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Differential equations with discontinuous force term

Example:
0, 0<t<5
29" (t) +2q'(t) +2q(t) = e(t) =<1, 5<t<10
0, t>10

q(0)=4'(0)=0
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Initial value problem

@ Using step functions, we can write the IVP from the last slide as

24" (t) +24'(t) +2q(t) = e(t) = u(t — 5) — u(t — 10) , q(0) = ¢'(0)
@ Take the Laplace transform, writing Q(s) = L{qg}(s):
252Q(s) + 25Q(s) + 2Q(s) = £ {u(t — 5) — u(t — 10)} = e_:s

— (245 +1)Q(s) = (e — e 1%%) . %

—5s —10s 1
:>Q(5):(e 5 — € 10)'m.
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Partial fraction decomposition
o Q(S) = (6755 — eilos) . m

@ Partial fractions are for rational functions, not exponentials.
1 A B(st3)+C

e 2s(s2+s+1) s (S+%)2+% . Then
2
1 1
1=2A <s+§) +?—1 +2Bs<s+§)+2Cs
=2(A+ B)s> + (2A+ B +2C)s + 2A
A+B=0 A=1
® We obtain { 2A+B+2C=0 andsoqB=—1 . Then
2A=1 C=-1
11 +1 1 1
Qs) = (e —e71) lz__i (51 22) 3 4 N2 3
S f(s+3) +q Y(sHa)+i

@ Important: exponentials do not participate in the partial fraction.
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Example continued

_ _ 1 1 (s+13) 1 1
Q(S): eSs_e 10s .[___ 2 2
( B
:(e—Ss_e—IOS)__

1 —t/2 \/§t 1 —t/2 \/_t
5 5{1}—5{6 /COST}_ﬁﬁ{ /sm—H

Use that L7 {e7F(s)} = u(t — c)f(t — c) where F(s) = L {f} to write
I e = BERCE))

1 _1(t—10 V3(t—10) 1 . /3(t—10)
—Eu(t—IO) ll—e 2 )<COST+%SIHT>].
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Another example

q"(t) +25q(t) = 5e(t) , q(0)=0, '(0) =0

0, 0<t<1
e(t)=<t—1 1<t<2
1, t>2.
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Laplace transform

q"(t) + 25q(t) = 5¢(t), q(0) = ¢'(0) = 0.

(s +25) Q(s) = 5L{e(t)}(s) = 5E(s).

Q(s) = s E(s).

@ Two methods to compute E(s) = L{e(t)}(s)

@ Step functions: e(t) =0+ [(t —1) = O0u(t — 1)+ [1— (¢t — 1)]u(t — 2)
=(t—1)u(t—1)— (t —2)u(t —2). Use
L{u(t = )F(t— )} = e~F(s) to write E(s) = 65—2 -

@ Alternatively, use the definition of the Laplace transform

—2s

2

E(s) =L{e(t)}(s) = 7e(t)e‘5tdt = /(t —1)e "'dt + /ooe_“dt

0o _s

e 2s

2 —
est

T2 2
, % s

1 1
== {(t — et + —e‘“] -
s s —
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Laplace transform continued

Either way gives Q(s) = WE(S) ?Fih%) (e7s —e7%).

i i . _ A Cs+D
Partial fractions: G +25) =< a4 ;z + 2.

@ 5= As(s2+25)+B(s?+25)+Cs*+Ds? = (A+C)s3+(B+D)s*>+25As+25B.

A+C=0

B+D=0 A=C=0
° , SO

25A =0 B=-D=1

258 =5

°© Q) =4 (%ot (et e ).

s

_ e (1 1 e (1 1
Qls) = % (57 - s?+25) ~ s (Ef - s?+25)'
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Solution: inverse Laplace transform

—2s

° Q) =5 (¥ atm) %5 (- wim)
o Use L7He F(s)} = u(t — c)f(t — c).

° (t)——u(t—l)[(t— )—2sin5(t—1)]— Lu(t—2)[(t— 2)——sm5(t— )=
e-1)u(t—1)—Fu(t— l)sin5(t—1)—%(t 2u(t— 2)+25u(t 2)sin5(t—2).

0, 0<t<1
° q(t) =< i(t—1) — % sin5(t — 1), 1<t<?2
%+%[sin5(t—2)—sin5(t—1)]; t>2

(A-B) B) (A+B)
2

@ Using sin A —sin B = 2sin , we can rewrite the t > 2 case to

make it easier to graph:

_ 2sin(5/2) 10t—15
55— COS =52, t>2

0
q(t) = 2(t—1)— %sin5(t—1), 1<t<2

1

5

@ Note that g(t) is continuous at t =1 and t = 2.

MATH 334 (University of Alberta) Second-order linear equation with discontinuo 9/



