end x = L is a low-risk area
(E)‘i%)"c(L) < 1) and so the disease will die out. For sufficiently large diffusion rates, noticing that
the habit (0, L) is a low-risk site (SR})‘ZC < 1), the disease will also be eliminated. For intermediate
values of diffusion rates, the outbreak or extinction of diseases is neither completely controlled
by diffusion nor advection.

From Fig. 4, Theorem 4.2 (II) means that: When (Dy, d;) € (0, 51) x (0, JI), the disease will
persist, regardless of ¢; and c». That is, the disease cannot be effectively controlled by reducing
the mobility of infected hosts and vectors in this case. When (Dy, dj) € (51, o0) X (51, 0), if
c1/Dy (or c3/dy) is relatively small, the disease will die out since the upstream end belongs to
a low-risk area (S)‘{})OC(O) < 1). If ¢1 /Dy (or c2/dy) is relatively large, the disease will break out
since the downstream end belongs to a high-risk area (E)%g’c (L)>1).

Combined with the above analysis, the conclusions of Theorem 4.2 indicate that dynamics of
(1.1) are not entirely dominated by diffusion rates nor advection rates, but by the combination of
the two.
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¢ &, o

Fig. 4. Description of dynamic classification in Theorem 4.2 (II). The direction of red and blue arrows rep-
resent the regions Z‘ES;HL and ngHL, respectively. That is to say, ZE;HL = {(Dy,dj,ci) : 0 < ¢ <
Y;(Dy.dp). (Dy.dp) € (D, 00) x (07,,00)}~ and 2{{1“ = gY-I-AL y gU—2-HL where EZ”:HL =
{(Dy.dr,ci) :c; > Y;(Dr,dp), (Dy.dp) € (Dy,00) x (dj,00)} U{(Dy,dj,¢j) :¢i >0,Df = Dy, dyp =dj} and
Y2 HE — (D dy. ;) i ci > 0,(Dy.dp) € (0, Dp) x (0,dp)}, i = 1,2, j =5,6. (a) In space ¢ — (Dy.dp), Eg

ES HL

is g.a.s. when (Dy,dj,cy) € which yields that the disease will disappear, and system (1.1) is uniformly per-

sistent when (Dy,dj,cq) € EEJI HL which means that the disease will be persistent; (b) In space ¢y — (Dy,dy), Eg is
g.a.s. when (Dy,dy,cp) € E ) L and system (1.1) is uniformly persistent when (Dy,d, cp) € EEJ;HL.

Now, we will state some necessary results to prove Theorem 4.2.

Proposition 4.2. Under the conditions of Lemma 4.1, assume that (Al )-(A3 ) hold, ER{)OC <1, and

,31()6) ,82(x) for any x € (0, L) Then there exist two positive constants D1 and d1, which is
the unique root of the equation %Q(D[ d, 1) = 1, such that the following conclusions hold:

(1) If(HI) is valid, then
(1-1) As (Dy,dj) € (0, 51) x (0, ZIV[), there exist unique points ¢{ = ¢{(Dy,d;) and ¢5 =
¢5(Dy,dy) such that Ro(Dy,dy,c1,c2) > 1 for any 0 < c; < ¢f or 0 < ¢ <3, and
Ro(Dy.dy, c1,¢2) <1 forany ¢y > ¢l orcy>c3;
(1-2) As (Dy,dj) € [Dy, 00) x [df, 00), Ro(Dy,d, c1,c2) <1 forany ¢y > 0and c; > 0.
(2) If(H2) is valid, then
(2-1) As (Dy,dy) € (0, 51] X (O,c?[], Ro(Dy,dp, c1,c3) > 1 forany c1 > 0 and ¢ > 0;
(2-2) As (Dy,d;) € (D;,00) x (dy,00), there exist unique points ¢{ = ¢{(Dy,d;) and
¢5 = ¢5(Dy, dy) such that Ro(Dy,dy, c1,c2) < 1 forany 0 < ¢y < ¢} or 0 < cp < ¢35, and
Ro(Dy.dy, c1,c2) > 1 forany ¢y > ¢} or c2 > C5.

