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Abstract

In biological systems, cooperative behavior forms the foundation for the survival and
prosperity of many organisms. However, the finite nature of resources often drives
selfish individuals to exploit resources through deceptive tactics, thereby instigating
conflicts between collective and individual interests. These strategic interactions not
only alter the availability of environmental resources but also feedback on the strate-
gic choices of populations, leading to the co-evolution of environmental resources and
behavioral strategies. By integrating population dynamics with replicator dynamics,
we develop models for both well-mixed and spatially heterogeneous distributions that
incorporate resource feedback mechanisms to analyze the intricate interplay between
cooperative behavior and resource dynamics across temporal and spatial scales. Our
findings reveal complex evolutionary dynamics, including rich multistability, transcrit-
ical and Hopf bifurcations in the temporal system, alongside spatial stability, Turing
instability, Turing-Hopf bifurcation, and chaotic behavior in the spatial diffusion sys-
tem. In homogeneous distributions, payoffs result in stable periodic solutions, while
heterogeneous distributions disrupt stable periodicity and lead to chaotic dynamics.
Notably, increasing the initial density of cooperators, the rate of resource growth, and
reducing the initial resource stock are favorable for sustaining cooperation. Interest-
ingly, high payoffs for cooperators and low payoffs for defectors do not necessarily
promote cooperative behavior, as evolutionary outcomes also depend on resource
abundance. We provide the conditions that sustain cooperation, revealing the critical
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role of resource dynamics and spatial diffusion in shaping the evolution of cooperative
strategies. Our findings have important implications for studying ecosystem manage-
ment, conservation biology, and animal social behavior.

Keywords Evolutionary game theory - Multistability - Turing-Hopf bifurcation -
Pattern formation - Chaos

Mathematics Subject Classification 91A22

1 Introduction

Cooperative behavior serves as the cornerstone of complex ecosystems, enabling
organisms to develop advanced capabilities and stronger adaptations. However, scarce
resources within a population drive individuals to prioritize their own interests, often at
the expense of the collective good. This self-serving behavior can lead to social dilem-
mas, where cooperation erodes and the tragedy of the commons emerges as the most
damaging outcome. This dynamic is vividly illustrated in group hunts by predators
such as African wild dogs (Dugatkin 2001), wolves (MacNulty et al. 2012), chim-
panzees (Boesch 1994), and lions (Scheel and Packer 1991). Cooperative members
expend significant effort to secure resources, while defectors, who contribute little or
nothing, benefit from the collective’s success. Similarly, certain bird species, including
grouse, waterfowl, and grebes, avoid the burden of rearing offspring by laying their
eggs in the nests of others (Lyon and Eadie 2008). Even among vampire bats, free-
riders exploit the resources shared by cooperative individuals (Riehl and Frederickson
2016; Wilkinson 1984). Despite the risks associated with such deception, cooperation
persists across biological, economic, and social systems (Jousset et al. 2013; Rand
and Nowak 2013; Haselhuhn and Mellers 2005). The tension between individual and
collective interests poses a significant challenge for evolutionary game theory. Under-
standing why cooperation endures, identifying the conditions and mechanisms that
sustain it, and exploring the evolutionary processes that govern it are complex yet
critical tasks. Replicator dynamics (Hofbauer and Sigmund 1998) provide a robust
framework for investigating the evolution of cooperation, offering insights into how
cooperative strategies can survive despite the presence of deceitful individuals.
Classic evolutionary game theory often assumes a fixed and unchanging envi-
ronment, focusing solely on the internal frequency-varying properties of replicator
dynamics while overlooking the impact of renewable environmental resources. How-
ever, in reality, the interaction of strategies affects the stock of environmental resources,
which in turn influences players’ strategic choices. This dynamic interplay results in
eco-evolutionary games, where strategies and the environment mutually influence each
other. Such eco-evolutionary games are prevalent in complex systems like biological
and social environments (Lion 2018; Hauert et al. 2019; Jiang et al. 2023). For exam-
ple, in the fishing industry, fish stock directly impacts the efficacy of fishing strategies,
while the intensity of fishing practices affects the fish stock (Tilman et al. 2016). In
the realm of infectious diseases, the virus transmission rate influences individuals’
choices regarding vaccination strategies and public health measures, and vice versa
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(Yamin et al. 2016; Yong and Choy 2021; Wagner et al. 2022). In climate dynam-
ics, the strategies of individuals, businesses, and nations shape global climate change,
while the long-term effects of environmental changes, in turn, modify these strate-
gies, creating a feedback loop (Nordhaus 2015; Kolk and Pinkse 2005). Individual
strategic choices such as foraging behavior (Cheng et al. 2022; Auger et al. 2002),
territorial competition (Valdaliso and Wilson 2015), and cooperation and defection
are directly linked to changes in environmental resources. The distribution and stock
of resources are critical to the survival of individual strategies, and the collective out-
come of these strategies affects the long-term availability of resources (Tilman 1982;
Schoener 1983). For example, excessive resource utilization may result in resource
depletion, thus forcing individuals to readjust their strategies to new resource condi-
tions (Nowak and Sigmund 2004; Smith 1982). Therefore, understanding the feedback
mechanisms between resources and strategies is important for predicting ecosystem
dynamics and evolutionary trends. Previous works focus on the internal interactions of
strategies in replicator dynamics models, such as stability, adaptability, and evolution-
ary stability of strategies (Hofbauer and Sigmund 1998; van Veelen 2011; Garay et al.
2018). These studies typically assume that strategy interactions take place in a fixed
resource environment, with less consideration paid to dynamic changes in resources
and external feedback on strategies. We introduce a nonlinear feedback mechanism
between renewable resources and strategic choices, modeling how resources affect
strategic choices while accounting for the effects of strategic changes on the distribu-
tion of resources.

In recent years, the mutual feedback between environments and strategies has
attracted increasing attention from researchers. Weitz et al. (2016) developed a coevo-
lutionary game framework in which the environment and the strategies of players
depending on it co-evolve. Their study demonstrated that the system exhibits oscil-
lations between cooperation and defection, accompanied by cyclic fluctuations in
environmental quality from depleted to abundant states. Building upon this work, Lin
and Weitz (2019) proposed a stochastic model incorporating individual interactions
on a two-dimensional grid, introducing the diffusion of resources. Their simula-
tions revealed the emergence of spatiotemporal oscillations in spatial evolutionary
games. Hauert et al. (2019) investigated the evolution of strategies in heterogeneous
environments, where individuals engage in asymmetric games influenced by local
environmental conditions. They examined the bistability of such feedback systems
and found that rapid ecological changes can lead to the collapse of cooperation.
Tilman et al. (2020) developed an ecological evolutionary game framework, deriving
conditions for equilibrium stability and highlighting that the coevolution of strate-
gies and environments is shaped by their relative timescales. Building on this line of
research, Cheng et al. (2024) extended the framework of Tilman et al. by incorporating
spatial diffusion through partial differential equations and proposed an evolutionary
game model featuring decaying public goods. While Cheng et al. (2024) investigated
resource degradation in a biological setting with public goods, our study focuses on
logistically growing renewable resources, which are widely observed across ecolog-
ical systems. Most existing studies assume linear environmental feedback, wherein
resource dynamics follow constant rates of growth or depletion. To more accurately
capture biological realism and account for saturation effects in resource consump-
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tion, we introduce a nonlinear Holling type II functional response. This formulation
enables us to investigate how nonlinear feedback mechanisms shape the evolution of
cooperation and give rise to both complex temporal behaviors and rich spatial pattern
formation.

As our understanding of ecosystem complexity deepens, eco-evolutionary game
theory has emerged as an invaluable tool for investigating resource sustainability and
the evolution of strategies. Within this framework, spatial diffusion is increasingly
recognized as a crucial factor influencing strategy dynamics and ecological processes.
Traditional evolutionary games often assume that individuals interact randomly in
homogeneous environments, either explicitly or implicitly. However, this assump-
tion overlooks the significant impact of spatial heterogeneity on interaction patterns
and strategic choices (Nowak and May 1992; Nanda and Durrett 2017; Schreiber
and Killingback 2013). In biology, spatial diffusion models are widely employed to
depict species distributions, population dynamics, and ecosystem stability (Song et al.
2017; Yang et al. 2021; Yuan et al. 2013). For instance, in epidemiology, spatial
diffusion is used to model disease transmission pathways, revealing how individ-
ual movement patterns affect the rate and extent of disease spread (Keeling and
Rohani 2011). In studies of biological invasions, spatial dispersal helps predict the
expansion routes and ecological impacts of invasive species, providing a theoretical
foundation for management and control (Hastings et al. 2004). Additionally, spatial
dispersal can lead to non-uniform distributions of prey and predators in the environ-
ment, revealing complex dynamic equilibria in ecosystems by modeling the spatial
interactions between these groups (Wang et al. 2022; Gou et al. 2023). The applica-
tion of spatial diffusion in biology and evolutionary games offers new perspectives
for analyzing the evolution and stability of strategies within ecosystems. Previous
studies of eco-evolutionary games (Weitz et al. 2016; Tilman et al. 2020; Hauert
et al. 2019; Cheng et al. 2023), particularly those utilizing replicator dynamics, have
primarily focused on variations in strategic frequency, often overlooking changes in
player density. This oversight limits the understanding of how spatial diffusion affects
the spatial distribution and stabilization of strategies. To address these limitations,
we innovate by transforming strategy frequency changes in replicator dynamics into
population density changes, skillfully integrating these with spatial diffusion to more
comprehensively reveal the profound effects of heterogeneous distribution on strategy
evolution.

Patterns, as a self-organizing phenomenon, have garnered significant attention
and in-depth exploration across various fields, including economics, biology, and
physics. The study of patterns in these systems unveils complex spatial structures
and dynamic behaviors, shedding light on phenomena such as market fluctuations,
species distributions, and nonlinear chemical reactions (Alfarano et al. 2005; Manna
et al. 2021; Halatek and Frey 2018). However, despite the wealth of research findings
in these areas, the application and exploration of patterns within eco-evolutionary
games remain relatively underdeveloped. Eco-evolutionary game theory focuses on
the dynamics of strategies among species, particularly how these strategies inter-
act and evolve within their environment. The introduction of pattern-based models
into this field offers a novel perspective, enabling scholars to investigate the spa-
tial distribution of strategies and their evolution over time. This approach can reveal
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intricate patterns within ecosystems that are not yet fully understood, offering deeper
insights into how cooperative and defective strategies coexist and maintain spatial
balance (Newth and Cornforth 2009; Szab6 and Szolnoki 2012; Cheng et al. 2024).
Despite the significant potential of pattern analysis in eco-evolutionary games, related
studies are still relatively scarce. To address this gap, we combine spatial diffusion
with eco-evolutionary games to explore the spatial distribution and dynamic evolu-
tion of different strategies in the context of renewable resources, aiming to uncover
the intrinsic mechanisms by which cooperators and resources form complex pat-
terns.

This paper is organized as follows. In Section 2, we develop the temporal and spatial
diffusion models. Section 3 focuses on the analysis of the temporal system (2.5), where
we investigate the local stability, bi-stability, and multi-stability of equilibria. We also
derive the conditions for Hopf and transcritical bifurcations and further examine the
stability of periodic solutions and the direction of Hopf bifurcation. In Section 4, we
shift our focus to the spatial diffusion system (2.6), exploring spatial stability, Hopf
bifurcation, and Turing-Hopf bifurcation. Section 5 addresses the complex spatial
distributions of cooperation and renewable resources, while Section 6 uncovers chaotic
dynamics driven by payoffs in the diffusion system. Finally, in Section 7, we summarize
our findings and discuss their broader implications.

2 Model formulation
2.1 Temporal model

Inbiological systems, cooperators typically invest significant effort to extract resources
from the environment, whereas defectors avoid such efforts and instead acquire
resources through deception. A quintessential example is the female cuckoo, which
notoriously lays its eggs in the nests of other birds. The unsuspecting hosts expend
their energy raising offspring that are not their own-a deceptive strategy that is
also found in other species, including certain brood-parasitic ducks and cowbirds.
This dynamic is not limited to avian species. In group hunting scenarios involving
lions, wolves, African wild dogs, and even certain species of dolphins, deceivers
may intentionally withhold effort, cheating cooperators out of their hard-earned
prey. Additionally, in social insects like ants (Lenoir et al. 2001), certain indi-
viduals may refrain from foraging, instead benefiting from the labor of others.
In vampire bat communities, some individuals may feign cooperative behavior
to gain access to food shared by genuine cooperators. These examples exem-
plify a widespread biological phenomenon in which cooperators invest substantial
effort in acquiring and sharing resources, whereas defectors benefit through decep-
tive means without exerting comparable effort. Tilman et al. (2020) proposed a
renewable resource model in which players consume resources in a linear fashion.
However, in biological systems, particularly under resource-abundant conditions,
individuals are often constrained not by resource availability but by their capac-
ity to process or utilize what they acquire. To capture this nonlinear saturation
effect, we build upon the research by Tilman et al. (2020) by introducing a Holling
type II functional response, replacing the constant-rate linear consumption assump-
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tion with a saturating nonlinear mechanism. To describe the behavior of players
under the biological scenarios outlined above, we construct a model in which a
renewable resource grows logistically and is consumed by cooperators and defec-
tors according to a Holling type II functional response. The dynamics of the resource
is governed by

dn ; (1 n) 3 peun _ pe(N —u)n’ @1

ok 1+gn 1+ gn

where n is resource stock, N is total player density, k is carrying capacity of n, r
is intrinsic growth rate, u € [0, N] is cooperator density, and p is a parameter that
maps the harvesting efforts ¢ and ¢ to the resource capture rates of cooperators and
defectors. The parameter g represents the handling time, reflecting the non-linear sat-
uration mechanism when players capture resources. The last two terms describe the
resource consumption by cooperators and defectors, respectively—both governed by
the Holling type II response, in which consumption saturates as resource availability
increases.

In our model, cooperators exert effort to directly access and consume the resource,
and thuse > 0. Defectors, by contrast, invest no effort and cannot directly consume the
resource. Instead, they gain indirect benefits by exploiting the cooperative framework
without participating in resource acquisition. As a result, we set ¢ = 0 to reflect
their lack of contribution. Such scenarios can be observed in biological systems. For
example, consider a cooperative hunting system where prey density decreases only
through direct predation by cooperators; if only defectors are present, prey density
remains unaffected by predation because defectors do not invest the effort required to
capture or consume prey. Letting e; = pe, we obtain

d
L (1 - f) e 2.2)
t k 1+gn

Notably, a previous investigation (Cheng et al. 2024) based on public goods evolu-
tionary games considers scenarios in which public goods are produced by cooperators
and linearly consumed by all players. These public goods are modeled as decay-
ing resources—that is, they gradually degrade over time in the absence of production.
In contrast to this form of environmental feedback, our model considers logistically
growing resources that are nonlinearly consumed by cooperators through their own
harvesting efforts. Defectors, lacking the necessary effort, are unable to access the
resources directly. This shift from linear to nonlinear feedback introduces a satura-
tion effect in resource consumption, potentially offering a more biologically realistic
representation of cooperative dynamics.

