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Abstract

Spatial memory is significant in modeling animal movement. For a diffusive consumer-resource model, a
memory-based diffusion of consumer can result in richer and more realistic dynamics. In fact, memory-
based diffusion is related to the resource distributions in past times because the memory decays over
time. We originally propose a consumer-resource model with distributed memory, and then investigate
the influence of the weak memory kernel on the stability of the positive constant steady state. When the
memory-based diffusion coefficient is negative, the mean delay does not affect the stability of the positive
constant steady state; however, when the memory-based diffusion coefficient is positive, the mean delay
can lead to the spatially inhomogeneous periodic oscillation patterns. The direction and stability of Tur-
ing bifurcation induced by the memory-based diffusion coefficient are calculated by using the methods of
Crandall and Rabinowitz, and the direction and stability of Hopf bifurcation induced by the mean delay are
determined by the normal form theory.
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1. Introduction

Spatial memory is the memory of a living creature’s spatial locations in the landscape, and
many scholars have introduced implicit spatial memory to characterize the movement of animals
[10,13,14]. Fagan et al. [5] proposed that spatial memory/cognition of animals (or creatures)
is one of the important factors that determine their movement tendency. The influence of the
information gained via past visits and environmental information on the animal movement has
been recently investigated by Schlidgel and Lewis [16]. Based on the assumption that the memory-
based diffusion flux is proportional to the population density at present time and the spatial
gradient at a particular past time, Shi et al. [20] proposed a single species spatial memory model
to describe the influence of the memory on the animal movement. Song et al. [23] extended
the model to consider interacting populations and proposed a consumer-resource model with the
explicit consumer’s spatial memory on past resource distributions. This memory-based diffusion
related to the gradient of past resource distributions is called the memory-based diffusion with
discrete delay in what follows. Recently, there has been an increasing activity and interest on
the study of subjects on memory-based diffusion with discrete delay (see, e.g., [11,18,19,24] and
references therein). More general description and summary of existing PDE (partial differential
equation) studies can be found in a recent synthesis paper on the PDE guidance for cognitive
animal movement [27].

In fact, the information through the last visit to locations is less available for later retrieval as
time passes since the memory decays with time. Therefore, from a biological point of view, the
gradient-tracking movement based on distributed memory is more realistic than that based on
the memory at a particular time before the present time because the temporal distributed delay
can reflect better the influence of the consumer’s memory on the resource at all times before
the current moment on its diffusion. It is well known that the introduction of delays usually
destabilizes the system [12], and there are numerous studies devoted to the population dynamical
systems with discrete or/and distributed delays [2,3]. It has been shown that the distributed delay
is more stable in essence than the discrete delay [3]. The influence of the distributed delay on the
dynamics of the scalar memory-based diffusion equation has also been recently investigated in
[1,21,25]. However, to the best of our knowledge, there are few researches on the memory-based
diffusion with distributed delay.

In this paper, we replace the discrete delay appearing in the memory-based diffusion of
consumer-resource model with explicit spatial memory in [23] and formulate a resource-
consumer model with distributed memory. Denote u(x, t), v(x, t) by the population densities
in the location x at time ¢ of resource and consumer, respectively, and 2 is an open connected
subset of RN(N > 1) with C2 boundary 9€2, which is the common bounded habitat of both
species. Then we propose the following model subject to Neuman boundary condition:

ur(x,t) =diAu(x,t) + f(ulx, ), v(x, 1)), xeQ,t>0,
ve(x,t) =dnAv(x,t) —dydiviv(x,t)Vw(x,t)) + gu(x, 1), v(x, 1)), xeQ,t>0,
du(x,t) _ dv(x,t) _

0, x€dQ,t>0,
on on

(1.1)

where n is the unit outer normal vector of the boundary €2 and
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t o8]

wx,t)=F *xu= / F(t—f)u(x,é)dé:/F(s)u(x,t—s)ds. (1.2)
0

—00

Here the parameters di1,d2; > 0 and dp; € R are the random diffusion coefficient of u(x,?),
v(x, t) and the memory-based diffusion coefficient of v(x, t), respectively. For general available
resources, we consider dp| to be positive, however, when resources are poisonous, the memory-
based diffusion coefficient d>; becomes negative for some poisonous plants. The functions f
and g describe the biological birth/death of resource and consumer, respectively. F (-) is the rea-
sonable kernel function describing the decay of memory with time. Without loss of generality,
the kernel function F(-) is assumed to be positive and normalized to unity such that the con-
stant steady state of system (1.1) is the same to the corresponding ODE (ordinary differential
equations), i.e.,

o0

F(s) >0, /F(s)ds: 1.

0

If F(s)=68(s—1), w(x,t) =u(x,t— 1) and then the memory-based diffusion takes the form
of a discrete delay d>div(v(x, t)Vu(x,t — 7)). The corresponding case of discrete delay in sys-
tem (1.1) has been considered in [22,23], where the conditions for stability and Hopf bifurcation
and the normal forms of spatially inhomogeneous Hopf bifurcations are derived.

In this paper, we are interested in the frequently encountered weak delay kernel in the litera-
ture on delay equations [3,8], taking as

F(t)=—e 7, 1>0. (1.3)

Q| =

This kernel function is strictly monotonically decreasing with respect to the variable 7, which
reflects that the memory of animals can become ambiguous over time. It follows from (1.3) that
O+°° tF(t)dt = t. Thus, in what follows we call t the mean delay for the kernel function (1.3).
In addition, it is easy to verify that rli%l+ F(t) =0 and rEToo F(t) = 0, which, together with

(1.2), implies that for the kernel function (1.3), lim w(x,?) =0 and lim w(x,t) =0. This
0t T—+00

means that there is no memory-based diffusion when there is no memory or memory is too old.
Therefore, we are interested in the case of t € (0, +00) and mainly investigate the influence of
the mean delay t on the stability of system (1.1) and the corresponding bifurcation phenomena.
Our main findings are summarized as follows:

(i) The influence of the mean delay T on the stability of the positive constant steady state of
system (1.1) and the conditions of the occurrence of Turing bifurcation and Hopf bifurcation
are investigated;

(ii) For d1 < 0 (the toxic resources), d>; can induce the Turing bifurcation and the mean delay
T does not affect the stability of the positive constant steady state;

(iii) For d > 0 (the available resources), there exists a threshold dy, such that the mean delay
T does not affect the stability of the positive constant steady state for d>; < d}; and can
induce the Hopf bifurcation for dp; > d¥,, and when dp; > d;l, there exist two critical
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values 7, and t* of 7 such that the positive constant steady state is asymptotically stable for
T € (0, 74) U (%, 00) and unstable for T € (14, T*);

(iv) The properties of Turing bifurcation are considered and the normal form associated with the
Hopf bifurcation is derived.

The rest of the paper is organized as follows: In Section 2, we investigate the stability of the
positive constant steady state, and derive the conditions for the Turing bifurcation and delay-
induced Hopf bifurcation. In Section 3, we first derive the equivalent system of (1.1) with the
weak kernel, and then the direction and stability of bifurcation are illustrated. We apply the
obtained theoretical results to a consumer-resource model with distributed delay and Holling
type-1I functional response, and the properties of steady-state solution and periodic solution are
determined in Section 4. We conclude and discuss our work in Section 5, and some detailed
proofs are given in the Appendixes A & B. We denote by N the set of all positive integers, and
Np =N U {0}.

2. Linear stability and bifurcation analysis

In this section, we consider the linear stability and possible bifurcation induced by the
memory-based diffusion coefficient d»; and the mean delay t for the positive constant steady
state of system (1.1).

Let (u4, vy) be a positive constant steady state of system (1.1). Then the linearized system of
(1.1) at (uy, vy) is

us(x,t) _D Au(x,t) 4D Aw(x,t) +A u(x,t) @0
vt ]~ O Ave “\ Avix, ) v(x,1) ) '
where
d 0 0 0
p =™ Dy A= air an ’ 22)
0 dxn —daivs 0 a1 ax
and
arr = fo (s, V4), a1z = fo (s, v4), a21 = g, (s, vs), a2z = g, (i, vs).

For the biological meaning of the consumer-resource model, in what follows, we give the
following basic assumption

(C) aip <0, a1 > 0.

Considering the Neumann boundary condition, let0 =0y < 0] <03 <--- <0, <--- —> 400
as j — 400, be the eigenvalues of the eigenvalue problem

Ay(x)+oy(x)=0, xeQ,

By@)zo L ean (2.3)
on ’ ’
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and y;, (x) be the normalized corresponding eigenfunctions of o;. Then assume that the solution

of Eq. (2.1) is in form of
u(x,t) _ = An It
(v(x’t)) —Z(Bn ) (). 24)

n=0

We have the following characteristic equation of linearized system (2.1)

—+00
A2 — Tyh + J, — dajveainoy, / F(s)e ™ds =0, n €Ny, (2.5)
0
where
T, =Tr(A) — Tr(Di)oy,
) (2.6)
Jp =dndno, — (di1ax + dnair)o, + Det (A),
with
Tr(A)=ai1 +ax, Tr(Dy) =di +dx, Det(A)=ajaxn —apazy. 2.7

When dp; =0, (2.5) becomes A2 —TyA+ J, =0, neNy. In order to investigate the influ-
ence of the memory-based diffusion on the stability of (u,, v,) of (1.1), we assume that there is
no random-diffusion-driven Turing instability for system (1.1) without memory-driven diffusion
(d21 = 0). For this purpose, we assume that

(C2) Tr(A) <0, Det(A) >0,

and

(C3) diax + dpai <2v/diidnDet(A)

hold. And it is easy to see from (2.6) and (2.7) that under these two assumptions (C3) and
(C3), Tp <0 and J, > 0 for any n € Ng. This implies that the positive constant steady state
(44, vy) of (1.1) without memory-driven diffusion (d2; = 0) is locally asymptotically stable for
any di1, dy > 0.

When d51 # 0 and T =0, (2.5) becomes

22— Tyh + J, — dajvsarno, =0, n e N, (2.8)

. =n . - _
because lim 0+°° F(t)e™™ds "= lim f0+°° e e M dn = fo+°° e dn = 1. In terms of the
=0t —0+

assumptions (C1), (Cz) and (C3), we have the fact that there exist critical values d251,n defined
by

J;
dy, , = —"— <0, neN, (2.9)
’ Uxd120n
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such that J,, — dpjvaipo, > 0 for dp1 > (121 , and J, — dyjveapno, <0 fordy) < d21 . There-
fore, without memory (r = 0), the positive diffusion coefficient da;(> 0) does not affect the
stability of (u., vs) and the negative diffusion coefficient dp; (< 0) leads to the occurrence of
Turing bifurcations to be discussed in detail later.

