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Abstract
Many territorial animals shape their movement decisions using memory of past con-
flicts, yet the population-level consequences of such nonlocal conflict memory remain
poorly understood. We propose and analyze a PDE-ODE hybrid model for a single
population moving in response to spatial memory of territorial conflicts. The popula-
tion density satisfies a diffusion equation with delayed, nonlocal advection generated
by a convolution of a conflict variable, while the conflict intensity evolves according to
a local ODE encoding a warning mechanism with decay and resetting. Linearization
about the positive homogeneous steady state yields a non-self-adjoint operator whose
spectrum reduces to a countable family of characteristic equations indexed by Fourier
modes. For Gaussian and Laplacian perception kernels, the steady state is linearly
asymptotically stable for all perceptual radii in thememoryless case, whereas a top-hat
kernel admits diffusion-driven (Turing) instability below a critical radius, producing
stationary spatial patterns. For positive memory delay, we identify Hopf bifurcation
thresholds at the level of the linearized spectral problem for all three kernels. In the top-
hat case, the stationary and oscillatory thresholds maymeet in the (R, τ )-plane, giving
a codimension-two Turing-Hopf spectral point. Numerical simulations illustrate these
thresholds and the associated spatial and spatiotemporal patterns.
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1 Introduction

Since Turing’s seminal work (Turing 1990), diffusion-driven instability has been
regarded as a fundamental mechanism for spatial pattern formation in biological
systems. Traditional reaction–diffusion models assume that individuals move ran-
domly and interact only locally. However, animal movement is a complex cognitive
process rather than a purely physical one. Numerous empirical studies have shown
that animals use past experiences and environmental cues to make movement deci-
sions that improve their chances of survival and reproduction. Cognitive processes
play a significant role in shaping these decisions, and different cognitive mechanisms
can result in remarkably diverse spatial patterns of space use (Fagan et al. 2013;
Golledge 1999; O’Keefe and Nadel 1978). Although the specific neurological and
behavioral mechanisms remain under debate, most researchers agree that perception,
which means acquiring information about the environment, and memory, which is the
storage, encoding, and recalling of that information, are dominant drivers of animal
movement behaviors. Recently, Wang and Salmaniw (2023) integrated cognition into
animal movement and proposed the following reaction–diffusion–advection equation:

∂u

∂t
(x, t) = d1�u(x, t)

︸ ︷︷ ︸

Diffusive movement

+ d2∇ · (u∇a(x, t))
︸ ︷︷ ︸

Cognitive advection

+ f (u), x ∈ �, t > 0, (1)

where the advective potential a(x, t) can be considered as the attractivity of a point at
a given time, and then, we can describe different forms of cognitive behavior by giving
different forms of a(x, t). Xue et al. (2024) considered a kind of nonlocal memory as
a(x, t) = K ∗u(x, t −τ) = ∫

�
K (x − y)u(y, t −τ)dy and investigated the following

model:

∂u

∂t
(x, t) = d1�u(x, t) + d2∇ · (u(x, t)∇(K ∗ u)(x, t − τ)) + f (u(x, t)), (2)

where the spatial kernel function K (x − y) is chosen for the Top-hat kernel function
under the periodic boundary conditions. They demonstrated that the joint effects of the
memorydelay τ and theperceptual radius R cangenerate richer spatiotemporal dynam-
ics than before, including Turing instability, Hopf crossing, and even Turing-Hopf
bifurcation. That is quite different from the dynamics of models with discrete memory
as K (x − y) = δ(x − y). Shi et al. (2020) first investigated the reaction–diffusion
model with discrete memory and found that the stability of a spatially homogeneous
steady state depends entirely on the relationship between the two diffusion coefficients
but is independent of the memory delay. They suggested three directions for further
exploration of cognitive mechanisms in animal movement. First, one can investigate
how the interaction betweenmemory and different forms of reaction kinetics produces
more complex dynamical behaviors (An et al. 2020; Shi et al. 2019; Song et al. 2019;
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Zhang et al. 2023). Second, the studies of memory effects in two-species systems can
reveal how memory influences predation or competition dynamics, which has been
conducted extensively, such as Li et al. (2022, 2024); Liu and Jiang (2024); Liu et al.
(2023); Shi et al. (2021); Zhang et al. (2024) and therein. Third, it remains a chal-
lenging and fundamental problem to determine how different cognitive mechanisms
affect the stability and bifurcation of system solutions and to accurately characterize
the diversity of animal cognition within mathematical frameworks. Although some
researchers have examined the effects of spatiotemporal memory (Li et al. 2025; Liu
et al. 2025; Shi et al. 2021) or distributed memory (Li et al. 2025; Shen et al. 2023;
Shi and Shi 2024) under different boundary conditions, a common feature of all these
models is that the memory process refers only to an individual’s own past state or the
density of interacting species. This neglects the role of environmental information and
animal-environment interactions in shaping the cognitive map that guides movement
decisions.

Territorial conflicts occur in many different animal species, from birds to primates,
insects to reptiles. While some conflicts manifest as direct physical aggression, such
as fights among monkeys or human warfare, many species adopt ritualized aggression
to avoid costly injuries. This includes dominance displays, vocalizations, or territorial
markings, as observed in birds, bees, and other species. Regardless of whether inter-
actions are violent or ritualized, the ultimate goal of territorial conflicts is to establish
and defend space for exclusive use by a particular group, such as a pack, flock, or
mating pair. Potts and Lewis (2016) proposed an ODE to describe the cognitive map
of conflict zones as follows:

∂wi

∂t
(x, t) = � j �=i pi j ui u j − (μi + βi ui )wi , (3)

where wi = wi (x, t) describes the species ui ’ spatial cognitive map of conflict zones.
pi j represents the extent to which encounters between species ui and u j cause the
conflict zone to increase, μi is the conflict zone decay rate, and βi is the rate at which
the conflict zone decays due to agents revisiting the site and experiencing no conflict.
Recently, Liu et al. studied the Turing crossings of a single population model based
on (3). Shi et al. (2024) studied a consumer-resource model, where consumers have
the learning mechanisms described by the local perception of a cognitive map based
on the learning and memory waning.