The payoffs for individuals using cooperation (C) and defection (D) strategies
depend not only on the strategies they employ but also on the feedback from the
resource. The payoff matrix is structured as follows:

C D C D
o C (ay by C (a1 b
m=® n)D (C() d()>+nD (C] d])’
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where the first and second matrix entries represent the payoffs of individuals in the
game when resources are poor and abundant, respectively. In particular, ag and bg
denote the payoffs of a cooperator interacting with a cooperator and a defector, respec-
tively, while ¢y and dy represent the payoffs of a defector interacting with a cooperator
and a defector, respectively. The parameters a, b1, c1, and d; follow a similar inter-
pretation under abundant resources. Here, & > 0 represents the baseline payoff when
n = 0. Then, the fitness of cooperators and defectors is given by

1

fe(u,n) =—[(Bap + (a1 — ap)n)u + (Bbo + (b1 — bo)n) (N — u)l,

N
(2.3)

1

N

fou,n) =—[(Oco+ (c1 — co)mu + (Odo + (di — do)n) (N —u)].

The incentives driving behavioral change can be interpreted from the following
parameter combinations derived from the payoff matrix.

A= fc(0,0) — fp(0,0) = (b1 —d1)b,
Az = fc(N,0) = fp(N,0) = (a1 —c1)0,
1= fp(N,0) = fc(N.0) = (co — ao),
T2 = fp(0,0) — fc(0,0) = (do — bo)6.

Parameter A characterizes the incentive for individuals to adopt the cooperation strat-
egy when the entire population consists of defectors and the environment is favorable.
In contrast, A; reflects the incentive to cooperate when the population is composed
entirely of cooperators under similarly favorable environmental conditions. Parame-
ter 77 captures the incentive for individuals to abandon cooperation strategy in favor
of defection when all individuals are cooperators but the environment deteriorates.
Conversely, 7> represents the incentive for individuals in a defecting population to
continue imitating defectors under poor environmental conditions.

By coupling the replicator dynamics with the resource dynamics from equation
(2.1), we obtain the following eco-evolutionary game system:

edl = L (N —u)(fc— fp).

Br=rn(1-p) - i,

(2.4)

where ¢ is the relative timescale utilized to characterize the relative evolutionary rates
of resources and cooperators. Cooperators evolve faster (slower) than resources when
e < 1 (¢ > 1). Players’ strategic choices influence resource consumption, which in
turn affects the overall resource stock. The resource stock then feeds back into the
system by influencing players’ fitness. This bidirectional feedback between resource
dynamics and player strategies is captured in equations (2.3) and (2.4). In replicator
dynamics, a player’s fitness reflects its reproductive success. When cooperators have
higher fitness than defectors, they reproduce more successfully, leading to an increase
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in cooperator density. Conversely, when cooperators have lower fitness, their popu-
lation declines. Combining equation (2.3) and rescaling time by ¢ = %, we obtain

du

u
5=W(N—M)[((d1 —do—ao+a; —b1+by+co—ciu

+N(do — dy — bo + b1))n — 0((bo + co — do — ag)u + N (do — bo))],
d
—n:s rn(l—ﬁ)— e uj.
dr k 1+gn

2.2 Diffusion model

2.5)

Spatial diffusion plays a vital role in eco-evolutionary games by influencing the distri-
bution and dynamics of resources and strategies in space and time. In social insects such
as ants, pheromone-guided foraging creates spatial structures that can be exploited by
deceptive individuals, especially in environments where resources are scarce (Gordon
2010). Predator-prey interactions also exhibit spatial diffusion effects, with hetero-
geneous distributions of predators and prey leading to spatio-temporal patterns that
stabilize cooperation or encourage deception (Cantrell and Cosner 2004). Similarly,
territorial animals such as wolves (Kittle et al. 2015) and lions (Mosser et al. 2015)
develop distinct spatial distributions through competition and cooperation, which may
be disrupted by individual deception. In plant communities (Press and Phoenix 2005),
spatial distributions shaped by seed dispersal and resource allocation can drive both
cooperative and exploitative strategies, with parasitic plants mimicking cooperative
partners to steal nutrients. Considering the movement of cooperators and resources in
spatial locations, we obtain the following higher-order eco-evolutionary game system
incorporating spatial diffusion:

D _ Ny [y — do — ao +ar — by + Do + )
PPN u 1 b —ao + aj 1 0+ co—cu
+ N(do —di — bo + b1))n — 0((bo + co — do — ap)u
+N(do — bo))] + & V7u, x€2,t>0,
an(x,
D e (1-7) - ) 4V, x€2.1>0,
ot k 1+ gn
Ju(x, 1) _on(x, 1) _ 0. X€d.t>0,
ov av
u(x,0) =up(x) > 0, n(x,0) = no(x) > 0, X € £2,
(2.6)

in which u(x, t) and n(x, t) represent the densities of cooperators and resources at time
t and location x, respectively; V2 = % + % is the Laplacian operator; x € £2 C R
is a 2-dimensional bounded domain with smooth boundary 9£2; v is the outward unit
normal vector of 92; Neumann boundary conditions are adopted since players and
resources are assumed to not enter and leave the boundary; d, and d, denote the
diffusion coefficients of cooperators and resources, respectively.
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3 Dynamics of temporal system (2.5)

The possible outcomes of evolution are reflected by equilibria. It is essential to dis-
cuss the existence and stability of equilibria for the system (2.5). Different factors
such as payoffs, relative timescales, player density, and initial status result in various
evolutionary outcomes for players’ choices of strategies and resource stocks. Next,
we reveal these factors affecting evolution by analyzing multistability, transcritical
bifurcations, and Hopf bifurcations.

3.1 Existence of equilibria

The equilibria of system (2.5) are denoted as E( (0, 0), E1(N, 0), E» (M O) R

ao+do—bo—cop’
E3(0,k), E{ (N,n}), E; (N,n}),and E*(u*, n*). The boundary equilibria E¢(0, 0),
E{(N,0), and E3(0, k) always exist. Define the following conditions.

(H1): ap > co and dy > by, or ag < cg and dy < by.
(H2): gk > 1and r(1 + gk)?> > 4Ngke;.

(H3): gk <1landr > max{(jlvf;;)‘z, Neyl.

(H4): gk > 1and r(1 4 gk)*> > 4Ngkey and Nej > r.
(H5): y1(yar + Nei(bo — do)) < 0,83 < 38183, k > n*,and N > JE=)entl),

If (H1) holds, then % € (0,N). Hence, boundary equilibrium

E; (%, 0) exists when (H1) is satisfied. From (2.5), we have

L r(gk— 1)+ /r2(1 + gk)2 — 4Ngke;r
}’l4 = .

2gr

Thus, EI exists ( i.e., n;f > 0) when either (H2) or (H3) is met. E, exists (i.e.,
n, > 0) exists if (H4) is true. We now explore the existence of positive equilibria
E*(u*, n*). From equations (2.5),we know u* and n* satisfy

Sin*3 4 8™ 4+ 83n* + 84 = 0, (3.1
and ' . .
u*:r( —n*)(gn* + )’ (3.2)
k€1
where

81 =gryi,

b =—rl(yik +0y2)g — nl.

83 =[(g0y2 — y)r + Nery3lk — Ory,

84 =kO(y2r + Nej(bo — do)),

v1 =ag—ay — by +by —co+c1+dy—di,
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o M O~ OO 00 O

Cooperator nulicline E
== Resource nulicline E2
0 1 2 3 4
u

Fig. 1 Existence of equilibria for temporal system (2.5). The cyan and blue curves are the nullclines for
cooperators and resources, respectively, where ‘é—'; = 0 and ‘é—'; = 0. Equilibria are marked by red dots,
occurring where the cyan and blue curves intersect. Parameters: ¢ = 3, ag = 3.1, a1 = 2.9, by = 2,
by =13,c0=32,c1=15,dyp=0,dy =1.1,r =0.1,k =10,e; =0.03, g =04,0 =2, N = 4. The
values of the parameters are presented in Table 1

y2 =ap — co — by + dp,
y3 =do — dy — by + b;.

Denote
Fi(n) = 81n° 4 8n* + 83n + 4. (3.3)

When §; > Oand 84 < O, F1(0) = 84 < Oand lim F(n) = +o0. In this case,
n——4o0o

equation (3.1) has at least one positive root n* on the interval (0, +00), and at most
three positive roots may exist in total. Similarly, F7(0) = §4 > 0 and lirf Fn) =
n—+0oo

—oo when 61 < 0 and 84 > 0. Hence, n* > 0 when 8,84 < 0. The condition
y1(yar + Nej(bg — dp)) < 0 ensures 8164 < 0. From (3.2), we conclude that if
k>n*and N > %, then u* € (0, N). Therefore, the internal equilibrium
E*(u*, n*) exists if condition (H5) holds.

The existence of the internal equilibrium is affected by the joint effect of the strate-
gies’ payoff differences, carrying capacity, internal growth rate, and player density.
Fig. 1 illustrates the existence of equilibria for the temporal system (2.5) and the
potential location of the equilibria. The parameters are chosen to satisfy the above
conditions for the existence of equilibria.

3.2 Local stability and multistability analysis

We can recognize feasible evolutionary outcomes of cooperators from local stability,
bistability, and multistability. Here, we discuss local stability, bistability, and multi-
stability mathematically to predict the evolution of cooperators accurately. Denote

e1N(do — bo) g = 0(bo — dp)

, b1 — by + dp,
a0+ do — bo — o 1 A + by 0 + do

F=
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Table 1 The parameter values are as follows: (1) for Figs. 1, 2(b), (c), (d), and 3(e); (2) for Figs. 2(a) and
3(d); (3) for Figs. 2(e) and Figs. 14-26; (4) for Fig. 3(a); (5) for Fig. 3(b); (6) for Fig. 3(c); and (7) for Figs.
4-13.

ay by cl dy ap bo co do r k eq g 0 ¢ N
(1 29 13 15 .1 31 2 32 0 0.1 10 003 04 2 3 4
2 2 1.3 1.5 1.1 1.3 -2 12 =3 025 10 003 04 2 1 10
3 1 3 -4 3 4 1.1 10 39 05 47 0.1 01 3 20 6
4 29 3 3 2 4 2 24 1.7 0.6 5 0.2 06 2 2 5
5) -2 4 5 1.4 1 3 2 1 0.2 6 0.1 04 3 1 5
6) 2 1.3 1.5 1.1 -1 -2 1.2 -3 04 3 0.3 04 2 1 4
7 1 2 -4 3 4 1.1 10 39 05 47 0.1 0.1 3 2 30
F(opnt 2
G = Q(C():a()) Vo — ot el F = r(k—2ny)(gngy +1) ’
n4 elk
- - 2
a = H(CQjao) +ap— co+cL, f = r(k—2n,)(gngy +1) ’
n4 elk
5 (ap —ay —co +c)ng . ku*(N — u*)(gn* + 1)2(0y, — y1n*)
ap — ¢ ’ N2[(gn* + 1)22n* — k)r + u*e1k] ’
55 — u*(N —u™*) (126 — i), S6 = 1 <2n* B 1) n eju*
N2 ’ k (gn* + 1?’
87 = (120 — y1in™) (r <1 - ﬁ) - el_ﬁ) + (yiu* + Ny3) e’
k (gn* +1)2 gn* + 1

Theorem 3.1 outlines the conditions for local stability of complex multiple equi-
libria.

Theorem 3.1

(I) Eo(0,0) is unstable node if by > dy; Eo(0, 0) is a saddle point if by < dp.

(II) E1(N,0) is a locally asymptotically stable node if co < ag and r < Nej,
E1(N,0) is an unstable node if co > ag andr > Nej;E1(N,0) is a saddle
point if co > apandr < Nej, orco < apandr > Nej.

(IIl) E3 (uy,0) is a locally asymptotically stable node if ay < co and r < F;
E> (uy, 0) is an unstable node if ag > co and r > 7; E3 (u3,0) is a saddle
pointifay > coandr <7, oray < coandr > T.

(1V) E3(0, k) is a locally asymptotically stable node if dy > di; E3(0, k) is a saddle
pointifdy < di.

(V) EZL (N, n}') is a locally asymptotically stable node if ay > a, and N > N;
EI (N, nj‘) is an unstable n~0de ifa; <ajand N < z(f EI (N, n}') is a saddle
pointifa; <ajyand N > N,oray; > ajand N < N.

(VI) E, (N,ny) is a locally asymptotically stable node if a; > a; and N > N;
E, (N, ny)isanunstable node ifa; < ayand N < N; E, (N,ny)isasaddle
pointifa; < ay and N > N,ora; > a,and N < N.

@ Springer



12 Page 12 of 61 H.Cheng et al.

(VII) E*(u*,n*) is a locally asymptotically stable node or focus if €8¢ > &5 and
87 > 0; E*(u*, n*) is an unstable node or focus if €66 < 85 and §7 > 0;
E*(u*, n*) is a saddle point if 7 < 0.

Proof See Appendix A. O

From the analysis provided in Appendix A, we derive conditions for bistability and
multistability of system (2.5).

Corollary 3.1 (I) E{(N,O0) and E*(u*, n*) are stable when cy < ag, r < Ney,
&8¢ > 65, and 67 > 0.

(1) E, (%, 0) and E*(u*, n*) are stable when ag < co, r < ¥, €8¢ > s,
and §7 > 0.

(11l) E3(0, k) and E*(u*, n*) are stable when d, > dy, €8¢ > 85, and 87 > 0.

(IV) E1(N,0), E5(0, k), and E, (N, ny ) arestablewhenco < ao,r < Ney,dy > c?l,
a; > ay, and N > N.

(V) Ea (%, 0), E3(0,k), and E; (N, ny ) are stable whenag < co, r <7,

dy >dy, a; > a;,and N > N.

