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Abstract
Seasonally migrating animals must navigate environments where resources shift pre-
dictably but are increasingly perturbed by climate change and human activities.
Empirical work highlights the importance of cognition for these movements, yet the
joint roles of perception and memory in sustaining stable seasonal migration remain
poorly understood. We develop and analyze a novel PDE (partial differential equa-
tion) model that couples random dispersal with two taxis processes: perception-driven
movement toward a nonlocally sensed, periodically shifting resource, and memory-
driven movement guided by a spatiotemporal map of past foraging successes over
seasonal time windows. We first establish global well-posedness of the system, prov-
ing existence, uniqueness, and uniform boundedness of classical solutions. Using
Leray-Schauder degree theory, we then show that the model admits at least one
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time-periodic solution synchronized with the seasonal resource. By constructing a
Lyapunov-Krasovskii functional, we further derive sufficient conditions under which
this periodic migratory pattern is unique and globally asymptotically stable, revealing
a key trade-off between perception- and memory-driven taxis strengths and diffusive
spreading. Numerical simulations corroborate the analytical results and demonstrate
how the balance of perception and memory, the precision of memory, and its match
or mismatch with environmental periodicity jointly govern migration efficiency and
persistence. Together, these results provide a rigorous theoretical framework linking
individual-level cognitive processes to the emergence, stability, and breakdown of
seasonal migration routes in changing environments.

Keywords Cognitive movement ecology · Seasonal migration · Nonlocal
perception · Memory-driven movement · Periodic solutions · Global stability

Mathematics Subject Classification 35B99 · 35B10 · 92-10

1 Introduction

Seasonal migration is a remarkable and widespread ecological phenomenon, driving
vast animal populations to undertake regular, long-distance movements between dis-
tinct geographical regions (Dingle 2014; Milner-Gulland and Fryxell 2011). These
migrations are primarily motivated by the pursuit of favorable foraging opportunities,
optimal breeding conditions, or the avoidance of harsh environmental factors such as
extreme temperatures or elevated predation risk (Alerstam et al. 2003; Somveille et al.
2013). Terrestrial ungulates, insectivorous birds, and cetaceans are among the many
kinds of migratory species that traverse dynamic environments in which resources
fluctuate (roughly) predictably in both space and time (Dingle 2014). Such large-scale
movements are not solely governed by immediate environmental cues; rather, they
often depend on complex cognitive processes involving memory, learning, and per-
ception (Bracis and Mueller 2017). Instead of responding only to nonlocal resource
gradients, migrating individuals frequently draw upon memory of past foraging suc-
cess, recalling when and where resources were previously abundant. This stored
knowledge is integrated with current perception, allowing animals to adjust their
movement strategies according to both present signals and historically profitable loca-
tions. Through this combination of perception and memory, animals can track shifting
resource patches across seasons, return to high-quality habitats, and maintain effi-
cient migratory routes in environments that exhibit recurrent yet variable patterns of
resource availability (Jerod et al. 2019; Bauer et al. 2020).

The interplay between perception andmemory represents a key ecological trade-off.
Perception enables animals to respond rapidly to immediate environmental changes,
which can be advantageous in highly dynamic or unpredictable conditions (Mueller
and William F Fagan 2008; Bradshaw and Holzapfel 2010). Memory, on the other
hand, provides a means of exploiting past experience, offering benefits in more sta-
ble or cyclically varying environments (Mueller and William F Fagan 2008; Fagan
et al. 2013). Over-reliance on either mechanism can be costly—depending too much
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on perception may cause individuals to overlook predictable seasonal opportunities,
while relying excessively on outdated memory can lead to inefficient or mistimed for-
aging. Memory is also inherently imperfect, often characterized by limited resolution
or “fuzziness” in spatial and temporal recall (Shankar and Howard 2013). Such imper-
fect memory can in fact be adaptive, allowing animals to remain flexible and avoid
rigid adherence to outdated information when environments change unexpectedly.
Balancing perception, memory, and the uncertainty associated with past information
is therefore critical for optimizing migratory decisions and maximizing long-term
fitness.

Understanding how animals integrate perception and memory to guide seasonal
migration has become a central theme in cognitive movement ecology(Gurarie and
Avgar 2024). Moreover, this understanding has critical implications for conserva-
tion and climate adaptation (Fagan et al. 2013; Bracis and Mueller 2017). As global
warming, altered precipitation regimes, and shifting ocean currents modify the timing,
distribution, and abundance of resources, traditional migratory routes may no longer
align with good foraging opportunities. Models that capture the cognitive mechanisms
underlying animal movement can help predict how species will adjust their routes,
expand or contract their ranges, and respond to emerging environmental challenges.
Such insights are vital for identifying species at risk, designing effective protected
areas, and implementing management strategies that sustain wildlife persistence in
rapidly changing ecosystems.

Recent work on blue whales in the eastern North Pacific provides a compelling
example. Using satellite tracking data combined with remotely sensed ocean pro-
ductivity, Abrahms et al. (2019) demonstrated that migrating blue whales in this
system do not primarily follow contemporaneous resource gradients, but instead
align their migratory movements to when and where resources have been consis-
tently reliable over many years. The whales’ movements aligned with long-term
averages in chlorophyll-a concentration—a proxy for the availability of krill, shrimp-
like organisms that constitute their primary prey—rather than with the localized peaks
in productivity that shifted from year to year. This finding indicates that blue whale
foraging migration is memory-based: individuals rely on stored information about
past resource locations to time and route their seasonal movement, rather than “surf-
ing” present-day resource waves. This result has been highlighted as evidence that
migratory success can depend on the ability to remember resource landscapes across
large spatial and temporal scales, underscoring the importance of memory as a naviga-
tion mechanism in marine environments (Fagan 2019) as it is for some land-dwelling
species like elephants (Polansky et al. 2015). This study of blue whales motivates the
development of mathematical models that can represent how animals integrate mem-
ory and perception to guide seasonal migration. In particular, it raises fundamental
questions about how memory forms, how it decays, how it interacts with real-time
perception, and how these cognitive processes influence movement in environments
where resources are seasonal and spatially shifting.

Advances in movement ecology have seen the development of specialized models
to unravel the cognitive underpinnings of seasonal migration. Gurarie et al. (2021)
developed a population-level partial differential equation (PDE) model that integrates
diffusion, resource-following taxis, social swarming, and a memory-driven advection
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term. Their model quantitatively demonstrates how a balance between long-term ref-
erencememory and short-termworkingmemory, coupledwith an optimal spatial scale
of sociality, can foster resilient migratory behavior capable of adapting to directional
environmental change and stochasticity. Complementing this macroscopic approach,
Lin et al. (2021) proposed an individual-based model formulated via a stochastic dif-
ferential equation coupled with an eikonal equation, where movement decisions are
informed by a cognitivemap built frommultiplememory channels. They found that the
interplay between long-term and short-term memory with appropriate time scales is
crucial for generating stable periodic migrations in a dynamic environment, highlight-
ing the importance of individual cognition. Further bridging the gap between theory
and data, Peter R Thompson et al. (2022) introduced a statistical movement model
embedded within a hiddenMarkov framework to detect seasonal, episodic-like spatio-
temporal memory patterns directly from animal tracking data. Their method, which
was demonstrated for grizzly bears, infers the characteristic time lag and precision of
an animal’s recursions to previously visited, resource-rich locations, providing a pow-
erful tool for empirical validation of memory use in wild populations. Collectively,
these works establish a theoretical foundation showing that memory is not merely
a facilitator but a fundamental component enabling adaptive and plastic migratory
strategies in dynamic seasonal environments.

While these and other studies have established the importance of memory in sea-
sonal migration, crucial gaps remain in developing a unified PDE framework that
directly couples dynamic internal memory states with externally forced seasonal envi-
ronments at the population level, and in providing a comprehensive qualitative analysis
of the resulting PDE dynamics. Both Othmer and Stevens (1997) and Howard et al.
(1997) approach memory in movement processes by deriving continuum PDEmodels
from reinforced random walks, in which past movement modifies future behavior. In
these models, individuals deposit or respond to a non-diffusible signal that records
aspects of prior passages, thereby introducing a form of environmental memory into
the movement rules. Recent advances in PDE models have sought to move beyond
simple random walks to capture the cognitive processes underlying animal move-
ment, particularly through the incorporation of nonlocal perception and memory. For
instance, several studies introduce “memory-based diffusion” via delay terms derived
from modified Fickian laws, contrasting the directed movement of “clever” animals
with the random dispersal of “drunk” particles (see, e.g., Shi et al. (2019, 2020); Song
et al. (2019)). These models have revealed that the interplay between memory delays,
nonlocal resource interactions, and standard diffusion can give rise to rich spatiotem-
poral dynamics, including Turing patterns, Hopf bifurcations, and the coexistence
of multiple stable states. However, most of these PDE formulations treat memory
as a uniformly decaying process, overlooking how seasonal patterns or distinct eco-
logical events can shape the strength and persistence of memory. Integrating both
memory effects and seasonal variability into a unified modeling framework remains
challenging, as it requires representing the complex interactions between cognitive
mechanisms and external environmental cues. Consequently, there is a pressing need
for a PDE framework that combines nonlocal perception and memory dynamics with
explicit periodic environmental forcing to describe seasonal cognitive migration—
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anticipatory, large-scale animal movements that are tuned to predictable resource
cycles.

Our work aims to bridge these gaps by developing and rigorously analyzing a novel
PDE model that explicitly incorporates animal cognitive abilities to study seasonal,
round-trip migrations, as observed in species such as cetaceans, ungulates, and birds.
Themodel couples perception-drivenmovement with a dynamically evolvingmemory
field in a seasonally shifting resource landscape, allowing us to directly investigate
how the precision, accumulation, and decay of foragingmemory interact with nonlocal
perception to facilitate or hinder the emergence of resilient seasonal migratory pat-
terns. Using this model, we investigate stable time-periodic solutions corresponding
to round-trip seasonal migrations, and examine the interacting effects of perception
and memory on emergent seasonal migration patterns. This study provides a unified
framework for understanding how the integration of perception andmemory underpins
large-scale seasonal migrations in dynamic environments.

The remainder of this paper proceeds as follows. In Sect. 2, we formulate the math-
ematical model. We establish fundamental analytical results in Sect. 3, including the
local existence of solutions, a blow-up criterion, and the global existence of solu-
tions via a priori estimates. Sect. 4 characterizes the model’s long-term dynamics by
proving the existence, uniqueness and stability of time-periodic solutions. We support
these analytical insights and explore the roles of perception and memory in seasonal
migration with numerical simulations in Sect. 5 and conclude with a discussion of the
ecological implications and future research directions in Sect. 6.

2 Model formulation

The model comprises two principal variables: the animal population density distribu-
tion u(x, t) and a cognitive map of past foraging experiences as memory m(x, t). We
use the function h(x, t) to represent the nonlocal perception of the resource density dis-
tribution r(x, t). This distribution not only determines the perception-driven advection
movement, but also influences the formation of memory and memory-driven advec-
tion movement, as it appears explicitly and implicitly in the right-hand-side terms of
the model. The governing equations for our cognitive seasonal migration model are
formulated as follows:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂u

∂t
= d

∂2u

∂x2
− α

∂

∂x

(

u
∂h

∂x
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− γ
∂

∂x

(

u
∂

∂x

∫

�

m(y, t)Jp(x − y, RJ ) dy

)

, x ∈ �, t > 0,

∂m

∂t
= ε

∂2m

∂x2
+ 1

N

N∑

i=1

ρi u(x, t − iτ)h(x, t − iτ) − μmm, x ∈ �, t > 0,

h(x, t) =
∫

�

r(y, t)G p(x − y, RG) dy, x ∈ �, t > 0,

(2.1)
for � = [0, L], and subject to periodic boundary conditions:

u(0, t) = u(L, t),
∂u

∂x
(0, t) = ∂u

∂x
(L, t),
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m(0, t) = m(L, t),
∂m

∂x
(0, t) = ∂m

∂x
(L, t).

We now provide a detailed explanation of each component of the model (2.1). A
comprehensive summary of all variables and parameters is provided in Table 1 for
easy reference.

1. Animal distribution dynamics u(x, t): The spatio-temporal dynamics of the
animal population density u(x, t) are governed by the first equation of system (2.1),
which combines random dispersal with directed, adaptive movement. The term d ∂2u

∂x2
represents standard Fickian diffusion, where d > 0 quantifies the rate of undirected,
randommovement. Beyond diffusion,movement is guided by two primary taxismech-
anisms that drive migration in response to a dynamic environment.

First, the term −α ∂
∂x

(
u ∂h

∂x

)
models taxis along gradients of perceived resource

abundance, a standard formulation in mathematical ecology for chemotaxis and other
gradient-following behaviors (Fagan et al. 2017, 2022). This formulation reflects the
principle that it is the dynamic, rather than static, nature of resource distributions
that fundamentally drives migration. The function h(x, t) denotes the population’s
non-local perception of the actual resource quantity r(x, t), enabling the tracking of
seasonally shifting foraging opportunities.