In what follows, we restrict our attention to the case of d>; % 0 and t > 0. For the weak kernel
(1.3), we have

+00 +00

1), 1 1
/ F(S)e—)»sds — / le*<l+?)3ds _ | TFone Rei + _i, >0,
T +o0o, Rer+ L <0,
0 0

which, together with (2.5), implies that for n € N, Eq. (2.5) has no roots satisfying ReA < —%.
When ReA > —%, Eq. (2.5) is equivalent to the following equation

A3+ PoA+ Quh+ R, =0, (2.10)

where

1 T _Jn — dajviainoy

Ph=——Ty, Qn=1Jy——, R, = 2.11)
T T

T

Taking d»1 and t as parameters, we investigate the distribution of roots of Eq. (2.10), which
determines the stability of (u, vi). Obviously, P, and O, are both positive with the conditions
(C1), (C2) and (C3). Applying the Routh-Hurwitz criterion, the following results are established
immediately.

Proposition 2.1. Under the conditions (C1), (C2) and (C3), we have:

(i) All roots of Eq. (2.10) have negative real part if and only if R, > 0 and P,Q, — R, > 0;
(ii) If R, =0, then Eq. (2.10) has a simple zero root and two roots with negative real part;
(iii) Eq. (2.10) has a pair of purely imaginary roots i~/ Q, and a negative real root if and only
ian Qn - R, =0.

In terms of Proposition 2.1, the stability and possible bifurcation of (u, vy) are related to the

signs of R, and P,Q, — R,. From (2.9) and (2.11), the following results on the sign of R, are
obvious.

Proposition 2.2. Assume that the conditions (Cy1), (C2), and (C3) hold and dgl_ , IS defined by
(2.9). Then, for R,, we have the following results: '

(i) If dy1 =0, then R,, > 0 for any n € N;
(ii) If do1 <O, then

>0,  dy>dS

1,n°
R, {=0, dyy =dj) . (2.12)
<0, doy <d§1,n.
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From (2.11), we have

—TyJut? + (T} + daiveainoy)t — T,

PnQn_Rn: 72

(2.13)

In terms of Propositions 2.1 and 2.2 and taking d»; as a bifurcation parameter, we have fol-
lowing results on the distribution of zero roots of Eq. (2.10), which is independent of 7.

Lemma 2.3. Assume that the conditions (Cy), (Cy) and (C3) hold and dﬁgl’ ,, 18 defined by (2.9),
and define

ds =max{ds, ,}. (2.14)
neN

Then the following statements hold.

(i) A=0isaroot of Eq. (2.10) if and only if d»1 = digl,n;
(ii) When d;‘ < dp <0, all roots of Eq. (2.10) have negative real parts; and when dy < d;,
Eq. (2.10) has at least one positive root.

Proof. By Proposition 2.1 and (2.12), the conclusion (i) follows immediately.
Since

Jn
Vxd120p Vxd12

Det(A)

On

sz1,n = (dudzzan + — (dy1axn + d22a11)> ,

and note the fact that o, increases in n and o, — 0o as n — o0o. Hence, it is easy to verify

S .. . Det (A) . Det(A) S _
that dy, , is increasing for o, < dridn decreasing for o, > T 1dns and dy, , — —00 as

n — +00, which implies that d§ = mag}c{dzsl ) EXists.
ne ’

It is easy to conclude that for dy; <0, —T, J,tr 4+ (Tn2 + driveaipon)t — T, > 0 because
T, <0, J, >0 and aj; < 0. This, together with (2.13), implies that P, Q,, — R,, > 0 for d»1 <O0.
Therefore, when d; < dy <0,wehave R, > 0and P,Q, — R, > 0forany n € N. This, together
with Proposition 2.1, implies that all roots of Eq. (2.10) have negative real parts for d; <dy <0.
For fixed dp| < d¥, by the definition of d; and (2.12), there exists at least one positive integer n
such that R,, < 0, which implies that Eq. (2.10) has at least one positive root. This completes the
proof of conclusion (ii). O

In addition, we have the fact that the transversality condition holds at the critical valves dp| =
dzs1 , as follows.

Lemma 2.4. Letting M(d>1) be the root of Eq. (2.10) around dp| = dgl , satisfying )\(dgl =0,
where c12S1 , is defined by (2.9). Then

dA(d21)
ddo1 iy =as,,
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Proof. Taking A as the function of d>1, and differentiating of Eq. (2.10) with respect to da1, we

have

dr(dr1) V4a120y
ot (22l =)+ 0, - 1)

’

which implies that

_ V4A120y <0

ai=dh, (2 =T+ J, - 1)

di(day)
ddy;

since a2, T,, <0, J, > 0. This completes the proof. O

In the following, we investigate the distribution of roots of Eq. (2.10) for da; > 0. We first

have the results on the sign of P,Q, — R,.

Proposition 2.5. Assume that the conditions (C1), (C2) and (C3) hold. Letting

~T? N 2T T

dr1(0,) = ,
V4a120y V4a120y

then, for P, Q, — R,, we have the following results:

(i) when 0 < d21A< 321(0,1), P,QOn— R, >0forany t >0;

(2.15)

(ii) when do1 = da1(0y), P,Qn — R, > 0 for T € [0, ty) U (1, 00) and P,Q, — R, =0 at

T =T,

. T2+ dyveano, 1
8 2T, J, NaA

(2.16)

(iii) when dr; > 4221(0,1), P,On — R, > 0 for T € [0, r,f) U(t,,00) and P,Q, — R, =0 at

t=1 ort=r1,, where

o T? + dajveaino, + /M, —— T? + dajveaino, — /M,
m 2T, J, o 2T, J,

with

,0<tf <77, (217)

M, = (T? + dy1vea120,)? — 4T2 J, = v2a3,02da, 4 2v.a120, T doy + T — AT J,.

Proof. It follows from (2.13) that P, Q, — R, > 0 is equivalent to

Ty Iyt + (T} + dagvearnoy)t — Ty > 0.

177
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Notice that (Tn2 + dr1viar20y,) > 0 is equivalent to dp < 5721 (0). And then from (2.19) and
the fact that 7, < 0 and a3 < 0, it is easy to see that when dp; < 321(0,1), P,0, — R, >0 for
any 7 > 0, where

- T?
dr1(oy) = Tovanoy” (2.20)
—Ux n

From (2.15) and (2.20) and noticing that 7,, < 0 and a;> < 0, we have

a1 (0n) < do1 (o).

From (2.18), itis easy to verify that M,, < 0 for d21 (on) <dory < d21 (op) and M, > O fordy| >
d21 (o). Thus, when d21 (op) <doy < d21(on) P,0Q; — R, > 0 for any T > 0. This confirms (7).

Noticing that 7,, < 0 and a2 < 0 and when dy; > d21 (03), M,, >0 and (Tn2 + dy1veapoy) <
0, (ii) and (iii) are obviously true. O

From Propositions 2.1, 2.2 and 2.5, the following results on the distribution of roots of
Eq. (2.10) for d»1 > 0 follows immediately.

Lemma 2.6. Assume that the conditions (C1), (Cp) and (C3) hold and (221(0,1), T, and rf are
defined by (2.15), (2.16) and (2.17), respectively. Then, for fixed n € N, we have the following
results:

(i) when 0 <dp < a1 (on), three roots of Eq. (2.10) have negative real parts for any t > 0;
(ii) when dy = 321(0,1), three roots of Eq. (2.10) have negative real parts for t # t,, and
Eq. (2.10) has a pair of purely imaginary roots +iw, and one negative root at T = t,;

(iii) when dp1 > 321(0,1), Eq. (2.10) has a pair of purely imaginary roots iw, (resp. *iw,’ )

and one negative root at T = 1,0 (resp. T = 1,; ), where

1
T, 2
wt = (Jn - t—l) . (2.21)
n

In the following, we investigate the monotonicity of c?zl (0,,) with respective to o,, so that we
can determine the global distribution of roots of the characteristic equation (2.10) for any n € N.
From (2.15) and (2.20), we have

a1 (0n) = da1(0y) + H (o), (2.22)
where
2T,/ J,
H(o,) = —>X1, (2.23)
Vxa120p

If we treat o,, as continuous variable and notice that 7,, and J,, are both functions of o;,, then we
have
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- —Tr(A)

dd : 1 T 2 A > 0, oy > y
2100 _ _ (Trz(D1)_ =l )> oy (2.24)
do a2V i <0, on < 7.

In the following, we investigate the monotonicity of H (o,,) with respective to o, which is a little
bit complicated. From (2.6) and (2.23), we have

dH(oy) -1 (
do,  wveapo2Jl,

Tr(A) (2Det(A) — (dy1ax + dxpaii)oy) + TF(DI)G,%J,O , (2.25)

where J,/l is the derivative of J,, with respective to oy, i.e.,
Jy =2d11dy0, — (di1ax + dpary). (2.26)
Then we can prove the following result.

Proposition 2.7. Assume that the conditions (C1), (C2), and (C3) hold. There exists a positive
number oy > 0 such that dH (U”) > 0 for o, > oy, where

max ! 2Det(A) ditapntdnai } ,

dijaptdypar’ 2dydp

Oy = 3/__Tr(A)Det(A) _ 2.27
* V T didnTr(Dy) di1ax +dpai; =0, 2.27)

o is the unique positive root of h(c) =0, di1ax +dxpai; <0,

dnax + dpai >0,

with

h(c) = 2Tr(Dy)di1dno® — (di1axn + dypai)Tr(Dy)o?

(2.28)
—(d11axn +dyai1)Tr(A)o +2Tr(A)Det (A).

Proof. We prove Proposition 2.7 according to the following three cases.

(i) Fordjiaxn +dxar; > 0, it follows from (2.26) that J,, > 0 provided that o, > %.