Proof. If there exists 5;“ such that SRo(Dy, d;, 5;“) = 1, similar to the proof of Proposition 4.1
and Lemma 3.1 (2), then ¢} is unique and 093¢/d¢;" < 0 which suggests that (1-1) is valid. For
D; e[Dy,00) and dj € [dy, o0), it follows from Lemma 3.1 (2) that

lim  Ro(cr.e)=Ro <1, lim  Ro(er,e) =RGL) <1
o

c1—>0,c0— C€1—>00, >

317



K. Wang, H. Wang and H. Zhao Journal of Differential Equations 343 (2023) 285-331

which indicates that there is no ¢; such that Ro(Dy, d;j, ¢;) = 1 and thus Ro(Dy, d;, ¢;) < 1 for
each ¢; > 0 which implies that (1-2) holds. The proof for the case (H2) is analogous, so we skip
the details. O

Remark 4.5. We can see that ¢; = E;‘(ﬁ;, 671) = 0, which will be proved below. Specifically,
Proposition 4.2 says that if DQBOC (L) <1 (i.e., the downstream end is located in a low-risk area),
then 9%0(51, d, ¢;) < 1 foreach ¢; > 5;"(@, LZ[J) =0, and if ml)oc(L) > 1 (i.e.,jhe downstream
end is located in a high-risk area), then Ro(Dy, dy, ¢;) > 1 foreach ¢; > 5;"(D1, d)=0,i=1,2.

Lemma 4.3. Under the conditions of Proposition 4.2, assume that (Al )-(A3 ) hold, Sﬁloc < 1and

,81(x) ,BZ(x) Jor any x € (0, L). Then there exist two positive constants D1 and d], which is
the unique root of the equation i)‘{o(Dl, d;) =1, such that the following conclusions hold:

(1) If(HI) is valid, then there exists function Y;(Dy, dy) : (0, 51) x (0, 171) — (0, 00) such that
Ro(Dy,dr, Yi(Dy,dr)) = 1. Moreover, Y;(Dy, dy) fulfills

lim  Yi(D;,d;) =0, lim  _ Yy(D;,d)) =0, i =3,4;
D;—0,d;—0 D[—)D?,d]—ﬂl;

(2) If (H2) is valid, then there exists function Y ;(Dy,dy) : (51, 00) X (31, 00) — (0, 00) such
that Ro(Dy,dy, Yj(Dy,dp)) = 1. In addition, Y5(Dy,d;) and Ye(Dy,dy) are monotoni-
cally increasing function of Dy and dj, respectively, and meet

Ys5(Dy,dp)

lim Y;(Dy,dp) =0, lim —— =03,
Di—Df,dj—d/ Dj—00,d;j—00 Dy
Ye(Dy,d
lim 6(Dy,dr) — o3,
D;—o00,dj—00 dy

where j =35, 6, and ©} is a positive solution of G(®) =

Proof. Together with Proposition 4.2, the existence of Y; (i = 3, 4, 5, 6) is straightforward.
(1) By utilizing contradicting approach, we suppose that there are r§ > 0 and r} > 0 such that
Y3(Dy,dy) — r3 and Y4(Dy,dy) — rj as D; — 0 and d; — 0. Through Lemma 3.2, we have

lim Ro(Dy,dr, Y3(Dy,dr), Ya(Dy,dr)) =RE(L) < 1
D1—>0+,T3(D1,d,)—>r§‘

dj =01,y (Dy.dp)—r}

which is a contradiction since Ro(Dy,dy, Y3(Dy,dr), Y4(Dy,dp)) = 1. Thus, ri =rj =0.