Second, the term −γ ∂
∂x

(
u ∂

∂x

∫

�
m(y, t)Jp(x − y; RJ ) dy

)
captures nonlocal

advection influenced by the cognitive map, which can represent effects of both mem-
ory and social information (Gurarie et al. 2021; Fagan et al. 2013). This formulation
reflects the sophisticated foraging strategies of many species (e.g., cetaceans), which
may involve communication or other mechanisms for acquiring information beyond
their immediate sensory range (Martínez-García et al. 2013; Hessing et al. 2024;
Dodson et al. 2024). It embodies the hypothesis that animals can detect the non-
local distribution of conspecifics, effectively sharing information about historically
favorable or currently occupied areas (Martínez-García et al. 2013; Alcázar-Treviño
et al. 1942). The parameter γ regulates the strength of taxis guided by the cogni-
tive map. This directs movement along gradients of a “memory-informed landscape”
derived from m(x, t) via the interaction kernel Jp. This term can thus represent move-
ment toward remembered foraging hotspots. Our model formulates this cognitive map
m(x, t) as a form of spatial memory, built from a history of past foraging experiences.
However, the resulting dynamic can also be interpreted more broadly as a response to
social cues, particularly if those cues themselves reflect the accumulated knowledge
of the group. The specific forms of r(x, t) and Jp are detailed below.

It is important to note that model (2.1) focuses on the spatial distribution of the pop-
ulation, rather than its demographic dynamics. As such, there are no reaction kinetics;
the model does not include birth or death processes. This is reflected in the structure
of the population equation, where all terms involve spatial derivatives, signifying that
the equation only moves animals around the landscape. This formulation allows us
to isolate and study the central question of how a migratory population matches, or
fails to match, the spatio-temporal dynamics of the resource landscape through which
it is moving. Furthermore, we assume that there is no explicit consumption of the
resource, meaning there is no feedback from the migratory species onto the resource
distribution itself. This assumption is biologically reasonable for scenarios where the
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migratory population has a negligible impact on the vast resource base, a modeling
choice also employed in other studies of large-scale movement (Turchin 1998; Fagan
et al. 2013, 2022). In essence, this paper is about the cognitive strategies involved in
tracking and matching a dynamic environment.

2.Memory dynamics m(x, t): The cognitive map m(x, t) evolves according to the
second equation of system (2.1), shaped by processes of formation, decay, and spa-
tial generalization. Memory formation is represented by the term 1

N

∑N
i=1 ρi u(x, t −

iτ)h(x, t − iτ), which constitutes a weighted average of past foraging successes, with
weights ρi ≥ 0 describing the level of contribution of memory from the i-th past year.
These foraging successes are modeled as the product (i.e., coincidence) of the pop-
ulation density u and the perceived resource abundance h over N discrete historical
time windows (e.g., years). The duration τ represents the length of a memory window
that is expected to equal the period of the seasonally emerging resource so that t − iτ
depicts the same time point (e.g., date) in the i-th past year. The special case i = 0
corresponds to the current year.

Concurrent with its formation, memory naturally decays at a rate of μm > 0 via
the term −μmm, representing the process of forgetting. A key cognitive feature of
our model is the inclusion of the term ε ∂2m

∂x2
for a positive ε, which models the spatial

smoothing or diffusion of memories. This term is biologically justified as it represents
the inherent imprecision in spatial recall—a process that can encompass both the
generalization of learned information to nearby areas and random errors in recollec-
tion. By ensuring that remembered locations are approximate rather than exact point
locations, this diffusion of memory provides a mathematically novel and clear mech-
anism to capture the fuzzy nature of cognitive maps (Gurarie et al. 2021). This entire
formulation of memory dynamics draws on studies highlighting how accumulated
experiences shape an organism’s ecological understanding and subsequent behavioral
decisions (Fagan et al. 2022; Potts and Lewis 2019).

3. Nonlocal resource perception h(x, t): The function h(x, t), defined by the third
line in system (2.1), quantifies how animals perceive the contemporaneous abundance
of the resource, r(y, t). This perception is modeled as a nonlocal convolution:

h(x, t) =
∫

�

r(y, t)G p(x − y; RG) dy. (2.2)

This integral represents a spatially weighted average of the resource quantity r(y, t) in
the vicinity of location x . The weighting is given by the perceptual kernel G p, which
is characterized by the perceptual range RG . This parameter specifies the spatial scale
over which an animal integrates information about resource availability to form its
perceived landscape of resource abundance, h(x, t).

It is worth noting that both the perception-driven and memory-driven taxis mech-
anisms in our model are rooted in nonlocal perception. The perception-driven taxis
is explicitly governed by the animal’s current nonlocal perception of the surrounding
resource landscape. In contrast, the memory-driven taxis does not rely on instanta-
neous perception but rather on the accumulated memory of past nonlocal perceptions
over previous seasonal windows. In this sense, memory-driven movement integrates
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historical sensory information to guide present behavior, reflecting how animals may
recall and respond to previously experienced resource distributions.

4. Domain and boundary conditions: We consider the model on the one-
dimensional spatial domain� = [0, L]with periodic boundary conditions. While this
domain is topologically equivalent to a boundary-less 1D torus (T = R/LZ), we for-
mulate and analyze the model by unwrapping it onto the compact interval �̄ = [0, L].
This standard PDE representation facilitates the rigorous definition of Hölder spaces
and integral operators in our mathematical analysis. Furthermore, from an ecological
perspective, this unrolled representation provides a clear geographic coordinate sys-
tem for interpreting migratory dynamics. This gives a continuous, cyclical migratory
habitat in which x = 0 and x = L represent the same physical location in the real
world. Take blue whales’ seasonal migration as an example. The locations x = 0 and
x = L may represent the winter/breeding grounds in the Gulf of California or the
Costa Rica Dome, while x = L/2 corresponds to the productive summer/foraging
grounds at higher latitudes in the California Current (Helen et al. 2009; Ladd et al.
2014; Ballance et al. 2006; Mate et al. 1999). Each year, blue whales migrate from the
winter/breeding grounds (x = 0) to the summer/foraging grounds at higher latitudes
(x = L/2), and then return to the winter/breeding grounds (x = L). This migratory
cycle repeats annually. Such a looped domain provides a natural and powerful simplifi-
cation for many real-world seasonal migrations that follow closed, recurring circuits,
such as the annual circuits of terrestrial ungulates or the oceanic pathways within
pelagic gyres (Avgar et al. 2014). The 1D approximation is particularly reasonable
for species that follow well-defined, narrow corridors where movement is predomi-
nantly along a single axis. Periodic boundaries are ideal for modeling these recurrent
movements, eliminating artificial edge effects and enabling the use of analytical tools
such as Fourier analysis for stability and pattern-formation studies (José et al. 2024;
Murray 2002).

5. External resource distribution r(x, t): The primary resource distribution
r(x, t), which drives the seasonal migration, is modeled as a traveling Gaussian peak
whose center x0(t) executes a periodic round-trip across the domain � with period T
(typically one year):

x0(t) = L

2

(

1 − cos

(
π t

T

))

. (2.3)

At t = 0, the resource peak is centered at x = 0; it reaches the midpoint x = L/2 at
t = T /2, and arrives at x = L at the end of the seasonal cycle, t = T . The periodized
resource distribution is then defined as:

r(x, t) =
∞∑

k=−∞
Ar exp

(

− (x − x0(t) + kL)2

2σ 2
r

)

, (2.4)

where Ar is the resource amplitude and σr the spatial width. This formulation is
designed to capture a seasonally shifting zoneof high resource availability. The concept
of animals tracking such a moving resource pulse is central to ideas like the “green
wave” hypothesis,which posits that herbivoresmigrate to follow thewave of emerging,
high-quality forage across a landscape (Merkle et al. 2016; Fagan et al. 2017; Ellen
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et al. 2017). While our model simplifies the resource dynamics to a wave of pure
quantity, the fundamental principle of a moving target driving migration is the same.

6. Kernel functions G p and Jp: The nonlocal interactions in the model are medi-
ated by kernel functions. These kernels define how the influence of a resource or
memory at one location decays with spatial distance. Both the perceptual kernel G p

and thememory-based interaction kernel Jp aremodeled as periodizedGaussian func-
tions to ensure consistency with the periodic domain. The general form is a function of
the spatial displacement, z = x − y. A standard Gaussian is periodized by summing
over all its periodic images, which are centered at integer multiples of the domain
length, kL , for k ∈ Z:

K p(z; RK ) =
∞∑

k=−∞

1√
2π RK

exp

(

− (z − kL)2

2R2
K

)

, (2.5)

where K p represents either G p or Jp, and RK denotes the respective spatial scale
(RG for perception, RJ for memory interaction). Gaussian kernels are chosen for their
analytical tractability, smoothness, and biological plausibility for processes where
influence decays with distance (Bell 1991; Codling et al. 2008). The periodization is a
critical feature that ensures mathematical compatibility with the domain’s periodicity
and that the convolution of periodic functions remains periodic (Murray 2002). A
crucial consequence of this construction is that the kernel is normalized to unity
over a single period, i.e.,

∫ L
0 K p(z; RK ) dz = 1.

After applying the Fourier transform, the convolution operation becomes a simple
product in the frequency domain. The Fourier series coefficients of the periodized
Gaussian kernel K p(z; RK ), known as the Fourier symbols, are given by:

K̂ p(k) = exp

(

−1

2
R2

K k2
)

, (2.6)

where k = 2πn/L for integers n. This expression makes the smoothing effect of
the convolution transparent: as the spatial frequency |k| increases, the symbol K̂ p(k)

decays rapidly to zero. This means that the kernel acts as a low-pass filter, attenuating
high-frequency (i.e., sharp) details in the function it is convolved with, which is the
mathematical basis for the “blurring” or “smoothing” effect of perception andmemory
generalization.

Based on the interplay of these components, our analysis will address two fun-
damental questions. First, from a mathematical perspective, under what conditions
does this system support sustainable, recurring migrations? This requires us to rigor-
ously establish the well-posedness of the model and then prove the existence of stable,
time-periodic solutions. Second, from an ecological perspective, how do perception
and memory interact to shape the emergent migratory patterns? Specifically, we will
examine how the relative strengths of perception-driven taxis (governed by parame-
ter α) and memory-guided taxis (governed by parameter γ ) enable the population to
successfully track, or even anticipate, the movement of the resource peak. To ensure
the rigor of our analysis, we will proceed under the following assumptions:
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(A1) Initial Data: The initial history u0(x, s) ∈ C2+α,1+α/2(�̄ × [−Nτ, 0]) and
initial condition m0(x) ∈ C2+α(�̄), with α ∈ (0, 1), are non-negative and
satisfy periodicity and compatibility conditions.

(A2) Resource Function: r(x, t), defined by (2.4) with x0(t) from (2.3), is defined
on �̄ × [0,∞). As per its definition, r(x, t) is C∞-smooth, non-negative, L-
periodic in x , and T -periodic in t . Furthermore, it is uniformly bounded with all
its spatial and temporal derivatives, and it is integrable over the spatial domain
�̄ for all t .

(A3) Kernel Functions: G p(z; RG) and Jp(z; RJ ), given by (2.5), are C∞-smooth,
L-periodic, with RG, RJ > 0.

(A4) Parameters: All parameters d, ε, α, γ, ρi , τ, μm, N are positive constants.

3 Global existence and boundedness of classical solutions

In this section, we analyze the mathematical properties of the cognitive migration
model (2.1). Our primary goal is to establish the global existence and regularity of
classical solutions, a prerequisite for ensuring the model’s biological relevance and
predictive capability. The analysis proceeds in three stages: (i) we first prove the local
existence of a unique classical solution and derive a corresponding blow-up criterion;
(ii) we then obtain key a priori estimates valid on finite time intervals; and (iii) we
employ these bounds to extend the local solution globally for all time.

3.1 Local existence and blow-up criterion

Webegin by establishing the local-in-timewell-posedness of the system.The following
theorem ensures the existence of a unique classical solution on a short time interval
and provides the criterion required to extend this solution to a global one.

Theorem 3.1 (Local existence, uniqueness and blow-up criterion) Under assump-
tions (A1)–(A4), system (2.1) admits a unique non-negative classical solution
(u(x, t), m(x, t)) on a maximal time interval [0, Tmax), where Tmax ∈ (0,∞]. The
solution has the regularity u, m ∈ C2+α,1+α/2

loc (�̄ × [0, Tmax)) and satisfies the peri-
odic boundary conditions. Furthermore, if the maximal time of existence Tmax < ∞,
then the solution must blow up in the sense that

lim sup
t→T −

max

(‖u(·, t)‖L∞(�) + ‖m(·, t)‖L∞(�)

) = ∞. (3.1)

Proof We first establish the non-negativity of any potential classical solution. The
proof then proceeds by constructing a local-in-time solution using the method of
steps and classical theory for parabolic systems, and finally establishing the blow-up
criterion.

The non-negativity of the solution (u, m) on its interval of existence follows from
an application of the weak maximum principle. We proceed by contradiction. Assume
that the solution component m(x, t) is not always non-negative. Since m(x, 0) =
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m0(x) ≥ 0 by Assumption (A1) and m(x, t) is continuous, there must be a first time
t0 > 0 at which the minimum of m over the spatial domain touches zero before
possibly becoming negative. Let us define this first time as

t0 = inf{t ∈ (0, Tmax) | min
x∈�̄

m(x, t) < 0}.