Fig. 2 depicts local stability via time series for the temporal system (2.5), where the
parameters are chosen to satisfy the conditions of local stability. The combination of
smaller payoffs from defector-cooperator encounters than from cooperative encoun-
ters and a lower growth rate of the resource gives the opportunity to fill the population
with cooperators. In contrast, if the payoffs of defector-collaborator encounters are
greater than the benefits of cooperator encounters, and the resource grows at a higher
growth rate, then cooperators and defectors coexist in a barren resource. The same
parameters but different initial situations result in drastically different evolutionary
outcomes. With relatively abundant resource reserves, the initial density of cooper-
ators determines the survival of both cooperators and defectors if the payoffs from
cooperator encounters and defector encounters are both relatively large (a; > a; and
dy > dy). Cooperators eventually become extinct if the initial density of cooperators
is small. Higher initial densities of cooperators allow cooperators to have an evolu-
tionary advantage over defectors in the end. The case with a medium initial density
of cooperators and a poor initial resource stock is characterized by the coexistence of
eventual cooperators and defectors in poor resources. Fig. 2(b) and (e) keep the initial
state the same, varying parameters such as payoffs and relative timescales to permit a
modest amount of resources to be shared between cooperators and defectors.

Fig. 3 presents five multistability, including three bi-stability and two tri-stability.
The choice of parameters depends on Corollary 3.1. When resource reserves are impov-
erished, higher densities of cooperators favor the survival of cooperators, which is
reflected in the victory of cooperators over defectors if the population evolves from
having higher densities of cooperators. If the initial stock of resources is abundant,
the initial density of cooperators will no longer affect the evolutionary outcome. In
this case, defectors survive because the initial abundance of the resource stock allows
defectors to exploit the resource by deceiving cooperators. Defectors have a better
opportunity to survive, and even defectors are able to dominate the population when
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Fig. 2 Temporal dynamics of cooperators and resources for non-diffusion system (2.5). The blue and red
curves demonstrate the specific evolution of cooperators and resources, respectively. The initial conditions
(u(0), n(0)) for (a), (b), (c), (d), and (e) are set to (7,0.5), (1.5,0.5), (1,6), (2,6), and (1.5,0.5), respectively.
Parameters: (a) e = 1,a9 = 1.3,a1 =2,byg = =2,b; = 13,¢c0 = 1.2,¢1 =1.5,dy = -3,d; = 1.1,
r=0.25k=10,e; =0.03,g =04,0 =2, N =10.(e) e =20,a90 =4,a; = 1,bg = 1.1,b; =3,
co=10,c; = —-4,dy=39,d; =3,r =05,k =4.7,¢1 =0.1,g =0.1,0 = 3, N = 6. The parameters
of (b), (c), and (d) are identical to those of Fig. 1

the initial stock of resources is abundant. When the initial stock of resources is low,
cooperators have a more favorable chance to survive and reproduce. No matter what
the initial density of cooperators is, cooperators can eventually survive after evolution.
The developmental advantage of a cooperator depends on the initial density of coop-
erators if the initial reserve of resources is large. If the initial density of cooperators
is high, then cooperators can have the opportunity to grow and prosper or even dom-
inate the entire population. Choosing the same parameters, differences in the initial
state of cooperators and resource reserves yield numerous and varied evolutionary
outcomes. In addition, even if the initial density of the population’s cooperators and
the initial reserves of resources remain consistent, alterations in factors such as pay-
offs, environmental growth rates, and player densities can bring diverse evolutionary
outcomes.

3.3 Bifurcation analysis

Next, we explore the transcritical and Hopf bifurcations of system (2.5). The right
hand side of system (2.5) is defined as G and G», respectively.

(I) The eigenvalues of J; are zero and e(r — Ne1) when ¢y = ag. The eigenvectors of
Ji and JIT regarding eigenvalue zero are V| = (1, 07 and Wy = (1,0)7, respectively.
Then, we have
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Fig. 3 Multistability of the temporal system (2.5). The phase portraits present a variety of multistability,
including three kinds of bistability and two kinds of tristability. The red dots and blue dots indicate stable
and unstable equilibria, respectively. Magenta, green, brown, and purple curves from different initial values
eventually converge to distinct stable equilibria. The black curve separates the u — n phase plane into three,
four, or five regions. Parameters: (a) e = 2,a90 =4,a1 =2.9,bg =2,b) =3,c0 =2.4,c1 =3,dy = 1.7,
d=2,r=0.6,k=5,e=02,g=0.6,0=2,N=5.(b)e =1,a90=1,a; =-2,byp =3,b) =4,
co=2,c1=5dy=1,d1=14,r=02,k=6,¢, =01,8=04,0=3, N=5.(c)e=1,a90 = —1,
ay =2,bp=-2,by =13,c0=12,c1 =15,dy=-3,di =1.1,r =04,k =3,¢1 =0.3,g =04,
6 =2, N = 4. The parameters of (d) and (e) coincide with those of Fig. 2(a) and Fig. 1, respectively

u?(N—u)(n—06) 0
Gco(El;a0)= N2 = <O>»
0
(E1;ag)
QuN—=3u*)(n—0) u>N—u3 1 0
DGy (Er;ap)Vi = N2 N2 ( ) = < )
’ 0 0 0/ Eriay  \9

ozZle

(2N —6u)(n—>0)
D*G(Ey; ap)(V1, V1) ( v ) =( )
(Ey;a0)

Furthermore,
T 0
Wi Gey(Er; ap) = (1,0) 0)= 0,
W DGy (E1; ag)Vi = (1,0) (g) =0 #0,
4 4
T 2 . _ N |- _
Wi D“G(E1; ap)(V1, Vi) = (1,0) ( 0 > =¥ # 0.
Thus, system (2.5) experiences transcritical bifurcation at E1(N, 0) when ¢y = ag.
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(II) When r = 7, the eigenvalues of J, are w and zero. The eigenvectors of
J> and J2T with respect to eigenvalue zero are

Vy = (1’ Oua(co — ao)>T’
Nys

Wa =(0, DT,
where

_ N(do — bo)(ap — Co)(
 (ap — co — by + do)?

V4 (c1 —d1)(ag — co) + (a1 — c1)(dy — bp)).

We then derive that

- 0 0
Grifair) = (8” (1- %))(Ez;F) N (O> ’

- 0 0 1 0
DG, (Ey; 7)o = 0e (1 _ 2_n) Qup (co—ag) =\ eQuz(co—ag) | >
k Ny ) (B Nra

0
DZG(E2§ P (Va, Vo) = (_2692(00—6‘0)21,{% ) .
kN2y}

Further,

W1 G, (Ex; 7) = (0, 1) <8) =0,

. 0 ebua(co — ap)
W) DG, (Ey; 7)Va = (0, 1) <geu2<co_a0> ) =
Nys Nys

# 0,

0 2660%(ag — co)*u?
WID?G(Ey; 7)(Va, Va) = (0, 1) | 266%(a0-c0)®d | = _2e07(ao — co)uy 5 20) 2 £,
- kN2V42 kN '}/4

.. . . N (dy—b
Hence, the transcritical bifurcation occurs at E; (%, O) of system (2.5).
(1) If d; = d,, then —er and zero are eigenvalues of J3. After calculations, V3 =
(1, (g;kTell)r) and W3 = (1, O)T are the eigenvectors of J3 and J3T , respectively. Then,
we obtain

- l,m(Nfu)2 0
Gy (E3; dy) = N? :(O>’
0 -
(E33d1)

_ (N=)@Bu=N)n —u(N—u)® 1 —k
DGy, (E3;d)Vs = Nz N kel - < 0 )
0 0 rGED J (pydpy
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~ 4uN—3u?—N? 2N%ke
D*G(E3; dy)(V3, V3) = n(4N —6u) +2 ‘r(gk+1) 4kN + s )
0 0
(E3;dy)

Moreover,
W{ G4 (E3:d)) = (1.0) ( )

W3 DGdl(E3,d1)V3 =(1,0) ( k) =—k #0,

s 4kN 4 2Nker 2N2ke,
WID2G(Es; dy)(V3, V3) = (1,0 @k+Dr | =4kN + ———— #0
3 (E3;d1)(V3, V3) = ( )( 0 @kt Dr i

Therefore, a transcritical bifurcation emerges at E3(0, k) wl}en d = cil.

(IV) Consider 0 as the bifurcation parameter and let & = 6. Then the characteristic

e (e +12(k—2n))r—Newk) Vi — (1 ein}k(gn}+1) )T
k(gnj +1)2 * (gny +1)2(k—2nf)r—Neik

and Wy = (1,0)7 are selected as the eigenvectors of J; and J4T . Some calculations

roots of J4 are 0 and -

yield
u(u N)
N (dy — by yau 0
Go(ES:0) = ( (0 0) — V2 )) :(O)’
(Ef:0)
1
2 2
DGk} )1y = (PN —IOFN Qu=N) o~ bo>o>( T )
(gnI+1)2(k—2nI)r—Nelk (EF:0)

(-

=<
((co - ao)N2>
-

D2G(E}: 6)(Va, V. 295 (N — 3u) + 2N(dy — bo)) _ (2N(c0 —ap— m) .
(Ef:0)

0

Then,
W) Go(E]:0) = (1,0)( ) -0,
—k

WIDGe(ES; o)V, = (1, 0)< ) =—k #0,

T 02+ 5 _ 4kN + 2N kel \ 2N2ke;

W, D°G(E;;0)(V4, V4) = (1,0) ( O<gk+1) ) =4kN + —(gk+ Dr #0
Therefore, we conclude that a transcritical bifurcation arises at EI (N, ”D for the
system (2.5) when 6 = 6.

(V) Choose ¢ as the bifurcation parameter. If ¢ = & and §7 > 0, then Det(J*) > 0
and Tr(J*) = 0. In this case, the characteristic roots of (A.1) are i /Det(J*) and
—i+/Det(J*). Calculations yield
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(dReX) <1 Zn*) eju* 40
=r|ll—-— ) — .
de ) o—g 2=iyDei7 k (gn* +1)?

Hopf bifurcation occurs at E*(u*, n*) because the transversality condition is satisfied.
Accordingly, we have Theorem 3.2 as follows.

Theorem 3.2

(I) A transcritical bifurcation appears at E1(N, 0) if co = ap.

(II) A transcritical bifurcation appears at E; (%, 0) ifr=r.

(I1) A transcritical bifurcation appears at E3(0, k) if d = d, .
(IV) A transcritical bifurcation appears at EZ' (N, n;f) ifo =6.
(V) A Hopf bifurcation appears at E*(u*, n*) if e = € and 87 > 0.

The dynamical properties, including stability and bifurcation of the temporal system
(2.5), are presented in Table 2.

Remark 3.1 Substituting ¢ = 0 into the Holling II functional response system (2.5)
yields the following linear consumption system:

du u
m :m(N—u)[((dl —dy—ag+ay —by +by+co—cr)u

+N(dp — dy — bo + b1))n — 0((bo + co — do — ap)u + N(dp — bp))],
d
d_’Z =¢ (rn (1 — %) — elnu) .
(3.4)

We denote the equilibria of system (3.4) as Eq(0, 0), E (N, 0), Ej ( 724522, 0)),

ap+do—bo—cop’
E;(O, k), E; (N, w> and EY (u}, n%). The specific forms of u’ and n’ are
—83+,/82 448,84 k—n . , _ .
nk = # and u’ = r(k—;i), respectively. E, (N , M) exists when
r > Nej. Define

k —n* k —n*
o Tk k)

' kN 'Y kN
’ k — N ~ r k — 2I’l/
b, K= Ney g rk=2np)
r ek
- 0(co—ap) o kul (N —ul)(Oy2 — yink)
) = ————— +a0 —C0+Cl, € = —>—— - ;
ny N2[2n% — k)r + ulerk]
~ (ap —ai —co + cl)n, ,
6 = 1.8y = (Nerys — yir)k — 0rya,
ag — co
;U (N —ut) / 2n%
by = (b —yin}), Sg=r (== — 1) +ewul,
N k
! * 2nj: * * *
=00 —yin) (r|1- r ) T + (viul + Nys)eins.
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The positive equilibrium E% (u% , n% ) exists if any of the following conditions hold.
(H6): y1 > 0,8, < 0,87 +4884 > 0,e1 > ef ,and k > n*.

H7): y1 > 0, 8,3 >0,84 >0,e; > ef', and k > n’.

(H8): y1 <0, 8; > 0, 8;2 + 487284 > 0,84 > 0, €1 > ef, and k > n?.

Similarly, E* (u* , n*) exists under any of the following conditions.

(H9): y1 > 0,8, < 0,87 +4884 > 0,84 <0, > e, and k > n*.

(H10): y; < 0,8, > 0,87 + 48284 > 0,1 > e, and k > n*.

(HI1): y; <0,8; < 0,84 <0, > ey, and k > n*.

By applying similar analytical techniques as utilized for system (2.5), we derive the
conditions for the existence of the equilibria , stability, and bifurcation for system
(3.4), as summarized in Table 3.

Comparing Tables 2 and 3 reveals that the nonlinear saturated functional response
significantly influences the non-spatial dynamics of the system, leading to a richer
set of dynamical behaviors. In the linear depletion system (3.4), at most four bound-
ary equilibria can exist, whereas in the system with a nonlinear saturated functional
response (2.5), up to five boundary equilibria are possible. Theoretically, system (3.4)
can exhibit up to two interior equilibria, while system (2.5) can support up to three.
Some of the boundary equilibrium expressions and all of the interior equilibrium
expressions differ between the two systems, indicating that the nonlinear saturated
functional response alters the evolutionary trajectories of both strategies and resources.
Specifically, the inclusion of a nonlinear saturation effect introduces additional equi-
librium configurations, thus expanding the range of potential evolutionary outcomes.
Moreover, the nonlinear saturated functional response modifies the conditions for the
existence, stability, and bifurcation of equilibria. This suggests that even when start-
ing from identical initial conditions, the evolutionary trajectories of cooperation may
diverge, ultimately leading to different long-term outcomes.

The system (3.4) incorporating a linear depletion term exhibits richer dynamical
behavior than the model of Tilman et al. Specifically, system (3.4) can admit up to
four boundary equilibria, exceeding the two boundary equilibria possible in the frame-
work proposed by Tilman et al. (2020). From a mathematical analysis perspective, we
explicitly derive the conditions for both transcritical and Hopf bifurcations, which are
not addressed in the framework of Tilman et al. (2020). Moreover, the number of tran-
scritical bifurcations associated with boundary equilibria is greater than that reported
in previous studies. Consequently, even in the case g = 0, the system (3.4) with a
linear depletion term allows for a wider range of potential evolutionary outcomes for
both strategies and environmental resources.

The Hopf bifurcation for the system (2.5) exists, but the stability and direction
concerning the Hopf bifurcation are still unknown. In order to ascertain the stability
of the evolutionary direction and the final evolutionary outcome of the cooperators
due to the relative timescale, the direction of the Hopf bifurcation and the stability of
the periodic solution are investigated in the Appendix B. Based on this analysis, we
obtain Theorem 3.3 as follows.