To deal with Y;(D;,d;) > 0 (i =3,4) as D; — 5; and d; — ;f; Assgming there eiist
73 > 0and 7} > O such that Y3(D;, dy) — 73 and Y4(Dy,d;) — 7y as Dy — Dy andd; — d; .
By (2.7), there exists (qbz;;, ¢47?{) satisfies

=Di1(@r)ax = P G2r)s +en (e = Pr(0gaz;.  x€(0.L),
—d1 (Gair)ex — 5 Bai)x + oD Pais = ()b, x€(0, L), @7

(h27)x (0) = (h271)x (L) = (@47;)x (0) = (@45;)x (L) = 0.
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Since 5{0(D 1,dr) = 1 has a unique root (5 I, d 1), there is positive function ((?;2;; s $474T) such that

=D (@7)xx + o ()ary = Br (). x € (O,L).
—d1(Paip)xx + o (X)Pazr = P2 (X) Do, x€(0,L), (4.8)

($27)x(0) = (Bory)x (L) = Bz )x (0) = (Pazy) (L) = 0.

Multiplying the two equations of (4.7) by 52;; and 54;;{ respectively, and then integrating by
parts over (0, L), one obtains "

L L L
D, / ($2F;)x(¢27§)xdx —73 / 52;; (do7)xdx + / Oéh(X)a;zf;(ﬁzf;dx
0 0 0
L
=/,31 (x)$2F§¢4Fj{dX,
0
., , . 4.9
gl/(¢~54fj)x(¢4f;)xdx —ff/azlf}((bztf;)xdx+/Mu(x)¢~34f1¢4f:dx
0 0 0
L
= / B (x)pair porz .
0

Similarly, multiplying the two equations of (4.8) by $oix and Pai: respectively, and then integrat-
ing by parts over (0, L) to yield

L

L L
By [ @s@pats + [[an o= [
0 0 0
} (4.10)
[

B1(xX) o fazdx,
L

L
dp / (Ba7:)x (Paip)rdx + / 1o () bazs darzdx = [ Ba(x)ars o dx.
0

0

Subtracting the two equations of (4.9) and (4.10) and adding the resulting equations, we get
L L
—73 / ot (o) xdx — 7 f Pars (ay) xdx
0 0
L
= /[ﬁl () — B () (s parr — bor faz)dx =0
0

319



K. Wang, H. Wang and H. Zhao Journal of Differential Equations 343 (2023) 285-331

which is owing to ,31 (x)= 32(x) for x € (0, L). Since (¢2;;)x < 0 and (¢4;§)x <0in (0, L)
from Lemma 4.1 (1), we obtain 75 = 7y = 0. This completes the proof of (1).

(2) Claim that 9Rg/9d Dy < 0 and d'Ro/dd; < 0 if Dy and d; satisty Ro(Dy, d;) = 1. Indeed,
differentiating (2.7) w.r.t. Dy to get

R 1 .
—¢2ex — Didhy, — 1y, +an(X)$) = ——J1(0)ps+ —P1 ()P, x €0, L),
R Ro
/ / / mE) 7 S / 4.11
—d; @)y — 20, + 10(X)P) = ——3 B2 ()2 + — B2(xX) ), xe(,L), “1D
R Ro

¢, (0) =) (L) = ¢}, (0) = ¢}, (L) =0,

wherein ’ denotes the derivative of D;. Multiplying the two equations of (2.7) by e“1*/P1 @5 and
ec2x/di ¢, respectively, and integrating by parts in (0, L), one has

L L L
<L < 1 1A
D, / D1 ) o + f e o (1) o = = f eP1 By (1) plpad,
0
0 0 0
4.12
L L L ( )
9y, a9, , 1 QA ,
dr | ed1” ¢y paxdx + | e py (x)pypadx = Mo el Br(x)papodx.
0 0 0

Moreover, we multiply the two equations of (4.11) by e1*/PI ¢, and ¥/ ¢4 respectively, and
integrate by parts in (0, L) to obtain

L L L
c L B Dy
D1] eD’x¢2¢2de + / e x¢%xdx + D[ /eDl x¢2x¢éxdx
0 0 0
L L L
oy , 9%6 LS IR 1 Ly oa /
+/e01 ap(X)pardx = —W/ef’l B1(x)pagpadx + %/601 B1(x)$p2¢,dx,
0
0 0 0
L L (4.13)

dr | e1” Gaxy + | e py(x)pagpydx

0 0

,k p i ¢
ERO 2y A 1 2x 4 /
=——2/e"1 ﬂz(x)¢4¢zdx+—f€d1 P2 (x)pagdx.
%5 Ho J

Subtracting the two equations of (4.12) and (4.13), we get
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L L
/