By the continuity of m(x, t), we have t0 > 0 and minx∈�̄ m(x, t0) = 0. Furthermore,
there exists a point x0 ∈ �̄ such that m(x0, t0) = 0. The point (x0, t0) is a minimum
point for the function m(x, t) on the domain �̄ × [0, t0]. Therefore, at this point, the
derivatives must satisfy:

∂t m(x0, t0) ≤ 0 and ∂xx m(x0, t0) ≥ 0.

The condition on the second spatial derivative holds because, for the fixed time t0, x0
is a point of spatial minimum, and the periodic boundary conditions mean the domain
is topologically a circle without boundaries where standard conditions for a minimum
apply.

Now, we evaluate the m-equation at the point (x0, t0):

∂t m − ε∂xx m + μmm = Sm(x, t),

where the source term Sm(x, t) is defined as

Sm(x0, t0) = 1

N

N∑

i=1

ρi u(x0, t0 − iτ)h(x0, t0 − iτ).

Evaluating the left-hand side of the m-equation at (x0, t0), we have:

∂t m(x0, t0)︸ ︷︷ ︸
≤0

− ε︸︷︷︸
>0

∂xx m(x0, t0)︸ ︷︷ ︸
≥0

+μmm(x0, t0)︸ ︷︷ ︸
=0

≤ 0.

Since t0− iτ < t0, u(x0, t0− iτ) is non-negative by the definition of t0 as the first time
the minimum reaches zero. As h is also non-negative, we have Sm(x0, t0) ≥ 0. This
leads to the contradiction (≤ 0) = (≥ 0), which can only hold if both sides are zero.
If Sm(x0, t0) > 0, the contradiction is strict. If Sm(x0, t0) = 0, a stronger version of
the maximum principle (e.g., Hopf’s Lemma, adapted for parabolic equations) would
be needed to show that this also leads to a contradiction unless m was identically zero,
which is not the case ifm0 	≡ 0. Therefore, our initial assumption thatm could become
negative must be false. A similar argument holds for the u-equation. Thus, the solution
components (u, m) remain non-negative.

We now proceed with the core of the proof: establishing the existence and unique-
ness of such a classical solution on a short time interval using the method of steps.

1. Existence of the solution on an initial interval [0, T1]: We first establish the
existence of a unique solution on a short time interval. Let τ > 0 be the fundamental
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delay period. Our strategy is to first solve for m(x, t) on the interval [0, τ ] and then
use this result to solve for u(x, t).

For any t ∈ [0, τ ], the source term Sm(x, t) in them-equation is entirely determined
by the known non-negative initial history u0(x, s) for s ≤ 0. Given the smoothness
assumed in (A1) and (A2), Sm(x, t) is a known, smooth, and non-negative function in
Cα,α/2(�̄ × [0, τ ]). The m-equation,

mt − εmxx + μmm = Sm(x, t),

thus becomes a linear parabolic equation with a smooth initial condition m0(x) ∈
C2+α(�) and a known smooth source term Sm . Standard theory for linear parabolic
equations (e.g., (Ladyzhenskaya and Solonnikov, 1968, Chapter IV)) guarantees the
existence of a unique classical solution m(x, t) ∈ C2+α,1+α/2(�̄ × [0, τ ]) on the full
interval [0, τ ].

With m(x, t) now known and of class C2+α,1+α/2 on [0, τ ], we can analyze the
u-equation. This is a quasilinear equation whose lower-order coefficients depend on
h and MJ = m ∗ Jp. Since h, m, and the kernel Jp are smooth, the coefficients of the
u-equation are well-defined and belong to the Hölder space Cα,α/2(�̄ × [0, τ ]). For a
quasilinear parabolic equationwith a smooth initial conditionu0(x, 0) ∈ C2+α(�) and
coefficients in Cα,α/2, standard theory (e.g., (Ladyzhenskaya and Solonnikov, 1968,
Chapter V)) ensures the existence of a unique classical solution u(x, t) ∈ C2+α,1+α/2

on some (possibly smaller) time interval [0, δ1], where δ1 > 0. By taking T1 =
min(τ, δ1), we have established the existence of a unique classical solution (u, m) on
the interval [0, T1].

2. Continuation to a maximal interval of existence [0, Tmax): The procedure
above can be iterated. Suppose the solution has been constructed on [0, Tk] for some
Tk ≥ T1. On the next interval [Tk, Tk +τ ], the source term Sm(x, t) is again determined
by the now-known solution u on [0, Tk]. We can thus first solve for m on [Tk, Tk + τ ]
and then solve for u on a subsequent short time interval. Thismethod of steps allows the
solution to be extended to a maximal time interval [0, Tmax), where Tmax = sup{Tk}.

3. Blow-up criterion: The blow-up criterion (3.1) is established by a standard
continuation argument based on a proof by contradiction.We assume that the maximal
time of existence Tmax is finite, and yet the solution remains uniformly bounded in
L∞, i.e., there exists a constant K < ∞ such that

sup
t∈[0,Tmax)

(‖u(·, t)‖L∞(�) + ‖m(·, t)‖L∞(�)

) ≤ K . (3.2)

We will show that this assumption implies uniform bounds on higher-order Hölder
norms of the solution up to any time TS < Tmax, which ultimately contradicts the
maximality of Tmax. This is achieved through a bootstrapping argument that lever-
ages parabolic regularity theory (see, e.g., Ladyzhenskaya and Solonnikov (1968);
Friedman (1964)).

First, we establish the Hölder regularity of the source term Sm in the m-equation.
The functions u0 and h are known to be of class C2+α,1+α/2 with bounded norms. For
the evolving solution u(x, t) with t > 0, while only assumed to be in L∞ by (3.2),
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the smoothing property of parabolic equations with smooth initial data (u0(x, 0) ∈
C2+α(�)) and spatially regular coefficients ensures that u attains Cα,α/2 regularity for
t > 0. Its norm in this space, ‖u‖Cα,α/2(�̄×(0,TS ]), can be bounded by a constant C (α)

u
that depends on K and ‖u0‖C2+α(�). By applying the standard product rule for Hölder
spaces to each term u(x, t − iτ)h(x, t − iτ) in Sm , and combining the estimates for
the initial history part (t − iτ ≤ 0) and the evolved part (t − iτ > 0), we conclude
that Sm ∈ Cα,α/2(�̄ × [0, TS]) for any TS < Tmax, with its norm uniformly bounded
by a constant C (α)

S depending on K and initial data norms.
With the source term Sm nowknown to be inCα,α/2,we can apply standardSchauder

estimates (e.g., (Ladyzhenskaya and Solonnikov, 1968, Chapter IV, Theorem 10.1))
to the linear m-equation,

mt − εmxx + μmm = Sm .

Given the initial condition m0 ∈ C2+α(�) and the Cα,α/2 regularity of Sm , this theory
yields that the solution m ∈ C2+α,1+α/2(�̄×[0, TS]) for any TS < Tmax. The norm of
m in this space, ‖m‖C2+α,1+α/2 , is uniformly bounded by a constant Mm that depends
on ‖m0‖C2+α(�) and C (α)

S , and thus ultimately on K and initial data.
Now possessing high regularity for m, we revisit the u-equation,

ut − duxx + A1ux + A0u = 0.

The coefficients A1 = α∂x h + γ ∂x MJ and A0 = α∂xx h + γ ∂xx MJ involve the term
MJ = m ∗ Jp. Since m ∈ C2+α,1+α/2 and the kernel Jp ∈ C∞, the convolution MJ

and its spatial derivatives will also possess high Hölder regularity. Consequently, the
coefficients A1 and A0 belong to Cα,α/2(�̄×[0, TS])with uniformly bounded norms.

Finally, we apply Schauder estimates to the u-equation, which is now established
as a linear parabolic equation with Cα,α/2 coefficients. Given the initial condition
u0(x, 0) ∈ C2+α(�), the theory guarantees that the solution u ∈ C2+α,1+α/2(�̄ ×
[0, TS]) for any TS < Tmax, with a uniformly bounded norm Mu .

This completes the bootstrapping argument: the assumption of a uniform L∞ bound
for (u, m) implies a uniformC2+α,1+α/2 bound on any compact time interval [0, TS] ⊂
[0, Tmax). This high regularity ensures that as t → T −

max, the solution (u, m) converges
in the C2(�̄) norm to a limit function (u∗, m∗). This smooth limit function serves as
a valid initial condition at t = Tmax, allowing the local existence result to be applied
again to extend the solution beyond Tmax. This contradicts the maximality of Tmax.
Therefore, the initial assumption (3.2) must be false, which establishes the blow-up
criterion (3.1).

Having established the local existence and uniqueness of a non-negative classical
solution and the blow-up criterion, the proof of Theorem 3.1 is complete. 
�

3.2 A priori estimates

Theorem 3.1 indicates that to prove global existence (Tmax = ∞), we must prevent
the L∞-norm of the solution from becoming unbounded in finite time. This requires
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establishing a priori bounds that are independent of the solution’s existence time itself.
We begin with some fundamental bounds that are straightforward to obtain.

Lemma 3.2 (Uniform Bounds for L1-norms and Auxiliary Functions) Let (u, m) be
a solution to system (2.1) on [0, Tmax) under assumptions (A1)–(A4). Then there exists
a positive constant M, independent of Tmax, such that the total mass of the system is
uniformly bounded for all t ∈ [0, Tmax):

‖u(·, t)‖L1(�) + ‖m(·, t)‖L1(�) ≤ M . (3.3)

Furthermore, the perceived resource h and its first two spatial derivatives are also
uniformly bounded, i.e., there exists a constant Ch > 0 such that

‖h(·, t)‖C2(�̄) ≤ Ch (3.4)

for all t ∈ [0, Tmax).

Proof (i) First, we establish bounds for the individual L1-norms. Integrating the u-
equation over � and applying the fundamental theorem of calculus yields

d

dt

∫

�

u(x, t) dx =
∫

�

(duxx − α∂x (uhx ) − γ ∂x (u∂x MJ )) dx

= [dux (x, t) − αu(x, t)hx (x, t) − γ u(x, t)∂x MJ (x, t)
] ∣
∣L
0 . (3.5)

The periodic boundary conditions state that u(0, t) = u(L, t) and ux (0, t) = ux (L, t).
Furthermore, as the convolution of periodic functions (r and G p), h is also L-periodic
in space, and thus its derivative hx is periodic. Similarly, as the convolution of periodic
functions (m and Jp), MJ and its derivative ∂x MJ are also periodic. Consequently,
all terms evaluated at x = L are equal to their counterparts at x = 0, causing the
boundary terms to vanish. This leads to

d

dt

∫

�

u(x, t) dx = 0, (3.6)

which implies the conservationof the total population,‖u(·, t)‖L1(�) = ‖u0(·, 0)‖L1(�)

:= Mu . Next, we integrate the m-equation over � to obtain

d

dt
‖m(·, t)‖L1(�) =

∫

�

Sm(x, t) dx − μm‖m(·, t)‖L1(�).

The integral of the source term is bounded by

∫

�

Sm(x, t) dx ≤ 1

N

N∑

i=1

ρi‖u(·, t − iτ)‖L1‖h(·, t − iτ)‖L∞ .

The L1-norm of u is uniformly bounded for all its time arguments. For s ≥ 0,
‖u(·, s)‖L1 = Mu due to conservation. For s < 0, ‖u(·, s)‖L1 = ‖u0(·, s)‖L1 , which
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is uniformly bounded on the compact interval [−Nτ, 0] by a constant Mu0 as a con-
sequence of Assumption (A1). Let M̃u = max(Mu, Mu0). Furthermore, ‖h‖L∞ is
bounded by ‖r‖L∞ := Ar (by Assumption A2). Thus, we have

∫

�

Sm dx ≤
(
1

N

N∑

i=1

ρi

)

M̃u Ar := S̄1. (3.7)

The resulting differential inequality,

d

dt
‖m‖L1 ≤ S̄1 − μm‖m‖L1 ,

implies by Gronwall’s inequality that ‖m(·, t)‖L1(�) is uniformly bounded by a con-
stant Mm . Combining the uniform bounds for ‖u‖L1 and ‖m‖L1 yields the bound M
for their sum.

(ii) The uniform bound for h and its derivatives follows directly from the properties
of convolution. Since r ∈ C∞(R×R) and G p ∈ C∞(R) are uniformly bounded with
all their derivatives (Assumptions A2, A3), their convolution h(x, t) is also uniformly
bounded in Ck(�̄) for any k ≥ 0. In particular, there exists a constant Ch such that
‖h(·, t)‖C2(�̄) ≤ Ch for all t . 
�

Themain challenge is to obtain a bound for the L∞-norm.While the previous lemma
provides essential groundwork, the coupling in the system requires a more intricate
argument. The following theorem establishes that the solution remains bounded on
any finite time interval.

Theorem 3.3 (A priori bound for the L∞-norm) Let (u, m) be a classical solution
to system (2.1) under assumptions (A1)–(A4). Then for any finite time T > 0, there
exists a positive constant C(T ), depending on T , as well as on initial data and system
parameters, such that:

sup
t∈[0,T ]

(‖u(·, t)‖L∞(�) + ‖m(·, t)‖L∞(�)

) ≤ C(T ).