Theorem 3.3 (1) If&1(8) < 0(&1(8) > 0), then the periodic solution is stable (unsta-
ble).
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Fig.4 Existence and stability of equilibria, Hopf bifurcations, and transcritical bifurcations related to €, N,
ay, by, cg, by, r,dy, and 6 of the temporal system (2.5). The densities of the cooperators are depicted as red,
blue, green, magenta, cyan, brown, and yellow curves for E1, E7, E3, E4_, EI, E* and E T, respectively.
The solid and dotted curves represent stable equilibria and saddle points, respectively. Dash-dotted curves are
unstable focuses or nodes. TB and HB denote transcritical bifurcations and Hopf bifurcations, respectively,
marked with black dots. Thresholds for the occurrence of transcritical bifurcations and Hopf bifurcations
are indicated by black dash-dotted lines. The critical values corresponding to Theorem 3.2 for transcritical
and Hopf bifurcations are calculated to be ¢g = 4, 7 = 0.5, 31 = 3.0128, H = 275, and ¢ = 0.9575.
The intervals in which the system appears to be bistable are by € (5.1, 10), rg € (0.5, 1), ¢g € (0.9, 4),
r € (0,0.5),and 6 € (270, 275). Parameters: ¢ = 2, a1 = l,ag = 4,bg = 1.1,b1 =2,¢c9 = 10,c1 = —4,
dy=39,dy =3, r=05k=47,e; =0.1,g =0.1,0 =3, N = 30. (g) dg = —0.1 and remaining
parameters are the same as above

() If I' > 0 (I" < 0), then the Hopf bifurcation is supercritical (subcritical).

Evolutionary results for the density of cooperators exhibit diverse trends with
respect to the parameters ¢, N, ay, b, co, b1, r, di, and 6 (see Fig. 4). These out-
comes are not solely determined by any single parameter. In Fig. 5, we further analyze
the joint effects of multiple parameters on the evolutionary outcomes. Diverse evo-
lutionary outcomes arise from the combined influence of multiple factors rather than
from a single parameter alone. Fig. 4(a) illuminates the effect of the relative timescale
on evolution. The relative timescale does not affect the stability of E1 and E3, which
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are always unstable nodes and saddle points, respectively. When the relative time
scale lies in the interval (0,0.9575), the internal equilibrium E* is unstable, and peri-
odic solutions appear, as explained in detail in Figs. 6(a) and 7(b)(f). In this case,
the cycle of cooperators and defectors prevails. In Fig. 7(f), the blue curve evolving
from the inside and the magenta curve evolving from the outside eventually converge
to the green closed curve, indicating that the periodic solution is stable. Regardless
of the initial density of cooperators, the exact final evolutionary outcome is a cyclic
oscillation of cooperators and defectors. System (2.5) remains stable at E* when
the relative timescale exceeds the threshold value of 0.9575. Furthermore, relative
timescales larger than the threshold do not affect the evolutionary consequences, with
stable coexistence of cooperators and defectors.

Fig. 4(b) demonstrates the relationship between the density of players in the popula-
tion and the density of cooperators. The transcritical bifurcation and Hopf bifurcation
occur at N = 3.7925 and N = 25.7890, respectively. Variations in player density will
not change the fact that E3 is a saddle point. The density of cooperators rises with
player density when player density is limited to a lower level. Once the player density
exceeds the threshold for transcritical bifurcation, the system undergoes a periodic
solution, with cooperators and defectors coexisting in oscillation. Cooperators and
defectors coexist stably as N lies in the interval (25.7890,30). Notice that the increase
in player density is detrimental to the existence of cooperators if the player density
exceeds the critical value of the transcritical bifurcation.

Fig. 4(c)-(g) examine the role of payoffs from players’ encounters on the evolution
of cooperators. Whether in rich or poor resources, there will be some benefit to the
cooperator in terms of an increase in the cooperator’s earnings when the cooperator
meets other players. When cooperators meet, the density of cooperators increases as
the cooperators’ payoffs aj increase cooperators’ density increases. When a is greater
than its threshold, a stable periodic solution emerges and cooperators and defectors
cycle to dominate the population. Surprisingly, increasing the payoffs of cooperators
does not necessarily always promote their survival, but instead may even lead to their
extinction. When a cooperator meets a defector in an abundance of resources, the
cooperator will become extinct if its payoff is relatively small. Further enhancing
the payoffs of the cooperators, the cooperators can survive when b; is greater than
the transcritical bifurcation threshold of 1.9872. The Hopf bifurcation arises at by =
4.5154. Periodic solutions appear, and cooperators and defectors oscillate to coexist
when by exceeds the critical value of its Hopf bifurcation. The blue curve from the
inside and the magenta curve from the outside ultimately tend to a green curve, which
indicates that the periodic solution is stable. If the cooperator’s payoff bg is small,
the cooperator and defector oscillations coexist and show a decreasing trend as by
increases. The Hopf bifurcation and the transcritical bifurcation emerge at by = 0.95
and by = 5.1, respectively. The bistability phenomenon, i.e., the fact that both E3
and E; are stable, exists in the interval by € (5.1, 10). On this occasion, the initial
density of cooperators has a decisive influence on whether the cooperators survive or
perish. If the initial density of the cooperators is not appropriate, even if it increases
the cooperator’s payoff by, then the choice of cooperative strategy is not attractive to
the player, and the cooperators eventually become extinct. The Hopf bifurcation and
the transcritical bifurcation appears at d; = 0.4846 and d; = 3.0128, respectively.
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Fig.5 The combination of parameters in the payoff matrix, that is, incentive parameters A1, Ap, 77, and
7>, induces bistability, transcritical bifurcations, and Hopf bifurcations. The densities of the cooperators
are depicted as red, blue, green, brown, and yellow curves for E, E», E3, E*, and E i* respectively. The
solid and dotted curves represent stable equilibria and saddle points, respectively. Dash-dotted curves are
unstable focuses or nodes. TB and HB denote transcritical bifurcations and Hopf bifurcations, respectively,
marked with black dots. Thresholds for the occurrence of transcritical bifurcations and Hopf bifurcations
are indicated by black dash-dotted lines. Transcritical bifurcations and Hopf bifurcations occur at A| =
—3.0384, A1 =4.5462, Ay = 18.3573, 71 = —9.5, 72 = —3.6,and 7 = 8.2941. The intervals in which
the system (2.5) appears to be bistable are 77 € (—9.5,0) and 73 € (—30, —3.6). Parameters: ¢ = 2,
aj=1,by=1.1,b1 =2,¢0=10,r =05,k =4.7,¢1 =0.1,g=0.1,6 =3, N =30
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Fig.6 Hopf bifurcation diagram of the temporal system (2.5) regarding ¢, a1, and dy.. (a) System is unstable
ife € (0,0.9575) and is stable if ¢ > 0.9575. Hopf bifurcation occurs at ¢ = & = 0.9575. (b) The system is
stable when a; < 2.1191. If a; € (2.1191, 4), then the periodic solution appears and the system becomes
unstable. Hopf bifurcation appears if a; = 2.1191. (c) Hopf bifurcation emerges when d; = 0.4846. The
system is stable when d lies in interval (0,0.4846) and is unstable when d lies in interval (0.4846,2)

Unsurprisingly, increasing the payoffs of defectors can reduce the chances of survival
or even lead to the extinction of cooperators when defectors encounter each other.
The transcritical bifurcation emerges when c¢op = 4. The phenomenon of bistability,
i.e., E; and E* are stable, appears when cq lies in the interval (0,4). The initial state
of the cooperator determines whether the cooperator will monopolize the population
or coexist with defectors. Surprisingly, increasing the payoffs of the defectors instead
favors the cooperators when cq exceeds the critical value of the transcritical bifurcation.

Three types of bistability phenomena emerge in Fig. 4(h) and (i). E3 and E, are
stable when r € (0, 0.5). The transition of stability from E, to E* is at r = 0.5,
after which E* and E3 are stable simultaneously. EZ“ and E3 are stable if 0 is in the
interval (270,275). The initial choice of strategy made by the players in the population
determines whether the cooperators survive or become extinct. Large growth rates
favor the viability of cooperators.

Fig. 5 illustrates the impact of incentives on the evolutionary outcomes of coop-
eration. In Fig. 5(a), transcritical and Hopf bifurcations occur at A; = —3.0384 and
A1 = 4.5462, respectively. When the incentive A is less than —3.0384, cooperation
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Fig. 7 Temporal evolution of resources and cooperators (first row), as well as the corresponding phase
trajectories (second row). (a), (€) E* is stable. (b),(f) & = 0.84, a stable periodic solution occurs near E*.
(¢), (g) The choice of a; = 3 leads to E* being unstable and a stable periodic solution emerging. (d), (h)
Choosing d| = 1.5 yields a stable periodic solution arising around E*

is not attractive to players, and no individuals in the population choose to cooperate. As
the incentive increases, enthusiasm for cooperation is stimulated, leading to oscillatory
coexistence between cooperators and defectors. When A exceeds the Hopf bifurca-
tion threshold, oscillations disappear and a stable coexistence of strategies emerges. In
Fig. 5(b), a Hopf bifurcation arises at Ay = 18.3573. As A, increases, the incentive
for cooperation grows stronger, resulting in an upward trend in the density of coopera-
tors. The elevation of A and A, serves to facilitate the mobilization of players toward
cooperation. In Fig. 5(c), when 7" lies within the interval (—=9.5, 0), both E| and E*
are stable, and the evolutionary outcome depends on the initial condition. A trans-
critical bifurcation occurs at 77 = 0. When 77 is small (i.e., negative), cooperators
dominate the entire population. As 77 increases, defectors emerge and the coopera-
tion level declines sharply. In particular, when 77 is negative, cooperators are more
likely to dominate; when 77 is positive, the chance for cooperation to persist becomes
minimal. In Fig. 5(d), both E» and E3 are stable when 73 is in the range (—30, —3.6).
Transcritical bifurcations occur at 7, = —3.6 and 7> = 8.2941. Overall, increasing
71 or 7> tends to undermine the prevalence of cooperation.

Fig. 8 explores the combined effects of various parameters on the density of cooper-
ators and the stock of resources. In this analysis, cooperators interact in environments
with both poor and rich resources, allowing us to contrast how changes in coopera-
tor payoffs in these differing resource conditions impact their density and resource
availability (Fig. 8(a)-(d)). The results show that cooperator payoffs have a more pro-
nounced effect in resource-rich environments compared to resource-poor ones. This
is evident in the vertical changes in cooperator density, which are more significant
than the horizontal shifts. When the parameter aj—-representing cooperator payofts
in resource-rich environments—is initially small, even a slight increase in a; leads to
a steady rise in cooperator density. As aj increases further, we observe a transition
between Region I and Region II, indicating a shift from stable to unstable equilibria
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(E4). In resource-rich environments, cooperators benefit from high payoffs, enabling
them to achieve higher densities. However, this increase in density does not prevent
the periodic extinction of cooperators, suggesting that other factors continue to drive
fluctuations in their population. Interestingly, when a; remains constrained to lower
values, increasing the payoffs for cooperators in resource-poor environments unex-
pectedly reduces their density. In this context, cooperators become more efficient at
capturing resources, which leads to an abundance of supplies. This resource surplus,
in turn, causes players to become more inert, increasing the likelihood that they will
switch to a defection strategy. As aresult, the population experiences arise in defection,
and cooperation becomes less favorable.

The effects of cooperators’ payoffs during encounters between cooperators and
defectors on the evolution of cooperation across different resource abundance levels
are depicted in Fig. 8(e)-(h). When the payoff parameter bj—which represents the
payoffs from encounters in resource-rich environments—is small, neither adjusting the
value of b nor by (the payoff from encounters in resource-poor environments) alters
the outcome that cooperators will eventually go extinct. However, when the payoffs for
cooperators encountering defectors in rich resources are moderately increased, cooper-
ators can periodically reach maximum density, temporarily boosting their population.
Yet, an uncontrolled increase in these payoffs paradoxically results in a decline in
cooperator density, which hampers their ability to reproduce and maintain their pres-
ence in the population. Interestingly, when the value of b; is kept moderate, increasing
bo-the payoff for cooperators encountering defectors in resource-poor environment—
leads to a reduction in cooperator density. This suggests that in poor resource settings,
raising cooperators’ payoffs does not promote cooperation, as the scarcity of resources
makes it more costly for cooperators to access and utilize these resources. Even when
cooperators’ earnings increase in these conditions, the overall resource limitation dis-
courages players from adopting cooperative strategies, as the benefits do not outweigh
the challenges posed by resource scarcity.

InFig. 8(i)-(1), we investigate the role of defector payoffs during encounters between
defectors and their impact on the evolution of cooperation. When the payoff parameter
dj—-representing the payoffs from defector encounters in resource—rich environments—
remains high, changing the values of by or b (payoffs from cooperators encountering
defectors in resource-poor or rich environments, respectively) does not affect the even-
tual extinction of cooperators. However, increasing the payoffs for defectors leads to
an initial decline in cooperator density, followed by a cyclical turnover between coop-
erators and defectors. While cooperators are unable to escape periodic extinction, their
population can reach increasingly higher densities as long as d; remains small and
fixed. This cyclical dynamic highlights that, even in the face of fluctuating popula-
tions, cooperators can periodically recover, albeit temporarily. Interestingly, reducing
the payoffs from defector-defector encounters, whether in resource-rich or resource-
poor environments, encourages players to adopt cooperative strategies. By diminishing
the rewards for defectors in these encounters, the system creates incentives for cooper-
ation to persist, thereby promoting the long-term continuation of cooperative behavior
within the population. This suggests that lowering defector payoffs can effectively
shift the balance towards cooperation, even in resource-scarce conditions.
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In Fig. 8(m)-(p), we examine the roles of the resource growth rate and resource
consumption rate on the evolution of cooperators. Region I, which occupies a signif-
icantly larger area than Region III, highlights the dominant influence of the resource
consumption rate over the resource growth rate in shaping the evolutionary dynamics
of cooperation. Regardless of how the resource growth rate is adjusted, cooperators
are driven toward extinction when the resource consumption rate is high. In con-
trast, cooperators can reach and maintain high densities only when the consumption
or depletion rate of resources is relatively low. Under these conditions, cooperators
can avoid periodic extinction and persist in the population. The results suggest that
small resource consumption rates, combined with high resource growth rates, create
favorable conditions for the spread of cooperative strategies. These conditions enable
cooperators to thrive and maintain large population densities, ensuring the sustainabil-
ity of cooperative behavior over time.

