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Traveling waves for a diffusive mosquito-borne epidemic model with general incidence

Kai Wang, Hongyong Zhao and Hao Wang

Abstract. In this paper, we obtain the complete information about the existence and nonexistence of traveling wave solution
(TWS) for a reaction—diffusion model of mosquito-borne disease with general incidence and constant recruitment. We find
that the basic reproduction ratio PRg of the corresponding kinetic system and the minimal wave speed ¢4 are thresholds to
determine the existence of TWS. With the aid of limiting arguments and Lyapunov approach, it is demonstrated that the
system possesses a nontrivial TWS with wave speed ¢ > ¢« connecting the disease-free equilibrium and endemic equilibrium
when R > 1. When R < 1 and ¢ > 0, the nonexistence of nontrivial TWS is obtained by contradiction. By means of a
rather ingenious method that is easier to understand than Laplace transform, we show that there is no nontrivial TWS when
Mo > 1 and 0 < ¢ < c4. Numerically, we perform simulations to verify the analytical results and explore the sensitivity of
the speed c« on parameters. The sensitivity results show that the parameters related to mosquitoes have a greater impact
on Csk.
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1. Introduction

Mosquito-borne disease, a disease that the pathogens are transmitted to humans through mosquitoes,
has become one of the most serious challenges threatening human health [1]. Some common such diseases
include malaria, dengue fever, Zika and chikungunya. Due to the severity of diseases, it is necessary
to study the spread of mosquito-borne diseases with various mathematical models (such as ordinary
differential equations (ODE) [7,38], delay differential equations (DDE) [18,30,40], reaction—diffusion (R-
D) equations [24,25,29,32,37] and so on). In epidemiology, spatial effects have been extensively introduced
into models to delve into the geographical spread of infectious diseases. Generally, an epidemic model
with spatial effects will generate an epidemic wave, which connects the equilibria of the model, and such
epidemic wave is described by TWS propagating at a certain speed [4,39]. It seems thus meaningful to
analyze TWS so as to better understand the spatial spread of mosquito-borne diseases [11,21].

The importance of TWS in infectious diseases prompted many researchers devote themselves to the
research of it, and so plenty of excellent works have been done in the past decades, see for [5,13,14,16,33,
35,36,39,41,42] and references therein. However, as far as we know, few studies seem to focus on the TWS
of mosquito-borne disease models (e.g. [4,8,15,17,26]). In fact, due to the complexity of model caused by
the transmission mechanism of diseases (the virus is not transmitted directly from human to human, but
through the bite of infected mosquitoes), the study of TWS for mosquito-borne disease models has been
quite limited till now. In 2006, Lewis et al. [15] proposed a R-D West Nile virus (WNv) (a mosquito-
borne disease) model with standard incidence and studied the existence of TWS of the simplified version
for the model. In 2017, Lin and Zhu [17] established a R-D model with free boundary and standard
incidence for WNv, and discussed the existence of TWS of the corresponding simplified spatial model.
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More recently, Wang et al. [26] investigated the TWS of a R-D vector-borne disease model with nonlocal
effects and distributed delay. Denu et al. [4] proposed a deterministic vector-host epidemic model with
bilinear incidence and constant recruitment. They established the existence and nonexistence of TWS for
the model. In [4], the authors assumed that susceptible vectors (hosts) have the same diffusion rates as
infected vectors (hosts). It should be pointed out that the capacity of activity for susceptible individuals
is usually stronger than that of infected individuals according to [39].

Note that a fair amount of mosquito-borne disease models mainly adopted bilinear incidence [4,32],
standard incidence [7] or saturation incidence [20]. However, inspired by the ideas in [3,6,42], the nonlinear
(general) incidence is better to give a reasonable qualitative description for the disease dynamics. On
the other hand, to investigate the dynamics more comprehensively, it seems necessary to incorporate
the external supplies (recruitment) of individuals and mosquitoes into the modeling of mosquito-borne
diseases [29,32].

Motivated by above analysis, in this paper, we study the following mosquito-borne epidemic model
with general incidence rates and constant recruitment

WSp(t,x) = DsASL(t,z) + A — f1(Sh, I,)(t,x) — p1Sh(t, x),

O (t,x) = DiAILL(t, x) + f1(Sh, L) (t, ) — (p1 + di + a1 I (¢, x),

OtRy,(t,x) = DrARy,(t,x) + a1 In(t, x), (1.1)
0pSy(t, ) = dsAS, (t,x) + M — fo Sy, In)(t, @) — 125y (¢, ),

Oy (t,x) = di AL (t, x) + f2(Sy, In)(t, ) — (p2 + do) I, (t, x),

wherein Sy, := Sy, (¢, x), I}, := I, (t,x) and Ry, := Ry, (t, x) are the spatial densities of susceptible, infectious
and recovered individuals, and S, := S,(t,x) and I, := I,(t,z) are the spatial densities of susceptible
and infectious mosquitoes at time ¢ and location x, respectively. The diffusion rates of Sy, I, Ry and
Sy, I, are denoted by Dg, Dy, Dr and dg, dj, respectively. The recruitment and natural death rate of
individuals and mosquitoes are represented by A, u; and M, us respectively. The dy and ds represent the
disease-induced death rates of individuals and mosquitoes, respectively. The recovery rate of infectious
individuals is denoted by ;. The f1(Sh,I,) and f2(S,, I;,) mean the disease transmission functions. For
the sake of simplicity, let 1 := 3 + di + @1 and v := ps + do. By the decoupling, it is sufficient to
discuss the following system

0¢Sp = DgASy + A — f1(Sh, L) — p11Sh,
Oply = DiAlL + fi1(Sh, L) — 11n,

01Sy = dsASy, + M — fa(Sy, In) — p2Sy,
Ouly = di ALy + f2(Su, In) — volu-

Throughout this paper, unless otherwise indicated, we make the following assumptions:
(P1) f1(Sh, L), f2(Sy, 1) € C*(Ry x Ry), and the partial derivatives s, f1(Sh,I,), 01, f1(Sh, L),
0s, f2(Sv, In) and 9y, f2(Sy, I) are positive for all Sy, I, Sy, I, > 0.
(P2) f1(Sh,I,) =0 if and only if (iff) SpI, = 0, and f2(S,, I;) = 0 iff S, I, = 0; 6if1(Sh,Iv) < 0 and
G%hfg(Sth) <0.
(P3) All coefficients of model (1.1) are positive, and Dg > Dy, dg > dj.

Remark 1.1.

(I) Some frequently used incidence rates satisfy assumption (P1)—(P2), such as
(1) The bilinear incidence rates f1(Sh,I,) = 51.Snl, and fo(Sy, In) = B2Suln, Bi > 0,1 = 1,2
[4,32];

(2) The saturated incidence rates fi(Sh, I,) = % and fo(S,,In) = %, Gi,0i >0,i=1,2
[20};
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(3) The saturated incidence rates f1(Sp, I,) = ﬁi’;sh and fo(Sy, In) = %’ Bi,0; >0,i=1,2;
[27]
(4) The mixture of bilinear and saturated incidence rates f1(Sh,I,) = 15,1, and fa(S,, In)
= 250 or fi(Sh, L) = 223 and f5(S,, In) = B2Suln, Biy0i > 0,0 =1,2;
(IT) From [39], the capacity of activity for susceptible individuals is usually stronger than that of infected
individuals. Thus, the assumption (P3) is reasonable.

The main purpose of this paper is to confirm the existence and nonexistence of nontrivial TWS for
system (1.2). More specifically, we intend to state the main strategies of this work. By using the smallest
positive root of the characteristic equation for the linearized system of (1.2), the suitable sub- and super-
solutions are constructed, and so the existence of solutions for the auxiliary truncated system is obtained in
view of Schauder’s fixed-point theorem. Then, by means of limiting arguments and comparison principle,
we obtain that system (1.2) admits a nontrivial bounded TWS connecting the disease-free equilibrium
when Rg > 1 and ¢ > c,. By establishing an appropriate Lyapunov functional and using LaSalle’s
invariance principle, it is proved that the TWS converges to the endemic equilibrium at positive infinity.
Thanks to the detailed analysis, we obtain the nonexistence of nontrivial TWS when Rg < 1 and ¢ > 0
by contradiction. For the case of Ry > 1 and 0 < ¢ < ¢, by proving that the I, or I, will change sign, we
show that there is no nontrivial TWS connecting disease-free equilibrium and endemic equilibrium due
to a contradiction. Our conclusions indicate that ¢, is the minimal wave speed of system (1.2).

Some key improvements are necessary due to the introduce of general incidence and constant recruit-
ment in this paper. To investigate the existence and boundedness of TWS, the author [36] assumed that
the functions go(-) and g3(-) are bounded [see (A5)]. However, this assumption does not apply to bilinear
incidence. More precisely, if the f; and f2 in model (1.2) are bilinear, then the methods of [36] cannot be
employed to obtain the existence and boundedness of TWS for system (1.2). Hence, we need to utilize the
ideas in [39] to overcome these technical difficulties to make our model cover more special cases. Actually,
due to the introduce of general incidence, the mathematical analysis of the problem is more complicated
and the results are more profound. It should be pointed out that, although it is an effective approach to
deal with the nonexistence of TWS in the case of Ry > 1 and 0 < ¢ < ¢, applying Laplace transform (e.g.
[16,41]), this method is no longer applicable because it is difficult to verify the exponential decay of the
solutions. Fortunately, we establish the nonexistence of this case with the help of an ingenious technique,
which is easier to understand than the approach of Laplace transform.