Proof The proof establishes the existence of a bound C(T ) for any given finite time
horizon T > 0. This is achieved by constructing the bound through an inductive
argument over successive time intervals of length τ . The core of the argument is to
show that while the bound may grow with each step, it remains finite for any finite
number of steps. Let C0 = max(‖u0‖L∞(�×[−Nτ,0]), ‖m0‖L∞(�)). We will construct
a sequence of bounds {Ck}k≥1 for the solution on the intervals [0, kτ ].
Base Case: Bound on [0, τ ]: For t ∈ [0, τ ], the source term

Sm(x, t) =
N∑

i=1

ρi u(x, t − iτ)h(x, t − iτ)
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in the m-equation depends only on the initial history u0, which is bounded by C0.
Thus,

‖Sm‖L∞(�×[0,τ ]) ≤ S̄∞(C0) := (
1

N

∑
ρi )C0Ch,

where Ch is the bound for ‖h‖C2 from Lemma 3.2. By the maximum principle for the
m-equation,

‖m(·, t)‖L∞ ≤ max

{

C0,
S̄∞(C0)

μm

}

:= C (1)
m for t ∈ [0, τ ].

With this bound for m, we analyze the u-equation, which is a linear parabolic equation
for u:

∂u

∂t
− d

∂2u

∂x2
+ A1(x, t)

∂u

∂x
+ A0(x, t)u = 0.

The zero-order coefficient, given by

A0(x, t) = α
∂2h

∂x2
(x, t) + γ

∂2MJ

∂x2
(x, t),

is bounded on [0, τ ]. Specifically, using Lemma 3.2 and Young’s inequality:

‖A0(t)‖L∞ ≤ α‖∂xx h‖L∞ + γ ‖m(·, t) ∗ J ′′
p ‖L∞

≤ αCh + γ ‖m(·, t)‖L∞‖J ′′
p ‖L1

≤ αCh + γ C (1)
m ‖J ′′

p ‖L1 .

Let us denote this upper bound by B(1)
0 . We can now apply the maximum principle

for linear parabolic equations to the u-equation. A standard result stemming from this
principle (see, e.g., (Friedman, 1964, Chapter 3, Theorem 7)) provides an estimate
for the solution’s growth. The principle states that the solution u is controlled by its
initial and boundary data, with potential growth driven only by the positive part of
the zero-order coefficient, denoted as A+

0 (x, t) = max(A0(x, t), 0). This leads to the
following estimate for t ∈ [0, τ ]:

‖u(·, t)‖L∞(�) ≤ ‖u0(·, 0)‖L∞(�) exp

(∫ t

0
‖A+

0 (s)‖L∞(�)ds

)

≤ C0 exp

(∫ t

0
B(1)
0 ds

)

= C0eB(1)
0 t ≤ C0eB(1)

0 τ := C (1)
u . (3.8)

In the second inequality, we used the fact that A+
0 (s) ≤ |A0(s)| ≤ ‖A0(s)‖L∞ ≤ B(1)

0 .
Thus, for any t ∈ [0, τ ], the sum of the norms is bounded by

‖u(·, t)‖L∞(�) + ‖m(·, t)‖L∞(�) ≤ C (1)
u + C (1)

m .
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Let us define the bound for the first step as C1 := C (1)
u + C (1)

m . This bound is a finite
constant that is determined a priori by the initial data (C0), system parameters, and
the step length τ .

Inductive Step: The procedure described above for the interval [0, τ ] can be iterated
for subsequent intervals [τ, 2τ ], [2τ, 3τ ], and so on. To formalize this, we proceed by
induction.

Assume that for some integer k ≥ 1, a finite bound Ck has been established for
the solution on [0, kτ ]. We now construct a bound on the next interval [kτ, (k + 1)τ ].
For t ∈ [kτ, (k + 1)τ ], the source term Sm depends on u(s) for s ≤ kτ . By the
induction hypothesis, ‖u(s)‖∞ ≤ Ck . Consequently, ‖Sm‖L∞ ≤ S̄∞(Ck). Applying
the maximum principle, we find a bound for m on [kτ, (k + 1)τ ]:

‖m(·, t)‖L∞ ≤ max

{

‖m(·, kτ)‖∞,
S̄∞(Ck)

μm

}

≤ max

{

Ck,
S̄∞(Ck)

μm

}

:= C (k+1)
m .

With this bound on m, the coefficient A0 is bounded on [kτ, (k + 1)τ ] by a constant
B(k+1)
0 . The maximum principle for u then gives:

‖u(·, t)‖L∞ ≤ ‖u(·, kτ)‖∞eB(k+1)
0 (t−kτ) ≤ CkeB(k+1)

0 τ := C (k+1)
u .

We define the bound on [0, (k + 1)τ ] as

Ck+1 = max
{

Ck, C (k+1)
m + C (k+1)

u

}
.

Since Ck is finite by assumption, and the operations used to define C (k+1)
m and C (k+1)

u
(max, addition, multiplication, exponentiation) all map finite numbers to finite num-
bers, Ck+1 is also a finite constant.

The inductive procedure above constructs a sequence of finite constants C1, C2,

. . . , Ck, . . . a priori, using only the initial data and system parameters. The induction
shows that if the solution exists on an interval [0, kτ ], its L∞-norm is bounded by
Ck . Crucially, this bound Ck depends on the number of steps, k, and the step length
τ , reflecting the potential for growth over time.

Now, let any finite time T > 0 be given. We can choose an integer kT = �T /τ�.
Our constructive process yields a finite constant CkT . The inductive proof guarantees
that any classical solution existing on the interval [0, kT τ ] (which contains [0, T ])
is bounded by CkT . Therefore, we can define the desired bound C(T ) := CkT . This
constant depends on T (via the number of steps kT ) but is finite for any finite T . This
establishes that the solution cannot blow up in finite time, as its norm is always con-
trolled by a pre-computable, finite constant on any finite time interval. This completes
the proof of the theorem. 
�
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3.3 Global solutions

With the local existence framework and the crucial a priori bounds in hand, we are
now in a position to prove the main result of this section: the global existence and
higher-order regularity of the solution.

Theorem 3.4 (Global Existence and Finite-Time Boundedness) Under assumptions
(A1)–(A4), system (2.1) admits a unique, non-negative, global classical solution (u, m)

for all time t > 0. Furthermore, this solution possesses C2+α,1+α/2 regularity on any
finite time interval. That is, for any T ∈ (0,∞), there exists a constant M(T ) such
that

‖u‖C2+α,1+α/2(�̄×[0,T ]) + ‖m‖C2+α,1+α/2(�̄×[0,T ]) ≤ M(T ).

Proof The proof consists of two main parts. First, we establish global existence by
showing that the solution cannot blow up in finite time, using a continuation argument.
Second, we establish the bound on the higher-order Hölder norms.

To begin, Theorem 3.1 guarantees the existence of a unique non-negative classical
solution (u, m) on a maximal time interval [0, Tmax), and provides a blow-up criterion
stating that the L∞-norm must become unbounded if Tmax is finite. However, The-
orem 3.3 establishes that for any finite time T > 0, any solution existing on [0, T ]
must have its L∞-norm bounded by a constant C(T ). Assuming, for the sake of con-
tradiction, that Tmax < ∞, this would imply that the solution is bounded in L∞ on
the entire interval [0, Tmax), leading to

lim sup
t→T −

max

(‖u(·, t)‖L∞ + ‖m(·, t)‖L∞) < ∞.

This result directly contradicts the blow-up criterion from Theorem 3.1. Therefore,
the assumption that Tmax is finite must be false, and we conclude that Tmax = ∞. This
proves the global existence of the solution.

With global existence established, we now demonstrate the bound on the higher-
order Hölder norms. This follows from a standard bootstrapping argument, leveraging
the now-known L∞ bound on any finite interval [0, T ] from Theorem 3.3. The logic is
identical to the regularity enhancement argument used to justify the blow-up criterion.
Specifically, for any given T > 0, the L∞ bound C(T ) ensures that the source term
Sm in the m-equation belongs toCα,α/2(�̄×[0, T ]), with a norm depending onC(T ).
Applying Schauder estimates to the linear m-equation with this regular source term
then yields a bound for ‖m‖C2+α,1+α/2(�̄×[0,T ]), which we denote by Mm(T ). This
high regularity of m in turn ensures that the coefficients of the u-equation are of
class Cα,α/2(�̄ × [0, T ]). A final application of Schauder estimates to the now-linear
u-equation with these regular coefficients yields a bound for ‖u‖C2+α,1+α/2(�̄×[0,T ]),
denoted by Mu(T ). By setting M(T ) = Mu(T ) + Mm(T ), we obtain the desired
bound on the C2+α,1+α/2-norm of the solution. This completes the proof. 
�
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4 Existence and stability of periodic solutions

Having established the global well-posedness of the initial value problem, we now
examine the system’s long-term dynamics. Given the time-periodic nature of the exter-
nal resource function r(x, t), it is natural to investigate the existence of corresponding
time-periodic solutions, which represent stable, recurringmigratory patterns. This sec-
tion focuses on proving the existence of such a solution, while the subsequent analysis
addresses its uniqueness and global asymptotic stability.

We begin by establishing the existence of at least one time-periodic solution.

Theorem 4.1 (Existence of Time-Periodic Solutions) Assume that (A1)–(A4) hold,
and let T > 0 be the period of the external resource function r(x, t) with respect
to time. Then, system (2.1) admits at least one non-negative, classical solution
(u∗(x, t), m∗(x, t)) that is periodic in both time and space. This solution satisfies
the time-periodicity condition

u∗(·, t + T ) = u∗(·, t), m∗(·, t + T ) = m∗(·, t) for all t ≥ 0,

and the spatial-periodicity condition

u∗(x + L, t) = u∗(x, t), m∗(x + L, t) = m∗(x, t) for all x, t .

Furthermore, this periodic solution possesses the regularity u∗, m∗ ∈ C2+α,1+α/2(�̄×
[0,∞)).

Proof The proof is based on the Leray-Schauder fixed-point theorem, which requires
reformulating the problem in a suitable functional setting and establishing uniform a
priori bounds for all possible periodic solutions to a family of problems.

1. Fixed-point formulation: We seek a classical solution that is periodic in both
space and time. As stated in the theorem, let T > 0 be the period of the external
forcing term r(x, t). We define the Banach space X for our problem as the space of
Hölder continuous functions that satisfy the required periodicity:

X :=
{
φ ∈ C1+β,(1+β)/2(�̄ × R) | φ is L-periodic in x and T -periodic in t

}
,

(4.1)
for some fixed β ∈ (0, α). The norm on the product space X × X is given by
‖(φ1, φ2)‖X×X = ‖φ1‖X + ‖φ2‖X . We seek a fixed point for an operator within
the cone of non-negative functions in X × X .

To apply the Leray-Schauder theorem, we define a family of operators Fλ : X ×
X → X × X for a homotopy parameter λ ∈ [0, 1]. The action of an operator Fλ on a
given pair (ũ, m̃) ∈ X × X is defined through the unique T -periodic solution (u, m)

of the auxiliary linear parabolic system:

{
∂t u − d∂xx u + u = λ

[−α∂x (ũ∂x h) − γ ∂x (ũ∂x (m̃ ∗ Jp))
]+ ũ,

∂t m − ε∂xx m + μmm = λSm(ũ, h),
(4.2)
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where Sm(ũ, h) = 1
N

∑N
i=1 ρi ũ(x, t − iτ)h(x, t − iτ). That is, we set (u, m) :=

Fλ(ũ, m̃). The operator Lu := ∂t − d∂xx + 1 is invertible on the space of T -periodic
functions, ensuring a unique periodic solution u for any given right-hand side. Sim-
ilarly, since μm > 0, the operator Lm := ∂t − ε∂xx + μm is also invertible on this
space. Thus, for any right-hand side inCβ,β/2, system (4.2) admits a unique T -periodic
solution (u, m) in C2+β,(2+β)/2.

We must verify that the operator Fλ is completely continuous (i.e., compact and
continuous) on the space X × X .

To establish compactness, we consider a bounded set of inputs (ũ, m̃) in X ×
X . The right-hand side of the auxiliary system (4.2) is then bounded in the space
Cβ,β/2. By applying standard Schauder estimates for linear parabolic equations with
periodic conditions, we find that the corresponding set of solutions (u, m) is bounded
in the higher-order space C2+β,(2+β)/2. The Arzelà-Ascoli theorem implies that the
embedding from C2+β,(2+β)/2 into our working space X = C1+β,(1+β)/2 is compact.
Therefore, the operator Fλ maps bounded sets into precompact sets, establishing its
compactness for each λ ∈ [0, 1].

Furthermore, the operatorFλ is continuous with respect to both the input functions
(ũ, m̃) and the parameter λ. This follows from the classical result on the continuous
dependence of solutions to linear parabolic equations on their data and coefficients.

A T -periodic solution to our original system (2.1) is a fixed point of the operator
at λ = 1, i.e., a solution to the equation (u, m) = F1(u, m).