L
R Ly 4 GH o
—Ofeulxﬂl(X)¢2¢4dx=—f€"’x¢%xdx— IC)—]I/E"’xd)z(szdx

9({2
O0 0 0

L
1 Sy , ,
tor / P B (x) (626, — Bhpa)dx,
0
0

R

mé) i (1'*2)6 A2 1 L le 2 / /
@/6‘1 B2 (x)pachrdx Z—O/e 17 B2 (x) (¢ p4 — papy)dx.
09 0

According to the assumption (A2) and ,31 = ,32 in (0, L), it follows that

L L L

U c ~ ~ c Cl
% / DI [B1(x) + Fr(0)]gaadx = — / P 3 dv - L / e gapedx.,

0% 0 ! 0
Applying Lemma 4.1 (2), ¢ > 01in (0, L) for each D; > 0 and d; > 0 meeting Ro(Dy,d;) = 1.
Accordingly, 9{6 < 0. Similarly, one show that 9R¢/dd; < O when Ro(Dy, d;) = 1. This proves
the claim.

By differentiating the equation Ro(Dy, dy, Ys(Dy,dr), Ye(Dy,dr)) =1 w.rt. Dy, we get

39%04_39%0 BTS(Dl,dU_i_a‘ﬁo 0Ye(Dy,dr)
aD;  dc D dcy D -

0.

Note that Y¢(Dy,d;) = Y5(Dy,d;)d;/Dy. Then differentiating it w.r.t. Dy to give

0Ye6(Dy,dp) dp d; 0Ys(Dy,dp)
SR 2L yy(pydp + =L 2R
oD, D2 s(Dy,dp) + D 3D,
Thus,
IYs(Dy.dp) (0Ro | di 9N _ d—IZ'TS(DI»dI)' NRo 89%0'
0Dy dcy D; 0dcy 7 dco 0Dy

Since 9Rp/9D; < 0 from the above claim and 093¢/dc; > 0 (i = 1, 2) due to Proposition 4.2
(2-2), it can be summarized that 9Y5/0 Dy > 0 which indicates that Y5 is a increasing function
of D;. Similarly, 0Ye/dd; > 0, that is, T¢ is a increasing function of d;.

Similar to the analysis of (1) and Lemma 4.2, we can show that

lim  _ Y;(Dy,dp) =0, lim = 03,
D;— D}, di—~d] Dj—00,d;—00 Dy
Ye(Dy,d
lim 6(Dy,dy) — o3,
Dj—00,d;—00 ds

wherein j =5, 6 and @”2‘ is a positive solution of G(®) =0. O
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5. Aggregation phenomenon of endemic equilibrium

Recall that system (1.1) has at least an EE if 93p is greater than one by Theorem 2.2.
Throughout this section, we choose fi(-, Iy) = f11(, I,)Iy, and fa(-, I) = fau (-, In) Iy satis-
fying 9;, f11(-, I,) <0 and 9y, f22(-, I;) <0 in (0, L). Obviously, 9;, fi1(-,0) = f11(-,0) and
a1, 2(-,0) = f22(-, 0). We intend to discuss the aggregation behaviors of EE. To summarize, we
have the following main results.

Theorem 5.1. (Exponential decay) Assume that (Al)-(A2) hold. If (H2) is valid, then there exists
some constant C7 > 0 such that, for any o, c%/DI, c%/dI > C7, system (1.1) has at least an EE
E.=(Sh(x), In(x), Ry(x), Sy (x), I,(x)) such that the following statements hold:

@D IfI,(L) > I,(L), then there exists a constant Cg > 0 such that

I gl CsD; _e -
USRS U < Lm0 A forall x € [0, L. (5.1)
I (L) ¢

D If Iy(L) < I, (L), then there exists a constant Cy > 0 such that

Iy (x) _ e*%(fo)
I,(L)

Cody _ 2 (1—
< 2L m 50 porall x €10, L. (5.2)
)

(0D If In(L) = I, (L), then (5.1) and (5.2) are both valid.
Remark 5.1. Biologically, Theorem 5.1 indicates that when c1/Dy or cy/dy is relatively large

(i.e., the influence of advection is dominant relative to the dispersal), the infected hosts or vectors
will be aggregated at the downstream end x = L.