The remainder of the paper is organized as follows. Section 2 presents some preliminaries which will be
used in subsequent sections. Section 3 addresses the existence of TWS for system (1.2). Section 4 proves
the nonexistence of TWS. Section 5 performs numerical simulations to verify the analytical results, and
explores the sensitivity of minimal wave speed on parameters. Section 6 gives a brief discussion to conclude
the article.

2. Preliminaries

To study the traveling wave solutions of (1.2), the constant equilibria are needed. It follows from (P2) that
system (1.2) admits a disease-free equilibrium Eo = (59,0, 59,0)7, where S := A/u; and SO := M/us.
To find a positive constant endemic equilibrium, we consider the following ODE (kinetic) system
dSp(t)/dt = A = f1(Sh, L)(t) — p1Sn(t),
dfh( )/dt = f1(Sh, Lo)(t) = 1In (1),
Sy(t)/dt = M — f2(Sv, In)(t) — p2Ss (1),
v(f)/dlf = fQ(Sv, Ih)(t) — ’)/QIU(t).
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Epidemiology, the basic reproduction ratio Rg is one of the most important concepts in infectious
diseases, and it is a crucial threshold of disease outbreak or not [23]. According to [23], the Ry of system
(2.1) equals the spectral radius of the following matrix

0 kl/"}/l
M = ,
(kg/"/Q 0

and thus Ry = \/k/7, where k := kika, ki := 817”]‘1(52,0)7 ko := 01, f2(S%,0) and ¥ := y172. Consider
the following equations

A— fl(S;kvaj) - ﬂlS}t =0,

fl(sftvI:) - ’VII;; =0,

M — f2(Sy, 1) = p2Sy =0,

fa(S5, 1) — 71y = 0.
Adding the first two equations and last two equations of above system, respectively, we obtain S} =
(A —mIf)/p and S} = (M — ~2I%)/12. Obviously, S > 0 when I} € (0,A/v1) and S} > 0 when
I’ € (0, M/vz). Substituting S} and S} into the second and fourth equations of above system, it follows

that

Ql(I;;’I;) = 07

Q2(Ip, I7) =0,
where Q1 (I}, IY) :== fi((A =)/, IF) — I and Qo(I), IY) = fo((M — 2 L¥) /e, I;) — voI7. Since
Q:(0,0) = 0, ¢ = 1,2, utilizing the implicit function existence theorem and [37], the above system has
a unique (I}, I;)T satisfies I} € (0,A/y1) and I} € (0, M/72) when Ry > 1. Thus, system (2.1) has a
unique endemic equilibrium Ef := (S}, I}, Sk, I*)T provided that Rg > 1.

From the definition of TWS, a solution (S (¢, x), I, (t, ), S, (t,x), I,(t,x))T of (1.2) is called a traveling

wave solution if it has the form (Sy,(2), In(2), Sy(2), I,(2))T, 2 = x+ct, t > 0, x € R and ¢ > 0 represents
the wave speed. Then we have the wave profile equations

¢Sp,(2) = Ds Sy (2) + A = f1(Sn, 1,)(2) — p11Sk(2),
cly(2) = DiIy(2) + fi(Sh, I)(2) — v11n(2),

eS(2) = dsS(2) + M — fo(Su, 1)(2) — paul). =
el (2) = drL}(2) + f2(Sv, In)(2) — 7210(2),
wherein / = d/dz and ” = d?/dz?. Our main objective is to find a nontrivial solution (S(-),
I(+), Sy (+), L, (:))T of system (2.2) satisfying boundary conditions
(S1(~00), Tn(~00), Su(—00), Tn(~00)T = (82,0, 5%,0)7, (2.3
and
(S (400), In(+00), Sy (+00), Iy (+00)) T = (Sy, Iy, S5, 11" (2.4)
Linearizing (2.2) at Fy, one obtains
cly(2) = DrI} (2) + ki1y(2) — mln(2),
{ cli(2) = diI](2) + koI (2) — 7210(2).
Plugging (I1,(2), I,(2))T = (x2, xa)Te%* into above system, we get
{ (X2 = Dix2C® + kixa — 11X, 2.5)
Cxa = drxaC® + kaxz — Y2x4- '

Hence, the characteristic equation for the linearized system of (2.2) is

29(¢) = Us(Q)UE(C) — k=0,
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where US(¢) := Dr¢? — ¢ — 1 and U§(¢) := d;¢? — ¢ — 7. Denoting ¥, := min{¢;", ¢}, where ¢;F and
¢ are the positive roots of Us(¢) = 0 and U§(¢) = 0. Similar to the arguments of [26, Lemma 2.1], one
can prove the following lemma.

Lemma 2.1. Suppose Ry > 1. Then there exist constants ¢, > 0 and ¢* > 0 such that
9x(¢)
o¢

=0 and X%(¢*)=0.
(cer¢7)

Furthermore,
(1) If 0 < ¢ < ¢4, then 2°(¢) < 0, for all ¢ €10,¢});
(2) If ¢ > c., then there are two positive roots (1 1= (ni1(c) and (o := (ma(c) of £¢(¢) = 0, satisfying
G < <G <Gy Cle) <0, ¢G(c) >0, such that US((;) <0 (i=1,2,j =2,4) and
EC( _ <0) )\E[val)U(CZaC2+U)7
| >0, Ae (G G),

here ' = d/dc and o > 0 is a sufficiently small constant. Moreover, there exist constants x2 = ki
and x4 = —U5(C1) such that (2.5) holds for ¢ = (;.

2.1. Sub- and super-solutions

In the following, we always assume Ry > 1 and fix ¢ > ¢,. To prove the existence of TWS, it is necessary
to construct a pair of sub- and super-solutions. For z € R, define

S (2) = S, S, (z) == max{S}(1 — Mie“?),0},
LT (2) i= x2e%'7, I, (2) := max{x2e*'*(1 — HM5e?), 0},
St(z):= 89, S (2) := max{S%(1 — M3ze®?),0},
IF(2) i= x4e%'%, I (2) := max{x4e%* (1 — HMe%%), 0},

where x2, x4 and ¢; have been determined by Lemma 2.1, the H, M; (i = 1,2,3,4) and ¢; (j = 1,2, 3)
will be chosen later.

Lemma 2.2. The functions S} (z) = S9 and S (z) = SO satisfy
A— (S 1)) (2) — 1S (2) <0, M — oS, 1,)(2) — p2Sif(2) <0, z€R.
Proof. The proof is obvious and so omitted. O
Lemma 2.3. The functions I, (z) = x2e9% and I, (z) = x1e%'* satisfy
Dyl () = elif () = i (2) + f1(Sh 1) (2) <0,
and
I (2) = eIf (2) = 2L (2) + fa(S0, D) (2) <0, z€R.

Proof. By (P1) and (P2), mean value theorem yields that

F1(Sp 1o)(2) < O, f1(SR, 0)Lu(2) = klu(2), (2.6)
and

f2(50,15)(2) < 01, f2(SY,0)11(2) = kaln(z), (2.7)
for all z € R. Then one has

DI (2) — el (2) = I (2) + Fu(S9. I ) (2)
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< DI (2) — el (2) = I (2) + kI (2)
e [x2 (D¢} — G — ) + ki xa]

= e [x2U5(C1) + k1 x4]

and

diL}" (2) = el (2) = eI} (2) + f2(S)IF)(2) < e [aUF (G1) + kaxa] = 0.
This ends the proof. O
Lemma 2.4. Suppose

. c k1xa
0 < €; < min ,— ¢, My >maxq1, ,
: {41 Ds} : { S (—Ds +car +u1)}

and
. c kax2
: — M. 1 .
0<63<m1n{<1,ds}, 3>max{ ’Sg(—dsef—kcq—kuz)}
Then S, (z) = max{SP(1 — M1e“*),0} and S, (z) = max{SO(1 — Mze®?),0} satisfy
" " In M-
DsSy (2) = oSy (2) + A= fa(S ID)(2) = iS5 (2) 2 0, 2 # 21 1= == 1, (2.8)
and
o o _ + _ ],n MS
dsS;"(2) = ¢, (2) 4 M = FaS5 IF)() = oS5 () 2 0, 2 20 = =2, (2.9)

Proof. As z > z1, it is clear that (2.8) holds due to S; (2) = 0. As z < z1, we get S} (2) = S (1— Me“?).
Following from (2.6) that
DsSy " (2) = e85y (2) + A = Fu(Sy L)) = mSy (2)
> D58 (2) = 8y (2) + A — Sy, (2) = ki I (2)
= —DgM;S\e3e“” + M SPere + A — 11189 + iy My S2e 1 — kyyqe?
> eV [MySp(—Dsef + cer + ) — kixal.

Then (2.8) holds by the condition for M;. In the similar fashion, one can show that (2.9) is true for S,
by using (2.7). This completes the proof. O

Lemma 2.5. Assume 0 < 2eo < min{(y,e€1,€e3}. Then there exists sufficiently large H > 0 such that
I, (2) = max{x2e%*(1 — HM2e%?),0} and I, (z) = max{x4e**(1 — HMye?),0} satisfy

DI (2) — el (2) =y (2) + fu(S; 1) (2) >0, 24 2 = _@, (2.10)
and In(HM
ATy () = el (2) =7l () + oS D)) 2 0, 2 24 — U, (2.11)

where H meets max{z2, 24} < min{z1, z3}.