2. A priori bounds for periodic solutions: The crucial step in applying the Leray-
Schauder theorem is to establish a uniform a priori bound for all possible T -periodic
solutions to the fixed-point problem (u, m) = Fλ(u, m), for any λ ∈ [0, 1]. Such a
solution (u, m) satisfies the homotopy system:

{
∂u
∂t = duxx − λ

(
α∂x (uhx ) + γ ∂x (u∂x (m ∗ Jp))

)
,

∂m
∂t = εmxx − μmm + λSm(u, h),

(4.3)

where Sm(u, h) = 1
N

∑N
i=1 ρi u(x, t − iτ)h(x, t − iτ). Establishing a uniform bound

for any solution to (4.3), independent of λ, ensures that no fixed points lie on the
boundary of a sufficiently large open set in our Banach space, a key requirement for
the topological degree argument.

Our proof strategy is a direct adaptation of the inductive argument used for the
initial value problem in Theorem 3.3. For a T -periodic solution, its L∞-norm over all
time is achieved on the compact interval [0, T ], so we can apply the iterative bounding
procedure on this representative interval.

The key observation is that the homotopy parameter λ ∈ [0, 1] only appears as
a prefactor to the terms that can drive solution growth. Since λ ≤ 1, the magnitude
of these terms is always less than or equal to their magnitude in the original system
(where λ = 1). Consequently, any upper bound derived for the case λ = 1 will also
serve as a valid upper bound for the homotopy system for any λ ∈ [0, 1].

More precisely, let (u, m) be any T -periodic solution to (4.3). Let C0 be the upper
bound for the L∞-norm of the initial function as in Theorem 3.3. In the base case on
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[0, τ ], the source term for the m-equation is λSm , so its bound

‖λSm‖L∞ ≤ λS̄∞(C0) ≤ S̄∞(C0).

The subsequent bound C (1)
m is therefore controlled by a constant constructed in the

same way as in the proof of Theorem 3.3. Similarly, in the u-equation, the advection
terms are multiplied by λ. Since λ ≤ 1, the bound B(1)

0 for the coefficient A0 will also

be less than or equal to the one computed for λ = 1. Thus, the resulting bound C (1)
u

is also controlled. This means that the a priori constants C (1)
m and C (1)

u , which were
constructed in the proof of Theorem 3.3, are also valid upper bounds for the solution
of the homotopy system on [0, τ ].

This logic extends to every step of the induction. At each step k, the presence of
λ ≤ 1 only serves to decrease the magnitude of the terms driving growth. Therefore,
the sequence of a priori bounds {Ck} constructed in the proof of Theorem 3.3 serves
as a valid upper bound for any possible T -periodic solution, independent of λ. Since
the number of steps required to cover the period [0, T ] is finite (kT = �T /τ�), the
resulting bound C(T ) = CkT is a finite constant that depends on the period T and
the fundamental system parameters (as the initial data scale for periodic solutions
can ultimately be controlled by the L1-norm Mu), and is independent of the specific
solution and the parameter λ. We can therefore define a uniform constant R := C(T )

that bounds any possible T -periodic solution of (4.3).
Finally, a standard bootstrapping argument using Schauder estimates upgrades this

uniform L∞ bound to a uniform bound in the X -norm, ‖(u, m)‖X < RX , for some
constant RX also independent of λ.

3. Application of the Leray-Schauder theorem:With the uniform a priori bound
established in the previous step, we are now in a position to apply the Leray-Schauder
fixed-point theorem. Let RX be the uniform bound for the norm in the space X × X ,
which was shown to be independent of λ. We define a large, open, bounded set B ⊂
X × X by

B = {(u, m) ∈ X × X | ‖(u, m)‖X×X < RX + 1}.
Our a priori estimate from Step 2 guarantees that there are no solutions to the fixed-
point problem (u, m) = Fλ(u, m) on the boundary ∂B for any λ ∈ [0, 1]. This is the
key condition for the homotopy invariance property of the Leray-Schauder degree,
which states that

deg(I − F1,B, 0) = deg(I − F0,B, 0).

The problem is thus reduced to computing the degree for the simpler case λ = 0. For
λ = 0, the fixed-point equation (u, m) = F0(u, m) is equivalent to the linear system

ut − duxx + u = u, mt − εmxx + (μm + 1)m = m.

This simplifies to ut − duxx = 0 and mt − εmxx + μmm = 0. The only T -periodic
solution to the second equation is m ≡ 0. For the first equation, any constant u ≡ c is a
solution. If we consider the problem in a space of fixedmass Mu > 0, the only solution

123



A perception-memory PDE framework for seasonal migration… Page 23 of 48    13 

is (Mu/L, 0). A detailed analysis of the linearization ofF0 around this solution shows
that its index is non-zero (specifically 1). Therefore, deg(I − F0,B, 0) 	= 0.

By homotopy invariance, it follows that deg(I − F1,B, 0) 	= 0. A fundamental
property of the topological degree is that a non-zero degree implies the existence of
at least one solution to the equation (u, m) = F1(u, m) inside the ball B.

This establishes the existence of at least one non-trivial, T -periodic solution
(u∗, m∗). The non-negativity of this solution is guaranteed by our a priori anal-
ysis using the maximum principle. The fixed-point theorem ensures the solution
belongs to our working space X = C1+β,(1+β)/2. The asserted higher-order regularity,
u∗, m∗ ∈ C2+α,1+α/2(�̄×R), follows from a standard bootstrapping argument using
Schauder estimates, since the solution is now known to be bounded. This completes
the proof sketch. 
�

Remark 4.2 Distinction inRegularity forGlobal vs. Periodic Solutions. It is impor-
tant to clarify the distinction between the regularity statements in Theorem (3.4) and
Theorem (4.1). Theorem (3.4) establishes global existence for all t > 0, but the
C2+α,1+α/2 regularity is claimed on any finite time interval [0, T ], with a bound
M(T ) that generally depends on the observation horizon T . In contrast, for a T-
periodic solution (u∗, m∗), its C2+α,1+α/2 regularity holds uniformly for all t ≥ 0.
This is because the solution’s dynamics are fully determined by its behavior over a
single period [0, T ], where T is the period of the external forcing. Consequently, the
uniform bounds for periodic solutions depend only on this inherent period T (not on an
arbitrary observation horizon T ), thus reflecting its uniform regularity over an infinite
time horizon.

Having established the existence of at least one non-trivial, time-periodic solu-
tion, the natural and crucial subsequent questions concern its uniqueness and global
asymptotic stability. If a periodic solution is unique and globally asymptotically stable,
it implies that the long-term migratory pattern of the population is robust, predeter-
mined by the environmental conditions, and independent of the initial state (provided
the total population mass is the same). This means all solutions, regardless of their
starting point, will eventually converge to this single, stable migratory pattern. The
following theorem addresses these combined properties, showing that uniqueness and
global asymptotic stability can indeed be guaranteed under certain conditions on the
system parameters.

Theorem 4.3 (Uniqueness andGlobalAsymptotic Stability of theTime-PeriodicSolu-
tion) Assume that (A1)–(A4) hold. Let CP = L/(2π) be the optimal Poincaré constant
for the 1D periodic domain �, and let Mm be the uniform a priori bound for the L1-
norm of the memory component, as established in Lemma 3.2. Let the constants c1
and c2 be defined as:

c1 := 2

dμm
(γ RX‖J ′

p‖L1)2, c2 := c1
N 2μm

(
N∑

i=1

ρi‖h‖∞

)2

. (4.4)
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where RX is the a priori L∞-bound for any periodic solution, established in the proof
of Theorem 4.1. If the advection strengths α and γ are sufficiently small, satisfying

α

(
‖hxx‖∞C2

P

2

)

+ γ
(

Mm‖J ′
p‖L∞CP

)
+ c2NC2

P

2
<

3d

4
, (4.5)

then system (2.1) admits a unique, non-trivial, non-negative, T-periodic solution
(u∗(x, t), m∗(x, t)) with total mass Mu. Furthermore, this unique periodic solu-
tion is globally asymptotically stable. Specifically, for any non-negative initial
data (u0(x, s), m0(x)) satisfying

∫

�
u0(x, 0)dx = Mu, the corresponding solution

(u(x, t), m(x, t)) converges to the periodic solution (u∗(x, t), m∗(x, t)) as t → ∞,
in the sense that

lim
t→∞ ‖u(·, t) − u∗(·, t)‖L∞(�) = 0 and lim

t→∞ ‖m(·, t) − m∗(·, t)‖L∞(�) = 0.

Proof The proof proceeds by contradiction, using an energy method based on the
constructionof a suitableLyapunov-Krasovskii functional. This is a standard technique
for analyzing the stability of systems with time delays (see, e.g., Hale (1977); Smith
(2011); Jianhong (1996)).

Let (u∗(x, t), m∗(x, t)) be any T -periodic solution from Theorem 4.1, and let
(u(x, t), m(x, t)) be any other global classical solution to system 2.1 originating from
initial data (u0, m0) that satisfies

∫

�
u0(x, 0)dx = Mu . We define the perturbation

functions ū = u − u∗ and m̄ = m − m∗. Note that
∫

�
ū(x, t) dx = 0 for all t ≥ 0.

The difference functions satisfy the system:

∂t ū = dūxx − α∂x (ūhx ) − γ ∂x
(
ū∂x (m ∗ Jp) + u∗∂x (m̄ ∗ Jp)

)
(4.6)

∂t m̄ = εm̄xx − μmm̄ + 1

N

N∑

i=1

ρi ū(x, t − iτ)h(x, t − iτ) (4.7)

We introduce the Lyapunov-Krasovskii functional

E(t) = 1

2

∫

�

(
ū2(x, t) + c1m̄2(x, t)

)
dx + c2

2

N∑

i=1

∫ t

t−iτ

∫

�

ū2(x, s) dxds,

where c1, c2 are the positive constants defined in (4.4).DifferentiatingE(t)with respect
to time, we get:

dE
dt

=
∫

�

ū∂t ū dx + c1

∫

�

m̄∂t m̄ dx + c2
2

N∑

i=1

(
‖ū(t)‖22 − ‖ū(x, t − iτ)‖22

)
.

We now estimate the integrals of the difference equations. Let RX be the uniform a
priori C1-bound for periodic solutions, so that ‖u∗‖∞, ‖m∗

x‖∞, etc., are bounded by
RX .
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Multiplying (4.7) by c1m̄ and integrating over � gives

c1

∫

�

m̄∂t m̄ dx = −c1ε‖m̄x‖22 − c1μm‖m̄‖22 + c1
N

∑
ρi

∫

�

m̄(t)ū(x, t − iτ)h(x, t − iτ) dx .

Using Young’s inequality on the last term for each i :

∣
∣
∣
∣
c1
N

ρi

∫

m̄(t)ū(x, t − iτ)h(x, t − iτ) dx

∣
∣
∣
∣ ≤

c1ρi ‖h‖∞
N

(
η

2
‖m̄(t)‖22 + 1

2η
‖ū(x, t − iτ)‖22

)

.

Summing over i and choosing η such that
∑ c1ρi ‖h‖∞

N
η
2 = c1μm

2 , we can absorb half
of the decay term. This leaves

c1

∫

�

m̄∂t m̄ dx ≤ −c1ε‖m̄x‖22 − c1μm

2
‖m̄‖22 + c2

2

N∑

i=1

‖ū(x, t − iτ)‖22.

Multiplying (4.6) by ū and integrating by parts yields

∫

�

ū∂t ū dx = −d‖ūx‖22 − α

2

∫

�

hxx ū2 dx + γ

∫

�

ūx

(
ū(m ∗ J ′

p) + u∗(m̄ ∗ J ′
p)
)

dx .

We bound the last three terms using Hölder, Young, and Poincaré inequalities (‖ū‖2 ≤
CP‖ūx‖2):

∣
∣
∣
∣−

α

2

∫

�
hxx ū2dx

∣
∣
∣
∣ ≤

α

2
‖hxx‖L∞‖ū‖22 ≤ α‖hxx‖L∞C2

P
2

‖ūx‖22.
∣
∣
∣
∣γ

∫

�
ūx ū(m ∗ J ′

p)dx

∣
∣
∣
∣ ≤ γ ‖m ∗ J ′

p‖L∞‖ūx‖2‖ū‖2 ≤ γ ‖m‖L∞‖J ′
p‖L1CP‖ūx‖22

≤ γ Mm‖J ′
p‖L1CP‖ūx‖22.

∣
∣
∣
∣γ

∫

�
ūx u∗(m̄ ∗ J ′

p)dx

∣
∣
∣
∣ ≤ γ ‖u∗‖L∞‖ūx‖2‖m̄ ∗ J ′

p‖2 ≤ γ RX ‖ūx‖2‖m̄‖2‖J ′
p‖L1

≤ d

4
‖ūx‖22 + (γ RX ‖J ′

p‖L1 )2

d
‖m̄‖22 = d

4
‖ūx‖22 + c1μm

2
‖m̄‖22.

In the second inequality, we used the fact that the L1-norm of any solution is uniformly
bounded by the constant Mm established in Lemma 3.2. The last equality holds by our
choice of c1 in (4.4).

Summing all estimates for dE
dt , and using Poincaré’s inequality on the c2N

2 ‖ū‖22
term, we get

dE
dt

≤ −
(
3d

4
− α‖hxx‖∞C2

P

2
− γ Mm‖J ′

p‖L∞CP − c2NC2
P

2

)

‖ūx‖22 − c1ε‖m̄x‖22.
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If the condition (4.5) on α and γ holds, the coefficient of ‖ūx‖22 is strictly positive.
Let this coefficient be λ1 > 0. Then

dE
dt

≤ −λ1‖ūx‖22 − c1ε‖m̄x‖22 ≤ 0.