In many species, individuals do not rely solely on immediate sensory cues when
navigating territorial landscapes but instead use memory of past conflicts to inform
movement decisions. This cognitive mapping of high-risk areas influences how ani-
mals distribute themselves spatially, affecting both individual movement strategies
and population-level patterns. To capture this behavior, we introduce conflict zones
into system (2), where animals modify their movement in response to past aggres-
sive interactions. By incorporating nonlocal memory and perception, our framework
allows individuals to navigate their environment based on past experiences rather than
just local density cues.Moreover, suchmemory of conflict experiences often gives rise
to a warning mechanism, through which animals can anticipate potential dangers and
adjust their movement before direct encounters occur. In this sense, the cognitive map
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functions not only as a record of past events but also as a predictive tool that enables
proactive avoidance of high-risk regions. Motivated by the research (Xue et al. 2024;
Potts and Lewis 2016), and Wang and Salmaniw (2023), we consider the following
PDE-ODE model with a warning mechanism in this paper:

{

ut = d1uxx + d2(u(K ∗ w(x, t − τ))x )x + f (u), x ∈ �, t > 0,

wt = pu2 − (μ + βu)w, x ∈ �, t > 0,
(4)

where d1 > 0 is the random diffusion coefficient of u, and d2 ≥ 0 is the cogni-
tive advection coefficient of u. We denote that � = (−L, L), L > 0 is the spatial
domain, and consider themodel (4) in a periodic interval�with the following periodic
boundary conditions:

u(−L, t) = u(L, t), ux (−L, t) = ux (L, t), t > 0. (5)

Assume that there exists a constant u∗ > 0, such that f (u∗) = 0. Then, system (4)

has a positive constant steady-state solution (u∗, w∗), where w∗ = pu2∗
μ + βu∗

. Denote

N0 = N ∪ {0}, we consider the eigenvalue problem of − ∂2

∂x2
with periodic boundary

conditions:
{

−ψxx (x) = lψ(x), x ∈ (−L, L),

ψx (−L) = ψx (L), ψ(−L) = ψ(L),
(6)

which has eigenvalues l±n = (
nπ

L
)2 and corresponding eigenfunctions

ψ±n(x) = e± inπ
L x = cos

(nπ

L
x
)

± isin
(nπ

L
x
)

, (7)

for n ∈ N0. Let

cn(h) = 〈h, ψn〉 = 1

2L

∫ L

−L
h(x)ψ−n(x)dx, (8)

then we define the linear spaces

L2
per (−L, L) =

{

h ∈ L2(−L, L) : h =
∞
∑

n=−∞
cn(h)ψnwith

∞
∑

n=−∞
|cn|2 < ∞

}

,

and
H2

per (−L, L) =
{

h ∈ L2
per (−L, L) : h′′ ∈ L2

per (−L, L)
}

.

Suppose that the spatial kernel K satisfies

(H0) K ∈ L1
per (−L, L), K (−x) = K (x) ≥ 0 for all x ∈ (−L, L) and

∫ L
−L K (y)dy = 1, and K �≡ 0.
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The common forms of the detection function K include the Gaussian detection
function, the exponential detection function, or the top-hat detection function in the
one-dimensional spatial domain � = R with the following forms:

Gaussian : K (x) := 1√
2πR

e−x2/2R2

Laplacian : K (x) := 1

2R
e−|x |/R

Top-hat : K (x) :=
⎧

⎨

⎩

1

2R
, −R ≤ x ≤ R,

0, otherwise.
(9)

Here, R ≥ 0 is the perceptual radius, which is proportional to the standard deviation
of the detection function and describes the maximum distance at which landscape
features can be distinguished Fagan et al. (2017). The first two functions are Gaussian
and Laplacian detection functions, which allow agents to perceive nearby information
most clearly and monotonically decay as the distance from the observation location
increases. The last function, which we call the Top-hat detection function, imposes
strict constraints on the range of information that organisms can detect.

In model (4), it is highly challenging since the system couples a PDEwith a nonlin-
ear ODE through a nonlocal, nonlinear, and non-self-adjoint diffusion operator, whose
hybrid structure leads to a complicated spectral problem. Through detailed spectral
analysis of the linearized operator, we found that it is a point spectrum, which means
that the stability of the steady state (u∗, w∗) is determined by analyzing the distribu-
tion of characteristic roots of the corresponding eigenvalue problem. It is worth noting
that various parameters, including d1, d2, τ , R, p, μ, and β, have different effects on
the stability and bifurcation of the positive steady state (u∗, w∗); the main results are
as follows:

• Whether the perception function is Gaussian, Laplacian, or Top-hat, there exists

a constant S(p, μ, β) > 0, such that when
d2
d1

≤ S, the positive steady state

(u∗, w∗) is linearly asymptotically stable for all R ≥ 0 and τ ≥ 0. (cf. Theorem
4.3, Theorem 4.7)

• In the case of the Gaussian or Laplacian kernel function, when
d2
d1

> S, there is a

threshold RH > 0, such that when R ≥ RH , (u∗, w∗) is linearly asymptotically
stable for any τ ≥ 0;When 0 < R < RH , there exists a critical value τ ∗

G , such that
(u∗, w∗) is linearly asymptotically stable for τ ∈ [0, τ ∗

G), (u∗, w∗) is unstable for
any τ ∈ (τ ∗

G ,+∞), and the characteristic equation has a Hopf crossing at τ = τ ∗
G .