In addition, notice that ajp < 0, Tr(A) < 0 and 2Det (A) — (dy1ax + drair)o, < 0 for

2Det(A) .
On > o rdparr- Lherefore, letting

{ 2Det(A)  diiax +dnay }
0% = max ;

diax +dxpar’ 2d11d>)

then by (2.25) we complete the proof for di1a2 + dapaq; > 0.
(i) For dy1ax + dr»ajp =0, it is easy from (2.25) and (2.26) to verify that

0, > 0y if we set
[ Trapam
* di1dnTr(Dy)’
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(iii) For dy1ax + dpai; < 0, it follows from (2.26) that J, > 0 for any o, > 0. Substituting
(2.26) into (2.25), we also have

dH (o, —1
dé:) = = (2Tr(Dy)d11d20;) — (di1ax + dpai)Tr(Dy)o;? (2.29)

—(dnax +dpai))Tr(A)o, +2Tr(A)Det(A)).

It is easy to verify that the following cubic equation 4 (o) =0 for o has a unique positive
root denoted by o, and h(o) > 0 for ¢ > 0. Then it follows from (2.29) that d%:“ >0
foro, >o0,. O

From (2.22), (2.24) and Proposition 2.7, we can prove the following results on the monotonic-
ity of d» (0,,) with respective to o;,.

Proposition 2.8. Assuming that the conditions (C1), (C2) and (C3) hold and dAzl(an), oy are
defined by (2.15) and (2.27), respectively, then we have the following results:

(i) when o, > max {0*, % }, c?z 1(0y) is increasing with respective to o,
(ii) letting

i =min{neN —Tr4) (2.30)
7 =min{n 0, >max o, ———— ¢ ¢, .
" ¥ Tr(Dy)
then
* _ . ~ _ . ~
djy = min {41 (o) | = min_{dn (o)} 231)
exists.

For fixed dp1 > d7,, define

Uda) = {n e N|dn(on) < |
It follows from Proposition 2.8 that U (d>1) is a finite set. Define

.= min 7, "= max t,. (2.32)

nel(da) nel(da)

Then from Propositions 2.6 and 2.8, we have the following results.

Lemma 2.9. Assume that the conditions (C1), (C2) and (C3) hold. d%,, T, and T are defined by
(2.31) and (2.32), respectively. Then, we have the following results on the distribution of roots of
Eg. (2.10).

(i) when 0 < dp < d¥,, all roots of Eq. (2.10) have negative real parts for any t > 0andn € N;
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(ii) when dy1 > d}‘}, there exist two critical values t, and t™* of T such that all roots of Eq. (2.10)
have negative real parts for T € [0, T,) U (t*, +00) and any n € N, and there exist at least
one pair of complex roots with positive real parts for T € (ty, T*) and some n € U (da1), and
Eq. (2.10) has a pair of purely imaginary roots for some n € U(dp) at T = 14 or T = t* and
all other roots of (2.10) have negative real parts.

Then, we state that the transversality condition holds at critical delay values t = 1,,, tni as
follows.

Lemma 2.10. Let A(t) = a(t) £ iB(t) be the pair of roots of Eq. (2.10) near t = t,, T =1, or
T =71, satisfying a(z,, rni) =0, (1) = w, and ﬂ(rﬁt) = w,f Then

dRe(\(7)) _0 dRe(A(7)) -0 dRe(\(7)) <0
dr o dr + ’ dr '

=1, =1, =1,

Proof. Differentiating both sides of Eq. (2.10) with respect to T and noticing that X is a function
of 7, we have

d)\. TLZ)"Z _ %)\' + Jn_dZ![g*‘ann

dv 32 42d — a4, - L

Using (2.21) and (2.17), we have

dx n(2n-t) T2 tm

<Re (_)> - >0, T=1/. (2.33)
dt ) /|, 213 <w2 +d - Tn)2> <0, t=1,
bl - *n>

where we have used the fact that

1 1
T — >

in terms of r,frn_ = Jln by (2.19). So, (2.33) together with the fact that

dRe(A (1)) _Re (dk(t))
dr - dr

completes the proof. 0O

Based on Lemmas 2.3, 2.4 2.6, 2.9 and 2.10, we obtain the following results on the stability
and bifurcations of E, = (uy, vy) for Eq. (1.1).

Theorem 2.11. Assume the conditions (Cy), (C2) and (C3) hold. dzsl,m ds, dy; and tf are
defined by (2.9), (2.14), (2.31) and (2.17), respectively, T, and T* are defined by (2.32). Then, we

have following results.
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(i) Ifd§ < day < dj;, then the positive constant steady state E, of system (1.1) is locally asymp-
totically stable;

(ii) If doy < d%, then the positive constant steady state E, of system (1.1) is unstable, and the
Turing bifurcations occur at dp1 = dflyn forn e N;

(iii) If dpy > d7F,, there exist two critical values T, and t™* of T such that the positive constant
steady state E, of system (1.1) is locally asymptotically stable for T € [0, T,) U (t*, +00)
and is unstable for T € (t4, T*), and the mode—n Hopf bifurcations occur at T = rni for
n € U(dp1) with the emerge of the spatially inhomogeneous periodic solutions.

Remark 2.12. It is well known that the prey-taxis (d>; > 0) stabilize the positive steady state
E, of (1.1) without delay. It has been shown in [23] that the discrete delay can destabilize the
positive steady state E, of (1.1). Theorem 2.11 shows the similar destabilized effect to the case
of the discrete delay. However, for the distributed delay, the main characteristic different from the
discrete delay is that the destabilized effect occurs only for the mean delay being a appropriate
interval, and the mean delay still stabilizes the positive steady state E, for the smaller or larger
mean delay.

3. The properties of Turing and Hopf bifurcations

From Theorem 2.11, system (1.1) undergoes Turing bifurcation at d»; = d231 .» <0 and under-
goes Hopf bifurcation at 7 = ‘L'ni forn € U(dp1) and dp1 > d}}. In this section, we investigate the
properties of Turing and Hopf bifurcations to determine the types of bifurcation and the stability
of bifurcating solutions. Motivated by the ideal of [8,21], in this section we use the following
equivalent system of (1.1) to achieve the target

ur(x,t) =dnAulx,t) + fu(x, 1), v(x, 1)), xeQ,t>0,

v (x,t) =dnAv(x,t) —dydiv(v(x,t)Vw(x,t)) + g(u(x, 1), v(x,t)), xe,t>0,

wt(x,t)zl(u(x,t)—w(x,t)), xeQ,t>0,

Opu(x,t) :TS,,v(x,t):anw(x,t)zo, x€0,t>0.
3.

3.1. Properties of Turing bifurcation

Employing the method developed in [4,17] and combining with Lemmas 2.3 and 2.4, we have
the following results.

Theorem 3.1. Suppose that the conditions (C1), (Cz) and (C3) hold, and d2sl’n, d; are defined
by (2.9), (2.14), respectively.

(i) For a fixed n, we assume that o, is a simple eigenvalue of (2.3), and dfl’n %+ dzsl’kfor anyk €
N and k#n. Hence, dy1 = dfl,n is a bifurcation point for system (3.1). Further more, around

the point (dzs1 n» Wskes Vs, Uy), there is a smooth curve 'y of positive solutions of system (3.1)
bifurcating from the line of constant solutions {(da1, Uy, Vs, us)|d21 < 0} with the following
form:
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I ={(d21,n(5), Un(s, x), Vu (s, x), Wn(s,x)| =8 <s <8}, (3.2)
where § is a positive constant small enough and

Un(s,x) =ty + 5y, (x) +521,0(5, X),

d _
Vo5, x) = g 450117 a““””(") 5225 %), (33)
12

Wi (s, x) =uy + Sy (x) +523 5 (5, %),

with suﬁ‘iciently smooth functions da1 ,(s), 21,,(5,%), 22.n(s,X), 23.n(s,X) satisfying
dr1.,(0) = 21nal’le1n(O x)=22,(0,x) =23,(0,x) =0.

(ii) In particular, for one-dimensional spatial domain Q = (0, £x), we have d}, n(O) =0and

/" /" + rngw 21 71(200 +4hn 02 @)% —2hy)
dy1 (0 =—
' 21 040y 20y
(30 +rag30) 200 + O + (1) + gl (203 + O3 + 1y 20 + OD) + (fy + rag(y)hn (209 + ©3)
27 VsOn ’

34)
where @?, @g, @%, @% are given by

anf’—ang” o ang’ —anf’ _, (an—4dno.)f" —an(g’ + 2d3, ,0uhn)

of = 0)= 0} = : :
Det (A) Det (A) 12d11dx»02 — 3Det (A)
o2 (@i —4dnon)g” —an " —2dy, ,0u (v " — (an — 4dinon)ha)
2 12d11dy02 — 3Det (A) ’
(3.5)
and
" W+3h fw+3h2 W+h3 W "n_ gg(/)+3h"ggi +3h%gi/é+h131g6/é
= , 8 . (3.6)
2 2
2 2
2 9 2 9 .
with 0, = (%)7, hy = WOy, = 40— and [ f17, gl g1 (i, j € No) are given by

uigvs 7Y uigvs oY uigvs oY uidvs

"
fij =

Let dgl N= dg. When d, ~(0) <0, there exists a supercritical pitchfork bifurcation at dy1 =
d N = = d§ and the bifurcating steady-states are asymptotically stable; when dé/l, ~(0) >

0, there exists a subcritical pitchfork bifurcation at dy; = digl, ~ = d§ and the bifurcating
steady-states are unstable.

The proof of Theorem 3.1 is given in Appendix A. From Theorem 3.1, the pitchfork bifurca-

tion occurs at d»; = d§ and the formulas determining the stability of the bifurcating non-constant
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steady states are derived according to the second-order and third-order partial derivatives of
S, v) and g(u, v) at (uy, v4).

3.2. Direction and stability of Hopf bifurcation

In this subsection, we determine the direction and stability of Hopf bifurcations for one-
dimensional spatial domain 2 = (0, £rr) by applying the normal form theory. The common used
methods of calculating the normal form of Hopf bifurcation for the reaction-diffusion equations
are the algorithm developed by Hassard et al. [9] and the one developed by Faria [6]. See [15] for
using the algorithm of Hassard et al. [9] to investigate the properties of Hopf bifurcation in the
ordinary differential equations with distributed delay. Although the algorithm developed by [6] is
developed for the reaction-diffusion system with delay, it is still applicable for the case without
delay with minor revisions. More recently, in [22], we developed the algorithm of calculating
the normal form of Turing-Hopf bifurcation for the classical reaction-diffusion system without
delay, where the algorithm of calculating the normal form of Hopf bifurcation is also explicitly
derived for the classical reaction-diffusion system without delay and without chemotaxis terms.