Theorem 5.2. (Limiting profile) Ler E, be the EE of system (1.1). Under the conditions of
Theorem 5.1, then the following conclusions hold:

@ IfI(L) > I,(L), then

L
lim _a / I (x)dx = 1. (5.3)
¢1/Dj—00,c3/Dj—00 Drlp(L) )
an If Iy(L) < I,(L), then
L
li 2 /1()d | (5.4)
m X)dx = 1. .
cz/dlaoo,cg/chﬁoodllv(L)O ’

(L) If In(L) = I, (L), then (5.3) and (5.4) are both valid.
To prove Theorems 5.1 and 5.2, we shall present some necessary preliminaries.
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Lemma 5.1. Suppose that (u, v) is a solution of the elliptic system:

diuixx — ity +hi(uy —ri(x)u; <0, xe€(0,L),
drurxx — couay +ho(xX)uy —ra(x)uz <0, xe€(0,L),

—diu1,(0) 4 c1u1(0) > 0, uy (L) > 0, (.5)
—dau2,(0) + cou2(0) > 0, ua (L) > 0,

where di > 0, ¢; > 0, hij(-) > 0 and h;(-), ri(-) € C([0, L)), i = 1,2. If c1/dy = c2/d> and
cl.z/di > 4max{ri(x):x € [0, L]}, then u;(x) =0oru;(x) >0 forany x €[0,L), i =1,2.

Proof. Let (u1, ur) = */2(iiy, iin), where £ = c¢1/d = ¢2/d>. Then (i1, ii2) satisfies

2
(dla)%—z% ity + hy (x)iis + —ri(x) |#1 <0, xe(0,L),
1

‘i
4d,
2 2
05\ . c5 .

drdy — = |uo +ho(X)ur + | — —ra(x) |{u2 <0, x€(0,L),

—dyii (0) + %1121(0) >0, ii1(L) > 0,

—dyiizy (0) + %zftz(o) >0, fia(L) > 0.

We can verify that system (5.6) is quasimonotone nondecreasing (or cooperative). Then, applying
the strong maximum principle for elliptic equations [29, Lemma 2.4] and [40, Lemma 2.1.2]
yields that i; (x) =0 or &; (x) > 0 for any x € [0, L), i = 1, 2. Therefore, u; (x) =0 or u;(x) >0
foranyx € [0,L),i=1,2. O

Remark 5.2. Lemma 5.1 extends the conclusions containing a single elliptic equation in [5,
Lemma 3.1] to those including two elliptic equations.

Lemma 5.2. Let E, = (Sp,(x), In(x), Rp(x), Sy(x), I,(x)) be the EE of system (1.1). Assume
that (Al)-(A2) hold, and C%/D[ > (<‘ST)2 and c%/dI > (8;)2, where §7 = a;lr + /31+ + 8(1) + 2 and
8 =u+ ,BA; + 83 + 2, here 8? and 8? are positive constants such that 57 /cy = 85 /ca. Then
L) < Ii(x) < T,(x), Li(x) < I,(x) <T,(x), forany x€[0,L],
where
7* - ~(+ 2y L)
I,(x)=Kse "P1 » L) =1Ip(L)e "Proca )
and
7* ~(@—-Z)(L—x) ~( @42 (L)
1,(x)=Kse "1 s L) =L(L)e 172 , x€[0, L],
wherein K5 = max{I,(L), I,(L)}.
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Proof. To prove TZ (x) and Tt (x) are super-solutions. By simple calculations, one gets