(cf. Theorem 4.3, see Fig. 1(Left))
• The case of the Top-hat kernel function is more complex. (cf. Theorem 4.7, see
Fig. 1(Right))

– If S <
d2
d1

< − S

z1
, there exists a threshold RH∗ > 0, such that when R ≥ RH∗ ,

(u∗, w∗) is linearly asymptotically stable for τ ≥ 0;When 0 < R < RH∗ , there
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Fig. 1 The local dynamics of (4) at (u∗, w∗) in (d1, d2) plane. Left: Gaussian or Laplacian kernel; Right:
Top-hat kernel

Fig. 2 The local dynamics of (4) with Top-hat kernel at (u∗, w∗) in (p, R) (Left) and (β, R) plane (right)

exists a critical value τ∗, such that (u∗, w∗) is unstable for τ ∈ (τ∗,+∞) and
linearly asymptotically stable for τ ∈ [0, τ∗), and the characteristic equation
has a Hopf crossing at τ = τ∗.

– If − S

z2m−1
<

d2
d1

≤ S

z2m
, (m = 1, 2, . . . ), there exists a R∗ < RH∗ , such

that when R ≥ RH∗ , (u∗, w∗) is linearly asymptotically stable; When R∗ <

R < RH∗ , (u∗, w∗) is unstable for τ ∈ (τ∗,+∞) and linearly asymptotically
stable for τ ∈ [0, τ∗), the system (4) has a Hopf crossing at τ = τ∗; When
0 < R < R∗, (u∗, w∗) is unstable for τ ≥ 0. Moreover, the system has a
Turing-Hopf spectral point (R, τ ) = (R∗, τ∗).

– If
S

z2m
<

d2
d1

≤ − S

z2m+1
, (m = 1, 2, . . . ), there is RH∗ < R∗, such that

when R > R∗, (u∗, w∗) is linearly asymptotically stable for τ ≥ 0; When
0 < R < R∗, (u∗, w∗) is unstable for τ ≥ 0. The system (4) has a stationary
Turing crossing at R = R∗ (Fig. 2).

• As p increases, the stability region becomes smaller, implying that frequent or
intense territorial conflicts make populations more susceptible to pattern forma-
tion or oscillatory dynamics. In contrast, larger values of μ or β, representing
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faster memory decay and conflict resetting, enlarge the stability region. Biologi-
cally, this suggests that the ability to forget past conflicts or reset warning signals
promotesmore harmonious and stable coexistence, as excessive persistence of hos-
tility destabilizes population structure and leads to recurrent spatial or temporal
fluctuations.

Our study systematically investigates the effects of perceptual radius R andmemory
delay τ on system dynamics. When memory effects are absent (τ = 0), we find that
perception modeled by Gaussian and Laplacian kernels leads to linear asymptotic sta-
bility of the steady state for all R, whereas theTop-hat kernel inducesTuring instability,
leading to self-organized spatial patterns for small R. This suggests that species with
sharply localized perception are more likely to exhibit spatially heterogeneous distri-
butions, while those with more diffuse perception remain evenly distributed. When
memory effects are included (τ > 0), our spectral analysis shows that Hopf cross-
ings can occur in the parameter regimes identified below. The associated oscillatory
dynamics are illustrated by numerical simulations. Furthermore, in the Top-hat kernel
case, an additional Turing-Hopf scenario may occur when the Turing threshold and a
Hopf threshold meet in the (R, τ )-plane. These findings reveal the interplay between
nonlocal perception, spatial memory, and cognitive mapping, and the present work
focuses on the linear stability and formal bifurcation thresholds of the spatially homo-
geneous steady state. A complete well-posedness theory for the PDE-ODE system
(4), including existence, uniqueness, and regularity, is not established here. Therefore,
the stability and bifurcation statements below should be understood in terms of the
linearized spectral problem of the nonlinear model.

The structure of this paper is as follows: In Sect. 2, we study the spectral properties
of the linear operator at the positive steady state to ensure that the stability of the
positive steady state is determined by the eigenvalues of the characteristic equation.
In Sect. 3, we consider the memoryless case, i.e., τ = 0, and study the influence of
the animal’s perceptual radius R on the stability of (4) and the existence of Turing
instability for three different perception kernels, such as Gaussian, Laplacian, and
Top-hat kernels. Then, we investigate the influence of memory delay τ > 0 on the
Hopf crossing of (4) for the above three different perception kernels and the joint
effect of R and τ on the Turing-Hopf spectral interaction for the Top-hat case in Sect.
4. Finally, Sect. 5 presents numerical simulations illustrating the thresholds obtained
from the spectral analysis.

2 Spectral Analysis

In order to investigate the stability of the positive constant steady-state solution
(u∗, w∗), the linearized Eq. of (4) at the positive steady-state solution (u∗, w∗) is

⎧

⎪
⎨

⎪
⎩

ut = d1uxx + d2u∗(K ∗ wτ )xx + fu∗u, x ∈ (−L, L), t > 0,

wt = Mu + Nw, x ∈ (−L, L), t > 0,

u(−L, t) = u(L, t), ux (−L, t) = ux (L, t), t > 0,
(10)
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where

M = 2pu∗ − βw∗ = 2pμu∗ + pβu2∗
μ + βu∗

> 0, N = −(μ + βu∗) < 0. (11)

We denote a space CL = C
(

[−τ, 0], L2
per(−L, L;C)2

)

. Then we rewrite (4) as:

d


dt
= L
,

where 
(θ) = (φ(θ), ϕ(θ))T ∈ CL and

L
(θ) =
{

L∗
 + L0
(0), θ = 0,


̇(θ), −τ ≤ θ < 0,
(12)

with

L∗
 = L∗
(

φ

ϕ

)

=
(

d1φxx (0) + d2u∗(K ∗ ϕ(−τ))xx
0

)

. (13)

and

L0 =
(

fu∗ 0
M N

)

. (14)

The domain of L is

Dom(L) = {
̇ ∈ CL : 
 ∈ Dom(L∗), 
̇(0) = L∗
 + L0
(0)}

where Dom(L∗) = C2([−τ, 0], H2
per (−L, L);C) ⊂ CL ,

For the kernel function K , we denote the Fourier coefficient H(n, R) for any n ∈ N

as follows:

H(n, R) =
∫ L

−L
e− inπ y

L K (y)dy =
∫ L

−L
cos

(nπ

L
y
)

K (y)dy, (15)

To show the composition of the spectral set of L, we need to give two Lemmas. It
follows from Liu et al. (2025) that K has some properties.