In this paper, the distributed delay term in (1.1) is handled by introducing a new variable w,
and then using the chain technique, (1.1) is transformed into (3.1), where no delay terms are
involved. In what follows, we employ the algorithm derived in [26] with some revises because
of the existence of nonlinear diffusion terms in (3.1) to calculate the normal form of Hopf bifur-
cation and the notations used in this subsection are the same as in [26].

Letting ty (ty = r* or ty = 7, ) be the mode-n. Hopf bifurcation for some n =n. € N,
then it follows from Lemma 2.9 that at T = ty, Eq. (2.10) has a pair of purely imaginary roots
Fiw,,, w,, > 0. Define the real-valued Sobolev space

3 0u v 9
@ = U=(u,v,w)Te<W2’2(0,£n)) U _ T g x—0, 0
x Bx dx
with the inner product
154
(U, V] =/UTde, forU,vVeX.
0

Then we take a small perturbation of Ty by setting T = 7y + i, || < 1 such that u =0 cor-
respond to the Hopf bifurcation value for system (3.1). Clearly, the positive constant equilibrium
remains unchanged.

Now, transferring E, to the origin by setting

@(x, 1), (x, 1), Wx, 1)) = (ux, 1), v0x, ), wx, 1)) — (U, iy u) ",

and dropping the tildes for simplification of notation, system (3.1) becomes

dUu
Z:dAU—{—L(M)(U)—}-F(U), (3.8)

where U = (u, v, w)T, dAU = dyAU + F4(U), L(1)(U) = Lo(U) + L(U, ), and
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S+ e, v+ vy)

FU)=| gu+us,v+vs) | —Lo), (3.9
1
o7 (u—w)
with
2
dna% 0 0 0
dA=| 0  dpl —dyu | FIO)=—| diawtow) | 310)
0 0 0 0
and
aip a0 0
Lo=|an an 0 |, LU, = 0 : (3.11)
=0 - (za G0 — &) e =w)
We denote 7y (1) = o Jm in (3.11), and it can be written in Taylor expansion as follows:
e .
T (1) = Z( L,

H

In what follows, we assume that F(U) is Ck, k > 3, smooth enough with respect to U. Notic-
ing that p is the perturbation parameter and treated as a new variable in the calculation of normal
form, we rewrite Eq. (3.8) as the following system

dU -
—- =AU + Lo(U) + F(U, o), (3.12)

where
F(U,nw)=FU)+ LU, + FYU). (3.13)

Denoting by Z(U) = dyAU + Lo(U), the linear system of Eq. (3.12) can be written as

dUu
I =2U). (3.14)

It is well known that the eigenvalue problem (2.3) has eigenvalues o, = (n/ 0)%, n € Ny with
the corresponding normalized eigenfunctions

—— hen n=0
cos (2 Nz W
Y (X) = ,Sf U R (3.15)
llcos () Il2.2 ,/ﬁr cos (%), when n#0
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Let ,B,(,j ) = yn(X)ej, j =1,2,3, where ¢; are the unit coordinate vectors of R3. Then the

. o0
normalized eigenfunctions { ,8,(,] >} form an orthonormal basis for 2.

n=
Set 4, =span{[g0(-), ﬂ,(,j)] ,(,]) loe Z,j=1,2, 3}. Then it is easy to verify that

Lo(%By,) C span {/3,5”, B2, ,3,53)} ,neNp.

Assume that y(r) € R? and

(1)

n
Yoy | B2 | € %
)

Then, on 4, the linearized equation (3.14) is equivalent to the ODEs on R3

Y(t) = — (n/0* doy(t) + Lo(y(1)). (3.16)

It is obvious that the characteristic equation of linear system (3.16) is the same as the linear
partial differential Eq. (3.14).

Let
—dn (%)2 +ai amn 0
M, = any —dy» (%)2 +axy dyvs (%)2 (3.17)
= 0 —a

be the characteristic matrix of Eq. (3.16). Further, let A = {iw,_, —iwy }, and denote the gen-
eralized eigenspace of Eq. (3.16) associated with A by P and the corresponding adjoint space
by P*. Then, according to the standard adjoint theory for ODEs, C3 can be used to decom-
posedby A as C3=P @ Q, where Q ={p € C3: (Y, 9) =0,Vy € P*} and (-, -) is defined by

(W, 0)=yTg, forg, ¥ e C>.
Choose the dual bases ® and W of P and P*, respectively, as follows

o=(p.p). Ww=col(q".q").
such that (¥, &), = I, where

1 1

p1 in,+(ne/0)2d1 1 —ary q1 . ap
pP=\1Dr2|= arn q=1| 92 | =1 iwne+(nc/0)2dy—axn s
73 1 q3 tadyivsain(ng/0)*
T+iwn.tH ) (+iwn, TH) [ One+(ne /0 *drn—a)

with

(iwn, + (nc/0)*dry — ax) (1 + iw, Tr)?
(2iwn, + (ne/0)?(d11 +d) — (a1 + a22)) (1 + iwn, T1)? + THda1vear2 (ne /)2
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since M, p =iw, p, M,{Cq =iwp.q and (g, p) = 1.
Using the decomposition C3 = P @ Q, the phase space 2~ can be decomposed as

X =D 2, Z°=Imn, Z° =Kerm, (3.18)
where dim ¢ =2,and 7w : & — Z’¢ is the projection operator defined by
[00). 517]
7(¢) = <1><w, (001 82] | e, 9 2. (3.19)
[00.5]
According to (3.18), U = (u, v, w)T € 2 canbe decomposed as
U=0Zy,, x)+ W, W=D, w® w2, (3.20)
Let Z = (z1 (1), z2(t)) € R?, then system (3.12) is equivalent to the following system

[F@zym. 0+ W, ., 5|

Z=BZ+v| [F@zy, @ +w.w.62] |

(3.21)
[Fozya.+ w0, 67 |
W =2 W)+ -m)F(®Zy, (x) + W, w),
where B =diag{iw,,, —iw, } and I is the identity operator.
Consider the formal Taylor expansion
~ 1 ~ 1 ~ 1~ j
Fo.m=)" Fien. Flo)= > i) L= > L.
i>2 =2 21
! | / ! (3.22)
de N _ L rd
Flo)y=) @,
j=2
where F i Fj, L i F j" are the j-th Fréchet derivative of F , F, Z, F4, respectively.
From (3.13), we have
FjU, ) =FjU) + ju/ 'L (U) + FIU),  j=2,3--. (323)
Then (3.21) is written as
Z=BZ+ Y 5[ (Z, W, ),
. o (3.24)
W=2W)+ ) ﬁf/ (Z, W, ),
j=2 0
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where

[Fi @z )+ W, 0, 5]
flzw.w=v| [F@zmo+w.mw.87] | (3.25)

[Fy @2y, )+ W, 7|
FHZ W ) =T = 1) Fj(®@Zyn, (x) + W, ). (3.26)

In terms of the normal form theory of autonomous ODEs in the finite dimension space [6],
after a recursive transformation of variables of the form

~ ~ 1 ~ ~
(Z,W)=(Z, W)+ ﬁw}(z, W, UHZ, W), j=2, (3.27)

where Z,Z e R2, W, W € 2 and U} :R3 - RZ, sz :R3 — 2°% are homogeneous polyno-
mials of degree j in Z and W, then the flow on the local center manifold for Eq. (3.12) can be
written as

. 1
Z=BZ+) 58/(Z.0.p). (3.28)
j=2 7

which is the normal form as in the usual sense for ODEs.
Denote the operators M jl and sz. by

Mj V(€ — V}(C?), Mj(U}) = DzUj(Z. w)BZ — BU(Z. v,
(3.29)
M2V > VI, MAUD = DzUNZ, wBZ - £ (UHZ, ).

where V3(Y) denotes the space of homogeneous polynomials of degree j in three variables
z1(t), z2(t), u with coefficients in Y. Then

Ker(M%):span{(Z})“> : (ZSM)}, (3.30)

? 2 0 0
Ker(M3) = span {(ZIOZZ) , (Z‘(’)‘ ) , (Z%m) , (zmz ) } . (3.31)

Similar to [22], we denote

[F>(@Zy3.(0) + W) + 2 L1 (@ 2y (1) + W), 5|
K@ W= | [Fa@Zy 0+ W)+ 2L (@Zy 0+ W AP ] | (332)

[F2(@Zy. () + W) + 20T (@ Zyn, (1) + W), 57|
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[Fi@zy, )+ W), 1]
2 2
2@ wy=w| [F©@zym+w.82] | (3.33)

[Fi @z, )+ W), 7]

From [6] and [7], we have

83(Z.,0, ) = Proje, 1 /2 (2.0, 1),

| : l .3 2 (3.34)
g3(Z7 0’ /’L) = Pro.]Ker(M;)f} (Zv 07 I’L) :Pro_]sf3 (Zv 07 0) + 0(/"“ |Z|)v

where

2
S:span{(zl()z2>,( %22)}, (3.35)

and ]?31 (Z,0, ) is the term of order 3 obtained from (3.27) after the change of variables in
previous step given by

3
Az.0.m =20+ 35 (D22.0.m) Uz 0+ (Dw (2.0, ) U3 (2. 0)

+ (Dwwew,, £57Z.0) U (Z, 1) = D2UN(Z. 1083 (2,0, ),
(3.36)

where

2,0, = f1YzZ,0,0+ 112 (z2,0),

1,2 1,2 1,2 1,2
D, 3220, = (Dw 12 (2,0, ), Dy, 72,0, ), Dw,, £57(Z.0, ),

and

—1 -1
U3(2,0)= (M})  Projiu, f4(2,0,0, U3(Z.0)=(M})  f3(Z.0,0), .

Uz(z’d)(Z, u) =col <U22(Za M), U22x(Z, W, U22xx(Z’ 'u“)> :

For notational convenience, in what follows we let

my_mz , ms3

az)' 2 .
H(az"' 252 u™) = (&z’i"zz%‘,um ) ,a€C,m;eNyforj=1,23.