Proof. Without loss of generality, assuming zo < z4. It is not difficult to see that (2.10) holds for z > z5
and (2.11) holds for z > z4. Since z4 < min{zy, 23}, we have

I (2) > x2e%%(1 — HMe®?), I, (z) = xae**(1 — HMye?), S, (2) = SO(1 — Mze™?), z < z.

v v

When z < z4, one has

i1y (2) — eIy (2) = eIy (2) + f2(Sy , 1) (2)
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di[xaCTe™™ — xaMyH(G + €)%l T2)%] — ¢[xa(1e% — xaMyH((1 + €)1 Te2)7]
— ya[xae®® = xaMyHel ] 4 fo(S 1) (2)

= e x4 (dr(} — o1 — 72) + XaMyHel T2 [—d ({1 + €2)° + c(G + €2) + 7]

+ f2(8,, 1, )(2)

= e XU (1) — e g MyHUG (G + €2) + fo(Sy, 1) (2).-

Since x2k2 + xaUS(¢1) = 0, to prove (2.11) for z < zg4, it is sufficient to show
— €% xoky — eI MUHUS(C) + €2) + fo(S;, I,)(z) > 0. (2.12)
Because I, (z) > x2e%%(1 — HM»e®?), z € R and ko = 0y, f2(S9,0), one gets

F2(S5 1) (2) = e ¥ xaks
= f2(S, . I, )(2) = e ¥x20y, f2(S7), 0)
= f2(Sy 1;)(2) = Or, f2(S)), 0) 1, (2) + 01, £2(S83, 0) 1, (2) — X201, f2(S}), 0)
> f2(Sy, 1,)(2) = 01, f2(S0, 0) I, (2) + O, f2(S1, 0) [x26%* — xaHMael¢t+2)7]

— % X201, f2(S),0)

= fa(S; 1, )(2) = Op, 2(S7, 0) 1, (2) — xaM2HOy, f2(S7, 0)el1e2)2,

Thus, to verify (2.12), we only to show
— el NG MAHUS (G + €2) — el MyHOy, £2(S7,0) + fo(Sy I;)(2) = 01, f2(S7, 0) I (2) > 0.

(2.13)
By appealing to Taylor’s theorem (see [2, Sect. 5.5]) and assumptions (P1)—(P2), we have

f2(Sy 1) = On, f2(Sy 5 6= ) 1,
= [alhf2(S’L())’0) + aSuthf2(£sU—7§1;)(S; - Sg) + B?hf2(5;3g]; )f];]I}:
> [aI}LfZ(S'l(})7O) + aSUaI;LfQ(fsgvfjg)(S; - Sg) + a?h.fQ(S;?éI;)I;}Ih_a
where 0 < 55; <SS, <Sf= SS, 0< 51; < 51; <I < Ih+ = X2e¢1z, z < z4 < 0. Therefore,
F2(85 Iy ) = 01, £2(S9, 00T, = —e* M3, O, fo(Eg &, )y + 07, f2(Sy 6 ) ()™,

Since 0 < - < S0

v

0< EI; < 51; < X2e41z, z < 0, there exists a constant C'; > 0 such that

0s, 01, fols; &1,)| + |0, 12087 €0 < .
Then
F2(Sy, 1) = Or, f2(S0,0)1, > —e*Cy M31, — C1(I, )%
Owing to 0 < I;” < I,'l" = x2¢$1%, we obtain
f2(S,, 1) — Or, f2(S0,0)1,, > —elQ+e)2 0 o My — O 362917,
So, to prove (2.13), it is enough to show
— HIXaMaU§ (G + €2) + xaMaks] — 972 C (xa My + x3) > 0 (2.14)

which is owing to 0 < e3 < ¢; from Lemma 2.4. Similarly, to show (2.10) for z < 25, since 0 < €; < {; by
Lemma 2.4, one needs to prove

— Hx2MaUS(C1 + €2) + xaMaky] — el 7220y (xa My + x3) > 0, (2.15)
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for some Cy > 0. According to [36, Lemma 2.4], there are two positive constants My, My such that for
1+ e < (<, we have

Mox2U3 (G + €2) + Maxaki <0,
{ MyxaUg(C1 + €2) + Maxzks < 0.
Let
hi(ea) := Maox2US(C1 + €2) + Myxaki, ha(ea) := MyxaUg (¢ + €2) + Maxaka
Choose H to be large enough satisfying

Ci(xaMs + x3)  Ca(xaMi + xi)}
—ha(er) 7 —hi(e2)

H>max{

Then, when z < z4 < 0, one has

— HxaMaU§((1 + €2) + X2 Mako] — (™) Cy (xa M5 + x3)

C1(xaMs + x3)

—ha(ea) [=ha(e2)] = CLlx2Ms + X3)

=0
which is due to —ha(ez) > 0, €3 — €3 > 0. When z < 29 < 0, one obtains

— HxaMaU$(C1 + €2) + xaMyky] — (1720 (x g My 4 x3)

Cy(xaMi1 + X3)

—h1(62) . [_h1(€2)] - 02(X4M1 + Xi)

=0

which is owing to —hj(e2) > 0, €1 — €2 > 0. Therefore, (2.10) and (2.11) hold when H satisfies the above
inequalities such that max{za,z4} < min{z1, z3}. This ends the proof. O

2.2. An auxiliary truncated problem

Let X > max{—z3, —24}. Then define

$1(£X) = 8, (£X), S, (2) < d1(2) < 5y,
$2(£X) = I, (£X), I, (2) < ¢2(2) < I (2),
Tx =4 (61,62, 03, 02)7 € C([=X, X, RY) | §3(£X) = S, (£X), 5, (2) < ¢a(2) < S,
Pa(£X) = I, (£X), I, (2) < da(2) < I (2),
Vz € [-X, X]
and
~ ¢1(Z)7 |Z‘ < Xﬂ ~ ¢2(Z)7 |Z| < X,
917 = {s,;(z), o> x, 9= {Ih_(z), 2] > X,
and
- $3(2), [z <X, . Pa(z), [2| <X,
%@_{$V%V>X @@‘{U@,V>x

Thus, it is easy to see that the set I'x is a bounded closed convex set.
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For z € (—X, X), consider the following boundary-value problem
cSh x(2) = DsSy x(2) + A — f1(Sh,x, ¢4)(2) — p1Sn,x (2),

cly, x(z) = DI} x(z) + f1(d1,64)(2) — Y11n,x(2),
Sy, x(2) = ds S, x(2) + M — f2(Su x, $2)(2) — 28y, x (2),

CL/;,X(Z) = dIIqlJ/,X(Z) + f2(¢~>3, ¢~52)(Z) —yely x(2),
satisfying boundary conditions
Spx(£X) =8, (£X), Inx(£X) = I, (£X), Sp x(£X) =S, (£X), I, x(£X) =1, (£X). (2.17)

According to the standard ODE theory, problems (2.16)-(2.17) admit a unique solution (Sp x(z
)7Ih’X(Z),Sv,x(z)7fv’x(z))T satisfying Sh,Xa Iy x, S’U,X and I, x € Wg((—X,X),R) n C([—X,X], R),
for any p € N* (the set of positive integers) (see [10, Corollary 9.18]). Furthermore, by using the
embedding theorem [10, Theorem 7.26], we know that Sp x, In x, Su,x and I, x € Wg((—X,X),R) —
C([-X,X]), v € (0,1). Define an operator F := (Fy, Fa, F3,F4)T on I'x as follows

Sh,x = Fi1(d1, 2, ¢3,04), Inx = Fald1,d2, d3, da),

(2.16)

and
Sy, x = F3(¢1, 02,3, ¢4), Ly x = Fa(o1, b2, 3, ¢a),
for all (¢1, ¢, d3,04)T € I'x.

Lemma 2.6. The operator F maps I'x into I'x, i.e., F(I'x) C I'x.

Proof. Tt is obvious that 0 is the sub-solution of the first and third equations for system (2.16) on (—X, X),
and S)) and SY are the super-solutions of the first and third equations for system (2.16) on (=X, X).

Since 0 = S, x(X) = S, (X) < SY and 0 < S, x(—X) = S, (=X) < S}, it follows from the
maximum principle that 0 < Sp x(2) < 59, z € [ X, X]. Recalling that max{z2, 24} < min{zy, 23} and
X > max{—z2,—z4}, by (2.8) and assumption (P1), we get

0 < DgSy " (2) = Sy (2) + A = f1(Sy, IF)(2) — Sy (2)
< DsSy " (2) = e85y (2) + A = fu(Sy 64)(2) — iy (2)
in [-X, #z]. By the maximum principle and the facts S, x(—X) =S, (=X) and S, x(21) > S}, (21) =0,
one has S, (2) < S x(z), for any [—X, z]. In addition, 0 = S, (2) < S, x(2) in [z1, X]. Consequently,
S;(2) < Spx(2) <SP, z € [-X, X]. Similar discussions can be showed S; (z) < S, x(2) < SY, z €
X, X].