Lemma 2.1 Assume K satisfies (H0), and ψ ∈ H2
per (−L, L), then

(K ∗ ψ)xx = K ∗ (ψxx ), (16)

and
K ∗ ψn = H(n, R)ψn, K ∗ ψ−n = H(n, R)ψ−n, (17)

where ψn, ψ−n are defined in (7), and H(n, R) is defined in (15).
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Then, we define the linear operator A : D(A ⊂ L2
per (−L, L) → L2

per (−L, L)) as
follows:

{

D(A) = H2
per (−L, L),

Aφ = εφxx + εK ∗ (φxx ).
(18)

Denote σ(A) as the spectrum of the linear operator A. Similar to the proof of Propo-
sition 2.1 of Ducrot et al. (2018), the following result for σ(A) is obtained.

Lemma 2.2 The spectrum σ(A) is consisted in point spectrum, and one has

σ(A) = {νn = ν−n := −ln[ε + εH(n, R)], n ∈ N0} ,

and the corresponding eigenfunction are ψn(x) and ψ−n(x) giving by Aψn = λψn,
where ε and ε are both constants, ln, ψ±n are defined in (7).

Now, we can describe the spectrum of the linear operator L.
Theorem 2.3 For the linear operator L defined in (12), the spectrum σ(L) of L only
consists of the point spectrum σp(L) with

σ(L) = σp(L) = {λn : E(n, τ, λ) = 0, n ∈ Z} ∪ {N }, (19)

where
E(n, τ, λ) = λ2 + Bnλ + Pn + Qne

−λτ = 0, (20)

and

Bn = d1ln − N − fu∗ , Pn = fu∗N − d1Nln, Qn = d2u∗MH(n, R)ln . (21)

Proof Assume that there exists 
(θ) = (φ(θ), ϕ(θ))T ∈ Dom(L), such that

(λI2 − L)
(θ) = g(θ), (22)

where λ ∈ C, g(θ) = (g1(θ), g2(θ))T ∈ Dom(L∗), and I2 is a 2D identity matrix.
Since for θ ∈ [−τ, 0), there is L
(θ) = 
̇(θ) from (12), then (22) could be rewritten
as the following linear differential equation:


̇(θ) = λ
(θ) + g(θ), θ ∈ [−τ, 0). (23)

It is clear that (23) can be solved to the following form:


(θ) = eλθ
(0) +
∫ θ

0
eλ(θ−ξ)g(ξ)dξ, (24)

where the initial value 
(0) = (φ(0), ϕ(0))T ∈ H2
per (−L, L) × H2

per (−L, L) satis-
fies:


̇(0) = L∗
 + L0
(0), (25)
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It follows from (24) that

̇(0) = λ
(0) + g(0). (26)

Combining (25), (26), (13) and (14), we obtain the following equations:

⎧

⎪
⎨

⎪
⎩

d1(φ(0))xx + d2u∗(K ∗ ϕ(−τ))xx + fu∗φ(0) = λφ(0) + g1(0),

Mφ(0) + Nϕ(0) = λϕ(0) + g2(0),


(−L) = 
(L),
x (−L) = 
x (L).

(27)

For g(θ) = 0, if λ �= N , then the second Eq. of (27) can be solved to

ϕ(0) = Mφ(0)

λ − N
. (28)

It follows from (24) and (28) that

ϕ(−τ) = Mφ(0)

λ − N
e−λτ , (29)

substituting (29) into the first Eq. of (27), and combining Lemma (2.1) yields

0 =d1(φ(0))xx + d2u∗e−λτ (K ∗ (
Mφ(0)

λ − N
))xx + ( fu∗ − λ)φ(0)

=d1(φ(0))xx + d2u∗e−λτ M

λ − N
(K ∗ (φ(0))xx ) + ( fu∗ − λ)φ(0). (30)

Define a linear operator:

Dφ(0) := d1(φ(0))xx + d2u∗e−λτ M

λ − N
(K ∗ (φ(0))xx ), (31)

it follows from Lemma (2.2) and (18) that 
(0) = (φ(0), ϕ(0))T = (ψn, ψn)
T

satisfies (25), where ψn is defined in (7), and then, (30) has nonzero solutions if and
only if

( fu∗ − λ) /∈ σ(D), (32)

which implies that

( fu∗ − λ)(λ − N )

d1(λ − N ) + d2u∗MH(n, R)
/∈ {ln}n∈N0 . (33)

That is, the eigenvalue λ satisfies the characteristic Eq. (20). Moreover, the operator
(λI2 − L) has a bounded inverse (λI2 − L)−1 when (33) holds.

If λ = N , let g(θ) = 0, we consider equations L∗
 + L0
(0) = λ
(0), i.e.,

⎧

⎪
⎨

⎪
⎩

d1(φ(0))xx + d2u∗(K ∗ ϕ(−τ))xx + fu∗φ(0) = Nφ(0),

Mφ(0) = 0,


(−L) = 
(L),
x (−L) = 
x (L).

(34)
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It follows from the second Eq. of (34) that φ(0) = 0, combining (24) and the first Eq.
of (34) gives that K ∗ (ψ(0))xx = 0, which implies that there exists nonzero solutions
of (34). Hence, N is also an eigenvalue of L.