Since E(t) is a non-negative functional, and its time derivative is bounded by negative
definite terms involving the L2-norms of gradients and m̄, we can apply Poincaré’s
inequality (for ū and m̄ terms, as

∫

�
ūdx = 0) to show that:

dE
dt

≤ −�E(t)

for some positive constant� > 0. By applying Gronwall’s inequality, this implies that
E(t) decays exponentially to zero as t → ∞. The decay of E(t) → 0 then directly
implies:

lim
t→∞ ‖ū(·, t)‖L2(�) = 0 and lim

t→∞ ‖m̄(·, t)‖L2(�) = 0.

This means the arbitrary solution (u, m) converges to the periodic solution (u∗, m∗)
in the L2-norm.

Finally, the convergence can be upgraded from the L2-norm to the stronger L∞-
norm. Since the perturbation functions (ū, m̄) solve a linear parabolic system with
bounded coefficients, standard interpolation inequalities and regularity estimates for
parabolic equations show that their L∞-norm is controlled by their L2-norm and the
norms of their gradients. As the L2-norms of both the perturbations and their gradients
(as implied by E(t) → 0 and the decay estimate for dE/dt) tend to zero, it follows
that their L∞-norms also tend to zero. This establishes the global asymptotic stability
of the periodic solution.

Now, we deduce the uniqueness of the T-periodic solution from its global asymp-
totic stability. Assume, for contradiction, that there exist two distinct non-trivial
T-periodic solutions, (u∗

A(x, t), m∗
A(x, t)) and (u∗

B(x, t), m∗
B(x, t)), both with total

mass Mu . According to the global asymptotic stability just established (Step 4), any
solution originating from an initial condition must converge to (u∗

A(x, t), m∗
A(x, t))

as t → ∞. Consider the solution (u∗
B(x, t), m∗

B(x, t)). Since it is a solution itself, it
must converge to (u∗

A(x, t), m∗
A(x, t)) according to the established global asymptotic

stability. However, (u∗
B(x, t), m∗

B(x, t)) is a T-periodic solution. A T-periodic solution
by definition stays on its own closed trajectory and does not "converge" to a different
trajectory unless they are identical. Therefore, it must be that (u∗

A(x, t), m∗
A(x, t)) =

(u∗
B(x, t), m∗

B(x, t)). This contradicts our initial assumption that they were distinct.
Thus, the T-periodic solution is unique. This completes the proof of Theorem (4.3). 
�
Remark 4.4 The argument in the proof of Theorem 4.3 can be interpreted from a
dynamical systems viewpoint. Let P be the period-T Poincaré map that advances any
initial data (u0, m0) by one full period of the forcing. The unique periodic solution
(u∗, m∗) is a fixed point of this map. Our proof, by showing the strict decay of the
Lyapunov-Krasovskii functional E(t) for any solution other than the periodic one,
implies that P is a strict contraction in the norm induced by the functional. That is,
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for any initial data (u0, m0) 	= (u∗, m∗), the “distance” to the fixed point decreases
after one period. By the Banach fixed-point theorem, repeated application of this
contraction map ensures that any trajectory will converge to the unique fixed point
(u∗, m∗). This brief remark connects our PDE-based proof to the powerful intuition
of discrete dynamical systems.

Remark 4.5 The requirement in Theorem 4.3 that the advection strengths α and γ be
sufficiently small has a clear biological interpretation. These parameters quantify the
intensity of directed movement towards perceived resources and remembered loca-
tions, which act as aggregation mechanisms. Our results on uniqueness and global
stability suggest that if these aggregation-driving forces are not overly strong relative
to the system’s inherent dissipative effects—such as random dispersal (d), memory
diffusion (ε), and memory decay (μm)—the population will inevitably converge to
a single, predetermined, and stable migratory pattern, regardless of its initial state.
Conversely, strong taxis could potentially lead to multiple stable migratory patterns,
where the final outcome depends on historical contingencies.

5 Numerical simulations

In this section, we present a series of numerical simulations of the cognitive migration
model (2.1) to illustrate our theoretical results and explore the model’s rich cognitive
dynamics. Our numerical approach is based on the method of lines. For spatial dis-
cretization, we use a pseudo-spectral method with Nx = 128 grid points. For time
integration, we employ a fourth-order Runge-Kutta (RK4) scheme with a fixed time
step of �t = 0.01. Convolutions are computed efficiently in Fourier space via the
Fast Fourier Transform (FFT); kernels are constructed with periodization to match the
domain, and no de-aliasing was found necessary. The time-delay terms are handled by
accessing stored historical values via direct indexing. All simulations are conducted
on a one-dimensional domain � = [0, L] with periodic boundary conditions, using
the baseline parameter values listed in Table 2 unless otherwise specified.

To confirm the convergence of our numerical scheme, a refinement study was con-
ducted for a baseline scenario by halving the time step and doubling the number of
grid points. The resulting long-term solution showed no significant qualitative differ-
ences from the results presented, confirming that our chosen discretization parameters
provide sufficient accuracy. Our investigation is structured into a preliminary analysis
of the model’s fundamental properties, followed by a detailed deconstruction of its
core cognitive mechanisms.

We begin by visually supporting the theoretical results on global asymptotic stabil-
ity established in Theorems 4.3. To this end, we present a numerical simulation whose
primary aim is to illustrate that the long-term behavior of the system is independent of
its initial state, consistently converging to a single, stable migratory pattern. As shown
in Fig. 1, the simulation is initialized with a non-equilibrium, bimodal population den-
sity that is far from the predicted periodic solution. The sequence of snapshots captures
the transient dynamics, as the initial distribution progressively diffuses and transforms
into a single traveling wave that synchronizes with the resource. The state-space tra-
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Fig. 1 Illustration of global asymptotic stability and convergence to the periodic attractor. The simulation
starts from a non-equilibrium initial population density u(x, t), shown in panel (a), and evolves over time.
Panels (b–d) show how the distribution gradually synchronizes with the resource r(x, t), forming a coherent
traveling wave. Panel (e) presents the trajectory in state space, where the concentration metrics reveal
convergence from an arbitrary initial state (green dot) to the stable limit cycle, confirming the emergence
of the unique periodic solution

jectory (Fig. 1e), whose axes represent concentration metrics based on the squared
L2-norms of the population and memory, provides compelling visual confirmation of
this convergence. The trajectory initially follows a spiraling path, reflecting the decay
of transient dynamics, before settling into a closed loop—a limit cycle attractor—
representing the unique, globally asymptotically stable periodic solution predicted by
our theoretical analysis.

To justify our subsequent focus on the cognitive parameters, we performed a global
sensitivity analysis using the Fourier Amplitude Sensitivity Test (FAST). This method
attributes the variance in the model’s output to the uncertainty in each input parameter.
For this analysis, all parameters were varied by ±50% around their baseline values
(Table 2) with a sample size of Ns = 1025. This analysis quantitatively validates
that cognitive migration is fundamentally shaped by the interplay between perception
and memory. As seen in Fig. 2, perception-driven taxis (α) emerges as the dominant
contributor to movement efficiency, reflecting the crucial role of responding to the
instantaneous resource gradient. At the same time, the memory subsystem governed
primarily by the delay parameter τ , which sets the temporal horizon of past experience,
and secondarily by the memory-taxis strength γ , exerts a substantial influence on how
animals accumulate, retain, and act upon historical foraging information. Together,
these findings confirm that it is the combined action of perception-based and memory-
based movement mechanisms that underlies the adaptive dynamics of the model,
with perception shaping immediate responsiveness and memory shaping long-term
anticipatory behavior.
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(a) First-order FAST indices over time
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Fig. 2 Global sensitivity analysis of model parameters. (Left) First-order FAST sensitivity indices for each
parameter calculated over the course of the simulation. Darker colors (blue) indicate higher influence on the
model output. (Right) The time-averaged mean of the first-order sensitivity indices, providing a summary
of each parameter’s overall importance

Guided by these preliminary analyses, which highlight the paramount importance
of taxis strengths, the remainder of this section is dedicated to a detailed deconstruction
of the core cognitive mechanisms. We proceed in three subsections, beginning with an
in-depth analysis of the interplay between perception (α) and memory (γ ), followed
by investigations into the roles of memory precision (ε) and memory timescale (τ ).

Before analyzing the cognitive strategies, we first establish the environmental con-
text that remains constant across all subsequent experiments. Figure 3 displays the
spatio-temporal dynamics of the prescribed resource distribution, r(x, t), and the cor-
responding perceived landscape, h(x, t), generated using the baseline parameters in
Table 2. The resource, r(x, t), is modeled as a traveling Gaussian pulse that completes
a unidirectional circuit on the domain� = [0, L] over a period T . Note that we regard
x = 0 and x = L as representing the same physical location. This is visually evi-
dent from the migratory paths shown on the cylinder in Fig. 3 (a) and (b) unfolds the
cylinder into a plane, where movement from x = 0 to x = L corresponds to one full
migratory cycle within a year, and movement from x = L back to x = 0 corresponds
to the next full cycle. In other words, if in odd-numbered years the resource peak
travels from x = 0 to x = L , then in even-numbered years it moves from x = L
to x = 0 in the folded 2D representation of Fig. 3 (b). Because periodic boundary
conditions are imposed at x = 0 and x = L , plotting the population distribution on the
reduced spatial interval [0, L/2] is not straightforward. Therefore, we present the spa-
tial domain as [0, L] in the 2D plane. As a consequence, the memory window becomes
τ = 2T = 730 (see Table 2). This doubling of the environmental period arises from
the fact that the direction of resource movement alternates between consecutive years
on the folded 2D plane (one year from x = 0 to x = L , the next from x = L
to x = 0) even though these directions are indistinguishable in the true cylindrical
geometry (i.e., in the real world), where x = 0 and x = L denote the same location
(see Fig. 3 (a)). The perceived landscape, h(x, t), is a spatially smoothed version of
the resource, representing the animal’s imperfect nonlocal sensory perception. This
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Fig. 3 The spatio-temporal dynamics of the prescribed resource r(x, t) and the corresponding perceived
resource landscape h(x, t) under baseline parameters

dynamic environment serves as the stage upon which the different migratory strategies
will be evaluated.

5.1 The interplay of cognitive strategies: perception vs. memory

Given the dynamic environment established above, how do the primary cognitive
forces (perception andmemory) interact to produce a successfulmigratory strategy?To
answer this question, we deconstruct the roles of perception- andmemory-guided nav-
igation by analyzing both the spatio-temporal dynamics and the quantitative tracking
efficiency of the system under four distinct scenarios. As established, the popula-
tion’s movement is driven by two taxis forces: one toward the perceived landscape
h(x, t) with strength α and the other toward the historical memory map m(x, t) with
strength γ . We analyze the outcomes when these forces act in isolation and in com-
bination, examining four representative cases: (1) No Cognition (α = 0, γ = 0); (2)
Perception-Only (α = 5, γ = 0); (3) Memory-Only (α = 0, γ = 5); and (4) a
Hybrid Cognitive Strategy (α = 5, γ = 3).

The results for theNoCognition case are presented in Fig. 4, where we observe two
distinct outcomes for the population and its memory. The population density, u(x, t),
converges to a spatio-temporally uniform steady state (Fig. 4 (b)), with u ≈ 0.01 across
the entire domain. This occurs because, in the absence of any taxis forces, the system
is governed solely by diffusion, which eradicates any spatial structure and drives the
population to a uniform distribution. Interestingly, the memory map, m(x, t), does not
become uniform. Instead, it settles into a stationary, wave-like pattern that reflects the
long-term temporal average of the perceived resource at each spatial point (Fig. 4 (a)).

Biologically, this scenario depicts a population that is behaviorally inert to envi-
ronmental cues, leading to a complete failure in resource tracking. The persistent
mismatch between the uniformly distributed population and the concentrated, moving
resource pulse would result in widespread starvation, representing a catastrophically
unsuccessful strategy. The memory, in this case, acts merely as a passive “sediment”
of past environmental conditions, rather than an active navigational tool.

In stark contrast, the Perception-Only strategy proves to be highly effective, as
shown in Fig. 5. We observe that the population density, u(x, t), forms a sharp and
cohesive migratory wave that dynamically mirrors the spatio-temporal pattern of the
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Fig. 4 Spatiotemporal dynamics for the No Cognition case (α = 0, γ = 0). The population density
converges to a uniform steady state, failing to track the perceived resource. The memory map settles into
a stationary pattern reflecting the long-term average of the resource landscape, but does not guide the
population

Fig. 5 Spatiotemporal dynamics for the Perception-Only case (α = 5, γ = 0). The population success-
fully tracks the perceived resource, forming a cohesive migratory wave. The memory map is subsequently
imprinted with this successful trajectory

resource landscape, r(x, t) (Fig. 5 (b)). This successful tracking occurs because the
movement is solely governed by a strong perception-driven taxis, which directs indi-
viduals to continually move up the gradient of the perceived resource. The population,
therefore, acts as a reactive agent, skillfully “surfing” the wave of resource availability
in real time.