In Fig. 8(q) and (r), the system reaches a stable positive equilibrium, where coop-
erators and defectors coexist. In scenarios where defectors and cooperators interact in
resource-abundant environments, reducing the payoffs for defectors has the effect of
energizing cooperators, boosting their density. Interestingly, in environments with
moderate resource scarcity, increasing defector payoffs unexpectedly leads to an
increase in cooperator density. As resources become more limited, the population faces
a shortage of necessary supplies for survival and reproduction. This scarcity triggers
a survival instinct among players, motivating more individuals to adopt cooperative
strategies to collectively replenish resources. Additionally, small improvements in
player density further support the prevalence of cooperators. However, slight changes
in payoff factors do not significantly alter the overall evolutionary outcomes, suggest-
ing that certain key parameters, such as player density and resource availability, play
a more crucial role in determining the dynamics between cooperators and defectors.

The effects of player density and baseline payoffs on the evolutionary outcomes of
cooperator density and resource stock are revealed in Fig. 8(s) and (t). The density of
cooperators is positively facilitated by the density of players if baseline payoffs are kept
small. In this case, whatever the value of the baseline payoff is taken does not shake
the final evolution of the cooperators and resources. Cooperators eventually become
extinct once baseline payoffs are limited to large values. No amount of changing player
density and baseline payoffs is going to change the fact that defectors fill the population.
Small baseline payoffs and large player densities favorably motivate players to choose
to cooperate.

Predicting the outcome of evolution by consulting only a single factor is limiting,
and it is crucial to consider the effect of parameter interactions on evolution. In some
cases, small payoffs of cooperators and defectors contribute to the survival of coop-
erators. In region I, small ag and b help cooperators from extinction if the values of
aj and b are kept constant. Similarly, lowering c1 helps cooperators survive if cq is
held constant. There are also cases where large payoffs in cooperators and defectors
facilitate the attainment of high densities by cooperators, although the cooperators are
unable to avoid periodic extinctions. In Region II, keeping a( constant, an increase in
aj can assist cooperators in reaching high densities, and defectors can also periodi-
cally dominate the population (Fig. 8(a)-(d)). In Region II of Fig. 8(i)-(1), increasing dy
leads to a density of cooperators that can be gradually maximized when d; maintains
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Fig.8 Multiple evolutionary outcomes for resources and cooperators triggered by two-dimensional param-
eters. (a)-(p) Regions I, II, and Il indicate stable E*, unstable E*, and stable E3, respectively. E* is unstable
and periodic solutions occur in region II. Region II in the first and third columns denotes the maximum
values of cooperator density and resource stock after a long evolutionary period, respectively. Region II
in the second and fourth columns corresponds to the minimum values of cooperator density and resource
stock, respectively. (q), (r) E* is stable. (s),(t) Regions I and II correspond to the basins of attraction for
EI and E3, respectively

a moderate value. Notably, sometimes, changing player payoffs does not have any
effect on evolutionary outcomes. In Region III, whether varying cooperators’ payoffs
or defectors’ payoffs in poor or rich resources, cooperators eventually become extinct.
Raising the payoffs of cooperators and lowering the payoffs of defectors does not
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Fig.9 Turing-Hopf bifurcation 1.5
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Fig. 10 Evolution of cooperators and resources with space x and time ¢. The steady state E* is stable
when ¢ = 2 > &* = 0.9141. The initial conditions are u(x,0) = 0.4326 + 0.01sinx and n(x,0) =
4.4180 + 0.01sinx

always boost the density of cooperators and, in some cases, discourages players from
choosing a cooperative strategy.

4 Dynamics of diffusion system (2.6)

In this section, we explore spatial dynamical properties including local stability, Hopf
bifurcation and Turing instability for the diffusion system (2.6). Note that we assume
that cooperators perform unbiased diffusion in a two-dimensional spatial domain. A
derivation of the resulting Fickian diffusion term under constant density is provided
in Appendix C.

4.1 Local stability
Obviously, the equilibria Eo(0,0), E1(N,0), Ez (u2,0), E3(0,k), EJ (N,n}),

E} (N, ny),and E*(u*, n*) of the temporal system (2.5) also satisfy the spatial sys-
tem (2.6). We consider a two-dimensional domain £2 defined as {x = (x, y)|0 < x <
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Fig. 11 Evolution of cooperators and resources with space x and time z. Spatially homogeneous periodic
solution appears when ¢ = 0.9 < ¢* = 0.9141. The initial conditions are u(x, 0) = 0.4326 + 0.01sinx
and n(x, 0) = 4.4180 + 0.01sinx

M,0 < y < M} whose boundary is d2. Then,

V2V+m2V, X e $2,
A"
— =0, X € 952,
an

has eigenfunctions
STTX VY 5 ) 52 v2
V(X)) = H‘Y,Ucosvcosv, m* =7’ —+— ),

where X = (x,y), s and v are integers, and Hy , is a Fourier coefficient. For the
system (2.6), the stability of the constant steady states E((0, 0), E1(N, 0), E> (u2, 0),
E3(0,k), Ef (N,n}), E; (N,n}),and E*(u*, n*) is summarized with the following
theorem.

Theorem 4.1 (1) The steady state Eo(0, 0) is always spatially unstable.
(Il) The steady state E1(N,0) is spatially stable if co < ag and r < Ney; while
E1(N,0) is spatially unstable if co > ag orr > Nej.
(II1) The steady state E> (u3,0) is spatially stable if ay < co and r < F; while
E (N, 0) is spatially unstable if ay > co orr > r.
(IV) The steady state E3(0, k) is spatially stable if di > di; E3(0,k) is spatially
unstable if di < d].
(V) The steady state EZ'(N, nI) is spatially stable if ai > a, and N > N; while
EI(N, nj{) is spatially unstable if a; < d; or N < N.
(VI) The steady state E, (N, ny ) is spatially stable if ay > a and N > N while
E, (N,ny ) is spatially unstable if a1 < ajyor N < N.
(VII) The steady state E*(u*, n*) is spatially stable if 85 < 0, 8¢ > 0, and §7 > 0.

Proof See Appendix D. O
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Fig. 12 Evolution of cooperators and resources with space x and time 7. Spatially heterogeneous periodic
solutions appear

4.2 Turing instability

Next, we derive the conditions under which the steady state E*(u*, n*) of (D.3)
is destabilized due to heterogeneous perturbations of small amplitudes in the two-
dimensional square domain £2. For this purpose, we assume that the conditions in
Theorem 3.1 (VII) that allow the equilibrium E*(u*, m*) to be stable hold. For the
non-zero wavenumber m, Turing instability can only arise for 1’)‘&(,”2) < 0 since
"fr(mz) < 0 holds. For convenience, define

¥ (m?) := Det(m?) = dydym®* — (11dy + jood)m® + ji1jo2 — jorj1a. (4.1)

The equilibrium E*(u*, n*) of system (2.5) is stable, hence Det(J*) = jjij2 —
J21j12 > 0. According to (4.1), 1//(m2) < 0 s possible if

w (dy, dw) = j11dy + jood, > 0. 4.2)

According to (4.2) and Tr(J*) = ji1 + j22 < 0, one can know that d,, # d,, and

Ji1j22 < 0. We have jj» > 0 since Det(J*) = ji1j22 — j21j12 > Oand jp; < 0. The

minimum value of w(mz) at miﬁn is

Goz = ja1jin)?
4d,d,,

Hgﬂ Y(m?) = ji1j2 — 112 —

El

where ) )
2 Judp + jady

mmin - 2dudv

According to min ¥ (m?) = 0, we have
m

(j11dn + joody)?

4d,d, = Ji11J22 — J21J12-
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Let

T (du, dy) =(j11dy + joody)* — 4dydi (11 j22 — jo1j12)
=j}{d? + j5d2 4+ 22j12ja1 — ji1j22)dudy.

Denote ¢ = Z—Z, then we have
Y (dy. dn) = j1i0* +2Qj12j21 — juja2)e + j3 =0.
According to @ (d,, dy,) = 0, we obtain

j2 b

Jit

Since ji» > 0, j»; < 0, and Det(J*) > 0, we obtain
4Q2j12jo1 — j11j22)* — 4jf % = 16j21 12021 ji2 — ji1jaz) > 0.

Therefore, the equation 7" (g,, d,) = 0 has the following two positive roots

Ji1j22 — 2j12ja1 + \/(2j12j21 — jnin)? = jhin
$1 = ) ’
Ji1

Juj22 — 21221 — \/(21'12]'21 — jnj2)? = ji ik

2
Ji1

P2 =

Obviously,
0<@<o® <ol

We know that min w(mz) < 0and w(dy,dy) > 0 when ¢ = an > ¢1. Thus, the
m u

steady state E*(u™*, n*) is spatially unstable which means that Turing instability arises.
Let d; = d,¢. and then the critical wavenumber is given by

m — Jo2dy + juid;
¢ 2d,ds

Thus, we obtain the following Theorem 4.2

Theorem 4.2 Assume that e8¢ > 85 and 87 > 0. Turing instability driven by diffusion
occurs near the steady state E*(u*, n*) if ¢ = Z—Z > 1.
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Fig. 13 Dependence of cooperator density and resource stock on relative timescales for system (2.6). When
the value of ¢ falls within the intervals indicated by the blue curve and the red line, respectively, system (2.6)
exhibits periodic solutions and remains spatially stable. Hopf bifurcation occurs when ¢ = ¢* = 0.9141

4.3 Hopf bifurcation
If ﬂ(mz) =0and ﬁgt(mz) > 0, then (D.3) has pure imaginary roots. Denote

(dy + dy )m2
86 '

e*f=¢&—

If ¢ = &%, then Tr(m?) = 0. One can see that £*8¢ > ji1d, enables (d,j11 +
J22dy )|8 —¢+ < 0. Further, §7 > 0 such that Det(.]*)lg =+ = J11j22 — J12j21 > 0.
Hence, Det(m Ve=ex > 0if £*8¢ > j11d, and 87 > 0. From (D.3), we have

R da 1 n* eju* £0
ec| — =7r _— — _——_—
de |, 2k 2(1 + gn*)?

The Hopf bifurcation appears at ¢ = &* because the transversality condition holds.
Therefore, we have the following theorem.

Theorem 4.3 The system (2.6) undergoes Hopf bifurcation at ¢ = €* if €*8¢ > ji1d,
and §7 > 0.

4.4 Turing-Hopf bifurcation

Next we we investigate the existence of the Turing-Hopf bifurcation. Denote

* * *
n

2n
= 1—— s =, = —
va=r( 3 )s Vs e + 12 Y6 T+ gn*

, Y7 = judy + eyady — j11€ya.
Setting Det(m?) =0 yields
dydym® — (jr1dy + e(ys — erys)d)m* + jiie(ya — e1ys) + jrze1yes = 0. (4.3)
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If dyd, > y7 and y6 > Vﬁ(f]+

11—1)’ then the Hopf bifurcation curve ¢ = &* cannot

interact with the Turing bifurcation curve. When d,d,, < y7 and y5 > W,
substituting ¢ = ¢* into (4.3) yields

(j11dy + eyady)m® — dydym* — ji1eya

. ; ,m e [l,m"],
e(dyysm® — jiys + j12ve)

er(m) =

in which

e |:jlldn + eyad, +(ndy + evad)? — 4dudnjnsy4}
N d,d, ’

and [-] is the integer part. Let
*2].

F(p) = —juieya + (idn + eyady) p — dudyp*, p € [1,m

Calculations yield f'(p) > 0 for p < p* and f'(p) < O for p > p*, where

\/d,%d,%(jm/s — j12¥6)? + dudnys(12ve(indn + va8) — jdnys)
dudn '

p* = juys—jiyst+
Let

L, if p* <1,
My = [\/F], if e (1 + [\/p>*]) < 61([\/17»*]), 1 < \/F < m*
L+ V/p*l, ifer(lyp*D) < et(1+[V/p*D. 1 < /p* <m*.

There exists p, such that e] = e(my) = ) max ej(m). Thus, the Turing-Hopf bifur-
<m<m*

cation appears at the point

(¢} e") = <(j11dn + e*yad,ym? — dydym? — ji1e*ya 8*)
P e*(dyysm2 — juys + j12ve) '

Therefore, we obtain the following Theorem 4.4.

Theorem 4.4 The system (2.6) undergoes Turing-Hopf bifurcation at (ej, &) =
(e>1|<, e*) ifdyd, < y7 and ye > %

Remark 4.1 Following a similar analytical procedure, we analyze the spatial stability
and identify the conditions for Turing-Hopf bifurcation of system (2.6) in the case
when g = 0, as summarized in Table 5. The explicit expressions of the mathematical
terms in Table 5 are presented below.

N i (N —uk)

u*(N —u*)
Jn = N2 2

(120 — inl), jip = N2 (Nys =y,
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From Tables 4 and 5, it is evident that incorporating a nonlinear saturated functional
response into the diffusion system results in significantly richer spatial dynamical
behaviors compared to a system with a linear depletion term. Firstly, the nonlinear
saturation introduces more steady states: the system with a nonlinear saturated func-
tional response can exhibit up to nine steady states, whereas the system with a linear
depletion term has at most seven. Secondly, the expressions for the positive steady
states differ substantially between the two systems, which leads to distinct evolution-
ary outcomes in terms of strategies and resource levels. Moreover, the spatial stability
conditions of the two systems are not identical. This implies that, under the same
parameter settings, the systems may exhibit divergent spatial evolutionary processes
and outcomes. Finally, the criteria for the onset of Turing-Hopf bifurcations also differ
between the two systems, indicating that even under identical parameters, the spatial
distributions of strategies and resources may vary considerably due to the form of the
functional response. Moreover, while our analysis systematically contrasts the spatial
dynamics arising from nonlinear and linear functional responses, it is also important to
place this work in the broader research context. Specifically, we investigate the dynam-
ical properties of diffusion systems with linear depletion terms, whereas Tilman et al.
(2020) primarily focused on the dynamical properties of temporal systems rather than
spatial distributions.

The Turing-Hopf bifurcation is revealed in Figs. 9-13 and the conditions for the
presence of the Turing-Hopf bifurcation are provided by Theorem 4.4. Table 4 suc-
cinctly summarizes the conditions for Turing-Hopf bifurcation and steady-state spatial
stability. The Hopf bifurcation occurs at &€ and &* for the temporal system (2.5) and
the diffusion system (2.6), respectively, which reveals that diffusion causes the Hopf
bifurcation to occur earlier, as detailed in Fig. 6(a) and Fig. 13.