For g(θ) �= 0, let q(θ) = ∫ θ

0 e−λ(θ−ξ)g2(ξ)dξ with q(0) = 0. It follows from (16)
and (17) that

(K ∗ q(−τ))xx = K ∗ (q(−τ))xx = �n∈Zcn(q(−τ))H(n, R)ψn . (35)

Then, we focus on Eq. (27) again; the second Eq. of (27) leads to

ϕ(0) = Mφ(0) − g2(0)

λ − N
, (36)

combining (24) and (36), we have

ϕ(−τ) = Mφ(0) − g2(0)

λ − N
eλτ −

∫ τ

0
e−λ(τ+ξ)g2(ξ)dξ. (37)

Substituting (37) into the first Eq. of (27), from Lemma 2.1 and (35), we have

( fu∗ − λ)φ(0) =g1(0) − d1(φ(0))xx − d2u∗e−λτ (K ∗ (
Mφ(0) − g2(0)

λ − N
))xx

− d2u∗(K ∗ (q(−τ)))xx

=g1(0) − d1(φ(0))xx − d2u∗e−λτ M

λ − N
(K ∗ (φ(0))xx )

− d2K ∗ (q(−τ))xx . (38)

Taking the inner products with both sides of (38) and ψn and then combining (8) and
(35) give that

( fu∗ − λ)cn(φ(0)) = cn(g1(0)) + (d1 + d2u∗e−λτ M

λ − N
H(n, R))lncn(φ(0))

− cn(q(−τ))H(n, R). (39)

Therefore, for λ ∈ C\{λn, n ∈ Z}, it is clear that λ − λn �= 0. Since E(n, τ, λ) = 0 is
given in (20) and (21), we have

cn(φ(0)) = −cn(g1(0)) + cn(q(−τ))H(n, R)

λ − λn
.

Letting φ(0) = �n∈Zcn(φ(0))ψn(x) and ϕ(0) = Mφ(0)−g2(0)
λ−N , then (22) has a

unique solution 
(θ) defined in (24) for λ ∈ C\{λn, n ∈ Z}, which implies that
λ ∈ C\{λn, n ∈ Z} ⊂ C\σ(L), that is, σp(L) ⊂ σ(L). The proof is completed. ��
Remark 2.4 Since N = −(μ + βu∗) < 0, the stability of the positive steady state
(u∗, w∗) to (4) is determined by the distribution of roots to the characteristic equation
E(n, τ, λ) = 0.
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3 Stability and Turing Instability

We first consider system (4) without the nonlocal advection term, i.e, d2 = 0. The
Jacobian matrixL0 at the positive steady state (u∗, w∗) is given in (14). Then, we have
the trace Tr(L) = fu∗ + N < 0, and the determinant Det(L) = fu∗N > 0, which
means that the positive steady state (u∗, w∗) is linearly asymptotically stable. In the
following, we investigate the system (4) with d2 �= 0.

When τ = 0, the characteristic equation of the positive steady state (u∗, w∗) is

E0(n, λ) = λ2 + (d1ln − fu∗ − N )λ + fu∗N − (d1N − d2u∗MH(n, R))ln . (40)

since d1ln − fu∗ − N > 0 for any n ∈ N, then the sign of the real part of the
roots to the characteristic Eq. (40) is determined by the sign of ( fu∗N − (d1N −
d2u∗MH(n, R))ln), which depends on the sign of H(n, R). It follows from (15) that
for the different kernel functions of (4) and n ∈ N, the different Fourier coefficients
could be calculated in the following forms:

Gaussian: H(n, R) = e− R2n2π2

2L2 > 0, (41)

Laplacian: H(n, R) = 1

1 + R2n2π2/L2 > 0, (42)

Top-hat: H(n, R) =
⎧

⎨

⎩

sin(nπR/L)

nπR/L
, n �= 0,

1, n = 0.
(43)

For the Gaussian and Laplacian kernel functions, there is H(n, R) > 0, and then,
( fu∗N −(d1N −d2u∗MH(n, R))ln) > 0 for n ∈ N. According to the Routh–Hurwitz
theory, we have the following results.

Theorem 3.1 Under the assumption (H0), when the nonlocal memory kernel is
selected to a Gaussian or Laplacian kernel function, the positive steady state (u∗, w∗)
of (4) is linearly asymptotically stable for any R ≥ 0 and τ = 0.

Then, we focus on the Top-hat kernel function since the sign of H(n, R) defined in
(43) is variable. To investigate the influence of perceptual range R on the stability of
positive steady state (u∗, w∗), we consider the following equation:

sin nπR/L

nπR/L
= d1N

d2u∗M
− fu∗N

d2u∗Mln
, (44)

Let H(n, R) = sin (nπR/L)
nπR/L , it follows from Proposition 3.3 of Xue et al. (2024) and

Proposition 3.1 of Song et al. (2024) that H(n, R) have the local extremum at n = nR
j ,

( j = 0, 1, 2, . . . ) for fixed R, where nR
j are solutions of H ′(n, R) = 0, i.e.,

tan(nπR/L) = nπR/L, (45)
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with 0 < nR
j < nR

j+1. One can easily obtain that

|H(nR
j+1, R)| < |H(nR

j , R)| < 1.

Moreover, the local extremum of H(n, R) is independent of R. Denote z j =
H(nR

j , R), it is clear that H(n, R) attains a local minimum z2m−1 < z2m+1 < 0
when j = 2(m−1)+1 is odd, and a local maximum z2m > z2m+2 > 0 when j = 2m
is even, where m ∈ N

+. On the other hand, when R is increasing, we have

lim
R→0

nR
j = +∞, lim

R→∞ nR
j = 0.