We then calculate g}(Z, 0, ), j =2,3 as follows.
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3.2.1. Calculation of g3(Z,0, j1)
By (3.10) and (3.22), we have

F{(U) = =2d51 (0, vywy +vwyy, 0), FY(U)=(0,0,0)", j=3,4,---, (3.38)

and from (3.11) and (3.23), we obtain

T
~ |
Lj(U)=1{0,0,(-1)/ .+1(u—w) , j=1. (3.39)
%
Clearly, since for n € N,
154
2 _
fyn (x)dx =1,
0

we can calculate that

[2nLi@Zya o). B .
[2ui@zy ). 7] | = _ 0 . (3.40)
TH

~ 3) (p1 — p3)z1 + (p1 — P3)22
[21L1 @2y, 00, 57 |

This, together with (3.13), (3.23), (3.25) and (3.39), yields to

82(Z.0, 1) = Projge, ) 2 (Z. 0. ) = H(Brzip), (3.41)
where
2
By =——q3(p1 — p3). (3.42)
TH

3.2.2. Calculation ofg; (Z,0, 1)

Note that the terms 0(/L2|Z|) in (3.34) are irrelevant to determine the generic Hopf bifur-
cation. Thus, it is sufficient for determining the dynamics of generic Hopf bifurcation to obtain
g% (Z,0,0) in terms of (3.34). It follows from (3.41) that g% (Z,0,0) = 0. Thus, by (3.36), the
term g31 (Z,0,0) can be shown as follows:

. 3

¢1(Z.0,0) = Projg £1(Z.0,0) + EPmJS[(DZf;(z, 0. 0)) ul(z,0)
+(Dw £50(2.0.0) U3(2,0) (3.43)
+ (Pwwow 52 2.0) U z,0)]
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Next, we compute gé (Z,0,0) = Projg f;l (Z,0,0) step by step according to (3.43). The cal-
culation is divided into four steps as follows.
Step 1: The calculation of Projsfg(Z, 0,0

Let F(U) = (FOW), FO W), FAW)T, we write

1 1 o

—FiU)= > ———FjpuulvPwh, (3.44)

J! = iRl

JNi+ptiz=]
where
(D (@) T
F111213_(FJ'L/'24/'3’F/14/2./3’0) ’ (3.45)

with

@® _ 07F0,0,0)

= i . — k=1,2.
J1J2J3 dull dv/2ow/3

The formal Taylor expansions of f(u + uy, v + vy) and g(u + uy, v + vy) at (u, v) = (0, 0) can
be written as

1 - 1 -
futuovtv)= Y ——fipu'v? gutu,v+v)= Y ——gjpulv?

N i1
iz 12 jinz1 T2
where
_ aj1+j2f(u*, Vs) _ 3j1+jzg(u*, Vy)
Then, we have
W _ Vi 3=00 0 )8hp 3=0,
Jij2j3 = 0, j3#0, J1j2jz = 0, j3 #0,

which, together with (3.45), means that

Foos = Fo12 = Fio2 = Fi11 = Fa01 = Fo21 = Fooz = Foir = Fio1 =0,

which will be useful in the following computation.
From (3.13), (3.38) and (3.39), we have F3(®Zy, (x),0) = F3(PZy, (x)). Then, it follows

from (3.25), (3.44) and the fact f(f” y,i (x)dx = % that

Projs f1(Z,0,0) = H(Ba1z322), (3.46)
where
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9 _ _
By q’ <F300P1 Ip112 + Fozopalp2l? + Faro <p%p2 +2p2lp1 |2> + Fi20 (P%Pl +2p1 |P2|2>)

~ 2r

= 2em ((qlfso +q2830)P11p1 1% + (@1 fo3 + 42803 P21 P2 + (q1 f21 + 92821) (PlzﬁJr 2p2|p1 |2)
+(q1./12 +92812) (P%ﬂ +2p1 |p2|2> )
(3.47)
Step 2: The calculation of Projs ((D.f}) (Z, 0, 0)UL(Z, 0))
From (3.13), (3.38) and (3.39), we obtain
Fy(®Zyy (x),0) = F2 (P Zyn, (X)) + F§ (D Zyn, (x)). (3.48)

By (3.44), we write

P (@Zyn, )+ W)=y, )| D Ammz' 52 | + S2(®Zya, (), W)+ O(WP),
mi+my=2

(3.49)
where

Ay = onopl2 +2F10p1p2 + Fozop% = A,

(3.50)
A1 =2F00|p1 > + 4F110Re{ p1 P2} + 2 Foxol p21?,

and S>(, ¥) is the second-order cross terms of ¢ and ¥, where ¢, ¢ are column vectors of
3x1.
In addition, by (3.38), we have

n.\2
F@zy, )= (F) (o-no)[ X an.Lds]. 3.51)
mi+mpy=2
where
£, (x) 2 . (ﬂcx>
=,/—sm|—),
e =N o ¢
0 L 0
Ady=—2d> | paps | = AL, AY =—4dy | Re(p2p3) |- (3.52)
0 0

It is easy to verify that

124 2.4

f y,fc (x)dx = / Va, (x)&'nzc (x)dx =0.

0 0

Hence, in terms of (3.48)-(3.51), we have
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) , (3.53)

Projs [ (D2 11) (2.0,0U3(2,0)] = 0.0)"" (3.54)

[F(@2y.00,0), 5]
£(Z,0,0)=W [Fz@Zm(x),O),ﬁﬁf)] =(

|27, (). 00, 8]

(=R

which implies that

Step 3: The calculation of Projg ((Dwfél’l)) (7,0, 0)U§(Z, 0))

Let
UF(Z.0) 2 h(Z)= > ha(Z)yn(x) € 2, (3.55)
nENo
where
hy(Z) = Z hn,mlmzzrlnlzrznza
mi+my=2
with

hn,mlmz — (h(l) h(2) h(3) )T.

n.mim°’ ""nmim’ 'n,mpmy

Then, from (3.32), (3.55) and (3.39), we have

(Dw ") 2.0.0) (h(2))
[Dw (@230 + Wlw=o( Zeny 1n (D7 @), 557 |
=0 | [DwF(@Zy, ) + Wlw=o( Lyen, @), 87 ]
[ Dw Fa@Zyn, (0 + Wlw=o( enyy hnD1a). 517 |
By (3.49), we obtain

Dy Fo(®Z 1, (0 + Wluzo( Y ha(2)a(x)) =& (cDZync(x), > hn(zwn(x)) ,

nEN() nENO

82 (PZyne (). uenig I @1a ) B2 | | = 3 bu (S2(p21.1a(2)) + 82 (P22, h(2))).

nEN()

and
[82 (<I>Z}/nC (x), ZneNo hn(Z)yn (x)) ’ ﬂr(li)]
[
[

82(®Zne (0. Ly hn@yn) . B |

193



H. Shen, Y. Song and H. Wang Journal of Differential Equations 347 (2023) 170-211

where
154 L n=0
Ms k)
bn = f y2@mde =1 n=n. (3.56)
0 0, otherwise.
Hence,
Projg ((Dwfz(l’l)) (Z,0,00U2(Z, 0)) —H (3221&2) , (3.57)
where

1 1
Byy=——q" (S, (p, h +S(p,h +——q7 (S2(p, hon. 11) + S> (P, hon )
22 \/Z_nq ( 2(p 0,11) z(p 0,20)) mq ( 2(P 25,11) 2(1? 25,20))

Further, from (3.49), we have

82 (p+ hnmims) =2F200 (plh,ﬁl,fnlm) +2Fi10 (Plhff?mmz + pzhfll,lnlmz) +2Fo0 (pzhf,z,zmmz) ,
(3.58)
and

2P hnmms) = 2F200 (BT1S iy ) + 26010 (BT, + P20y ) +2Fo20 (B, )
(3.59)
Thus, we can also obtain that

1 —. 2) -2
By = E Ep ((611 fa0 + QZgzo)(Plhf,,)“ + Plh,(,,)zo) + (q1fo2 + 612g02)(172h8,)11 + ch((),%())
n=0,2n,

2 1 — (2 — (1
+ @1+ @D (P + Pkt + PRy + Pahy ).

(3.60)
where

2 _
E, =]V’ n=0.
-2 n=2ne.

V2’

Step 4: The calculation of Projg ((Dw,wx,wxxfél’z)> (z, O)U;Z’d) (Z, 0))
From (3.38), we denote
F(®@Zyn (), W, Wy, Wex) £ F§ (@ Zyp, (x) + W)
= P (®Zyn, (1) + SV @2y, (1), W) + S (@2, (1), Wa) + 8D (@Zy, (), W)

+ O((W, Wy, Wer) [P,
(3.61)
with
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0
S @2y, 0. W) =2 (") . (0 ((P3Zl +mzz>w<2>) ,
0

0
n,
Séd’z)(sz)/nc(X), Wy)=2 (76) dr1p, (x) ((P321 + w4+ (mz1 + Paz)wd ) ,
0

0
S (@Zy,. (x), Wyr) = —2da1 7, (x) ( (p2z1 + Paza)w) ) :
0

By (3.55), we denote

V(2.0 202 == Y (7) (@0,

neNj 3.62
2 ) o (3.62)
U3Z.0) 2 12y == Y (5) (@),
neNy
Thus, by (3.37), (3.61) and (3.62), we have
d (2,d)
DW,WX,W” F2 (CDZVnC(x), W, Wy, Wxx)U2 (Z,0) (3.63)

SYD@Zyn, (1), H(Z)) + S (@ Zy, (x). he(2)) + S (@ Zyn, (1), hax (2)),
and
(S0 @2y, 0, 1(2)), B
T
(S0 @2y, 00,120, 6] | =200/ Y b (0. (pac1 + 0P (2),0)

I’LENO

S(" D(@Zy,, (x), h(2)), B

[8“’ 2 (@Zya. (0, h(2)). B! |
SP @7y, (), he(20), B |

(62 @2y, (0. e 2, B

T
= —2ne/Odxn Y (0/0cy (0. (p321 + P3zhP(2) + (paz1 + Pk (2).0)

I’LENO
(8@ 2y (). hx (20), A1
(859 @2y, 0. (20, B2 [ =241 3 (170, (0. (21 + B2 (20,0)

neN;
(S8 @2y (). hn(20), B °

(3.64)
where b, is defined by (3.56) and
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i 1
—, n=2n,
CnZ/";:np(x)ync(x)én(x)dx: 2 =
0

0, otherwise.