Spf11(x, Iy) —«

DlTZxx_Cljzx + Bi1(x) IU—Olh(X)TZ

Sh+1n+ Ry
2
1 8\ -« a8 Snfu(x, Iy) —«
=D/ (= - T —c; = -7/ - I, + VT
I<D1 Cl) h CI(DI o)t ah(x)h 'B()S +Ih+ Ry "
D;(5})* A o
<| -6+ 1c2 — o) [T+ BT
L 1
B §%)2
<|-&t+ L}1,1+,61(x)1
i cf
[ D;(8%)2 PR A . 2 %
= —ST 1007) :|K5e (py =& x)+ﬂ1(x)K5e (77 =)=
C
L 1
B D 8*2 JT _
| o+ 20 +,31:|Ke (B )=
L A
[ D (5%)? a0
|14 1(21) }K (-2 <0,
i Cl
and
S x, 1 _ (83 )2 o 5
ATy —eoThy+ oy eS| i S <0,
Sy + 1 c2

and

D[(ST

_ _ 5 _
— D1, .(0)+¢1T,(0)=—D; (D_z - C-) 1,(0) 4 c1T,(0) = 1,,(0) >0,
T,(L) = Ks,

—% —k 2 5; —% —% dj 8; —%
—dil, 0)+cl ,(0)=—~d; | ———=|1,00)+c21,(0)=—=1,00)>0,
d] [6) (6]

T,(L)=Ks,

where the assumptions (A2) and 8} /c1 = 85 /c2 are used.
Setting uy = 1), — Iy and up = T,, — I,,, thus we have

Spfu(x, I)

Djuiyxy — cruix +ﬁl(x)muz—ah(x)ul
s —x Sn f11(x, Iy)
=Dl(1h_1h)xx_cl(1h_lh)x + Bi(x )m( 1)—05h(x)(1h—1h)
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- - Snf11(x, ) —« —x
=D/1,.. —cil, S VT T
e —C1 hx+,31(x)Sh+Ih+Rh v —ap(x) 1,
Sp fu1(x, 1)
— | DI —c11 I, — 1
[ 1 pxx — i hx+ﬂ1(X)Sh+Ih+Rh v—oap(x) 1
- - Spf11(x, Iy) —« —x
=D, T  —ciIF LA LAy I, <0,
. —ci hx+'31(x)Sh+1h+Rh v, <
and
Svfo(x, Iy)
diunex — Cottny + Bo(X) —————"u1 — py (X)uz <0,
Sy + 1
and

D;é
a1

— Dyu1(0) 4 cju1 (0) = =Dy 15, (0) 4 11, (0) = —LT,,(0) > 0,
ur(L) =T, (L) — I(L) = K5 — Iy (L) > 0,

—x% —% d15>2I< —%
— djuzx(0) + c2u2(0) = —dj 1, (0) + ¢21,,(0) = ?IU(O) >0,

us(L) =7:(L) —L,(L)=Ks5—I,(L) > 0.

Ey using Lemma SJ, we see that u;(x) >0,i =1,2, x € [0, L), which implies that I;(x) <
T,,(x) and I,(x) < T,(x), x € [0, L). Similarly, we can testify that I} (x) and I%(x) are sub-
solutions, i.e., I (x) > I} (x) and I, (x) > I;(x), x € [0, L). O

Lemma 5.3. Consider the functions

e 38Dy <L _%e  38*D; <
Fr @) men® — ZUZLemr® ) prgyme ot 4 2 Lemif
q q
and
5. 38%d; <« _ %, 38%d; o
FF(®) :=evz§—j—2e2dz‘f—1, Fy(€)=e fzf+%e2d1‘f—1, £elo, L],
2 2

where 8;‘ is determined by Lemma 5.2. Then Fl-+(§) <O0and F; (§)>0,i=1,2,§€[0, L].

Proof. By direct calculations, one has

, ¥ o 8% ey 8% e
Fif (g):_lec15_3_1e2011§:_1€v15 13 e
C] 2cq cq 2

8 g 3
= —-ecl (1 - —) =0, §€l0, L],
c1 2
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which is due to ¢}/(2D;) > (8})%/2 > §}. Following from F;"(0) < 0 that F, (§) <0, & €
[0, L]. Similarly, one can show F2+(§‘) <O0and F; (§) >0, & €[0, L], i =1,2. This ends the

proof. O

Afterwards, we complete the proof of Theorems 5.1 and 5.2.