For simple calculations, we denote

S := S(p, μ, β) = − N

u∗M
= (μ + βu∗)2

pu2∗(2μ + βu∗)
,

it is clear that the partial derivatives of S for p, μ and β are

Sp = − (μ + βu∗)2

p2u2∗(2μ + βu∗)
< 0, Sμ = 2μ(μ + βu∗)

pu2∗(2μ + βu∗)2
> 0,

Sβ = (μ + βu∗)(3μ + βu∗)
pu∗(2μ + βu∗)2

> 0.

(46)

The following results on the distribution of roots to Eq. (44).

Lemma 3.2 Under the assumption (H0), when the nonlocal memory kernel is selected
to the Top-hat kernel function, the following results hold for τ = 0.

(i) If d2 ≤ − S

z1
d1, then Eq. (44) has no roots;

(ii) If − S

z2m−1
d1 < d2 < − S

z2m+1
d1, (m = 1, 2, . . . ), there exists a threshold R =

R∗, where R∗ = max{R1, R2, · · · Ri }, i = 1, 2, · · ·m, and Ri satisfies

H(nRi
2m−1, Ri ) = F(nRi

2m−1), (47)

such that when R > R∗, Eq. (44) has no roots; when R < R∗, Eq. (44) has at
least two roots; when R = R∗, Eq. (44) has only one root (n∗, F(n∗)).

Proof We firstly focus on the right side of Eq. (44) and denote

F(n) = d1N

d2u∗M
− fu∗N

d2u∗Mln
, (48)

where ln = ( nπ
L )2. Solving the roots of Eq. (44) is equivalent to finding the intersection

of curves H(n, R) and F(n). One can easily check that F(n) monotonically increases
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Fig. 3 The graph of F(n) and H(n, R) for R < R1, R = R1, and R > R1 when m=1

for n, which is independent of R. Additionally, we have

lim
n→0+ F(n) = −∞, lim

n→∞ F(n) = d1N

d2u∗M
< 0,

since N < 0 and M > 0, which means that

F(n) <
d1N

d2u∗M
< 0, n ∈ N

+.

From the above discussion on the local extremum of H(n, R), we know that H(n, R)

attains the minimum at n = nR
1 with

min
n>0,R>0

H(n, R) = z1 = sin nR
1 πR/L

nR
1 πR/L

< 0.

Obviously, when d2 ≤ − S

z1
d1, we have F(n) < min

n>0,R>0
H(n, R). there is no inter-

section of curves H(n, R) and F(n). This completes the proof of (i) (Fig. 3).
When m = 1, there is −z1Sd1 < d2 < −z3Sd1, which implies that

z1 <
d1N

d2u∗M
< z3.

There exists a threshold R = R1, such that

H(nR1
1 , R1) = F(nR1

1 ).

Thatmeans, when R = R1, the curves H(n, R) and F(n) are tangent at n = nR1
1 ; when

R > R1, there is still no intersection of curves H(n, R) and F(n); when R < R1,
there are two intersections n = n1,1 ∈ (0, nR

1 ) and n = n1,2 ∈ (nR
1 , nR

2 ), shown in
Fig. (3).
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When m > 1, similar to the proof of m = 1, for − S

z2m−1
d1 < d2 < − S

z2m+1
d1,

there exists a threshold R = Rm , such that the curves H(n, R) and F(n) are tangent
at n = nRm

2m−1, and (47) holds. When R > Rm , there is no intersection; when R < Rm ,
there are at least two intersections n = nm,1 ∈ (nR

2m−2, n
R
2m−1) and n = nm,2 ∈

(nR
2m−1, n

R
2m) and at most 2i . The proof is completed. ��

Then we have the following theorem.

Theorem 3.3 Under the assumption (H0), when the nonlocal memory kernel is
selected to the Top-hat kernel function, and τ = 0, the following results hold.

(i) If d2 ≤ − S

z1
d1, then the positive steady state (u∗, w∗) of (4) is linearly asymptot-

ically stable for any R > 0;

(ii) If d2 > − S

z1
d1, then there exists a threshold R = R∗, such that when R > R∗,

the positive steady state (u∗, w∗) is linearly asymptotically stable and unstable
for 0 < R < R∗. Moreover, the system (4) has a stationary Turing crossing when
R = R∗.

Proof From Lemma 3.2, when d2 ≤ − S

z1
d1, Eq. (44) has no roots, that is, H(n, R) >

F(n), i.e., ( fu∗N − (d1N − d2u∗MH(n, R))ln) > 0, which means that all of the
eigenvalues of the characteristic Eq. (40) have negative real parts. Moreover, when

d2 > − S

z1
d1, Eq. (44) has at least two roots n = nm,1 ∈ (nR

2m−2, n
R
2m−1) and n =

nm,2 ∈ (nR
2m−1, n

R
2m); then, H(n, R) < F(n) for nm,1 < n < nm,2, which means that

( fu∗N − (d1N − d2u∗MH(n, R))ln) < 0. That is, there exists a n = nε ∈ N, such
that the characteristic Eq. (40) has an eigenvalue with a positive real part. The proof
is completed. ��
Remark 3.4 When the nonlocal perception kernel is a Top-hat kernel function, Liu
et al. (2025) studied the Turing bifurcation of (4) caused by the nonlocal perception
coefficient d2 for τ = 0. However, we investigate the Turing bifurcation at the positive
steady state (u∗, w∗) of (4) caused by the perceptual radius R.

There is an insight that comes from the role of the perception kernel. For smooth
kernels such asGaussian orLaplacian, the positive steady state remains linearly asymp-
totically stable when τ = 0, indicating that gradual, distance-weighted perception
tends to suppress spatial overreaction. In contrast, the Top-hat kernel, which has a
sharp spatial cut-off, allows abrupt changes in perceived conflict intensity, enabling
the amplification of local perturbations and the emergence of Turing instabilities. Eco-
logically, this highlights that not only the strength of memory but also the manner in
which individuals integrate spatial information can qualitatively alter population-level
outcomes: smooth perception promotes stability, whereas sharply localized perception
facilitates segregation patterns.