Next to consider Ij, x(z) and I, x(z). It is clear that 0 is the sub-solution of the second and fourth
equations for system (2.16) on [—X, X]. Since ¢1(2) < S and ¢4(2) < L1 (2), z € [-X, X], following
from (P1) and Lemma 2.3 that

Drlif" (2) = el (2) = 1L (2) + fu(d1,64)(2) < Drlif” (2) = elif" (2) = iy (2) + 1(S5, 1) (2) <0,
for any z € [~ X, X]. Thus, I, (2) is the super-solution of the second equation for (2.16) in z € [-X, X].
Moreover, by ¢1(z) > S, (2) and ¢4(2) > I (2), z € [-X, X], combining (P1) and Lemma 2.5 that

DI (2) — eIy (2) — Iy, (2) + fuldr, @a)(2) = DrIyy (2) — eIy (2) — vy, (2) + f1(Sy  I;)(2) = 0,

for z € [-X, X]. So, I, (z) is the sub-solution of the second equation for (2.16) in z € [-X, X]. Accord-
ingly, I, (2) < In x(2) < I (2), z € [ X, X]. In the similar way, I, (2) < I, x(z) < I} (2), z € [- X, X].
This completes the proof. O
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Lemma 2.7. The operator F: I'x — I'x is completely continuous.

Proof. To prove the compactness of F. Suppose (Sp x(2), Inx(2), Su.x(2), I, x(2))T is the solution of
problems (2.16)—(2.17). Then the first and second derivatives of (Sp, x(2), In.x (%), Su.x (%), Iy, x (%)) with
respect to z are bounded on [—X, X] according to embedding theorem. Hence, Arzela-Ascoli theorem
yields that F is compact.
To show the continuity of F = (Fi,F2,Fs,Fa)l. For (o1(-),¢3(),05(),05(:)T € TI'x and
((b%()? ¢%()7 (b%()v (b?l())T €Il'x, setting
S}]';,X :fl( {7 jéa %,Qb'i), ]: 132
For the operator F;. By direct calculations, we have
DS[Si,X - S%,X]H(Z) - C[Si,x - SI%,X]/(Z) - /"Ll[Sf];,,X - SI%X}(Z)
= [f1(Sh.x, 91)(2) — f1(Sh x, 1) ()]
< LilSh x (2) = Si x (2)] + ka| 64 (2) — 1(2)],
where

Ly = ) Sn,IT), k=0, f1(52,0).
L oo X ) 5 f1(Sns 1), Ky = 01, 1(55,0)

Thus, the globally elliptic estimate and embedding theorem give that F; is continuous. Similarly, we can
show the continuity of F; (i = 2,3,4). This ends the proof. O

Combining Lemmas 2.6 and 2.7, Schauder’s fixed-point theorem implies that there exists (Sp,x, In, x,
Su,XJU,X)T € I'x satisfying

(Sn.x:Inx: So.x Lo x)" = F(Shx Inx, So.x, Lo.x), z€[-X,X].
Then (Sp.x, In.x,Se x,Lv.x)? satisfies
cSh.x(2) = DsSy x(2) + A = fi(Sh,x, Lo, x)(2) = 111Sh,x (2),
eI}, x(2) = DrI}} x(2) + f1(Shx, Lo, x)(2) = MIn x(2),

¢S, x(2) = ds S x (2) + M = fo(Sux,Tn.x)(2) — paSux (2), (218)
eI, x(2) = diI) x(2) + f2(Sv,x, In,x ) (2) — 2 lu,x (2),
for z € (=X, X), wherein
N Shx(z), |z2| <X, . Inx(2), |2| <X,
Shaclz) = {Sh 9. l>x, MBS {w), 2] > X, (2.19)
and
N Sex(2), |z <X, . I, x(2), |z2| <X,
Sox(2) = {Sv ), 2> X, wx(2) = {Iv(z), 2] > X. (2:20)
Define

C*Y ([~ X, X]) := {u € C*([-X, X]) | u,u’ and v are Lipschitz continuous}

with the norm
[u”(2) — u"(y)|

ullc21(—x,x)) = max |u|+ max |u'[+ max |u”|+  sup
2€[~X,X] z€[~X,X] 2€[~X,X] 2yl X, X] |z — y|
27y

Then there are the following estimates for Sy, x, In,x, Sv,x, and I, x.
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Lemma 2.8. For given Y > 0, there exists a constant P := P(Y') > 0 such that

1Shxlcsi—v,y), 1Suxllesi—v,y), Hnxlle2a=yy)s o xllc21—v,y) < P,

for 0 <Y < X and X > max{—z2,—24}.

Proof. Since Sj, x(2) < S and I, x(2) < x4e%'?, z € [-Y,Y], utilizing the LP (p > 2) estimates [39] of
linear elliptic differential equations to the first equation of system (2.18) yields that
[1Snx lwz(—vyy < CIA+ fi(Sh, xae) + [mllwz (v,

where C' := C(Y') > 0 and 7 is chosen to be a linear function connecting the points (Y, S5 x (=Y))
and (Y, S, x(Y)). So, there is a constant P := P(Y) > 0 such that ||Sh,x|[wz(-v,y) < P for all X > Y.
Furthermore, it follows from the fact W2(=Y,Y) < C""[=Y,Y], v = 1 — 1/p that there exists a P =
P(Y) > 0 such that HSh,X”CL’/[—Y,Y] < P||Sh,X||WE(—Y,Y)~ Then we obtain ||Sh7X||Cl,1/[_Y7Y] < PP.
By the first equation of (2.18), ||Sh, x|lc2[—y,y] < P for some positive constants P := P(Y’). Similar
arguments prove that ||S, x|lc2—v,y), [ n,xllc2—v,v)s o, x|lc2[—v,y) < P. Differentiating the first and
third equations of the system (2.18) in respect of z, we get ||Sp x [|cs—y,y] < P and ||S, x[|cs(—y,y] < P.

According to (2.19) and (2.20), we have ||I} x|lc21[—y,y] < P and ||I, x||c2.1[—y,y] < P, for some P > 0.
This finishes the proof. O

3. Existence of traveling wave solutions

To prove the existence of bounded solutions connecting Ey and F7 for system (2.2), we take a sequence
{ X, }nen satisfying X,, — +00 as n — +00. From Lemma 2.8, the choice of P(Y") is independent of n.
Then letting n — +o0, there exists (Sp,(2), In(2), Sy (2), I,(2))T € C?(R,R?) satisfying (2.2) and

Sy (2) < Su(2) < 8y I, (2) < In(2) < I} (2), (3.1)
and
Sy (2) < 8u(2) <8y, I (2) < L(2) < I (2), (3.2)
for any z € R. Hence, combining (3.1) and (3.2), one gets
lim S, (z) =S, ZEEHOO Sy(z) = S92, zEI;noo In(z) =0, lim I,(z)=0.

Z—— 00 Z—— 00

Thus, (2.3) holds for (Si(+), In(-), Su(-), I,(-))T. To obtain the convergence at positive infinity, we first
prove the following lemma by utilizing the approaches of [39].

Lemma 3.1. Let p:= min{uq, po,v1,72}. Then the solutions of system (2.2) satisfy

A VDA
< Su(z) <8, 0<In(z2) < , 3.3
‘ul+p1—h()—h n(z) Do (3.3)
and
M VdsM
<8,(2) < 8%, 0<I,(2) < , 3.4
U2 + p2 (2) (2) Vdrp (3:4)

where z € R and

= max ds, f1 [ S Vs M = max  ds. fo (S VDsA
P1 ._OSSh(z)SS,OL,zER SpJ1 h» \/EM y P2 '_ogs,,(z)gsg,zeR S, J2 v T)m .
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Proof. Applying the strong maximum principle, we have I;(z), I,(z) > 0, for any z € R, due to Ij,(z),
I,(z) > 0 and Ip(z), I,(2) # 0. According to the definition of u, then

— DsSp(2) + eSh(2) + nSn(2) < A = f1(Sh, 1)(2),

— DrI}/(2) + I} (2) + plp(2) < f1(Sh, 1) (2),

= dsS5,(2) + ¢85y (2) + uSu(2) < M = fo(S0, 1) (2),

= drL(2) + el (2) + plo(2) < fa(So, 1) (2)-
Denote p1(+) := A — f1(Sh, I,)(-) and q1(-) := f1(Sh, I,)(+). Consider the following Cauchy problems

(3.5)

Oywi (t, 2) — Dgd*w (t, 2) + cOwi (t, 2) + pws (t, 2) = p1(2), t >0, z €R, (3.6)
w1(0, 2) = Su(2), z € R, '
and
Opwa(t, 2) — Drdwa(t, 2) + cdwa(t, 2) + pws(t, z) = 1(2), t >0, z € R, 3.7)
wa(0,2) = Ip(2), z € R. '
Applying [9, Chapter 1, Theorems 12 and 16], one obtains
(t ) e—mt _ (= —ot= )2 S dg N // e Hw@ (21%w75)2 (g)dgd (3 8)
w1 (t, z st 5= R .
! \/47TDS & VAtDsw b “
and
(t,2) = [ — e L g)ae + / / €T g 0)ded (3.9)
walt, 2 It T , .
2 ® VATDgt n( NZToo T “

wherein ¢t > 0, z € R. Thus, the comparison principle y1€ldb that
Sh(z) Swi(t,2), In(z) <ws(t,z), V>0, z€R.

Taking t — 400 in (3.8) and (3.9), respectively, we get

e Hw (—ew—8)2 A
Si(2) < Tabs=  f1(S dédw == = — h
w(2) < wn (400, 2) //wm = RS L) (E)ddm =~ iy (),
and
“+o0
eTH®  _ (Gocwm-9)?
In(2) < wa(+00, 2) / / S 1 (Sh, L)(€)dedw = b, (2),
A7 D
) ) \/m
for z € R.