The Turing and Hopf bifurcation curves delineated in Fig. 9 separate the plane into
four regions. The steady state E* depicted in Fig. 10 is ultimately spatially stable, and
the parameters adopted in the figure correspond to the region I of Fig. 9, which illus-
trates the fact that the relative timescale does not alter the final evolutionary outcome
if the relative timescale is larger than its threshold. If the values of the parameters orig-
inate from region II of Fig. 9, then the diffusion system manifests itself like a spatially
homogeneous periodic solution appearing as detailed in Fig. 11. The values of the
parameters falling in region II of Fig. 9 are consistent with the elaboration of Theorem
4.4. The diffusion system undergoes a Turing-Hopf bifurcation near the steady state
E*, and the heterogeneous periodic solutions arise, as illustrated in Fig. 12.
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Fig. 14 Spatial distribution of cooperators and resources with d;, = 0.01 (column I), d;, = 0.5 (column II),
and d;, = 1 (column IIT). The initial heterogeneous distributions are u(x, y, 0) = u* +0.01cos 22756‘ cos 22366

and n(x, y,0) = n* +0. 0lcos 2L 200 L cos 2200 , where (u*, n*) is the homogeneous steady state. The diffusion

coefficient d, = 10 and other parameters are adopted from Fig. 4
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Fig. 15 Spatial distribution of cooperators and resources with d, = 30 (column 1), d, = 60 (column II),
and d,; = 100 (column III). The diffusion coefficient d;, = 0.1 and other parameters and initial values are
identical to those in Fig. 14
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5 Pattern formation

This section further investigates the fascinating spatial distributions of cooperator
densities and resource stocks induced by diffusion, relative timescales, and other
parameters. Figs. 14-18, Fig. 20, and Fig. 23 present various stationary patterns and
interesting chaotic patterns. To compare the evolutionary results concerning cooper-
ators and resources for well-mixed and heterogeneous situations, the parameters of
Figs. 14-25 are taken from Fig. 4.

5.1 Pattern formation induced by spatial diffusion

Spatial diffusion induces Turing instability, facilitating the transition from spatially
homogeneous to heterogeneous stationary distributions of cooperators and resources.
Figs. 14 and 15 examine the influence of the diffusion coefficients d,, and d, on
the spatial distribution of cooperator density and resource stock. When the condi-
tions of Theorem 4.2 are met, varying diffusion coefficients generate intricate Turing
patterns. At lower diffusion rates, cooperators primarily form isolated spots, with
a few connected by thin stripes. Resources tend to accumulate around cooperators,
but resource availability is limited in areas directly occupied by cooperators due to
their consumption. As the diffusion coefficient of cooperators increases, they cluster
into more structured formations, such as polygons and bars. These regions are sur-
rounded by more abundant resources, indicating improved access to resources with
greater cooperator mobility. However, when the diffusion rate becomes too high, the
polygons dissolve, and cooperators become more diffusely distributed. As shown in
Fig. 19(a), the overall level of cooperation initially declines and then increases with
rising cooperator diffusion rates. This suggests that indiscriminately increasing the
diffusion rate does not necessarily promote cooperation. An optimal diffusion rate
enhances cooperator clustering and resource use, while slower diffusion encourages
the adoption of cooperative strategies.

Fig. 15 shows the diverse spatial distribution of cooperators and resources due to
different diffusion rates of resources. Cooperators exhibit a mixed pattern of speckled,
semi-annular, and annular formations when the resource spreads slowly. Large spots,
half-rings, and rings comprise the mixed pattern. As resource mobility increases, the
spatial alignment between cooperators and resources becomes more intricate. Coop-
erators tend to cluster more tightly in order to remain within effective proximity to
mobile resources. Further increasing the diffusion coefficient of the resource, cooper-
ators agglomerate to form a mixed pattern of solid irregular spots, strips, and unclosed
loops. Interestingly, the patterns of cooperators and resources are complementary,
meaning that the cooperators are located in places where resources are scarce due
to the capture of resources by the cooperators, and resources surround the coopera-
tors. Notably, as shown in Fig. 19(b), increasing the resource diffusion rate initially
promotes higher cooperator density, but excessive diffusion ultimately inhibits coop-
eration. The diffusion rate of cooperators and resources not only affects the patterns of
spots and stripes but also influences the players’ choice of strategies and the availability
of resources, thus impacting the sustainability of the population.
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Fig. 16 Spatial distribution of cooperators and resources with ¢ = 0.95 (column I), ¢ = 10 (column II),
and ¢ = 15 (column IIT). The values of d, and dj, are 0.1 and 10, respectively. The initial values and other
parameters are selected from Fig. 14

5.2 Pattern formation induced by relative timescale

In Fig. 16, we investigate the influence of relative timescales on the spatial distribu-
tions of cooperators and resource densities. When resources evolve more slowly than
cooperators (¢ < 1), cooperators form dense stripes and patches. As the cooperator
evolution rate slows relative to resources (¢ > 1), the cooperator population becomes
more diffuse, with most cooperators standing alone or forming small clusters of short
stripes. In this scenario, resource preservation improves, and cooperators exhibit a
relatively loose distribution, as shown in the third column of Fig. 16. In the temporal
model, changes in the relative timescale do not affect the ultimate outcome of cooper-
ator density and resource stock once the critical threshold is reached. However, in the
diffusion model, variations in relative timescales give rise to diverse spatial patterns of
cooperator and resource densities. Rapid resource turnover facilitates better resource
preservation, and a higher relative timescale leads to a more dispersed distribution
of cooperators. This increased spatial separation weakens cooperative clustering and
reduces access to shared resources, ultimately leading to lower cooperator densities,
in alignment with the findings in Fig. 19(c).

5.3 Pattern formation induced by player density

The effect of changes in total player density on cooperator density and resource stock
is illustrated in Fig. 17. In the first column, a portion of the cooperators form clusters in
the shape of rectangles and rounded rectangles, while another portion appears as thick
spots and thick stripes. As total player density increases, the spatial pattern transitions
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Fig. 17 Spatial distribution of cooperators and resources with N = 10 (column I), N = 15 (column II),
and N = 30 (column III). Note that the parameters and initial states for this figure and Fig. 18 are taken
from Fig. 16

from thick stripes and spots to thinner stripes and finer spots. Interestingly, while the
overall spatial arrangement of cooperators and resources remains similar, their density
magnitudes are inverted. At higher total player densities, the stripes dissipate, and
cooperators are dispersed more evenly across space, appearing primarily as isolated
spots. This pattern shift from broad stripes to fine speckles reflects the tendency of
higher total player density to induce a more spatially diffuse distribution of cooperators.
Fig. 19(d) shows that increasing total player density generally supports cooperation.
Atlow total player densities, cooperators tend to form spatial clusters, which facilitates
effective resource use. In contrast, under high player density, such spatial clustering
becomes less pronounced as cooperators are more uniformly distributed.

5.4 Pattern formation induced by growth rate of resources

In Fig. 18, we explore how varying the growth rate of resources impacts the evolu-
tion and distribution of cooperators within an ecosystem. At first, when the resource
growth rate is low, cooperators are loosely scattered, forming small, isolated patches.
Their limited aggregation results in weaker exploitation pressure on local resources.
This mild level of interaction allows resources to regenerate steadily, maintaining
a relatively stable supply. However, as the growth rate of resources increases, a
counterintuitive pattern emerges. One might expect faster regeneration to result in
a greater resource stock, yet the overall resource abundance declines. This decline
can be attributed to the adaptive spatial response of cooperators to the elevated
resource availability. As shown in Fig. 19(e), a higher resource growth rate sup-
ports a larger cooperator population, which in turn intensifies spatial exploitation.

@ Springer



Spatio-temporal evolution of cooperation: multistability, pattern... Page 41 of 61 12

200 200 200
25

150 150 150
20
100 100 15
10

50 50

5
0

0 50 100 150 200 0 50 100 150 200 0 50 100 150 200

(a) cooperators (b) cooperators (¢) cooperators

N 0
0 50 100 150 200 0 50 100 150 200 0 50 100 150 200

(d) resources (e) resources (f) resources

Fig. 18 Spatial distribution of cooperators and resources with r = 0.4 (column I), » = 0.6 (column II), and
r = 0.8 (column III)
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Fig. 19 Dependence of the aggregate level of cooperation and the resource stock on the parameters dy,, d,
&, N, and r. The blue and cyan curves indicate the spatially averaged densities of cooperators and resources,
respectively

Cooperators begin to concentrate in regions with abundant resources, leading to more
aggressive local harvesting and accelerated depletion. As the growth rate continues
to rise, the spatial distribution of cooperators further evolves. They organize into
more regular and compact structures—rectangular patches, circular clusters, and stripe-
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Fig. 20 Pattern evolution of cooperators and resources with a; = 10 (column I), a; = 12 (column II),

and a; = 15 (column III). The first row, the second row, the third row, and the fourth row show the spatial
distribution at times t = 100, r = 1000, r = 5000, and r = 10000, respectively

like arrangements—which reflect their adaptive redistribution in response to changing
environmental conditions. Interestingly, despite the intensification of exploitation, the
resources remain at a certain stock level, as the rate of regeneration eventually off-
sets some of the increase in consumption. This balance ensures the coexistence of
cooperators and renewable resources. Ultimately, increasing the resource growth rate
facilitates a more spatially organized and persistent presence of cooperators, contribut-
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Fig. 21 Chaotic behavior appears with a; = 10 at location (100,100)
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Fig. 22 Chaos induced by a; at location (100,100). The red curve means that the system (2.6) is spatially
stable. The magenta part suggests that chaos appears for the system (2.6)

ing to system-level stability through dynamic feedback between resource availability
and cooperator adaptation.

6 Chaos induced by payoffs

The influence of the payoffs a; and ¢y on the temporal and spatial evolution of coop-
erators is depicted in Figs. 20 and 23. Cooperators exhibit irregular, disorderly spatial
distributions over time, highlighting the chaotic spatiotemporal dynamics induced by
changes in a; and cp. Interestingly, in the early stages of evolution, cooperators form
spatially centrosymmetric and axisymmetric patterns. However, as the system evolves,
these patterns break down into irregular configurations, particularly in the middle and
later stages of evolution. While changes in payoff parameters do not prevent the emer-
gence of chaotic behavior, they influence the specific form of spatial distribution
among cooperators in these later stages. A comparison of different spatial distribu-
tions of cooperators at the same evolutionary stage, under varying payoff conditions,
shows that increasing payoffs during cooperator encounters in resource-rich environ-
ments leads to higher cooperator densities. When cooperators encounter each other
with small payoffs in abundant resources, the system settles into a stationary pattern,
with cooperative behavior stabilizing in space after prolonged evolution. However,
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Fig. 23 Pattern evolution of cooperators and resources with with ¢ = 4.3 (column I), ¢y = 4.8 (column

II), and cg = 5.5 (column III). The first row, the second row, the third row, and the fourth row show the
spatial distribution at times # = 100, t = 1000, r = 5000, and # = 10000, respectively

increasing the payoffs between cooperators triggers a transition from stationary to
chaotic patterns. This variation in payoffs introduces uncertainty into the evolution-
ary trajectory of cooperation. Regardless of whether the system involves diffusion or
not, raising cooperator payoffs consistently supports the continuation and growth of
cooperative behavior. In contrast to the temporal system, the diffusion system exhibits
a wider range of spatial patterns, including both chaotic and static distributions. A
comparison between the temporal and spatial systems reveals that the diffusion of
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cooperators and resources contributes to the emergence of both chaotic and stationary
patterns in the spatial distribution of cooperative behavior.

Fig. 21 illustrates the chaotic dynamics of cooperators and resources through time
series and phase trajectories. Cooperator densities and resource stocks exhibit dis-
ordered oscillations over time, signaling the onset of chaotic behavior. Notably, the
cooperator density never reaches zero, indicating the persistent coexistence of coop-
erators and defectors. Similarly, resource levels remain above zero throughout the
evolutionary process, ensuring that resources are consistently available to sustain the
population. The phase trajectories of cooperator densities and resource stocks do not
converge to an equilibrium or a limit cycle but instead evolve erratically, further con-
firming the presence of chaos. As cooperator payoffs fluctuate, the system transitions
from a homogeneous distribution to chaotic dynamics, as demonstrated in Fig. 22. In
the diffusion system, spatial stability is observed when the value of a; lies within the
interval indicated by the red curve. In contrast to the temporal system, once a; sur-
passes its threshold, complex chaotic patterns emerge, corresponding to the magenta
region. In Fig. 26(a), the maximum Lyapunov exponent shifts from negative to pos-
itive as a; increases, marking the transition of the system (2.6) from spatial stability
to chaos. Negative maximum Lyapunov exponents imply spatial stability when the
brown line is below the blue line. Once the maximum Lyapunov exponent exceeds the
threshold at a; = 6.18, chaos ensues. The parameter values used in Figs. 20 and 21
correspond to the magenta region of Fig. 22, where cooperators and defectors coexist
with a continuous supply of resources.

Fig. 23 reveals intriguing results regarding the spatio-temporal evolution of strate-
gies in response to changing payoffs during defector-cooperator interactions. Players
form spatial distributions centered around rectangles and circles, with cooperators
displaying regular, axisymmetric, and centrosymmetric patterns in the early stages of
evolution. When the payoffs from defector-cooperator encounters are moderate, coop-
erators tend to cluster at the core and four corners of the system. However, if defector
payoffs increase, cooperators abandon these regions and migrate to the center of the
four edges. As evolution progresses, the symmetrical distribution breaks down, and
cooperators adopt increasingly complex and irregular spatial arrangements. This grad-
ual shift from rectangular and circular aggregations to pinstripes and spots reflects a
more dispersed spatial distribution of cooperators as evolution progresses. Elevated
defector payoffs entice players to adopt defection strategies, undermining coopera-
tion by reducing cooperator density. In the temporal system, altering defector payoffs
leads to a definitive evolutionary outcome for cooperator density. However, in the spa-
tial system, the diffusion of players and resources induces highly unpredictable and
irregular spatial distributions of cooperator density as evolution proceeds.