On the other hand, it is worth noting that spatial pattern formation arises from
the interaction between cognition-driven avoidance and the perceptual scale. When
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memory-based movement is weak, random dispersal dominates and prevents spatial
structuring. Once memory effects become sufficiently strong, individuals intensively
avoid previously contested sites, and pattern formation becomes possible if perception
is limited to a small neighborhood.A larger perception radius counteracts this tendency
by smoothing conflict information. The dependence of S on (p, μ, β) further clarifies
this mechanism: frequent or intense conflicts (larger p) reduce the stability region and
promote instability, whereas faster decay or resetting of conflict memory (larger μ or
β) enlarge the stability region and thus suppress pattern formation. Ecologically, this
indicates that populations with persistent conflict memory and localized perception are
more prone to spatial segregation, whereas those that forget or reassess past conflicts
maintain more homogeneous spatial distributions.

4 Hopf Crossings and Turing-Hopf Spectral Thresholds

In this section, we investigate the influence of the memory delay τ > 0, and the
perceptual radius R > 0 on the stability of the positive steady state (u∗, w∗) to (4).
For this purpose, we first study the distribution of the purely imaginary eigenvalues
of (20) for τ > 0.

Letting λn = iωn , (ωn > 0) be the purely imaginary eigenvalues of (20), sub-
stituting λn = iωn into the characteristic Eq. (20), and then separating the real and
imaginary parts yields

{

Qn cos(ωnτ) = ω2
n − Pn,

Qn sin(ωnτ) = Bnωn,
(49)

where Bn , Pn , and Qn are defined in (21). It is easy to obtain that

Q2
n = (ω2

n − Pn)
2 + B2

nω
2
n,

which means that yn = ω2
n is a solution of the following equation:

y2n + (B2
n − 2Pn)yn + P2

n − Q2
n = 0, (50)

we have

yn = 1

2
((2Pn − B2

n ) ±
√

(B2
n − 2Pn)2 − 4(P2

n − Q2
n)), (51)

where

B2
n − 2Pn =d21 l

2
n − 2d1 fu∗ ln + ( f 2u∗ + N 2) > 0,

P2
n − Q2

n =[ fu∗ N − d1Nln + d2u∗MH(n, R)ln][ fu∗ N − d1Nln − d2u∗MH(n, R)ln]. (52)

Hence, the existence of ωn is determined by the sign of (P2
n −Q2

n), which is discussed
for the different nonlocal perception kernels in the following.
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4.1 Gaussian and Laplacian Kernel Cases

When the nonlocal perception kernel is chosen to be a Gaussian or Laplacian kernel
function, both of the Fourier coefficients defined in (41) and (42) are positive, which
means that ( fu∗N − d1Nln + d2u∗MH(n, R)ln) > 0. Denote

G(n) = − d1N

d2u∗M
+ fu∗N

d2u∗Mln
, (53)

where ln = ( nπ
L )2. It is easy to see that G(n) is independent of R and monotonically

decreases for n, we have

lim
n→0+ G(n) = +∞, lim

n→∞G(n) = − d1N

d2u∗M
> 0,

which means that

G(n) > − d1N

d2u∗M
> 0, n ∈ N

+.

Firstly, we consider the Gaussian kernel functions, let

H(n, R) = e− R2n2π2

2L2 , (54)

wehave0 < H(n, R) < 1, H(n, R) is decreasing forn and R. Similar to the discussion
in Lemma (3.2), the following result is obtained.

Lemma 4.1 Under the assumption (H0), when the nonlocal memory kernel is selected
to be the Gaussian kernel function, we have the following results for τ > 0:

(i) If d2 ≤ Sd1, then there are no purely imaginary eigenvalues of (20);
(ii) If d2 > Sd1, then there exists a threshold RH > 0, which depends on d1 and

d2, such that when R ≥ RH , the characteristic Eq. (20) has no purely imaginary
eigenvalues;When 0 < R < RH , curves H(n, R) andG(n) have two intersections
n(1)
G and n(2)

G , such that (20) has a purely imaginary eigenvalue for n ∈ (n(1)
G , n(2)

G )

and no purely imaginary eigenvalues for n ∈ (0, n(1)
G ) ∪ (n(2)

G ,+∞).

Proof Obviously, when d2 ≤ Sd1, there is G(n) > 1 ≥ H(n, R), which implies that
P2
n − Q2

n > 0, and (50) have no positive roots for n ∈ N
+, this completes the proof of

(i). When d2 > Sd1, there is − d1N
d2u∗M < 1. It follows from the properties of H(n, R)

and G(n) that there exists a threshold RH > 0, such that curves H(n, R) and G(n)

are tangent at nRH
G , shown in Fig. 4.

When R > RH , we have G(n) > H(n, R), which means that P2
n − Q2

n > 0, (50)
have no positive roots for n ∈ N

+; when 0 < R < RH , curves H(n, R) andG(n) have
two intersections n(1)

G ∈ (0, nRH
G ) and n(2)

G ∈ (nRH
G ,+∞). We have G(n) < H(n, R)

for n ∈ (n(1)
G , n(2)

G ), and G(n) > H(n, R) for n ∈ (0, n(1)
G ) ∪ (n(2)

G ,+∞). The proof
is completed. ��
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Fig. 4 The graph of G(n) and
H(n, R) for R < RH , R = RH ,
and R > RH

Under the assumptions d2 > Sd1 and 0 < R < RH . It follows from the second
Eq. of (49), Bn > 0, and Qn > 0 that sinωnτ > 0, and there exists a pair of purely
imaginary eigenvalues ±iωn at τ = τ

j
n , j ∈ N0, n ∈ (n(1)

G , n(2)
G ), where ωn = √

yn ,
yn is defined in (51), and

τ
j
n = 1

ωn
{arccos ω2

n − Pn
Qn

+ 2 jπ}, j ∈ N0, n ∈ (n(1)
G , n(2)

G ). (55)

To verify the Hopf transversality condition at the spectral crossing, we give the
following lemma.