Then, by (3.33), (3.37), (3.55) and (3.62) - (3.64), we obtain

(Pwwew, £57) 2,008 (2,0)
[ W, F @2y, (00, W, Wa, e US (2,00, B
=0 | [Dww, i, FE @2y, 00, W, Wi, Wi UV (2,00, 82 |
[ W, FE@Zyac (0, W, We, Wad US (2,00, 7|

and then we have

Projs ((DW,WX,W” fz(”)) z. 00Uz, 0)) Y (Bm%m) , (3.65)

2 n.\2 —
B3 = \/T_T[ (f) dnqz (PSh(()%il + p3h((f;0)
(3.66)

2 (ney? 3) 5, @ Sh @
+ ( ) d 2( h + P2h ) ( h + p3h ) :
V2tm N 21@( P2Monc 11T P2Man 20 P3Mon, 11 T P3lgn, 20

Summarizing the above calculations, we have the normal form of the Hopf bifurcation at 7y
truncated to the third terms as follows

. 1 (Biziu 1 ( B2z, 2 4
Z=BZ+—(2 — (2% o(z z ) 3.67
+ 2! (3112/L * 31\ Brz123 +O{1ZIn”+12] (3.67)

where B is defined by (3.42) and

3
By = By + E(Bzz + B»), (3.68)

with By, j = 1,2, 3, determined by (3.47), (3.60) and (3.66), respectively. Through the change
of variables 71 = w; —iwj, 20 = wy + iwy and w; = pcos&, wy = psin&, the normal form
(3.67) becomes the form in polar coordinates

b =Ko+ k20> + 020+ (. p)IY),
with

1 1
1= 5 Re(Bi). k2= Re(By). (3.69)

For generic mode-n, Hopf bifurcation, if all other roots of Eq. (2.10) have negative real parts
except for a pair of purely imaginary. Then, the direction of the bifurcation and the stability of
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the nontrivial periodic orbits are determined by the sign of kjk2 and of k7, respectively. The
case k2 < 0 is referred to as a supercritical bifurcation, and the case k> > 0 is referred to as a
subcritical bifurcation [28].

The coefficients ho 20, 70,11, h2n,,20, and A2, 11 in (3.60) and (3.66) are defined by (B.5) and
(B.6). See Appendix B for the detailed calculation.

Remark 3.2. The coefficients k1 and k» of the normal forms can be determined by the eigen-
vectors p and g associated with the purely imaginary roots +iw,, and the second-order and
third-order terms of Taylor expansion of the reaction terms f and g and the diffusion terms. Dif-
ferent from the calculation of normal form of Hopf bifurcation for the standard reaction-diffusion

system, the calculation of Projs <<DW,WX,WXX fg ’2)> (zZ, O)ng’d) (Z, O)) is main characteristic de-
rived from the nonlinearity of the diffusion terms.

4. Application to the consumer-resource model with type-II functional response and
distributed memory

In this section, we consider the consumer-resource model with Holling type-II functional
response and study the possible pattern formations induced by the average memory delay t. For
the sake of simplicity, we restrict the spatial domain €2 to be the one-dimensional domain (0, £7)
and choose ¢ = 2 for the numerical simulations, so we have o, = (%)2 forn € N.

The model considered in this section is

O e +u(1 =y — 210 0 e, >0

— =dju u(l—-)— , <x <d{lm,t>0,

at HHxx a 14+u

0 b

—v:dzzvxx—dZI(wa)x—CU+ uv7 O0<x <dm,t>0, “.1)
ot 14+u

ux(0,1) =ux(m,t) =vx(0,1) = vy lm, 1) =0, >0,

where w(x, t) is defined by (1.2) with F(¢) = %e‘g (the weak kernel).

Let E, = (ux, vy) be the positive constant steady state of system (4.1), it is not difficult to
obtain that
¢ _(tu@—u

) *

)

b—c ab
provided that b > @, and
G fla—1-20) | <0, Gl <¢ <a, P et SR RP
n=————_"— a1 ap=—c<0, a1=——->0, ann=0,
a(l1+¢) >0,0<¢ =55, a(l+¢)
4.2)

where ¢ = ;=
Obviously, the condition (C1) is satisfied and it is easy to see that if % < ¢ < a (equivalent

to aj < 0), then (C,) and (C3) are satisfied since ax; = 0.
In what follows, we choose

a=2,b=32,c=1.6,d11=0.1,d0n =0.2,£=2. (4.3)
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Then we have (ity, vy) = (1, 15—6) It follows from (2.6), (4.2) and (2.9) that

2
n 16 1
5, =—(—+—+—).neN, 4.4
2L (100+5n2+10> e @4

which are independent of t and

) 4 = —0.46 > d3) 5 = —0.4780 > d, 5 = —0.5456 > d3; ¢ = —0.5489 > d3, , = —0.94 > -

Thus, we can see that dg = d§1’4 = —0.46. At the same time, from (2.6), (4.2) and (2.15), we

have
A (14 3n2)/nt + in2 + 2 4 L1+ Zn?)?
da1(on) = 3 ,
n
and then

da1 (03) = 2.0488 < da1 (02) = 2.1132 < da (04) = 2.4420 < d» (05)
=3.1072 < dr (06) = 3.9954 < doy(01) =4.1898 < - - -

In addition, by (2.27) and (2.28), we obtain o, = 2.3137 for the case diiax» + dyai; <0, and
then 71 = 4 from (2.30). Therefore, in terms of (2.31), d}; = mln d21 (op) = d21(03) = 2.0488.

From (2.17), we have

121 d 121 d 5687 841 841 19343
o 00~ 5 i\/(m - A ~ 1000 o 200 — 2d21 i\/(400 2d1)* - 125
2 —517/1000 AT —667/250 ’
1369 1369 672179
_L_:t_m__d i\/(m_‘d )2 — 320000 45)
3 —18167/16000 '

From Theorem 2.11, for d»; € <d251 4 0?21(03)) = (—0.46,2.0488), the positive constant steady
state E, is locally asymptotically stable for any t > 0. For dr; < d21 4 = —0.46, E, be-

comes unstable via mode-4 Turing bifurcation. For dp; > d21(03) = 2.0488, E, is locally
asymptotically stable for 7 € [0, t,) U (t*, +00), and loses its stability via Hopf bifurca-
tion. Fig. 1(a) illustrates these Turing bifurcation lines dp; = dzsl,n and Hopf bifurcation
curves T = tni. The dotted region is the stability region. The points are parameter val-
ues for numerical simulations and they are: P;(2.075,0.7), P,(2.075,1.1), P3(2.075, 1.32),
P4(2.075,1.55), P5(2.075,2.09), Ps(2.21,2.17), P7(—0.47, 1.32). Fig. 1(b) is the enlargement
of Fig. 1(a) restricted to the region 1.8 < dz; < 3.2, 0 < v < 4.2 and Hopf bifurcation curves
T=1, and T = 7, intersect at the point Py = (2.229469, 2.154618), which is the double Hopf
bifurcation point. ,
uv

. . . . . . u
For numerical simulations, we use the equivalent system (3.1) with f =u(1 — %) — The and

buv
g=—cv+ T+u*

198



H. Shen, Y. Song and H. Wang Journal of Differential Equations 347 (2023) 170-211

n=2 Hopf 4 F

- P
—— =3 Hopf 7'2\ L
=4 HO)J f B . b
51 A ¢ 4 Tu,?ng 351 Stability region i A
Stability:region et Tuing L "
n=5 Turing 3F z7

-3t

-0.5 0 0.5 1 1.5 2 25 3 35 4 1.8 2 22 24 26 28 3 32

d21 d21
(a) (b)

Fig. 1. Stability region and bifurcation diagrams in plane (d31, 7) of system (4.1) with weak kernel delay and parameters
in (4.3). The dotted region is the stability region, the Turing bifurcation curves dp; = digl ,, (for dp1 < 0) are potted for

n =3,4,5 and Hopf bifurcation curves 7 = 'L',:lt (for dy1 > 0) are potted for n = 2, 3, 4. Fig. 1b is the enlargement of
Fig. larestricted to the region 1.8 <dp1 <3.2,0 <t <4.2.

For mode-4 Turing bifurcation dr; = dgl 4 = —0.46, it follows from Theorem 3.1 that
déM(O) =0 and

5, 4(0) = —0.2791 < 0.

Thus, system (4.1) undergoes a supercritical pitchfork bifurcation at d»; = digl, 4~ That is to say
that when d»; is smaller than and close to dfl‘ 4» System (4.1) has the coexistence of two stable
spatially inhomogeneous steady states. Fig. 2 shows the existence of spatially inhomogeneous
steady state with the spatial profile cos(2x)-like for point P;. Figs. 2(a) and 2(c) and Figs. 2(b)
and 2(d) have the same parameters but different initial values. Figs. 2(a) and 2(c) is the numerical
simulation for the initial value u(x, 0) = w(x,0) =1+ 0.2cos(2x), v(x,0) = % +0.2cos(2x),
and Figs. 2(b) and 2(d) is the numerical simulation for the initial value u(x,0) = w(x,0) =
1—-0.2cos(2x), v(x,0) = % —0.2cos(2x). Fig. 3 is the projection of u(x, #) shown in Figs. 2(a)
and 2(b) for fixed ¢ to x — u plane, which shows the existence of the supercritical pitchfork
bifurcation at dp| = dzsl, 40
For fixed dy1 = 2.075 > dj,, it follows from (4.5) that

1y =1.0439 < 7; = 1.5609,
System (4.1) undergoes Hopf bifurcations at t = ‘L'3+ and T = 75 and E, is asymptotically stable
for T € [0, r3+ ) U (757, 00). Using the procedure developed in Section 3.2, we have, for g =
Ty =1.0439,
k1 =0.0267 > 0, xkp =—0.3782 <0,

and for tg = 7, = 1.5609,
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Fig. 2. Numerical simulations of system (4.1) for (da1, T) chosen as Py in Fig. | and different initial values, showing the
coexistence of two stable spatially inhomogeneous steady states. (a) and (c): the initial conditions are u(x, 0) = w(x, 0) =
1+ 0.2cos(2x), v(x,0) = % + 0.2cos(2x); (b) and (d): the initial conditions are u(x,0) = w(x,0) =1 — 0.2cos(2x),
v(x,0) = 15_6 —0.2cos(2x).