A significant consequence is the effect on the memory map. As m(x, t) is formed
from the history of successful foraging, it is subsequently imprinted with this same
successful migratory trajectory (Fig. 5 (a)). From an ecological perspective, this sce-
nario represents an expert at immediate, sensory-based tracking. It demonstrates that
a robust migratory route can be dynamically “learned” and encoded into a cognitive
map purely through repeated sensory experience, without any pre-existing knowledge.

TheMemory-Only strategy, presented in Fig. 6, also facilitates a successful migra-
tory pattern, albeit with a distinct dynamic signature. We observe that the population
forms a robust traveling wave guided by the trajectory encoded in the memory map.
However, the population is not as strongly concentrated at the resource peaks as in the
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Fig. 6 Spatiotemporal dynamics for the Memory-Only case (α = 0, γ = 5). Guided by a robust memory
map, the population successfully establishes a migratory pattern, demonstrating the predictive power of
long-term memory in a periodic environment

perception-only case. Instead, a substantial portion of the population also appears in
regions without resource peaks.

This phenomenon arises because the population’s movement is entirely proactive,
driven solely by historical information. In our perfectly periodic environment, the
memorymap—an aggregation of past successful locations—serves as an accurate pre-
dictive tool, essentially a “navigational chart.” This allows the population to anticipate
the resource’s path, a key advantage of memory-based navigation. From an ecological
perspective, this represents a population guided by tradition or long-term experience.

Finally, the Hybrid Cognitive Strategy, shown in Fig. 7, demonstrates the syn-
ergistic effect of integrating both cognitive mechanisms. The population forms an
exceptionally sharp and cohesive traveling wave, shaped by the combined influence
of the reactive “pull” from perception and the proactive “guidance” from memory.
This enhanced performance stems from the complementary nature of the two strate-
gies: the strong perception component ensures precise, real-time tracking, while the
memory component reinforces the overall migratory route, providing stability. This
interplay, where memory provides the general path and perception offers fine-tuned
adjustments, results in a sharply defined and stable memory map.

From an ecological viewpoint, this hybrid approach represents amore sophisticated
form of navigation. It mirrors organisms that combine long-term knowledge (e.g., of
seasonal routes) with immediate sensory information (e.g., of a food patch’s current
location). Such integration leads to a migratory behavior that is both highly efficient
in its resource tracking and resilient to minor environmental fluctuations, arguably
representing a more robust and evolutionarily advantageous strategy.

To quantitatively evaluate the movement efficiency of these distinct strategies, we
computed the Average Time Lag. This metric is derived from a time-series cross-
correlation analysis between the population’s center of mass, xcom(t), and the true
resource center, x0(t). A positive lag indicates that the population follows the resource
with a delay.

The simulation results for this analysis are presented in Fig. 8. The Memory-
Only Strategy (Panel b) failed to generate a meaningful migratory pattern, resulting
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Fig. 7 Spatiotemporal dynamics for the Hybrid Strategy (α = 5, γ = 3). The integration of strong per-
ception and memory results in a highly efficient migratory pattern, with the population closely tracking the
resource and forming a sharp, stable memory map

in a large and erratic lag. While the Perception-Only Strategy (Panel a) success-
fully tracked the resource movement, a significant delay is clearly observed, with the
population’s center of mass consistently lagging behind the resource center. In stark
contrast, the Hybrid Cognitive Strategy (Panel c) exhibited a much closer align-
ment between the trajectories, demonstrating that combining memory and perception
allows the population to respond in a far more coordinated and anticipatory manner.
The bar graph (Panel d) quantitatively confirms this visual observation, showing that
the Hybrid Cognitive Strategy markedly reduces the average time lag compared to the
Perception-Only andMemory-Only Strategies, highlighting the adaptive advantage of
integrating both cognitive tools.

To provide a comprehensive quantitative assessment and synthesize these findings,
we computed the time-averaged Spatiotemporal Overlap (STO) index across the entire
α-γ parameter space. This metric, a Bhattacharyya-type overlap adapted from Fagan
et al. (2022), measures the match between population and resource distributions. It is
calculated by time-averaging the instantaneous spatial overlap, �STO(t):

STO = 1

T

∫ tend

tend−T

⎛

⎝

∫

�

√
u(x, t)r(x, t) dx

√∫

�
u(x, t) dx

√∫

�
r(x, t) dx

⎞

⎠ dt . (5.1)

Values of STO near 1 indicate tight co-location, whereas values near 0 indicate poor
matching.

Figure 9 reveals a sophisticated interplay between perception strength (α) and
memory strength (γ ) in driving migration efficiency. Contrary to the intuition that
simultaneously maximizing both would yield the best performance, the landscape
demonstrates that a strong α coupled with a strong γ does not produce the highest
efficiency. The peak STOvalues are obtainedwhen the perception strength is relatively
small (around α = 1) across variablememory strengths as well as when the population
adopts perception-only strategy with a higher perception strength (near α = 5).
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Fig. 8 This figure compares movement efficiency for three strategies: Perception-Only (α > 0, γ = 0),
Memory-Only (α = 0, γ > 0), and Hybrid Cognitive (α, γ > 0). Panels (a–c) show the population’s center
of mass (xcom, solid blue) vs. the true resource center (x0, dashed red) from t = 5800 to t = 7200. Panel (d)
presents the Average Time Lag from cross-correlation analysis. The Memory-Only Strategy fails to track
the resource, while the Hybrid Cognitive Strategy markedly reduces lag compared to the Perception-Only
Strategy, highlighting the advantage of combining memory with perception

5.2 The role of memory precision (")

Having examined the primary cognitive forces, we now investigate the influence of a
more nuanced trait: memory precision. In our model, this is quantified by the memory
diffusion parameter, ε, which controls the spatial specificity of the cognitive map.
This parameter ranges from a highly accurate, point-like recall (low ε) to a highly
generalized or “fuzzy” memory (high ε). The precision of spatial memory represents
a fundamental cognitive trade-off: a hyper-precise memory may allow for exact relo-
cation of known resources but could hinder adaptation to environmental shifts, while
a memory that is too fuzzy may fail to provide any useful spatial guidance. This raises
a key ecological question: Is there an optimal level of memory precision for tracking
dynamic resources?

To address this question, we conducted a series of simulations designed to iso-
late the effect of ε while keeping all other parameters fixed at their baseline values
(Table 2). We varied ε across several orders of magnitude and focus our analysis on
three representative scenarios: a high- (ε = 0.01), an intermediate- (ε = 0.2), and a
low-precision (ε = 2.0) case. To isolate the effects of memory on resource-tracking
efficiency, we select parameter values that minimize the influence of perception—
driven movement. Specifically, we set the perception-driven taxis strength to a small
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Fig. 9 Migration efficiency

value (α = 0.01), ensuring that local sensory cues provide only a weak directional
signal. In contrast, we choose a comparatively larger memory–driven taxis strength
(γ = 1) so that movement guided by internal memory plays the dominant role. This
parameter choice allows us to focus on how variations in memory precision shape the
population’s ability to locate and track resource peaks, without confounding effects
from strong perception-based responses.

The simulation results, presented in Figs. 10 and 11, reveal a stark, threshold-
dependent relationship between memory precision and migration success. Qualita-
tively, Fig. 10 illustrates a clear transition in behavior. For both high (ε = 0.01)
and intermediate (ε = 0.2) precision, the memory map m(x, t) successfully forms
coherent spatio-temporal tracks, enabling the population u(x, t) to form a cohesive
migratory wave that effectively tracks the perceived resources (Fig. 10 (b) and (d)).
The primary difference is that lower ε values lead to sharper, more concentrated pop-
ulation and memory peaks. However, a dramatic shift occurs at ε = 2.0 (Fig. 10 (f)).
The strong diffusive effect completely eradicates the spatial structure of the memory
map. Deprived of this cognitive guidance, the population fails to maintain a migratory
pattern and collapses into a spatially uniform distribution, indicating a catastrophic
failure of the strategy.

The quantitative analysis, presented in Fig. 11, confirms the qualitative findings
from Fig. 10. The STO index exhibits a clear, monotonic decrease as the memory
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Fig. 10 Effect ofmemory diffusion (ε) on the spatio-temporal dynamics. Each row corresponds to a different
value of ε: high-precision (ε = 0.01, top), intermediate (ε = 0.2, middle), and low-precision (ε = 2.0,
bottom). For each case, 2D plots for the memory map m(x, t) and population density u(x, t) are shown.
Here, α = 0.01, γ = 1
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Fig. 11 Migration efficiency, measured by the Spatio-Temporal Overlap (STO) index, as a function of
memory diffusion, ε (plotted on a log scale). Here, α = 0.01, γ = 1

diffusion ε increases. This quantitatively demonstrates that a higher memory precision
(lower ε) leads to a more effective migratory strategy, while a more diffuse memory
(higher ε) degrades the population’s ability to track the resource.

Ecologically, these findings highlight the importance of maintaining a sufficient
level of cognitive precision for migration. A moderately generalized memory (e.g.,
ε = 0.2) is shown to be nearly as effective as a hyper-precise one (e.g., ε = 0.01),
suggesting that a “good enough” memory system can be a cost-effective evolutionary
strategy. However, as memory becomes excessively diffuse, the progressive decline
in the STO score reflects a systematic failure of the navigational strategy. This under-
scores how gradual degradation in (collective) memory could lead to a corresponding
decline in the success of large-scale animal migrations. For other types of models that
explore this idea, see William F Fagan et al. (2012); Berdahl et al. (2018); Foss-Grant
et al. (2018) and for relevant empirical studies see Brett R Jesmer et al. (2018); Werner
T Flueck et al. (2022).

5.3 The role of thememory timescale (�)

Having established the interplay between perception and memory, we now investigate
a more fundamental question: how does the timescale of memory itself, governed by
τ , shape the migratory strategy? We expect that the utility of a memory is contingent
on its temporal alignment with the environment’s periodicity. A memory mismatched
with the environmental cycle could be detrimental, while a seasonally-matched mem-
ory could be highly beneficial. To explore this, we fixed the cognitive strengths to a
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Fig. 12 System dynamics under a mismatched, anti-phasic memory window (τ = 200). The memory
map m(x, t) becomes chaotic and disordered, as it is being fed conflicting information. The population
distribution u(x, t) does not match well with the resource distribution

memory-dominant regime (α = 0.01, γ = 1) and presented two representative cases:
a mismatched (τ = 200) and a long-term seasonal (τ = 730) memory.

First, it is important to clarify our model’s temporal structure. We simulate popula-
tion dynamics on a one-dimensional domain [0, L]with periodic boundary conditions,
which can be visualized as an “unrolled” circular habitat. The resource wave com-
pletes a full unidirectional circuit over a period of T = 365 days. When plotted on a
2D spatio-temporal graph, however, this single circuit appears as two distinct visual
crossings. Therefore, for a memory to be perfectly synchronous with the visual pattern
over cycles, a memory window of τ = 730 is an appropriate choice.

The simulation results, presented in Figs. 12 and 13, reveal that the temporal scale of
memory has a profound effect on the resulting dynamics. When the memory window
length is set to be a long-term, seasonal timescale (τ = 730, Fig. 13), we observe that
the memory, synchronous with the environmental cycle, transforms into a powerful
predictive tool. This is reflected in the populationwave,which becomes visibly concen-
trated, with high peak amplitudes and a strong contrast between high and low-density
regions, indicating an effective migratory strategy. However, the situation changes
dramatically for a mismatched memory window (τ = 200, Fig. 12). In this case, the
memory map becomes highly disordered due to conflicting, nearly anti-phasic infor-
mation. In ourmemory-dominant regime (γ � α), this chaotic signal severely perturbs
the system, causing the population to fail to form a coherent traveling wave. Instead,
it exhibits a highly disturbed and unstable pattern, indicating a severely compromised
migratory strategy. From an ecological standpoint, these findings demonstrate that a
memory system’s timescale must be finely tuned to the rhythms of the environment
to be adaptive. A mismatched memory is not just useless; it is actively detrimen-
tal, severely disrupting the formation of a stable migratory pattern. Our results thus
quantitatively confirm that the success of a cognitive strategy depends not just on
the strength of its components, but critically on their temporal alignment with the
ecological problem they have evolved to solve.
Mapping model regimes to ecological strategies. Our model reveals that distinct
combinations of perception strength (α) and memory influence (γ ) correspond to
qualitatively different cognitive movement strategies. These parameter regimes can be
conceptually linked to characteristic ecological archetypes (Table 3).When perception
dominates (high α, low γ ), movement is primarily reactive to instantaneous resource
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Fig. 13 System dynamics under a long-term, seasonal memory window (τ = 730). The memory map
m(x, t) now forms a sharp, predictive trajectory that is perfectly in-phase with the resource landscape. The
resulting population wave u(x, t) is highly cohesive and efficient in resource tracking

cues, resembling the behavior of pelagic seabirds such as albatrosses that track tran-
sient oceanic fronts in highly unpredictable environments. In contrast, when memory
dominates (high γ , low α), individuals rely on long-term spatial knowledge to revisit
predictable resource landscapes, as seen in long-distance ungulates like mule deer that
follow highly traditional migratory routes across seasons. Between these extremes lies
an integrated strategy (high α, high γ ), where both memory and perception jointly
guide migration. This hybrid regime mirrors the behavior of cognitively advanced
species such as elephants and whales, which combine stable, memory-based migra-
tory corridors with flexible, real-time adjustments to local conditions. Altogether, this
mapping illustrates how our theoretical framework captures a continuum of cognitive
strategies–from reactive foraging to memory-based navigation–providing ecological
context for the parameter-dependent migration patterns observed in our simulations.