The erratic evolution and oscillatory behavior of cooperators and resources over
time, as shown in Fig. 24, reveal the emergence of chaotic dynamics within the dif-
fusion system. The irregular and unpredictable movements of the phase trajectories
of both cooperators and resources, which neither stabilize at equilibrium nor settle
into periodic orbits as evolution progresses, are strong indicators of chaotic behavior.
Further supporting this, the positive maximum Lyapunov exponent, shown in Fig.
26(b), confirms the chaotic nature of the system. Specifically, the system described by
equation (2.6) remains stable when the purple curve lies above the blue line. However,
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Fig. 24 Chaotic behavior appears with ¢ = 4.1 at location (100,100)
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Fig. 25 Chaos induced by cq at location (100,100). The blue curve means that the system (2.6) is spatially
stable. The magenta part suggests that chaos appears for the system (2.6)

as the parameter c( exceeds its critical threshold value of ¢ = 8.58, the system transi-
tions into chaos. This shift is marked by the emergence of positive maximal Lyapunov
exponents, signaling the onset of chaotic dynamics. In this chaotic regime, defectors
have the potential to dominate the system, occupying nearly the entire spatial domain,
while cooperators struggle to gain an evolutionary advantage. The magenta regions in
Fig. 25 correspond to these chaotic phases within the diffusion system, during which
defectors can potentially outcompete cooperators and take control of the population.
However, as the payoffs for defectors exceed their thresholds during interactions with
cooperators, the chaotic behavior subsides, leading to a more predictable and stable
dynamic. The blue line in Fig. 26(b) indicates a spatially stable system where defec-
tors and cooperators can coexist in a stable arrangement. In this context, small payoffs
for defectors allow them to exploit all available resources, granting them dominance
within the diffusion system. By contrast, in the temporal system, these small payoffs
are insufficient for defectors to capture all resources, as they do in the spatial model.
While increasing the payoffs for defectors discourages cooperative behavior among
players, it simultaneously prevents defectors from monopolizing all the resources,
leading to a more balanced distribution of strategies.
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Fig.26 Maximum Lyapunov exponents with respect to a and c(. The blue line represents a value of zero,
and its intersections with the brown and purple lines mark the thresholds of ¢ = 6.18 and ¢y = 8.58,
respectively, as indicated by the black vertical dashed lines. The system (2.6) enters a chaotic state when
the maximum Lyapunov exponents corresponding to aj and cq respectively are positive within a certain
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7 Discussion

In this paper, we investigate two types of models that integrate replicator dynamics with
resource feedback mechanisms. The first model considers a well-mixed environment,
where interactions between cooperators and defectors occur uniformly. In contrast, the
second model incorporates spatial diffusion, acknowledging the non-uniform spatial
distribution of cooperators and defectors. The fitness of both cooperators and defectors
in these systems is influenced by several factors, including the stock of resources,
baseline payoffs, and payoff matrices that differentiate between resource-poor and
resource-rich conditions. In both the temporal and diffusion systems, we examine key
parameters such as relative timescales, payoff structures, total player density, resource
growth rates, and baseline payoffs. The dynamics of the temporal system are outlined
in Figs. 1-8, while the spatial diffusion system’s evolutionary outcomes are detailed
in Figs. 9-26.

Our findings highlight that each of these parameters significantly impacts the strate-
gic evolution of cooperators and defectors. Notably, in contrast to previous multiscale
analyses (Bertram and Rubin 2017; Heggerud et al. 2020), we observe that relative
timescales play a crucial role in triggering Hopf bifurcations, with bifurcations in the
spatial diffusion system occurring at an earlier stage compared to the temporal sys-
tem. In contrast to models where cooperation promotes sustainable resource use, our
framework captures scenarios in which cooperation may intensify the extraction of
environmental resources, potentially degrading the environment. This phenomenon is
not merely theoretical: in certain real-world systems, increased cooperation correlates
with overuse of shared resources. For example, coordinated irrigation efforts among
farmers can lead to excessive groundwater depletion (Giordano and Villholth 2007).
In biological contexts, cooperative hunting among species like chimpanzees (Gilby
et al. 2015) or group-attacking fish (Herbert-Read et al. 2016) may heighten pres-
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sure on prey populations. Similarly, mutualistic interactions, such as ants protecting
aphids (Stadler and Dixon 2005) for honeydew, can indirectly harm plant health due
to overextraction of sap by aphids. These examples underscore that the environmental
consequences of cooperation depend critically on the ecological and strategic context,
and our model offers a complementary perspective to frameworks where cooperators
are assumed to act more sustainably.

A particularly interesting discovery is that in the temporal system, cooperators
and resources exhibit stable periodic oscillations when payoffs exceed certain thresh-
old values. However, in the spatial diffusion system, these payoffs lead to chaotic
dynamics rather than periodic solutions. This results in irregular spatial patterns and
temporal evolutions of cooperators and resources. Additionally, we investigate the
effects of both individual parameters and parameter interactions on the evolution of
strategies. For each system, we explore a range of dynamical behaviors, including the
existence of equilibria, local stability, bi-stability, multi-stability, and various types of
bifurcations—such as transcritical and Hopf bifurcations in the temporal system, and
spatial stability, Turing instability, Hopf bifurcation, and Turing-Hopf bifurcation in
the spatial diffusion system.

Compared to the linear resource consumption assumed in previous work (Tilman
et al. 2020), our model incorporates a saturated functional response, resulting in sig-
nificantly richer dynamical behaviors in both non-spatial and spatiotemporal contexts.
First, while Tilman et al. (2020) identified at most two boundary equilibria and two
internal equilibria, our model supports up to six boundary equilibria and three internal
equilibria. This expansion reflects a wider range of potential evolutionary outcomes for
both strategies and environmental resources. Second, beyond the bistability observed
by Tilman et al. (2020), we uncover not only bistability but also tri-stability, and we
derive analytical conditions for the existence of three bistable and two tri-stable config-
urations. These findings suggest that, depending on the initial conditions, our system
can exhibit a broader array of evolutionary pathways for strategies and resource levels,
as illustrated by two distinct tri-stable scenarios. Third, we rigorously identify the con-
ditions under which transcritical and Hopf bifurcations occur, and further determine the
direction and stability of the resulting periodic solutions. Our results demonstrate that
variations in payoff parameters, intrinsic growth rates, and baseline payoffs can pro-
duce qualitatively different evolutionary dynamics. Fourth, whereas previous studies
focused on ordinary differential equation (ODE) frameworks, we extend the analysis
to include spatial diffusion. This allows us to explore complex spatial phenomena, such
as spatial stability, Hopf bifurcations, Turing-Hopf bifurcations, and pattern forma-
tion. Fifth, our model also captures payoft-induced chaotic dynamics, adding another
layer of complexity to the system’s behavior. To support these findings, we present
a comprehensive mathematical analysis and develop a unified theoretical framework
that integrates both ODE and partial differential equation (PDE) perspectives. Overall,
our study offers a holistic approach to understanding the interplay between strategic
behavior and resource dynamics in mixed and spatially structured environments, con-
tributing substantially to the broader field of eco-evolutionary game theory.

The existence and stability of equilibria offer critical insights into potential evo-
lutionary outcomes, especially regarding the sustainability of resources and the
persistence of cooperative strategies. While much of the previous research has con-
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centrated on identifying factors conducive to the development of cooperation, this
study adds depth by highlighting some lesser-known influences that foster coopera-
tion. Specifically, we find that increasing the initial density of cooperators, enhancing
the growth rate of resources, and lowering the initial stock of resources all positively
contribute to promoting cooperative behavior. In systems with spatial heterogeneity,
small payoffs for defectors can induce chaotic dynamics, creating opportunities for
cooperators to dominate the system. For multi-parameter systems, focusing solely on
individual parameters limits the understanding of cooperation. Instead, considering the
interaction of multiple parameters is essential for accurately predicting evolutionary
processes and outcomes. For instance, the effect of total player density on cooperation
is complex, showing no consistent positive or negative trend. A critical factor in this
interaction is the parameter 6. When 6 is small, increasing player density can incen-
tivize cooperation. However, when 6 is large, even substantial adjustments to player
density will not prevent the extinction of cooperators.

Several counterintuitive phenomena emerge when examining the interactions
between the payoff matrices for resource-rich and resource-poor conditions. Gen-
erally, one would expect that increasing the payoffs for cooperators would enhance
their competitive edge. However, our findings show that in some scenarios, raising the
payoffs—whether from encounters between cooperators or between cooperators and
defectors—can actually hinder cooperative survival. Similarly, while increasing defec-
tor payoffs typically encourages defection, in resource-poor environments, this can
have the opposite effect, allowing cooperators to survive and thrive. In the diffusion
system, when cooperators encounter each other in resource-abundant areas, increas-
ing their payoffs can shift the dynamic from one where cooperators hold an advantage
to one characterized by chaotic coexistence between cooperators and defectors. Fur-
thermore, in systems exhibiting bi- or multi-stability, the initial condition—such as the
initial density of cooperators and the initial stock of resources—play a crucial role in
determining evolutionary outcomes. Diverse scenarios can unfold from different ini-
tial conditions, ranging from the stable coexistence of cooperators and defectors to the
dominance or extinction of cooperators. Therefore, accurately predicting evolutionary
outcomes requires careful consideration not only of the parameter values but also of
the initial states of cooperators and resources. These initial conditions, alongside the
interaction of key factors, are pivotal in shaping the long-term dynamics of the system.

This study builds upon the seminal work of Cheng et al. (2024) by advancing the
theoretical understanding of cooperation in systems characterized by mutual feed-
back between strategic behaviors and environmental resources across both temporal
and spatial dimensions. Both models address the dynamical properties of temporal
systems—such as stability and bifurcation—as well as those of spatial systems, including
spatial stability, Turing-Hopf bifurcations, pattern formation, and chaotic dynamics.
Several fundamental distinctions, however, set our model apart from theirs. First,
the two models are intrinsically different in terms of resource dynamics. Cheng et al.
(2024) considered a decaying resource produced by cooperators and consumed linearly
by all individuals in the population. In contrast, our model incorporates a renewable
resource that grows logistically and is consumed directly by cooperators. Second, the
feedback mechanisms differ markedly. While the earlier model adopts a linear resource
consumption framework, our model incorporates a Holling Type II functional response
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to more accurately capture the nonlinear and saturating nature of resource exploitation—
offering a more biologically grounded depiction of eco-evolutionary feedback. Third,
the equilibrium structures diverge significantly. The model proposed by Cheng et al.
(2024) supports at most two boundary equilibria and two interior equilibria, with only
bistability observed. In contrast, our model allows for up to six boundary equilibria and
three interior equilibria, giving rise to three distinct types of bistability and two forms of
tristability. This structural complexity leads to a broader array of possible evolutionary
outcomes for both strategies and environmental resources. Fourth, bifurcation behav-
ior also shows notable differences. Our model exhibits a richer spectrum of bifurcation
types, including more extensive transcritical bifurcations. Particularly important is the
bifurcation behavior triggered by cooperator—defector interactions. In our framework,
the payoff to cooperators when interacting with defectors can induce Hopf bifurcations
and give rise to oscillatory dynamics. By contrast, the previous model under similar
conditions only generated transcritical bifurcations. Furthermore, in our model, pay-
offs obtained by defectors interacting with each other—previously insufficient to elicit
Hopf bifurcations—are now capable of generating periodic solutions, further underscor-
ing the model’s dynamic richness. Fifth, from a biological standpoint, the evolutionary
outcomes differ profoundly between the two models due to both the number and the
mathematical expressions of equilibrium points. The presence of tristability in our
model enables a wider range of potential outcomes under identical conditions. Addi-
tionally, the differences in bifurcation conditions and diversity of bifurcation types
imply that the same parameter variations may lead to qualitatively different evolution-
ary trajectories of cooperation.

Diffusion effects reveal nuanced influences on cooperation and spatial organiza-
tion that fundamentally diverge from the model proposed by Cheng et al. (2024). In
their framework, increasing the diffusion rate of cooperators typically undermines
cooperation, as their wider dispersion weakens local interactions and disrupts spatial
clustering. Conversely, higher diffusion rates of resources tend to promote cooperation
but simultaneously reduce spatial aggregation. In contrast, our model uncovers more
intricate dynamics. Specifically, increasing the diffusion rate of cooperators initially
suppresses cooperation but ultimately facilitates it, while spatial clustering of coop-
erators shows the opposite trend—first increasing and then decreasing. For resource
diffusion, we observe the reverse pattern: cooperation is initially enhanced but later
inhibited as diffusion increases, whereas spatial clustering of cooperators steadily
improves. These findings underscore a critical departure from previous conclusions:
simply increasing the diffusivity of resources or reducing the mobility of coopera-
tors does not lead to a monotonic enhancement of cooperation. Instead, cooperation
is maximized only under appropriate tuning of diffusion parameters, highlighting the
complex interplay between spatial processes and nonlinear feedbacks in resource con-
sumption embedded in our model. For both spatial diffusion models, the number of
steady states in our framework is larger, and the spatial stability conditions for these
equilibria differ substantially from those in Cheng et al. (2024), reflecting profound dif-
ferences in spatial evolutionary outcomes. Furthermore, in the case of payoff-induced
chaos, the spatial distribution at the early stage of evolution can still exhibit symme-
try; however, in our model, this symmetric pattern disappears markedly earlier than
in the model of Cheng et al. (2024), indicating a faster breakdown of spatial order. A
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key innovation of our framework is the explicit incorporation of the intrinsic growth
rate of resources. This not only ensures sustainable resource levels but also signifi-
cantly enhances the stability of cooperation—an ecological mechanism absent in prior
models. Finally, although both models exhibit Turing—Hopf bifurcations and chaotic
dynamics, our model identifies novel parameter-induced pathways to chaos (e.g., via
parameter cg) and uncovers previously unobserved chaotic regimes. Notably, we find
that chaos arises when certain parameters are relatively small, which contrasts with
earlier findings where large parameter values were typically associated with chaos.
Most importantly, we provide theoretical confirmation of chaos through computation
of the maximum Lyapunov exponent, addressing a critical gap left in earlier studies. In
summary, by introducing nonlinear feedbacks, more complex equilibrium structures,
and biologically grounded resource dynamics, our model significantly expands the
theoretical landscape of prior work, offering a more comprehensive and ecologically
realistic framework for understanding the evolution of cooperation under resource
feedbacks.

This paper presents theorems for temporal and diffusion systems that state the
conditions for the existence of equilibria, bi-stability, multi-stability, Hopf bifurcation,
transcritical bifurcation, and Turing-Hopf bifurcation, to facilitate the understanding
of and analysis of these two types of systems. We develop a mathematical framework
and employ various mathematical methods to explore the complex spatio-temporal
dynamics of evolutionary game systems with resource feedback under well-mixed
and unevenly distributed environmental conditions. This theoretical framework aids in
accurately predicting the evolution of cooperation and resource reserves in biological
systems and ecosystems in which resources are renewable and acquired by cooperators.
As an initial exploration into partial differential evolutionary game systems driven by
reaction-diffusion processes, our work opens avenues for future research. Key areas for
further investigation include the impact of spatial memory (Wang and Salmaniw 2023),
environmental noise (Feng et al. 2021), and time delays (Yuan and Meng 2022; Wang
et al. 2024) on the evolution of cooperation in eco-evolutionary games. Additionally,
incorporating multi-strategy games, variable population sizes, and multi-game (Cheng
and Meng 2023) dynamics into spatio-temporal diffusion models is a critical direction
for advancing this field.