Proof of Theorem 5.1. According to Lemma 3.2, there is a sufficiently large constant C7 > 0
such that Ry > 1 for o, c%/DI, c%/dl > (7. Then, together with Theorem 2.2, system (1.1) has

at least an EE E,..
If (L) > I, (L), then K5 = I;;(L) by Lemma 5.2 and

el 8 el S
L(Lye” Drte 0 < py < nyye” P Y xe o, L.

Subtracting Ij,(L)e~1L=¥)/D1 from both ends of above inequality to give

ey | X
(=) [e Al :|1h(L)<1h(x)_1h(L)€ Pt

1 N By
< |:e‘1 (L=x) 1:|e o, x)Ih(L).

From Lemma 5.3, letting £ = L — x, then

* c
L _ 381Dr s

FH(L - x)—e”l 5 —1=0,
1
and
<1 _
Fi(L—x)=e - Vo e Y 120, xe[0, L),
c
1
Therefore,
L Dy e g
ez:: (L X)_lS 3812 Iew],(L X)’ and e~ [:(L x) > 2D (L— x)
c c
1 1
Substituting it into (5.7) to yield
38D 8D —a
—Ih(L) 12 1 2D (L— x) I (L) 1 (L X) 2D (L—x)
a Cl

l
< [e o 1} 0 1 (L) < 1) — (e P
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1 _f(p— 387Dy —
< |:e‘l( ) l]e By L0 g (1) < 223 (B0~ 0y B0

D —L
_1, (L) 1, ~28; (L)

Hence,

Iix) e—,‘;—ll(L—x)
I (L)

_38iD; o= 237 (L)

=72
1

In a similar way, we can cope with (5.2) when I, (L) < I,(L). O

Proof of Theorem 5.2. If I;,(L) > I,(L), letting £ = c{(L — x)/Dy, it then follows from
Lemma 5.2 that

1 85Iy §iDy
*( JrT)f D; *(1*072)5
In(L)e 1 SIh|L—-——¢&)<Ii(L)e 1/, &€l0,c1L/Dyl.
c1
When c%/Dl is large enough, we have D]/C% = o(1). Thus, one has

D
Iy (Lye”ITos < (L - —’s) < Iy(Lye 170U & 10, ¢/ L/ Dyl
(&)

Integrating the above inequality over (0, c;L/Dy), we obtain

L DL . oL
In(L) / e o ge < / Iy (L — C—l’s) d& < Iy(L) / eIk g,
0 0 0
Since
oL L
D, c1
Ih|\L——§)d§ =— | In(x)dx,
cq Dy
0 0
one gets
L
. Cl
lim —— | Iy(x)dx =1.

cl/Dlaoo,c%/Dlaoo DIIh(L) 0

Following the same logic, the other cases can also be verified. O

327



K. Wang, H. Wang and H. Zhao Journal of Differential Equations 343 (2023) 285-331

6. Discussion

In this paper, we considered a reaction-diffusion-advection vector-borne disease model with
spatial heterogeneity, and investigated the effects of advection and diffusion terms on dynamics
for the model through classifying the level set of basic reproduction ratio and the aggregation
phenomenon of EE which to our knowledge may be the first attempt.

First, we established the well-posedness and threshold dynamics of (1.1). More precisely, the
DFE Ej is globally attractive if $Rp < 1 and g.a.s. if Sy < 1, and system (1.1) is persistent and
possesses at least one EE if $Rg > 1 (see Lemma 2.4, Theorems 2.1 and 2.2). Note that since the
no-flux boundary condition was adopted in the model, we need to transform it into homogeneous
Neumann boundary condition via the transformation (2.1). Then the boundedness of solutions for
(1.1) was proved thanks to the comparison principle. To compare with the existing results in [44],
the monotonicity and asymptotic profiles of Sy with and without advection terms were explored,
respectively (see Propositions 3.1-3.2, Lemma 3.1 and Theorem 3.1). It should be pointed out
that the study of the asymptotic properties of SRy becomes more complicated under the advective
environments than that in non-advective cases, but the results are also more impressive.