6 Discussion

Seasonal migration is one of nature’s most remarkable large-scale behaviors, driven
by animals’ need to exploit spatiotemporally varying resources and avoid unfavorable
conditions. Increasing evidence shows that such migrations are not merely reactions
to real-time environmental cues, but are instead guided by cognitive processes inte-
grating perception and memory (Jerod et al. 2019; Bauer et al. 2020; Abrahms et al.
2019; Brett R Jesmer et al. 2018). Migratory species—from marine predators such
as blue whales to terrestrial and avian migrants—often rely on past experiences to
revisit historically resource-rich habitats, combining current sensory perception with
stored information accumulated across years. This integration allows individuals to
navigate cyclically changing environments efficiently, though it also introduces trade-
offs between flexibility and reliability: perception enables rapid adaptation to current
conditions, while memory provides long-term consistency but may be imperfect or
outdated. Understanding how these mechanisms jointly drive migration has become
essential not only for advancing cognitive movement ecology, but also for predict-
ing species’ responses to environmental change (Wilcove andWikelski 2008; Gurarie
et al. 2019; Kauffman et al. 2021; Gurarie et al. 2024). Existing theoretical and empir-
ical studies have demonstrated the importance of nonlocal perception and memory
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in guiding seasonal migration, yet a unified population-level PDE framework that
dynamically couples perception, memory formation, and seasonally varying resource
fields along with a complete analysis of its emergent dynamics has been lacking.
Motivated by these gaps and inspired by recent findings on memory-based blue whale
migration (Abrahms et al. 2019), our work develops and analyzes a novel PDE model
that explicitly links nonlocal perception and evolving memory in a seasonally forced
environment. This framework provides new insights into how the interaction between
perception and memory shapes the emergence and stability of round-trip seasonal
migrations, offering a theoretical foundation for understanding cognitive adaptation
in a changing world.

Our modeling framework combines several behavioral processes central to sea-
sonal migration. Diffusion captures undirected, randommovement, reflecting baseline
exploratory behavior. Perception-driven taxis allows individuals to respond to current
resource distributions through nonlocal sensing, enabling rapid adjustments to shifting
environments. Memory-driven taxis directs movement toward previously profitable
locations, incorporating the influence of past experience. Our model further advances
this approach by explicitly representing memory of seasonal resources through a
sum of weighted coincidences between the population and resource availability over
historical seasonal windows at each location. This novel formulation captures how ani-
mals accumulate and prioritize past experiences in temporally recurring landscapes,
allowing us to investigate emergent trade-offs and distinct movement strategies under
realistic seasonal and spatial dynamics. Building on this foundation, the model incor-
porates nonlocality in both perception-driven and memory-driven movement. Rather
than responding only to resource levels at their immediate location, individuals assess
resource availability over a spatial neighborhood through a nonlocal perception ker-
nel, capturing realistic sensing ranges observed in many species. Importantly, this
nonlocal structure also appears in the memory-driven taxis: memory is formed not
from pointwise resource encounters, but from past nonlocal perceptions accumulated
over historical seasonal windows. As a result, movement decisions are shaped by both
current and remembered spatially distributed information, allowing the model to rep-
resent how animals integrate broad environmental cues across space and time. This
dual nonlocal formulation leads to richer and more biologically grounded movement
dynamics than purely local models, enabling the study of spatial anticipation, nav-
igation efficiency, and emergent migration patterns in dynamic landscapes. Another
distinctive feature of our model is a mathematically novel representation of fuzzy, or
imprecise, memory by treating memory precision as a random diffusion term. This
addition captures the idea that animals do not recall past experiences perfectly, and that
the reliability of memory can fluctuate over time and space(Fagan et al. 2013; William
F Fagan et al. 2023). Incorporating memory fidelity as an internal state adds a new
layer of complexity to the PDE system, enabling the investigation of howuncertainty in
stored information influencesmovement efficiency and emergent spatial patterns. This
framework allows for a more realistic and mechanistic understanding of the interplay
between cognitive limitations and adaptive migration strategies.

On the mathematical side, we established a complete set of fundamental properties
for this model, including the global existence of solutions and, through the Leray-
Schauder fixed-point theorem, the existence of at least one time-periodic solution.
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These properties confirm that the model can sustain migratory patterns synchronized
with seasonal forcing. In the mathematical analysis, our general approach follows the
classical framework for analyzing PDEs, aimed at proving the existence, uniqueness,
and stability of a periodic solution that represents a migratory pattern synchronized
with the environment. The core methodologies included: first, establishing the global
existence and well-posedness of solutions by obtaining key a priori L∞-bounds
through a detailed inductive argument, which overcomes the potential for solution
blow-up caused by the taxis terms, followed by a continuation argument; second, prov-
ing the existence of periodic solutions using theLeray-Schauder fixed-point theorem in
an appropriate Banach space; and finally, constructing a suitable Lyapunov-Krasovskii
functional to establish sufficient conditions underwhich the periodic solution is unique
and globally asymptotically stable. A cornerstone of our mathematical framework is
the assumption of periodicity in both space and time. This assumption is not merely
a convenience, but is fundamental to the analysis, as it is leveraged in several criti-
cal steps. Specifically, periodicity eliminates boundary terms in the energy estimates
for stability proofs, ensures the invertibility of key parabolic operators for existence
theory, and guarantees the compactness properties essential for applying topologi-
cal degree methods. Crucially, our construction of a Lyapunov-Krasovskii functional
established the conditions for the uniqueness and global asymptotic stability of this
periodic solution. The mathematical requirement that the taxis strengths (α, γ ) must
not be excessively large is particularly significant. It reveals a central trade-off between
the directed, aggregation-driven forces of taxis and the system’s inherent dissipative
effects. This suggests that while perception and memory are essential for migra-
tion, overly strong directed movement can destabilize the unique migratory pattern,
potentially leading to more complex dynamics such as multistability. This raises the
intriguing ecological possibility that, under identical environmental conditions, dif-
ferent migration routes could emerge depending on a population’s history.

Numerically, we employed MATLAB to solve the system based on the Method of
Lines (discrete). For spatial discretization, we used a high-precision pseudo-spectral
method, where spatial derivatives and convolutions were computed efficiently using
the Fast Fourier Transform (FFT), which is well-suited for the periodic domain. For
time integration, the classical fourth-order Runge-Kutta (RK4) scheme was used. The
main challenges in the numerical implementation were twofold. The first was ensuring
the fidelity of the model’s implementation, which was addressed by code review to
correct initial misinterpretations of the kernel normalization and the memory forma-
tion term. The second challengewasmaintaining numerical stability.We found that for
large taxis strengths (α, γ ), a relatively large time step violated a Courant-Friedrichs-
Lewy (CFL)-like stability condition, leading to spurious numerical artifacts. To resolve
this, a smaller time step (e.g., dt = 0.01) was ultimately chosen, which, despite
increasing computational cost, was necessary to obtain reliable numerical results that
faithfully represent the model’s intrinsic dynamics. Our numerical explorations were
designed to confirm the theoretical findings and to deconstruct the ecological impli-
cations of the core cognitive mechanisms. The simulations first visually verify the
theoretical prediction of global convergence to a unique periodic attractor. A formal
sensitivity analysis then quantitatively confirms that the taxis strengths, α and γ , are
indeed themodel’s most critical parameters, justifying our focus on them. Our detailed
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subsequent analyses of these cognitive parameters reveal a complex picture of trade-
offs, adding crucial layers of ecological context to our theoretical framework. First,
the analysis of the α-γ efficiency landscape shows that hybrid perception-memory
strategy is the overwhelmingly dominant driver of success in resource tracking. Sec-
ond, the investigation of memory precision reveals the existence of a critical cognitive
threshold, beyond which a memory that is to “fuzzy" becomes useless and causes
the migratory strategy to collapse. Finally, and perhaps most profoundly, our results
demonstrate that the adaptive value of memory is critically determined by its temporal
scale. A seasonally-matched memory acts as a powerful predictive tool, whereas a
mismatched memory is catastrophically detrimental.

The conceptual mapping of parameter regimes to ecological strategies, as summa-
rized in Table 3, highlights the practical value of our model as a versatile theoretical
framework for investigating the continuum of cognitive migration strategies observed
in nature. By tuning key parameters (such as the strength of perception-driven advec-
tion (α) and that of memory-driven advection (γ )), the model can be adapted to
represent a wide range of migratory archetypes. For example, the Reactive Forager
regime (high α, low γ ) captures animals like albatrosses that rely on real-time percep-
tion of dynamic oceanographic features, while the Conservative Navigator regime
(high γ , low α) reflects species such as mule deer that follow long-established
migratory corridors. The Integrated Navigator profile (high α and γ ) models the
sophisticated plasticity of cognitively advanced species like elephants or blue whales,
which combine spatial memory of traditional ranges with adaptive responses to real-
time environmental cues. Beyond serving as a conceptual tool, our model provides
a quantitative virtual laboratory for addressing pressing ecological and conservation
questions. It can be used to assess how memory-dominant species might struggle
to adapt under accelerating climate change, to identify the critical memory fidelity
required for successful migration, or to evaluate the potential collapse of migratory
culture following disruptions in social information transfer. Furthermore, by integrat-
ing empirical data—such as satellite tracking records for endangered species like blue
whales—our framework can be parameterized and validated to characterize when,
where, and how effectively animals track seasonal resource changes in increasingly
resource-poor or shifting environments. In this way, the model provides one bridge
between theory and data, offering a unified platform to explore the resilience, adapt-
ability, and cognitive requirements of migration across diverse ecological contexts.

Although our model provides a unifying framework for studying cognitive migra-
tion, several limitations should be acknowledged. First, the model is built on a
simplified one-dimensional resource landscapewith perfectly periodic and predictable
seasonal pulses. This abstraction facilitates mathematical analysis but does not cap-
ture the spatial heterogeneity and nonstationary dynamics of real ecosystems, where
resource availability varies across complex terrains and shifts in response to cli-
mate change. Extending the model to higher-dimensional and interannually variable
resource fields—whether through gradual climate-driven trends or stochastic fluctua-
tions in timing and magnitude—would allow assessment of how robust the identified
migratory strategies are when historical patterns no longer reliably predict future con-
ditions.
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Second, although our formulation includes dynamic memory, it aggregates diverse
cognitive processes into a single memory field. In reality, animals integrate multi-
ple memory types operating over different timescales. A promising avenue for future
work is to incorporate short-term memory alongside the long-term seasonal memory
represented here. Short-term memory influences fine-scale decisions such as stopover
selection, path adjustment, and responses to unexpected environmental changes (see,
e.g.,Wang and Salmaniw (2023) for a discussion about long-term vs. short-termmem-
ory). A unifiedmultiscale memory structure within the PDE frameworkwould provide
deeper insight into how animals balance recent perception with accumulated experi-
ence, and when memory enhances or undermines successful migration in variable
environments.

Third, social and cultural processes are only implicitly represented in the
population-level formulation.Manymigratory species rely on leader–follower dynam-
ics, social learning, or culturally transmitted routes, important topics that have been
explored both theoretically and with animal movement data(Mueller 2013; Polansky
et al. 2015; Ellen O Aikens et al. 2024; Foss-Grant et al. 2018; William F Fagan
et al. 2012; Berdahl et al. 2018; Gurarie et al. 2021) Incorporating explicit social net-
works or culturalmemory componentswould improve understanding of howcollective
decision-making stabilizes or destabilizes migration under environmental change.

Finally, ourmodel isolates cognitive and spatial processes by omitting demographic
dynamics, resource depletion, and multispecies interactions. Introducing reaction
terms for birth and death, or coupling movement to resource consumption, would
clarify how population persistence and movement strategies coevolve. Extending
the framework to multi-species systems–for example, memory- and perception-based
predator–prey or competitive interactions–could reveal how cognitive strategies shape
coexistence, spatial segregation, and emergent community-level migration patterns
(see, e.g., Shi et al. (2021); Song et al. (2022) for memory-based movement models
with two species in non-seasonal environments).

Rapid environmental change–including accelerating climate trends and increasing
anthropogenic disturbance–is reshaping the seasonal resource cycles that manymigra-
tory species have relied upon for generations. The ability of animals to adapt to these
shifting conditions hinges strongly on their cognitive capacities, particularly the inte-
gration of current perception with imperfect and decaying memory. These processes
are notoriously difficult to observe directly in the wild, underscoring the value of rig-
orous theoretical frameworks that can illuminate their ecological consequences. By
developing and analyzing a mechanistic PDEmodel that couples nonlocal perception,
dynamically evolving memory, and seasonally forced resource landscapes, we have
provided both qualitative and quantitative insights into the conditions that support
successful seasonal migration. We hope that these results offer a foundation for future
empirical and theoretical work aimed at understanding the cognitive underpinnings of
adaptability and resilience in a rapidly changing world.
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