1.25

121

14+ .

o(z) = u(z,800)

0 w2 T 32 27
Space x

Fig. 3. The projection of u(x, t) shown in Figs. 2(a) and 2(b) for fixed r = 800 to x — u plane, showing the existence of
the supercritical pitchfork bifurcation at dy1 = dﬁgl 4
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Fig. 4. Numerical simulations of system (4.1) for fixed d; = 2.075 and for Pj,j =1,2,3,4,5, shown in Fig. 1. The
initial conditions are u(x, 0) = w(x,0) =14 0.1cos(3x/2), v(x,0) = 15_6 4 0.1cos(3x/2).

k1 =—0.0165 <0, kp, =—-0.3111 <O.

Therefore, Hopf bifurcations at T = t3+ and T = 7; are both supercritical and the corresponding
bifurcating periodic solutions are both orbitally asymptotically stable. For fixed d»; = 2.075
and 7 varying from 0.7 to 2.09, Fig. 4 shows the existence and transformation of the spatially
inhomogeneous periodic solution with mode-3 spatial patterns for P;, j = 1,2, 3,4, 5, shown in
Fig. 1. Figs. 4(a) and (f), Figs. 4(e) and (j) show the stability of E, for 7 < r3+ and T > 15,
respectively. Figs. 4(b) and (g) Figs. 4(d) and (i) show the spatially inhomogeneous periodic
solutions with the spatial profile cos(3x/2)-like occurring at T < r3+ and T > 75, respectively.
For T = 1.32 far away from these two Hopf bifurcation values, Figs. 4(c) and (h) show that the
spatially inhomogeneous periodic solution with the spatial profile cos(3x/2)-like still exists. We
conjecture that spatially inhomogeneous periodic solution with the spatial profile cos(3x/2)-like
always exists for any 7 € (1:3+ , 73 ). Unfortunately, we can not prove this conjecture.

It is worth mentioning that the interacting of mode-2 and mode-3 Hopf bifurcations may
produce more complex dynamic behaviors, which urges us to develop and expand the normal
form in double Hopf bifurcation to investigate the dynamical classification near the double Hopf
bifurcation point P,. For the point of Pg(2.21,2.17) in Fig. 1 near the double Hopf bifurcation
point P,, Fig. 5 shows the existence of quasi-periodic spatiotemporal patterns. Fig. 6 illustrates
the phase portrait of u(x, t) and v(x, t) for fixed space x = % in the u — v plane.

5. Concluding remarks

In this paper, we considered the spatiotemporal dynamics of a consumer-resource model with
distributed memory. Instead of a discrete delay in [23], the spatial memory was characterized
by the distributed delay. The kernel function was chosen as the temporal weak kernel and we
investigated the influence of the mean delay on the stability of the positive constant steady state
and the induced spatiotemporal dynamics.

For the toxic resources (d>; < 0), the rate dp; of memory-based diffusion can lead to the
Turing bifurcation and yield spatially inhomogeneous steady states. There exists a threshold
d; of dp such that the positive constant steady state is asymptotically stable for dp; > d§ and
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Fig. 5. Numerical simulations of system (4.1) for (dp, t) being Pg in Fig. | near the double Hopf bifurcation point
Py, showing a quasi-periodic spatiotemporal pattern due to the interaction of mode-2 and mode-3 Hopf bifurcations. (a)
and (d): the evolution of spatiotemporal dynamics of the prey u and predator v; (b) and (e): the truncated curves of (a)
and (d) for fixed x = %; (c) and (f): the truncated curves of (a) and (d) for fixed ¢+ = 1600. The initial conditions are

u(x,0) =wx,0)=1+0.1cos(x), v(x,0) = 15_6 +0.2cos(3x/2).

0.5

v(m/5,t)

0.8 1 1.2
u(m/5,1)

Fig. 6. For fixed space x = %, Figs. 5(b) and 5(e) are plotted in the u — v plane, showing the evolution of the dynamics
of the resource u and consumer v in the u — v plane.

unstable for da; < d§ and any T > 0, and the system undergoes Turing bifurcation at d> = dj.
The mean delay t is independent of the stability and the Turing bifurcation values. We have
also derived the formulas to determine the types of the Turing bifurcation and the stability of
the bifurcating inhomogeneous steady states. For the consumer-resource model with distributed
memory and Holling-II functional response, we found the supercritical pitchfork bifurcation and
the coexistence of two spatially inhomogeneous steady states via the Turing bifurcation occurring
atdo) = d;.

For the available resources (dy; > 0), there exists a threshold d}; of d»1 such that when dj;
is less than this threshold d3;, the positive constant steady state is asymptotically stable for any
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T > 0. However, when dy| > d7;, there exist two critical values 7, t™ of the mean delay such
that the stability switches occur, i.e., the positive constant steady state is asymptotically stable
for 0 <t < 7, or T > ¥, and unstable for T € (t4, T*). And the system undergoes spatially in-
homogeneous Hopf bifurcation at t = 7, or T = t*. We have also derived the normal form of
Hopf bifurcation, which determines the direction and stability of the associated Hopf bifurcation.
Applying the obtained theoretical results to the consumer-resource model with distributed mem-
ory and Holling-II functional response, we found the stable spatially inhomogeneous periodic
patterns with different spatial profiles and the quasi-periodic patterns due to the interaction of
Hopf bifurcations.

In [23], the influence of the discrete memory delay on the positive constant steady state is
investigated for dy; > 0, where stability switches occur in an appropriate interval (d3;, d5}) of
memory-based diffusion rate, and for dy; > d;}, if the positive constant steady state loses its
stability, then it will never return to stability again. About the role the distributed mean delay
and the discrete delay on the dynamics of the resource-consumer model, there are following two
main differences

(i) For the case of the distributed mean delay, the positive constant steady state is stable what-
ever the distributed delay is sufficiently small or large when the memory-based diffusion
coefficient dy; is larger than some critical value. However, for the case of the discrete delay,
the positive constant steady state is always unstable when the discrete delay is small enough
or large enough.

(i) For the case of the distributed mean delay, delay-induced stability switches must occur for
any dp) > dj;. However, for the case of the discrete delay, delay-induced stability switches
may occur only for the mediate memory-based diffusion rate (i.e., d5; < d21 < d3}) and
there is no delay-induced stability switches for dp; > d37.

It seems the distributed memory is more realistic because, from a biological point of view,
when the average memory of consumers is old enough, the effect on its movement is negligible,
just as there is no effect on it when there is no memory delay. We would like to mention that the
explicit memory characterized by the spatiotemporal delay with the weak temporal kernel in the
single population model has been considered in [21], which shows that the mean delay does not
induce Hopf bifurcation.

Finally, we propose some future topics beyond this study. In this paper, the consumer-resource
model with consumer’s explicit spatial memory was extended from discrete delay to distributed
delay, which is more in line with practical significance. However, only the weak kernel was
considered here. When the kernel function is chosen as the general gamma function of order
k (the weak kernel corresponds to k = 0), how k changes the spatiotemporal dynamics of the
system is an open problem. In addition, motivated by [21,25], if the influence of the spatial
distribution on the memory is considered, then the spatiotemporal delay should be introduced
into the consumer-resource model. The influence of the spatiotemporal delay on the stability of
the consumer-resource model with consumer’s explicit spatial memory and the corresponding
patterns are interesting topics to explore in future.
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Appendix A. Proof of Theorem 3.1

The steady state of Eq. (3.1) is a solution of the following system:

dnlAu+ f(u,v) =0, xeqQ,

dypAv —dydiv(vVw) + g(u,v) =0, x e,

| (A.1)
—(M—U))ZO, XEQ,

T

Oput = 0pv = 0w =0, x €0Q2.

According to Theorem 1.7 in [4], we state our proof as follows. From (A.1) and taking d; as
a parameter, we construct the nonlinear mapping F : R~ x X3 — Y3 as

diiAu+ f(u,v)
F(dy,u,v,w)=| dpnAv—dydiv(vVw) + g(u,v) |, (A.2)
L —w)

where X3, Y3 are Banach spaces. As we can see that F'(day, uy, vy, uy) =0 for any do; < 0, and
the Fréchet derivative of F' with respect to (u, v, w) is

diiAg +aie +apy
Fluo,0) (@31 s i Ve, u) [0, ¥, 91 = | dAY —d3)  vsAD + a9 +an¥ | = Llg, ¥, 1.
He—)
(A.3)
Stepl: We are supposed to investigate the null space of L, denote it by A (L). We define
Matrix JnS by

—dy10on +a a2 0
JS = as —dno, +ay  dyvio, |. (A4)
% o

Then from previous statement in Section 2, we know that R, (dgl’n) =0 and n € N, which
implies that A = 0 is an eigenvalue of (A.4). Note that P,, Q, > 0, therefore A = 0 is a single root
of Eq. (2.10), again with the fact that o}, is also the single eigenvalue of (2.3) and dzsl,n #* dZSl’k
for any k € N, k # n. We say that A = 0 is the single root of linear operator L, and N (L) =
span{g = (1, h,, DTy, (x)}, since
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1
Lg=J3q=J5| hy | yu(x) =0,
1

where h,, = d”‘j%” Thus, dim(NV (L)) = 1.

Step2: In this part, we are concentrated on calculating the range space of L, denote it by R(L).
Clearly, R(L) is given by {(fi. f2. /)7 € Y3|(g*. (fi. fo. f)7) = 0}, where ¢* € N'(L*), L*
is the adjoint operator of L and (-, -) is the scalar product of two complex vectors defined by

W) =vTg, for ¢,y eC (A.5)

By simple calculations, we have

diAg +ang +any + 1o
L*[g, ¥, 01=| ang+dnlAy ++any |,
_dgl,nv*Al/f o %19

which means that

N =span{g* = (11,2 v ) |

with
apn tJy
ry = , Tn = .
" dpoy —an’ " dnoy —an
Hence we obtain
R(L) ={(f1, f. f3) € V?| /(fl + 70 f2 + 20 f3) YV (x)dx = 0}, (A.6)
Q

and co-dim(R (L)) = 1.
Step3: Our purpose is to show that Fdﬂ(u’v,w)(dzslyn, Uy, Ux, Ux)[q] ¢ R(L) in this step. Ob-
viously, we can get

Fayy vy @3y s Vs ) [q] = (0, 0,03 v (), 0)T (A7)

from (A.3), and notice

/(O + 10 Vi + 0)yndx = rpvsoy, / ynz(x)dx #0,
Q Q

thus according to (A.6), we have

Fy, u.v.w) (d3) o U Ve ) [q] ¢ R(L).
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From Step1-3, we can now apply the Theorem 1.7 of [4] and obtain the part (i) in Th. 3.1.
We would show the part (ii) in the following steps.