By simple calculations and the assumption (P3), one has

vV Dshp,(z // =18 L)(z — ewm — £)e” T dgdw

> O/R/j%fmsh,fv)(zcw@e‘ﬁi?dsdw
= thI (Z)
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Then

VD1In(2) < VDiho,(2) < VDshoa(z) < YPSB L e g,

"

ie, In(z) < \/L z € R. The proof of inequality for Iy is finished.

Since Sy (z) satisfies the inequality
DsSj/(z) = eSp(2) + A — (p1 + 1) Sh(2) <0, z €R,

it follows from maximum principle that Sp(z) > mﬁpl’ z € R. So, (3.3) holds for S}, and Ij,. The

inequalities for .S, and I, can be similarly proved. This ends the proof. O

According to [22, Lemma 2.2] (or see [4, Lemma 4.7]), there is the following result.
Lemma 3.2. Suppose (Si(2), In(2), Sy (2), I, (2))T be the solution of (2.2) satisfying (2.3). Then

(c+ /2 +4v) (c+ /2 +4v)

()] < VEEI g o), 1)) < YD 1,0), for any 2 € R
Furthermore, the Harnack’s inequality is established as follows
(et c24ay7) +4 ) (c+\/ 2+4 )
In(z) < In(z)e 201 |2 — zzl’ I(2) < I,(2)e VT 5 - 22’

for any z,z € [Z1,Z2] with 1 < Z2, Z; € R, i =1,2.

In order to prove that the solutions of (2.2) satisfy (2.4), we give the assumption as follows
(P4)

I S?gf1<sh,fu>} {Shh(S;:J:) - 1] 0 {I B S;f2<smfh>] [Svfz(SZ‘JZ) »
I~ Suh(Sp 1)) |Sifi(Sn 1) I Sufa(S5.17) ) |Si (500 Th)

Theorem 3.1. Suppose Ro > 1 and (Pl) (P4) hold. Then for each ¢ > c., there exists a nontrivial trav-

<0.

eling wave solution (Sp(z), In(2), S ( ), I,(2))T of system (1.2) which meets (2.3) and (2.4). Moreover,
lim ;e 9%, (2) =1, lim y e 9%, (2) =1, (3.10)
25— 60 zZ——00

where z = x + ct and ¢, (1, X2, Xa are defined in Lemma 2.1.

Proof. First consider the case ¢ > c.. According to the previous discussions and Lemma 3.1, system
(2.2) admits a nonnegative solution (Sy(+), I (-), Su(-), I, ()T satisfying (2.3), (3.3) and (3.4). The strong
maximum principle yields that (S, (2), In(2), Sy (2), I,(2))7 is positive for all z € R. In addition, appealing
to the following facts

X267 (1 — HMpe®?) < I (2) < In(2) < I} (2) < xoel'*
and
Xae$ (1 — HMye??) < I (2) < I, (2) < I} (2) < xaeS'*
for any z € R, one sees that (3.10) holds. It is thus enough to certify (2.4), i.e
Sh(z) = S5, Su(z) = S, In(z) = I, I,(z) — I, as z — +oo.
For the sake of convenience, denote

(Su(-)s In(-); 8o (-)s L ()" = (Ui (-), Ua(:), Us(-), Us(-))" == U ().
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To apply the LaSalle’s invariance principle, letting U/(-) := Vi(+), i = 1,2,3,4. Hence, system (2.2) is
transformed into

Ui(z) = Vi(z),

DgV{(z) = cVi(z) = A+ f1(U1,Ua)(2) + Ui (2),
Us(2) = Va(2),

DiV5(2) = cVa(z) = f1(Ur, Us)(2) + 11 Ua2(2),
Us(2) = Va(2),

dsV3(2) = cV3(2) = M + fo(Us, U2)(2) + p2Us(2),
Ui(z) = Va(2),

drVi(2) = cVa(2) — fo(Us, U2)(2) + 72Ua(2).

Define a Lyapunov functional £(z) as follows

L(z):=L1(2) + L2(2) + L3(2) + L4(2), z €R,

where

£1(2) = el () — DsVi(2) + ‘W ST (2),

Lo(z) := cUsz(z) — DiVa(z) + %VQ(Z) —cl}f InUs(z),

2(2)

L3(2) := cUs(z) — dsVs(z) + W —¢S; InUs(z),

and
_ diVa(z) .
L4(Z) = CU4(Z) — d]VZL(Z) + T(Z) — CIU In U4(Z)

Note that U; is bounded in C?(R), i = 1,2,3,4. Since the function 2 — 1 — Inz is nonnegative for all
x > 0, one gets

S5 D[Vl oo
L£1(z) > cUy(z) — Dg||Vi|| oo — 222 LIES sIVill — ¢S} InUy(2)
Ui(z)
. [Uh(2) ] SpDs||Vallpee
=cS —InU(2)| — Dg||Vil||lfe0 — 2->—ori—"—""—
[ i) - D - 2

SpDs Vil L~
Ul(Z)

U U

—cS; [ g(f> 1 - 15(*Z> IS+ 1] ~ Dg|Vi|lp= —
h h

S;Ds(p1 + p1)|| Vil e
A

> eSi(1—InSp) — — Ds|[Vi|lp=, z€R,

which is due to Lemma 3.1. In addition,

1 Di|Va(2)|

L2(2) = cUz(2) = Dr||[Val[z~ — Ua(2)

—clp InUs(z)

UQ(Z)
Iy

I Dr|Va(2)|
UQ(Z)

:cI;; 71HU2(Z) *DI”VQHL”*
c+ e +4An)I;

>cli(l1—Inl}) — ( 5

_DI||‘/2||L°<’3 Z € Ra
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which is owing to Lemma 3.2. Similarly, we can show that £3(z) and L£4(z) have lower bounds. Then
L(z) has a lower bound. Because

A= fl(s}t7l1f) + ,U/I‘S’;;a ’YlIZ = fl(S}T,7I:)7 M = fQ(S:;ﬂI;—kL) + /’LQS':7 ’721: = f2<S:;aIZ)a
after elementary but tedious computations, we obtain

dL(z)  dLi(z) | dLx(z) dLsz(z) = dLa(z)
dz_dz+dz+dsz+dz
- 1Sk —UW(2)]>  SpDsVP(z)  I;DiVi(2)
YU U2(z U2(z)
)
)

+ fl(S;:aLT
+ fl(S;vI:

)
_ S;; _IZfl(U1,U4)(Z U1(Z)f1(S;;,I;§)U2(Z):|
Ui(2) (2) f1 (S5, I Sy f1 (U, Us)(2)1;;
)
(

)

| ;-
)

[Ul(z f1(55, 1)U2(2)  Ua(z) 14 S?Zfl(UlaUzl)(Z)}

(

SihULUNEI I (@) AS )
- [s* DR SidsVE(:)  LdiVE()
e U3 (=) U2(2)
+ fo(S {3 S af2(Us, Uz)(2) U3(Z)f2<s:aIZ)U4(Z):|

Z

Ua(2) f2(S5, 1) S f2(Us, Ua)(2) I
Us(z)  Us(z) 14 Sf;fz(Us,Uz)(Z)}
)1 Iy Us(2) f2(S5, 15) |

I
Sy 1p)
S*f2 U37 Us)(z

+ f2(S [

where

Ui(2)f1(S;, L)U2(2) _ Ualz) ;if1(U1,U4)( )

Sy iU, Us) ()1 Iy Ur(2) f1(S5. L3)
_ {U1(Z)f1(5;’§,ff§) _1} {Uz(z) Shf1(U, Us)(z )}
St f1(Ur, Uy)(2) Iy Ui(2) f1(S), 1Y)

and

Us(2) f2(55, I;)Ua(2)  Ua(z) 14 S*f2(U3,U2)( )
Sy f2(Us, Ua)(2)1 Iy Us(2) f2(S, I};)
_ {UB(Z)fz(SZ‘aIZ) B 1} {Uzl(z) S5 f2(Us, Us) (2 )}
Sy f2(Us, Uz)(2) Iy Us(2) f2(S5, 1) |

With the help of the mean inequality and the assumption (P4), we know that dL(z)/dz < 0 and
dL(z)/dz = 0 iff U1(z) = S}, Ua(z) = I}, Us(z) = S} and Us(z) = I;. Therefore, the largest com-
pact invariant set

or = {UI%5E o0, s e v} = (51) = (50, st 1))

Then the LaSalle’s invariance principle implies that
(U1 (+00), Uz (+00), Us(+00), Ua(+00)) " = (Sj;, I, S5, ;)T

For the case ¢ = ¢,. Similar to the arguments of [39, Theorem 2.14], we can obtain the existence of
TWS in this case. This completes the proof. O
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4. Nonexistence of traveling wave solutions
4.1. Nonexistence when Rg < 1l and ¢ > 0

The main results of this subsection are as follows:

Theorem 4.1. Assume that Rg < 1. Then for any ¢ > 0, system (1.2) has no traveling wave solutions
with speed ¢ which meet (2.3) and (2.4).