A Proof of Theorem 3.1

Proof (I) The Jacobian matrix corresponding to Eg(0, 0) is

Jo = (e(bo—do) 0>'

0 re

The eigenvalues are r¢ > 0 and 6 (bg — dpy). Eo(0, 0) is a saddle point when by < dp.
E((0, 0) is an unstable node when by > dj.
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(IT) The Jacobian matrix of E1 (N, 0) is given by

7= 0(co — ao) 0
= 0 er—Nep):

The two eigenvalues are 6(co — ap) and e(r — Nej). When ¢p < ap and r < Ney,
both eigenvalues are less than zero, then E (N, 0) is a stable node. On the contrary,
E{(N,0) is an unstable node when co > ag and r > Nej. Moreover, one of the two
eigenvalues is greater than zero and the other is less than zero when ¢y > ap and
r < Nej,orco < apandr > Nej. In such case, E{(N, 0) is a saddle point.

(IIT) The Jacobian matrix at E (u2, 0) is

I = eg{z;:;;o_)(b?:&;o) Iégdﬂzob%(oai;(;%) ((c1 — d1)(ap — co) + (a1 — c1)(do — bo)) ’
0 e(r —r)

N(do—bo)

_Nldo=bo) _ 9(do—bo)(ap—co)
ao+do—bo—co

ao+do—bo—co
whose signs depend on ag — cp and r — 7, respectively, since % > 0 and
e >0.Ifay < cpand r < 7, then E>(us, 0) is a stable node. Conversely, E>(u2, 0) is
an unstable node if ay > ¢g and r > 7. For the rest, E>(u7, 0) is a saddle point.

(IV) The Jacobian matrix with respect to E3(0, k) is

k(di —d;) 0
J3 = _ erke —re |
gk+1

k(c?l —dp) and —re < 0 are the eigenvalues of the above matrix. The sign of d 1 —dp
determines the stability of E3(0, k). E3(0, k) is a stable node when d; > Jl. When
dy < dy, E3(0, k) is a saddle point.

(V) The Jacobian matrix corresponding to EI (N, nI) is given by

where uy, = . The eigenvalues of J, are and ¢ (r — 1),

(@ —any 0
J4Jr= _eeng £(N = N)(gnf +1D? )’
gnj(—i—l €l 84

The eigenvalues (a; —al)nj{ and j—l(ﬁ — N)(gnir + HZof Jf are less than zero when
a; > ayand N > N. Under this condition, EI(N, nI) is a stable node. If a; < a;

and N < ]\7, then EI(N, nj() is an unstable node. In other cases, EI(N, nI) is a
saddle point.
(VI) The Jacobian matrix of £, (N, ny) is

- ((511 —anny 0 )
4 = e g ony - 2 ]
ol @ (N —N)(gny +1)
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Similarly to the analysis of EI(N ,n"), we easily conclude that E 4 (N,n7)is a

stable node when a; > 4 and N > N.Ifa; < a; and N < N, then E,(N,n7)is
an unstable node. In the remaining cases, £, (N, n™) is a saddle point.
(VII) The Jacobian matrix with respect to the internal equilibrium E* (1™, n*) is given

by
J* = Jit Jji2
j21 j2 )’
where

u*(N — u*) u*(N — u*)
N2 —yz Ny =y,

) ein*e ! 2n* eju*
=-— , =¢l|lr({l—-—)—-——=).
J21 e J22 . @ 1172

The characteristic equation is

Jii = (20 — yin™), ji2 =

A2 — Tr(J*)A + Det(J*) = 0, (A.1)

where Tr(J*) = j11 + jo2 and Det(J*) = ji1j22 — Jjo1Jj12. Define Some calculations
yield Tr(J*) < 0 (Tr(J*) > 0) if ed¢ > &5 (686 < J5). If 87 > 0 (87 < 0), then
Det(J*) > 0 (Det(J*) < 0). The sign of Tr(J*) and Det(J*) determines the stability
of E*(u*, n*). Therefore, if €8¢ > 85 and 87 > 0, then E*(u™, n*) is a stable node or
focus. E*(u*, n*) is a saddle point when 87 < 0. E*(u*, n*) is an unstable node or
focus if €8¢ < 85 and §7 > 0. O

B Proof of Theorem 3.3

Leti = u—u*andn = n—n*. u and n are still utilized to denote # and 71, respectively,
for convenience. Then, system (2.5) becomes

du _(u+u*)
dr N2
+N(do — dy — bo + b)) (n + n*) — 6((bo + co — do — ap) (u + u*) + N(do — bo))] .

dn oy _ntn*\ eam+n?) «
a_s(r(n—l—n)(l 3 ) l+g(n+n*)(u+u))'

(N —u—u*)[((dy —do—ao+ay — by +bo+ co — c1)(u + u*)

(B.1)
For (B.1) employing the Taylor series at E*(u*, n*) yields

U\ _ afu h(u,n,e€)
()= () (ferns): @2

h(u,n,e) =h1u2 + houn + h3u3 + h4u2n + e

where
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z(u,n, &) =z1un + 12n2 + z3un2 + z4n3 4+,
with
1 * * *
h =3 [3(1n* — Oy2)u™ + (O(do — bo) — y3n™ — yiN +60y2)N],

1
hy =5 [3nu? = 20N + ) + N2 .

i _yin* =0y he = 3yiu* — N(y1 + v3)
3 _T5 4 = N2 5
gey eju*g r
== =g|———1,
U T U gnn @ (1 +gn*)? &
celg celu*g?
23 =

Tt T T U g

%ﬂ) and

The eigenvalues of J* are A1y = ¢ +ip and Ljp = ¢ — ip, where ¢ =

o\ 2
o= \/Det(J*) — (%) CIf Tr2(J*) < 4Det(J*),then A1y and A5 are complex

conjugate. Specifically, when ¢ = ¢*, ;] = ip and A1y = —ip are purely imaginary
numbers. Then, the eigenvector of J* corresponding to A1 12 is

1
§_<G—QJ’

Q

; : _ ¢=in __0o
in which 1 = 2 and { = e

Let
With the transformation

(B.2) is rewritten as

dp
a\_(Pe\(P K(p.q)
(%)_<@¢)<q>+<ﬂnw>’ 9

where

K(p,q) =kip* + kapg + kap® + kap®q + - -,
S(p,q) =s1p* + s2pq + 53q* +54p> + 55pg* + s6p’q + 579> + -+,

with
ki =h1 +ha81, ko = halo, k3 = h3 + hal1, kg = hylo,
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s1 =218 + 2288, 52 = 218182 + 201822, 53 = 2282,

s4 =248} + 238, 85 = 2385 + 3248185, s6 = 2238180 + 32alitn, 1= 285,

Transforming (B.3) with polar coordinates yields

dr() /o~ ~ ~\ 3

U =¢ (&) —8ro+ & E)rg+ -+,

do,

= =0® + Q@) e — ) + &)1+

Next we determine the positivity and negativity of &1 (€).

- 1 1
£1(8) T [Kppp + Kpag + Sppg + Sqqu](o,o,é) + 160G) [Kpg(Kpp + Kqq)

—Spq(Spp + Sqq) — KppSpp + quSqq](o,o,g) ;

where
K,pp(0,0,8) = 6k3, K;qq(0,0,8) =0, Ky44(0,0,8) =0,
S (0.0.5) =2 2i1pderg 3ete* 50
e (I+gn*3  (A+gnnt |
, 6¢5Eeiu* g
S4q¢4(0,0,8) = —m,
Kpt](os 07 g) = k27 Kpp(os Oa 5) = 2k17 qu(os Oa 5) = 09
. ge1d15 - elu*g r
S$,7(0,0,8) = ——"—"— +2 _— -,
pa©.0.8) = = 200 ((1 F e’k
o eiuge el
Spp(0,0,8) =& ( - ) ,
IS 2
(I +gn*3 -5t (1+gn*)
$44(0,0,8) = 27 aw’s T
,0,8) =2¢ _— .
99 %) (1 +gn*)3 k
Denote I' = — 5 The stability of the periodic solution depends on & (¢). I"

')
determines the direction of the Hopf bifurcation. Thus, we obtain Theorem 3.3.

C Derivation of the Fickian diffusion term

Based on the mean-field logic commonly used in spatial ecological modeling (Durrett
and Levin 1994), we derive the Fickian diffusion term below. We assume that the total
population density at each spatial location remains constant and is denoted by N. Let
u(x, y, t) represent the density of cooperators at spatial location (x, y) and time 7, while
N —u(x, y, t) represents the density of defectors. We assume that, at each short time
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interval, cooperators undergo unbiased, random movements between a focal location
(x, y) and its four immediate neighboring sites: to the right (x + Ax, y), to the left
(x — Ax, y), upward (x, y + Ay), and downward (x, y — Ay). The same symmetric
movement rule applies to defectors. For simplicity, we focus on the dynamics of
cooperators only. We perform a second-order Taylor expansion of u(x, y, t) around
the focal point (x, y) in both directions:

du  (Ax)? 9%u
ulx +Ax,y,t) =ulx,y,t) + Ax—+ ——+---,
ox 2 ox2

- A N ( - A u N (Ax)? 32u N
ux —Ax,y,t) =ulx,y,t) —Ax—~+ ————5 4+ .-+,
Y Y ax 2 ax2

ou Ay)? 8%u
u(x,y+Ay,t)=u(x,y,t)+Ay—+( ) S+t
ay 2 dy

du  (Ay)? 3%u

u(x,y—Ay,t):u(x,y,t)—Aya—{— 5 W

The net change in the density of cooperators at (x, y) due to symmetric random
movement is proportional to the inflow from the four neighboring sites minus the
outflow from the focal site. That is,

Au(x,y,t) < [u(x + Ax, y, t) +u(x — Ax, y, t)
+u(xsy+Ay’t)+u(x’y _Ay9t) —4M(X, yat)]~

Substituting the Taylor expansions and simplifying, we obtain

A v,1) o (AP 4 (a2
u(x,y, X)) — —
Y x2 Y 9y?

Letting Ax = Ay = p, dividing by a small time increment A¢, and defining the

2
diffusion coefficient D = %, we arrive at the diffusion equation:

ou (82u 9%u
=D

— =D(—+ — ) = DV?u.
ot 8x2+8y2) !

This concludes the derivation of the standard Fickian diffusion term in two spatial
dimensions. The result justifies our use of the Laplacian operator V2u in the reaction-
diffusion model under the assumption of random movement and constant total density.
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D Proof of Theorem 4.1

Proof Linearization of the system (2.6) at any steady state E (u, m) yields

oP -
= = LP:= D\V’P+ JP, x€ 2,
P
_:0’ XG@.Q, (Dl)
an
0P(x,0) = Py(x), X € £2,
where o
= Jit Jjiz u—u dy 0
J = iy iy ’P = ~ ’ Dl = < ) ’
(]21 J22> (”—n> 0 dy,
with

~ 1
Jit =75 [30an = 0y2)u® +20(do — b) = ysn = yin +0y)Nu = N2(@(do — bo) — yam) |

b3 u(N —u)
="y — (Ny3 = yiu),
T e|ne

J21 = en+1 )

e ((-2) -2
2T ) T @nr 2

Find the solution V; ;(x) of (D.1) in the following form

_ )\'(mZ)t STTX UJTy
Vio(X, 1) = Yzv:Hme cos—M cos—M . (D.2)

Substituting (D.2) into (D.1) yields the following characteristic equation
2 A2 St (1,2
A = Tr(m")A 4 Det(m*) = 0, (D.3)
where

Tr(m?) = —m*(dy + dy) + 11 + Jo2,
Det(m?) = dydym* — (ji1dy + joadi)m® + j11jo2 — ja1 j12-

(D If E(u, n) = Ep(0, 0), then the eigenvalues of (D.3) are Ay, = 0 (bg —dp) — d,m?
and Ay, = re — dnmz. Clearly, there exists m = 0 such that A9 = re > 0. Thus,
Ey(0, 0) is spatially unstable.

(IDIf E(u, n) = E{ (N, 0), then A1, = 0(co — ap) — dym?® and Ay = (r — Nep) —
d,m? are eigenvalues of (D.3). 11, < 0 and Ay, < 0 hold for all wavenumbers m
when cg < ap and r < Nej. In this case, E1(N, 0) is spatially stable. When ¢ > ag
orr > Nep, Ao > 0 or Ay9 > 0 is valid, then E(N, 0) is spatially unstable.
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(D If E(u, n) = E»(uz, 0), then (D.3) has eigenvalues A, = %—dﬂﬂ
and Ay, = e(r — F) — d,m?. For all wavenumbers m, both A1, < 0 and Az, < O are
true when ag < co and r < r, so E>(uz, 0) is spatially stable. However, when ag > cq
orr > r, Ex(uy, 0) is spatially unstable since there exists m = 0 making A9 > 0 or
Ao > 0.

V) If E(u, n) = E3(0, k), then the two eigenvalues of (D.3) are A1, = k(d~1 —dy)—
dym? and Ay, = —re — dym?. If di > d.then A1, < 0 and Az, < O are valid for
all m. Form = 0, A9 = k(d; — dy) > 0if d; < dj. Such a situation, E3(0, k) is
spatially unstable.

MIfE(,n) = EI(N, nI), then the eigenvalues of (D.3) are Ay, = (a; — al)nI —
d,m? and Aoy = :—1(1\7 — N)(gnz + D% —d,m? Ay < 0and Ay, < O are true
whena; > a; and N > N. Hence, E4+(N, nj{) is spatially stable. For m = 0, there
is Ao = (g —al)nI > 0or Ay = i(ﬁ — N)(gn;‘1r + 1)? > 0 whena; < a; or
N < N. Then, EI (N, nI) is spatially unstable.

(VDIf E(u,n) = E; (N, ny ), then the eigenvalues of (D.3) are A1, = (a1 —ay)ny —
d,m?and Ay, = %(N—N)(gnz + 1)2—d,,m?. The process of analyzing the stability
of the steady state £, (N, n, ) is similar to thatof £, (IV, nI), and we will not describe
it in detail here.

(VID If E(u,n) = E*(u*,n*), then J|g—g+ = J*. 85 < 0 and 1 36 > O guarantee
that ji; < 0 and jo»» < O, then Tr(mz) < 0 holds. Furthermore, Det(mz) > 0 when
87 > 0. Therefore, E*(u*, n*) is spatially stable when 85 < 0, §¢ > 0, and 87 > 0. In
this case, Turing instability is impossible. This completes the proof. O
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