Step4: At present, letting = (0, £7), thus y,(x) = cos(%}), 0, = (%)2 We consider the
Turing bifurcation direction and its stability in I',;. In this case, we have ¢ = (1, h,, 1)T cos(%).
From [17], we have

<£a Fluv,w)(u,v,w) (dégl’n, Uy, Vs, Uy)[q, Q]>

dy ,(0) = — S : (A.8)
2(£: Fas v (@) s v, 0)141)
where ¢ € Y satisfies V() = R(L) and can be calculated as
154
T nx
(e oo T} = [ rufo+ 20 ) cos () dx.
0
As a result, and using (A.7), we obtain
/%4 ‘
nx FnUxOn LT
<Zv Fle(M,v,w)(dégl,nv Uy, Uy, M*)[CI]> =TIpVx0p / COS2 (7) dx = %
0
Again, from (A.2), we obtain the 2-order Fréchet derivative shown as
T30, 0@ + 2 £ (w, )oY + fi (. v)%?
F(u,v.w)(u,v.w) (day,u,v, w)[<p, Ws 19][(/7‘ Ws ¥ = —2d> lﬁ/ﬁ/ —2d>) ¢19” + gé/o("h U)(/)Z + 283/1 (u, v)(PW + g(i)/z(uy U)Wz
0
(A9)
Hence, we have
F7 (1 + cos(2))
F(u,v,w)(u,v,w)(djgl,n»”*»U*»“*)[‘]][CI]Z 2d§1’n0'nhn Cos(znTx)‘f‘g”(l +COS(2nTX)) s
0
(A.10)

where f”, g” are defined in (3.7). Thus

<£, F(u,v,w)(u,v,w)(djgl,nv Usx, Ux, U*)[‘[s q])

1%
2nx nx 2nx 2nx nx
= / |:f// (1 + cos <7>> cos (7) +rp (del’”onh,, cos (T) +g" <1 + cos <T>>) cos (7) :|dx =0,
0

this, together with (A.8), we obtain that d’, 2(0)=0.
Next, we show the calculation of dﬁ’lyn (0) which determine the bifurcation direction from [17]
and the expression of d3) , (0) is given by
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d3,,(0)

(6 P, @) st ves ) @l lg1) + 3 (6 Foussonnn (@)t v 01101

3<Z, Fayy u,v,w) (dig]’n; U, Ux, u*)[‘]])

where ® = (01, ©;, ®3) is the unique solution of

F(u,v,w)(u,v,w) (dégl,w Us, Vs, Us)[qllq] + F(u,v,w)(djg]’n, Us, Vs, Us)[O] =0

(A.1D)
Further, from (A.2), we obtain

F(uvw)(uvw)(uvw)(dZI»u v, w)le, ¥, e, ¥, e, ¥, ¥

Fio @, v 4+ 3 57 (u, v)e* W + 3 15w, v)eY? + fi(u, v)w

=| &3, v)¢® + 3¢5} (u, vV)*Y + 3¢ (u, v)w/ferg”’(u VS
0
thus,

3
<£» F(u,v,w)(u,v,w)(u,v,w)(dig1’nv Uy, Ux, u*)[Q][Q][C]]> = T (fm + rng’”) s

where f” and g” are defined by (3.6).

At what follows, we show the calculation of <€, Fluv,w)w,v,w) (dgn, U, Vs, u*)[q][G)])

By (A.10) and (A.11), we could assume ® = (01, O, @3)T has the form as follows:

0 2nx 0 2nx 0 2nx
0] =0, +®1cos v , 0, =0, +®2cos wE , 03 =03 +®3cos — ), (A.12)

since F, .y w)(u,v,w)(dfl’n, Uy, Vs, Ux)[q]lg] consists of only constant and cos(zT) terms by
(A.10). Now, noticing (A.3) and substituting (A.12) into (A.11), we obtain that

f// (1 + CO@(ZnX )>
245 ok COS(an)+ //(1 2nx
21,20 8 +C05( )

3 cos 2+ (60 + 6 cos(%) s (0 + O3 eos )
= | 44220103 cos(2E) +4d5; 00003 cos(LE) + azy (©F + OF cos(2) ) +azy (03 + ©F cos(%) )
1 (9 - 09+ (2 - 0d)cos(Z))

Matching the coefficients with respect to the constant and cos (22") and obtaining that ®0 @0
®% = ®2 and G)(l), 88, ®%, ®2, which are given by (3.5). Thus, by (A.9), we have
F(u,v,w)(u,v,w)(dﬁgl no Uk Use, us)[q1[0]

(f3h + ] hn) cos(25) (@0 +0? cos(z'”‘)) + () A+ fhn) cos(P) (@0 + ®2cos(2"—x))

= a5, ,on ((4hn®2 +63) cos(") cos(2E) = (21, +20) sin(") sin (%) + ©F cos() ) +7 |-
0
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where

2
= (820 + &11/tn )Cos( 7 )<®0+®2 <%))
+ (811 + 80 hn )cos(’iz )<®0+® (2%))

So we obtain that

<l! F(u,v,u))(u,v,w)(dﬁg]’nw’4*, v*,u*)[t]][@])

tr
nx
= (30 + 83008 + (]} + gl )(OF + hn©) + (g + rng)hn ©F + s, ,0009) / cos? (%% ) dx
0

1%
X nx 2nx
+ ((fz’g Frngh)©3 + (1 + gl (O3 + hn®N) + ([ +rnglp)hn©3 + rud3, o0 (@41, ©F + @%)) / cos? (7) cos (7> dx
0

72rnd251’nm, (hn + 02) / sin sm ( ) cos (%) dx

((fZO +h1820)(200 + ()1) + (fll +rng11) (2@(2) +(’9% +hn(2®(1) + @%)) + (fé,z +Vng82)h)l(2@g +@%)>

+

=g »‘S

(md3) ,on 209 + 41,03 — ©3 — 2h)) .

Hence, we can obtain the expression of dé’lﬁn(O) shown in (3.4).
StepS: In this part, we show the stability of the bifurcating non-constant steady states, which
can be determined by the sign of A(s), satisfying

. _Sdél,n(s)m/ (dégl,n)
lim —1, (A.13)
s—0 A(s)

where m(dy1) and A(s) are the eigenvalues of

Flu,v,w)(d21, sy, Vi, us)[@0(d21), ¥ (d21), 9 (d21)]

= m(d)Klg(dan), ¥ (d20), (). dor € (a5, — e.d5y , +e).
and

Fluv,u) (d21,n(5), Un($), Va(s), Wp())[T(s), P(s), W(s)] = A(s)K[Y(s), P(s), U(s)], s €(=6,6),

with K : X — Y is the inclusion map satisfying K (u) =u, m (d£n> =Xx(0)=0and

((p (dzsl’n) N (dfl,n) 0 (dzﬂin)) = (T(0), D(0), W(0)) = (1, hn, 1) cos (%) .
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Now, we analyze the stability of bifurcation direction of steady-states. Let dy1 = dZSL N= d;,
according to Lemma 2.3 and Theorem 2.11, the constant equilibrium (u., vy, u4) is stable and
m(dr1) < 0 when dp; > dzsl,N and it is unstable and m(d>1) < 0 when db; < d251,N-

One can calculate the m’(d1) by taking derivative of Eq. (2.10) with respect to do; and treat-
ing X as the function of dj1, as a result, we obtain

m/(dZI) i Vxd120p
T(3A2(d21) + 21(d21)) Py + Q)
which implies that
Vxd120p
m'(d3) ) = — <0,
21,N 70,

since ajz < 0, Q, > 0. Moreover, if dé/l §(0) <0, then

>0, se(=$,0),

d/
28 0 e 0.9).

Hence —sdé1 N(s)m’(dg1 ) <0 for s € (=3, 8)\{0}, and consequently A(s) <O by (A.13) and
the bifurcating steady state solutions are locally asymptotically stable. Similarly, if dé/l, y(0) >0,

the bifurcating solutions are unstable. For any other bifurcation at dr; = a’zs1 RS d;, the constant
solution (uy, vy, uy) is already unstable, therefore all bifurcating solutions are also unstable.
Hence, we complete the proof of this Theorem.

Appendix B. The calculations of hg 29, ho,11, h2n.,20, and hzy, 11

It follows from (3.29) that

M3 (1 (Z)yn(x)) = Dz (hn(Z)ya(x)) BZ — £ (hn(Z)ya(x)) ,

which leads to

(M3 2700, B
(1300 @0, B2 | =200, (2023~ b 223) + (5) doha(2) — Lot (2.

(M3 2700, B

(B.1)
In addition, by (3.19) and (3.26), we get

[Fo(@2yn. (0,00, 55 ]
ff(z,o,m=Fz(<1>2yn(.<x),0>—cb<w, [B@2y.0.0.87] )0 ®B2)

[Bo@zy, 0,00, 5]
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Then, from (3.48)-(3.52) and note the fact that

124

154
/Vnc(x)VO(x)dxZ/.Vnc(x)Vch(x)dx:Ov
0 0
we have
2 (1)
7,0,0), ]
[£2z.0.0). 8, LY A a0,
2 Z.,0,0), (2):| mi+my=2 - B3
[fz( ) ﬂn 21 Z AmlmQZT]Zgn’ n=2nc, ( )
[22.0.0.50] e
where

~

Ammy = Amymy — 2(ne /O AL, 0 my my € No,my +my =2,

and Ay m,, Aﬁumz are defined by (3.50), (3.52), respectively.
From (3.37), (B.1)-(B.3) and matching the coefficients of z% and z1z», we obtain

1

——=Az, n=0,

. 2

23 2iwn b 20 4+ (2)” dohin,20 — Lo(hn,20) = { ‘/el_” i _5
J2in 20> n=2anc,

| A =0 (B.4)
2 = ) — Y,
z122: (%) dohn,ll—Lo(hn,n):{ Vix

A1, n=2nc.

Solving these equations yields

. -1
ho,20 = ﬁ (2iwn I3 — Mo) ™ Aso,

. 1~ (B.5)
han, 20 = \/21771 (2iwn, I3 — Man,) " Ao,
and
h0,11=—ﬁ(M0)71A11, B.6)
—1 ~ .
hon, 11 = —ﬂlTﬂ (Man,)” Al

where the matrix M,, is defined by (3.17).
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