Proof. On the contrary, we suppose that there is a (Sy(2), In(2), So(2), I, (2))T for (1.2) satisfying (2.3)
and (2.4), z = x + ct. Denote

Iy, :=sup Iy (2), I, :=supl,(z).
z€R zeR

For Ry < 1. By (P1)-(P2), it follows from the second and fourth equations of (2.2) that

{ CI]/'L(Z) - DII;L/(Z) + Vljh(z) - kljv S 07

= 4.1
oIl (z) — drI)(2) + Y2l (2) — ko), <0, (4-1)

wherein z € R, ki = 9y, f1(S),0) and ko = 9y, f2(SY,0). Utilizing the comparison principle, one obtains

wtly I,(z) < faln g

gs! 72

That is, (In(2), I,(2))T < M(I},, L,)T for any 2 € R, where M is defined in Sect. 2, which leads to
(In, I,)T < M"™(Iy,1,)", n € N*. Since Ry is the spectral radius of M and the matrix M is nonnegative
and irreducible, the Perron—Frobenius theorem implies that there is a positive eigenvector U = (uy,us)7,
corresponding to MRy such that MU = Reld. Moreover, by Lemma 3.1, there exists a constant C5 > 0
such that (I_h,I_U)T < C3U. Hence, we have

(fh,jv)T < Mn(fh,jv)T < CsM"U = CgiR{}Z/{ — 0, asn — o0,

Ih(z) S

which is owing to g < 1. So, one gets I, = I, = 0. If not, then Ij, or I, is a positive constant. Without
loss of generality, assume I, > 0. From the fact Rjg < 1, there is a sufficiently large ng € N* such that
Ry° < I,/2C3up. Thus, we get I, < C3R(°ur < Csuy - (I/2C5uy) = I, /2 which is a contradiction.
Thus, we obtain Ij, = 0. Similarly, I, = 0. This contradicts to the fact Ij,(z), I,(z) > 0 for all z € R.
For Ry = 1. Likely above discussions, there is an eigenvector V = (vq,v2)7 with v1 > 0 and vy > 0
such that MY = V. Direct calculations show that
kivo kov1

"= y V2 = . (4.2)
U1 V2

Choosing a sequence {z,} C R, n € N* such that

lim 1Ij(z,) = I;, = sup I,(2).
z€R

n—-+4oo

To derive a contradiction, one intends to prove I;, = 0. Arguing by contradiction, assuming I, > 0.
Consider the following function sequence

(Sh,n(')a Ih,n(')» Sv,n(')»Iv,n('))T = (Sn(-+ 2n), In(- + 2n), So (- + 2n). Lo (- + Zn))Tv

By using the boundedness of (Si,In, Sy, I,)T (see Lemma 3.1) and elliptic estimates, there exists a
SUbsequence (Sh,nj ; Ih,nj ; Sv,nj y Iv,nj)Ta ES N* of (Sh,na Ih,ru Sv,nv Iv,n)T and (S}Ly 1, Sv; IU)T such that

lim (Sh,nj (Z)vlh,nj (2), Sv,nj (Z)’I'U,nj (Z))T = (S'h(z),fh(z)7,5~'v(z),fv(z))T

j——+oo
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: 2
in C}/,

(R) and (S, I, Sy, I,)T satisfies
¢Sy (2) = DsSil(2) + A = fi(Sn, L) (2) = p1Sa(2),
cly(2) = DI}/ (2) + f1(Sh, Lo)(2) = 1 In(2),
cS(2) = dsS)/(2) + M — fa(Su, In)(2) — 1258, (2),
clj(z) = i1} (2) + fo(So, In)(2) = 72Lu(2),

where I1,(0) = I, In(2) < In, 0 < Sp(z) < S? and 0 < S,(z) < S9, for » € R. Applying the comparison
principle to the second equation of (4.1) and using (4.2) yield that kol > 72l, = ka2l,v1/ve, then
I, < Ipve/vy. Since

(4.3)

< DyIj/(2)

— I (2) + f1(Sh. L) (2) — 1 In(2)
— eI} (2) + 01, f1(Sh, 0)(2) I (2) = 1n(2),
it follows from (4.2) that

0 < DrIj/(0) — el},(0) + 91, f1(Sh, 0)(0)1,(0) — 3114 (0)

Q 0
9. f1(5h, 0)(0)v2 7, o f1(Sy, 0)va I

< DrI7/(0)

U1 U1

= DiI}/(0) + |01, F1(S,0)(0) = 91, /1(S7, 0)] 2T

Then Sj,(0) > S9 due to I//(0) < 0 and (P1). It is impossible that S5 (0) > S9 as Sy(z) < SY, 2 € R.
Thus, we get Sp, (0) = SY. The strong maximum principle implies Sh, (z) = SV, z € R. Substituting it into
the first equation of (4.3) and combining (P2), we obtain I,(z) = 0, z € R. Then Ij,(z) = 0, z € R from
the fourth equation of (4.3) and (P2). Therefore, I, = 0 which contradicts the assumption Ij, > 0. This
finishes the proof. O

4.2. Nonexistence when Rg > 1 and 0 < ¢ < ¢,

To investigate the nonexistence, we first to show the following lemma by the methods of [4].

Lemma 4.1. Suppose (Sp(2),In(2),S,(2),1,(2))T be the solution of system (2.2). Then there erists a
constant B > 1 such that

1
Elh(z) < I,(z) < BIy(z), for any z € R.

Proof. By (2.2), one has
DI}/ (z) — eI}, (2) — In(2) + f1(Sh, I,)(2) =0, z €R,
{ dil})(z) — eI (2) — 2Ly (2) + f2(Sv, In)(2) =0, z€R.
According to the Harnack’s inequality in Lemma 3.2, there is a K > 0 such that
(&) > KIi(2), £€€lz—1,2+1], z€R, i=h,v.

The method of constant variation yields that

z —+oo

/e<f(z—£)f1(5’h,jv)(§)d§+ /eiﬂz—@fl(sh,lv)(&)dg ,

— 00 z

1

In(z) = i
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and
z o0
1 _
LE = | [ e C IR @i+ [ o9 p(s,, )]
wherein
I = Dr(¢F = ¢), Mo =di(¢ —¢5),
and
Ci_c:l: 2 +4Dv e cEt /2 +4d;y
L 2D; o2 2d; '

Applying Lemma 3.1 and (P1)—(P2), we have

r =z +oo

1 ,
In(z) = - / o 7O f1(Sh, L) (€)dE + / e 78 £y (S, 1,) (€)de
: . oo :
> = / & 05, 1 (€)de + / eCT(Z*@plIv(g)dg
1
1 : z z+1 :
> 0 / eCf(z—é)m[v(é‘)dg + / eCi(z_é)ﬁle(f)dg
! —1 z |
A z z+1
5 PEL(z) / o1 (=6 g +/ oS (=9 g
I, .
1
nK [ [H - 0
== {/ b1 &d¢ +/ et 5d£] I,(z) == A11,(2), (4.4)
i Lo -1
and similarly
Ve 1 0
I,(z) > pIZI— / %2 8dE + /eq&dg In(z) = A2l (2), (4.5)
2 0
21
for all z € R with
. A VdsM . M /DgA
/=01, M ) , P2 =01, f2 , .
pr+p1 Vdp t2+p2 /Dru
Choosing B satisfying B > max{A; !, A;', 1}, then combining (4.4) and (4.5) implies that the conclusion
is valid. This ends the proof. O

The main results of this subsection are as follows:

Theorem 4.2. Assume that Ro > 1. Then system (1.2) has no nontrivial traveling wave solutions with
speed ¢ < ¢, connecting Eg and EY.

Proof. Suppose by way of contradiction that system (1.2) has a traveling wave solution (Sp(z),
I1(2), Sy (2), I,(2))T with speed ¢ connecting Ey and Ef, z = x + ct.
Consider the following sequence

T
(Ih,m(z)a Iv,m(z))T = (I}}}(j_mn;), I}}(j_mn)l)) , 2 € R, m € N*.
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Since (Sp(- —m), In(- — m), Sy (- —m), I,(- — m))T is also a solution of (2.2) for any m € N*, and
f1(Sn(z =m), I,(z =m)) = 01, f1(Sn(z = m), &1,) L (2 —m),
and
fa(So(z =m), In(z —m)) = O, f2(So(z = m), £, ) In (2 — m),
where 0 < &7, < I,(z —m), 0 < &1, < I,(z — m), one obtains that (I, ,,,(2), Lm(2))T satisfies
Dy (2) = ey 1 (2) = MInm(2) + Or, f1(Sh(z = m), &1,) Lom(2) =0, z €R,
{ dII{]Cm(z) — cI{],m(z) — oIy m(2) + 01, f2(Sp(z — m), &1, ) Inm(2) =0, z€R.
On the one hand, Lemma 3.2 indicates that there is a constant Cy > 0 such that
In(z—m 1
)= S <
and then [[; . (2)] < Calpm(2) < C3eC4l2l. Moreover, from Lemmas 3.2 and 4.1, there exists a C5 > 0
such that

Iym(z) =

CaTn(—m)eCalz=m=(=m) — 0 oCalzl

I,(z—m) 1
In(=m) = In(—m)
So, [1} 1 (2)] < C51ym(2) < BC2e“117l. Accordingly, one has

I,(—m)

Cs I (=m)erlrmm =l = Cse! < BOse .

Ih(—m

max{Iy,m(2), Lo (2), |1} (2)], |1y (2)]} < Ceel#l, for some Cg > 0.