Next, we classified the level set of YR according to different situations, and discovered several
interesting and important conclusions (see Theorems 4.1 and 4.2). Theorem 4.1 shown that when
SR%)‘;C > 1 and (H1) holds (i.e., the habitat and downstream end are located in a high-risk and
low-risk area, respectively), there exist unique surfaces Y'1(Dy,d;) and Y2(Dy,d;), such that
Egis g.a.s. for c; > Y1 (Dy,dy) or co > Y2(Dy,dy), and system (1.1) admits at least one EE for
0<cy <Y1(Dy,dy) or 0 <cy < Yo(Dy,dy) (see Fig. 2). Theorem 4.2 (I) indicated that when
%]OC < 1 and (H1) holds (i.e., the habitat and downstream end are located in low-risk sites), there
are crltlcal points DI and d1 such that, for (Dy,dj) € (0, DI) x (0, d1) there exist unique sur-
faces Y3(Dy,dy) and Y4(Dy,dy), such that Ey is g.a.s. for ¢; > Y3(Dy, dy) or ¢ > Y3(Dy, dy),
and system (1 1) admlts at least one EE for 0 < ¢; < Y3(Dy,d;) or 0 < ¢y < Y4(Dy,dy); For
(Dy,dp) € [D1 00) X [d;, o0), Ep is g.a.s. for any ¢1 > 0 and ¢y > 0 (see Fig. 3). Theorem 4.2
(II) implied that when 9{1“ < 1 and (H2) holds (i.e., the habitat and downstream end are located
in a low-risk and high- rlsk site, respectively), there are critical points Dy and d; such that, for
(Dy,dp) € (O D1] X (O dl] system (1.1) admits at least one EE for any ¢; > 0 and ¢, > 0; For
(Dy,dj) € (D1, 00) X (d1 00), there exist unique surfaces Y's(Dy, dy) and Yg(Dy, dy), such that
system (1.1) admits at least one EE for ¢; > Ys(Dy, dy) or c2 > Ye(Dy,dj), and Ey is g.a.s. for
0<c1 <Ys(Dy,dr)or0<cy < Ye(Dyp,dp) (see Fig. 4).

Finally, the aggregation behaviors of EE were studied (see Theorems 5.1 and 5.2). Theo-
rems 5.1 and 5.2 implied that the densities of infected hosts or vectors will aggregate downstream
end when the advection rates are large enough relative to their dispersal rates. It is technical to
obtain the sub- and super-solutions for 7, and I, with the help of the strong maximum principle
of elliptic equations (see Lemmas 5.1 and 5.2). Nevertheless, we should point out that it is not
conclusive to discuss the aggregation phenomenon of S, R;, and S, because the transmission
mechanism of vector-borne disease include two infection pathways and the external supplies are
considered into model (1.1). We leave this issue as an open problem for future investigation.

Our findings complement the results of vector-borne disease in non-advective environments
[4,23,41,44] and may provide several new clues for the investigation and control of the disease.
Although the hypothesis in Lemma 4.1 and assumption ,31 x)= ,32 (x) in this work are not very
satisfactory, just for mathematical technique needs, it can be guaranteed the monotonicity of ¢;
and ¢j in (0, L) and uniqueness of ¢} and ¢} (see Propositions 4.1-4.2). As is known to all, many
vector-borne diseases have incubation periods, and hosts and vectors can move randomly during
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the period [32,34]. This means that the infection thereby depends not only on the interaction at the
current location and time, but also on the interaction of all possible locations at previous times,
which usually can be described by a nonlocal incidence with a kernel function. Accordingly, it
seems interesting and necessary to incorporate nonlocal effects and/or delay into vector-borne
disease modeling. Future endeavors should explore the influences of nonlocality or delay in an
advective heterogeneous environment.
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