Therefore, applying the standard elliptic estimates, there exists a (I .(-), I, ()" such that
(T () Lo ()T — (In o (4), Iy« (-))T as m — 400 in C2 (R?). Owing to Si(-—m) — S%, S, (-—m) — S9
and &1, &1, — 0, m — 400, (In«(+), Ly« (+))T satisfies

Drly) () = eI}, o (2) = Ins(2) + k1L, 2(2) =0, z €R,
diL} (z) — eI, (2) = 2Ly s (2) + kolp o (2) =0, z€R,

In«(2) >0, I, .(2) >0, z€R, (4.6)
1 Ih *(Z)

I * O == 17 e S : S B, R

hx(0) BEST.0) z €

where k1 = 9y, f1(SY,0) and ko = 9y, f2(52,0), B is determined in Lemma 4.1. To complete the proof,
we will prove that either I}, .(z) or I, .(z) changes sign for some z € R.
By (4.6), it is not difficult to see that

I 0 0 1 0\ /. Ty
d Iv,* o 0 0 0 1 Iv,* —A Iv,*
& I}/L,* B % _%11 DLI 0 I]"L,* B I;L,*
11/1,* _% Pd% 0 TCI I{),* I{),*

Thus, the characteristic equation for matrix A is

(o N (oY oo N2 e\ k=7
0= (c-5)(c-5)-c(e-5) 2-c(c- 1) -5
where k = k1ko, ¥ = y172. Since Ro = \/k/7 > 1, Q(0) = g%fl < 0. Because Q(¢) — +o00 as ¢ — +oo,
the matrix A has at least two real eigenvalues with opposite signs. Moreover, if ¢ € C (the set of complex
number) is an eigenvalue of matrix A and the corresponding eigenvector is denoted by (Y2, X4, X2, X4)7,
then we have (X2, X4)" = ((X2,(X4)" and

X2\ ._ (Di¢* —m k1 X2\ X2
ALC) <x4> = ( ke dic? —w) (m) = (X4> '
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Thus, ¢( is the eigenvalue of matrix A(¢). Observe that, for every ¢ € R, the two real eigenvalues of
matrix A(() are

a(¢) =

5 LD+ d)¢ — -+ 72)] = VDT =0 = O = 2P+ Ak

and

ar (€)= % {[(Dl +d)¢ = (m+7)] +VIDr —d) = (m — )2+ 4k1k2} :

In particular, if ¢ € R, then ¢¢ € {a_((), a+(¢)}. Following from the fact a_(¢) < a4(¢), ¢ € R gives
that the dimension of the eigenspace formed by any real eigenvalue ¢ of matrix A is always one, i.e.,
Dlm(Gc) =1.

Next to show ¢ = a_ (). If not, then ¢ = a4 (¢). We claim that a4 (¢) > 0, for all ¢ € R. Indeed,
simple calculations yield that

/ 2 (D1 —dr)¢* = (v — )|(Dr — dr)
e {(D’ MR/ rer R e +4k1k2}
(D1 +di)|(Dr = dr)¢* = (1 = v2)| + (D1 — d1)¢* — (11 —72)[(Dr — di)
VIDr —dr)? — (1 — 72)]% + dkiks
2d;|(Dr — dr)¢? — (71— 72)|
VIDr —d)¢2 = (71 — 72)]? + dki ko

> (2

> ¢?

So, ¢a/, (¢) > 0 for any ¢ € R\{0}. Therefore, we obtain
0 () > a4 (0)

= % {*(’Yl +72) V(0 —2)? + 4]‘“1]‘72}

1
>3 [—(’Yl +72) V(1 —72)? + 471%)}
=0, g € (Oa +OO>7
which is due to Ry > 1. Then a(¢) > 0 since a4 (¢) is an even function of . So, ¢ = a4 (¢)/¢. Similar to
the arguments of [4, Lemma 2.2], one can obtain that ¢ = a(¢)/¢ > ¢, which contradicts with ¢ < c..
In conclusion, we get ¢¢ = a_(().
Since (Y2, X4)" = (1, 8¢)" and (X2, X4)" = (CX2,(Xa)", one has
Ge = span{(1, B¢, ¢, CB)T ),
where 3¢ = [a—(¢) — (Dr¢* — 71)]/k1. Using the following facts
[ = (Dr¢? = y)]la = (dr¢? = 72)] = kikz > 0, for a € {a—(¢),a+(0)},
and
a—(¢) +ax(¢) = (D1¢* = m) + (d1¢* = 72),
it is not difficult to verify that
a_(¢) <min{Dr¢* = y1,dr¢* =y} <max{Dr¢? — 1, dr¢* — 72} < ey (€).

Then B¢ = [a—(¢) — (D1¢?* — y1)]/k1 < 0. For convenience, set G¢ := (1, 3¢)T.

To show that either Iy, .(z) or I, .(z) changes sign, based on the distribution of eigenvalues of matrix
A, we prove it in two cases.

Case 1 Matrix A has a pair of complex eigenvalues.
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From the previous discussions, we know that A has a pair of positive and negative eigenvalues, which
can be denoted as (— < 0 < (4. Assuming that { = w £ 0 with 6 > 0 are the two complex eigenvalues,
then (I, .(2), I, «(2))T can be expressed as

<§h’*gzg) = aleC—ZGC_ + ageC+ZGC+
4 age®” cos(6z) 4 aget sin(0z)
¢ \w cos(fz) — Osin(0z) e g cos(0z) + wsin(0z) )’

wherein a; € R is not all equal to zero and is uniquely determined, ¢ = 1,2, 3,4. Hence, one has
I« (2) = a1€5% + age®+* 4 e*%1,(2), (4.7)

and

Iy (2) = a18c_€"7 + agflc, €7 + ely(2), (4.8)
with 11(2) = a3 cos(0z) + a4 sin(fz) and l5(z) = ag|w cos(0z) — Osin(6z)] + aq[f cos(0z) + wsin(fz)], for
z € R. Obviously, l2(z) = wii(2) + I} (2).

To prove l1(z) and l3(z) change sign for |z| > 1. We first claim [1(z) # 0, z € R. Suppose not. If
l1(z) = 0, then one gets a; > 0 and az > 0 because I}, .(z) > 0, z € R and (- < 0 < (4. Accordingly,
I,.(2) <0, z € R which is due to l2(2) = wli(2) +11(2), and fc_ < 0, B¢, < 0. This contradicts the
system (4.6) which implies that [1(z) £ 0. That is, a3 and a4 are not equal to zero at the same time.
Without loss of generality, letting a3z > 0, thus we obtain {1 (0) = ag > 0, l1(7/0) = —a3 < 0. Therefore,
l1(z) changes sign for |z| > 1. Next, we assert l2(z) #Z 0, z € R. If not, then la2(z) = 0. According to
the facts I, . > 0, 2z € R, (_ <0 < (y, Bc. < 0 and e, <0, we get a; < 0 and az < 0. So, by
(4.7), I «(z) < 0 whenever l1(z) < 0, contradicting (4.6). This indicates l3(z) # 0 which implies that
asw + a4f and agw — a3zl are not equal to zero at the same time. Supposing aszw + a4 > 0, one has
12(0) = asw + a4f > 0 and lz(7/0) = —(azw + a40) < 0. Thus, ls(z) changes sign for |z| > 1. It follows
from the above analysis and the facts I}, .(z) > 0, I, .(2) > 0 that a; # 0 or ag # 0.

To address w & {(_,(+}. By the way of contradiction, assuming w = (_. From (4.7), one gets

Do (2) = a1 +11(2)]eS% 4 age’+*, 2 € R.
Owing to Iy .(z) > 0 and (_ < 0 < (4, we have a3 > —min,cr{l;(2)} > 0. By (4.8), then
I(2) = [a18c +12(2)]e“ % + axfc, 2, z € R.

Hence a15;. > —min,er{lo(2)} > 0 because I, .(z) > 0 and (— < 0 < (4. So, a1 < 0 < @y due to
Bc_ < 0, which is a contradiction. Similarly, one can show w # (4. Thus, w & {¢_—, (4}

Since l1(z) changes sign when |z| > 1, we obtain {(_ < w < {4, a1 > 0 and as > 0 in order to ensure
Iy+(2) > 0. By (4.8) and combining ¢ < 0 and ¢, < 0, one has I, .(z) < 0, |z| > 1 which contradicts
(4.6). In summary, in this case, either Iy .(z) or I, .(z) changes sign.

Case 2 Matrix A has no complex eigenvalues.

(i) If matrix A has four real distinct eigenvalues, denote them as (_, (4, (3 and (4. Likely above
discussions, there exist eigenvectors G¢_, G¢, , G¢, and G¢, such that

I

ne(2) =a1e5*Ge_ + ageQZGQageQ‘ZGC3 + ase%*Ge,
Iy (2) ‘

_ a1es=% + azeS+* + aze® + agett® LER

— \afe_eS% + agfic, e + azfc, e + aafic, 4% ) '

here a; € R is not all equal to zero, i = 1,2, 3,4. Because the four eigenvalues are distinct, and S¢_, B¢, ,
B, and f, are negative, and min{C_, Gy, G, Ca} < 0 < max{C_, 1., Ca, Ca}, one obtains either Iy . () < 0
or I, .(z9) < 0 for some zy € R. This contradicts system (4.6).

(if) If matrix A has a pair of double eigenvalues. It is not hard to see A cannot have two pairs of
double eigenvalues. Otherwise, the characteristic equation of A is Q(¢) = (¢ — ¢_)?(¢ — ¢4 )?. Then
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Q(0) = ¢2¢% > 0 which contradicts the fact Q(0) < 0. Accordingly, one only needs to consider the
following situations

Q(S) = (¢ = ¢)* (¢ = C)C =),
where (_ < 0 < {4 and (3 € {¢_, (+}. Recalling that Dim(G,) = 1, so

(ﬁ::gz;) = a1eC*zG§_ + aQeC+ZG<+ + e$3? [agags + a4(zG(3 + Gés)] , z€R,
where G¢, and Gég are two linearly independent generalized eigenvectors corresponding to (s.

If ay = 0, similar to (i), then there exist some zy € R such that I, .(z0) < 0 or I, «(20) < 0 which is a
contradiction.

If ay # 0, then there are three cases:

(i), If (3 > ¢4+ > 0, then a4 > 0 and a1 > 0 to guarantee Ij, . (z) > 0, |z| > 1. Thereby I, .(z) < 0 for
sufficiently small z < —1 due to a1 8, < 0, which contradicts system (4.6).

(i), If (3 < (= < 0, then ay < 0 and az > 0 to ensure I .(2) > 0, |z| > 1. Hence, I, .(2) < 0 for
sufficiently large z > 1 due to asf3;, < 0, contradicting system (4.6).

(ii)5 If (- <0< {3 < (4, then a; >0, a2 >0o0ra; >0, a; =0, as > 0 to make I, .(z) >0, |z] > 1.
If (- < ¢ <0<, thena; >0,az >0o0ra; =0, a2 >0, ag <0 toensure I, .(z) > 0, |z| > 1.
Consequently, when (_ < {3 < (4, one gets I, .(z) < 0 for sufficiently large |z| according to a16, < 0
or azf, < 0. This is also a contradiction.

(iii) If matrix A has a triple eigenvalue. We divide it into two cases:

(iii); If the multiplicity of eigenvalue (_ is three, then the characteristic equation is Q(¢) = (¢ —
¢-)3(¢ — ¢4 ). Since Dim(G¢_ ) = 1, we get

2
(ﬁj::g;) = azeC+ZGC+ 1+ eb-3 a1Ge_ +as3(2Ge_ + Géi) + ay (ZQGC + ZG%, + G%):| , 2z €R,
where G¢_, Gé_ and G%_ are three linearly independent generalized eigenvectors corresponding to (_.
Utilizing the facts (- < 0 < (4 and 8. < 0, one can similarly obtain that there are some zg € R such
that Ij, .(z0) < 0 or I, .(z0) < 0 which contradicts system (4.6).

(iii), If the multiplicity of eigenvalue (4 is three, then Q(¢) = (¢ —(4)*(¢ —¢-). Similar to arguments
of (iii);, we get I «(2) or I, .(z) change sign for some z, € R which is a contradiction with system (4.6).

Consequently, combining Cases I and 2, we obtain that system (1.2) has no TWS connecting Fy and
ET when Ry > 1, 0 < ¢ < ¢,. This completes the proof. O

Remark 4.1. Although the idea of Theorem 4.2 comes from [4], we have further improved their methods.
In addition, from Theorems 3.1, 4.1 and 4.2, it concludes that ¢, is the minimal wave speed for (1.2).

5. Numerical simulations

In this section, we apply system (1.2) to the spread of dengue fever and provide some numerical simulations
to verify the existence of TWS. For simplicity, we let f1(Sh, I,) = S1ShL, and f2(Sy, In) = B2S,1h, where
0; is positive constant and represents the transmission rate of dengue fever, i = 1,2, and we take the
spatial domain [0,100] and the temporal domain [0, 400].

Assume (1.2) satisfies the following initial conditions

Sy, x €10,50), Iy, z €]0,50),
h(oﬂx) =

Sy (0, 2) =
n(0,2) {52, z € [50,100], 0, ¢ [50,100],
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2

1.5

0.5

Fic. 1. The relationship between ¢ and ¢

and
S». x €10,50), Ir, z €]0,50),
] v( ,LL') =

S, (0,2) =
0,2) {Sﬁ, z € [50,100 0, ¢ [50,100].

Moreover, we take homogeneous Neumann boundary conditions for system (2.2). In view of [1,4,12,29],
we assume A = 100, M = 0.2, Dg = 0.2, Dy = 0.1, dg = 0.5, d; = 0.3, 1 = 0.83, d; = 0.001,
do = 0.0001, pe = 0.002, B; = 0.00682, B2 = 0.0015, oy = 0.1667. Thus, v1 = p1 + di + o3 = 0.9977 and
Yo = po + do = 0.0021. By simple calculations, we obtain the threshold Rg = 7.6699 > 1, and

Ey = (120.4819,0,100,0), ET = (68.4884,43.2541,2.9904,92.3901).

Therefore, according to Lemma 2.1 and Theorem 3.1, there exists ¢, > 0 such that (2.2) admits a TWS
connecting Ey and E; with speed ¢ for each ¢ > ¢,. According to Fig. 1, it can be found that the minimal
wave speed ¢, is 0.352.

We reveal the results in Figs.2 and 3. Figure 2 is the corresponding contour graphs which illustrates
the change of humans and mosquitoes densities. The red arrows in Fig.2 indicate that the solution of
(1.2) evolves from the disease-free equilibrium Ey to endemic equilibrium E} coinciding with Theorem 3.1.
Furthermore, to present the shape of solutions more clearly, Fig. 3 depicts the cross section curves of the
solution at different times. As described in Fig.3, one can see that the TWS of (1.2) is not monotone
owing to the constant recruitment and natural death in the model.

To explore the influence of parameters on the spread of the disease, we next investigate the sensitivity
of ¢, on parameters when Ry > 1. According to Lemma 2.1, one has

Uy (¢U5* (C7) = 12538, = 0,
where S = A/u1, SY = M/us and
Us™(¢*) = Di¢*? — e(* —m1, U (¢F) = di¢™ — eu(™ — 7.
Simple calculations show that

0cy ¢y 0Cy ey 0cy .
>0 0 0 0, — >0, :=1,2.
Cad; 98y T 88y T g T T

Thus, the ¢, increases monotonically with respect to A, M, 3;, Dy and dj, decreases with respect to p;.
Figure4 illustrates the sensitivity of ¢, on parameters when 9y > 1 and the values of other parameters
are the same as in Fig. 1. Some noteworthy phenomena are found in Fig.4. As can be seen in Fig. 4a, c,
is an increasing function of D; and dj, and furthermore the effect of d; on ¢, is greater than that of D;
on ¢, which implies that the diffusion of infected mosquitoes has a more significant impact on the spread
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F1G. 2. The contour graph of traveling wave solution for system (1.2). a The evolution of Sj. b The evolution of S,. ¢ The
evolution of Ij. d The evolution of I,

of dengue fever. In Fig.4b, it can be found that ¢, increases with the increase of §; when (; is large,
but ¢, does not vary significantly with the increase of 33 when (3 is small. Note that 8; (82) denotes the
disease transmission rate from infectious mosquitoes (humans) to humans (mosquitoes). Figure 4b shows
that the infected mosquitoes have a greater impact on the spread of dengue fever than infected people. In
Fig. 4c, ¢, increases with the increase of A when M is large, but the change of ¢, is not obvious with the
increase of A when M is small. From Fig. 4c, compared with the recruitment of individuals, the impact
of the recruitment of mosquitoes is greater on the spread of dengue fever. In Fig.4d, ¢, reduces with
the increase of py when ps is small, but the change of ¢, is not obvious with the increase of ;1 when
wo is large, which means that the natural death of mosquitoes has a more obvious impact on disease
transmission than the natural death of people. It can be seen from Fig. 4 that the parameters related to
mosquitoes have a greater impact on minimal wave speed. Consequently, to better prevent the spread of
disease, we should pay more attention to mosquito control, such as spraying insecticides and using bed
nets.

6. Discussion

In this work, we proposed a reaction—diffusion mosquito-borne epidemic model with general incidence and
constant recruitment, and discussed the existence and nonexistence of nontrivial TWS for this model.
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Specifically, for the case of Ry > 1 and ¢ > ¢,, the suitable sub- and super-solutions were constructed by
means of the smallest positive eigenvalue of the characteristic equation, and the existence of solutions for
the truncated system was obtained by using the fixed-point theorem. Then it was proved that there exists
a nontrivial TWS of model (1.2) satisfying (2.3) with the help of limiting arguments. The convergence
of TWS at positive infinity was showed by constructing a Lyapunov functional. Next, the nonexistence
of nontrivial TWS when Ry < 1 and ¢ > 0 was established by utilizing contradicting approach. For
the case of Ry > 1 and 0 < ¢ < ¢, by illustrating that Ij,(-) or I,(-) will change sign at some points,
we proved that the system (1.2) has no nontrivial TWS connecting Ey and Ej. We should note that
the mathematical analysis of the process was complicated, but easier to understand than the method of
Laplace transform.

In order to better elaborate the theoretical results, we applied system (1.2) to investigate the spread
of dengue fever. We provided numerical simulations to verify the theoretical results of this paper (see
Figs. 2, 3). By discussing the sensitivity of ¢, on parameters, the combined effects of parameters on c,
were analyzed (see Fig.4). It can be known that (1) the ¢, can be reduced by decreasing the diffusion
of infectious humans and mosquitoes (see Fig.4a); (2) by adopting relevant measures, such as spraying
insecticides and using bed nets, the biting rate can be reduced. As a result, the ¢, can be reduced (see
Fig.4b-d).

As we all know, the transmission of many infectious diseases, including mosquito-borne diseases, is
deeply affected by environment temperature [19], and temperature can be characterized by time peri-
odicity. Hence, it is reasonable to incorporate time periodicity into the modeling of infectious diseases.
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In this case, it is interesting and important to study the periodic traveling wave solutions of epidemic
models [8,28,31,34]. However, there are some challenges in exploring the periodic traveling wave solutions
of mosquito-borne disease models. We leave these issues for future study.
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