Lemma 4.2 Under the assumptions (H0) and d2 > Sd1, the following transversality
conditions hold:

Re(
dλ(τ)

dτ
)|

τ=τ
j
n

> 0. (56)

Proof Differentiating with respect to τ on both sides of the characteristic Eq. (20)
yields

dλn
dτ

= λnQn

(2λn + Bn)eλnτ − τQn
, (57)

substituting λn = iωn into (57), and separating the real part, we have

dλn
dτ

= iωnQn

(2iωn + Bn)eiωnτ − τQn

= iωnQn

(Bn cosωnτ − 2ωn sinωnτ − τQn) + i(2ωn cosωnτ + Bn sinωnτ)

=ωnQn(2ωn cosωnτ + Bn sinωnτ) + iωnQn(Bn cosωnτ − 2ωn sinωnτ − τQn)

(Bn cosωnτ − 2ωn sinωnτ − τQn)2 + (2ωn cosωnτ + Bn sinωnτ)2
,

combining (49) and (55), there is

ωnQn(2ωn cosωnτ + Bn sinωnτ) = 2ω4
n + (B2

n − 2Pn)ω
2
n > 0,

which implies that (56) holds. The proof is completed. ��
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Combining Lemma 4.1 and Lemma 4.2, we obtain the following results for τ ≥ 0 and
R ≥ 0.

Theorem 4.3 Under the assumption (H0), we have the following results:

(i) If d2 ≤ Sd1, then the positive steady state (u∗, w∗) of (4) is linearly asymp-
totically stable for any τ ≥ 0 and R ≥ 0.

(ii) If d2 > Sd1, then there exists a threshold RH > 0, such that when R ≥ RH ,
(u∗, w∗) of (4) is linearly asymptotically stable for any τ ≥ 0; when
0 < R < RH , there exists a critical value τ ∗

G, such that (u∗, w∗) is lin-
early asymptotically stable for τ ∈ [0, τ ∗

G), (u∗, w∗) is unstable for any
τ ∈ (τ ∗

G ,+∞), and the system (4) has a Hopf crossing at τ = τ ∗
G.

Remark 4.4 Since the Fourier coefficient of the Laplacian kernel function has similar
properties to those of the Gaussian kernel, the Laplacian kernel case has the same
results as Lemmas 4.1, 4.2, and Theorem 4.3.

4.2 Top-Hat Kernel Case

In the following, we consider the case for the Top-hat kernel function. Similar to the
discussion of the Gaussian kernel case, we have the following results:

Lemma 4.5 Under the assumption (H0), when the nonlocal memory kernel is selected
to be the Top-hat kernel function, the following results hold for τ > 0:

(i) If d2 ≤ Sd1, then there are no purely imaginary eigenvalues of the character-
istic Eq. (20);

(ii) If Sd1 < d2 ≤ − S

z1
d1, there exists a threshold RH∗ > 0, such that when

R ≥ RH∗ , Eq. (20) has no purely imaginary eigenvalues; when 0 < R <

RH∗ , there exists n(1)
H and n(2)

H , such that (20) has a pair of purely imaginary

eigenvalues ±iωn for n ∈ (n(1)
H , n(2)

H ) and no purely imaginary eigenvalues

for n ∈ (0, n(1)
H ) ∪ (n(2)

H ,+∞), where ωn = √
yn, yn is defined in (51), and

τ
j
n = 1

ωn
{arccos ω2

n − Pn
Qn

+ 2 jπ}, j ∈ N0, n ∈ (n(1)
H , n(2)

H ). (58)

(iii) If − S

z2m−1
d1 < d2 ≤ S

z2m
d1, (m = 1, 2, . . . ), there is RH∗ > R∗, such that

when R > RH∗ , (20) has no purely imaginary eigenvalues, where R∗ is defined
in Lemma 3.2; when R∗ < R < RH∗ , (20) has a pair of purely imaginary

eigenvalues ±iωn for n ∈ (n(1)
H , n(2)

H ) and τ
j
n defined by (58), and no purely

imaginary eigenvalues for n ∈ (0, n(1)
H ) ∪ (n(2)

H ,+∞).

(iv) If
S

z2m
d1 < d2 ≤ − S

z2m+1
d1, (m = 1, 2, . . . ), there is RH∗ < R∗, such that

when R > R∗, (20) has no purely imaginary eigenvalues.
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Fig. 5 The graph of F(n), G(n) and H(n, R) for R < RH
1 , R = RH

1 , R = R1, and R > R1 when m = 1

Proof Similar to the proof of Lemma 4.1, together with Theorem 3.3, immediately
yields (i) and (ii), we omit it and only prove (iii) and (iv) here.

When m = 1, there is

d1N

d2u∗M
> z1, and − d1N

d2u∗M
> z2,

it follows from the properties of H(n, R) and G(n) that there exists a threshold RH
1 >

R1 > 0, such that curves H(n, R) and G(n) are tangent at n
RH
1

H . Combining Theorem
(3.3), we have G(n) > H(n, R) > F(n) for R > RH

1 , which implies that P2
n − Q2

n >

0. When R1 < R < RH
1 , we have H(n, R) > F(n) for n > 0, H(n, R) > G(n) for

n ∈ (n1,1R , n1,2R ), and H(n, R) < G(n) for n ∈ (0, n1,1R )∪ (n1,2R ,+∞), where n1,1R and

n1,2R are two intersections of curves H(n, R) and G(n), as shown in Fig. 5.
When m > 1, letting

RH∗ = max{RH
1 , RH

3 , . . . , RH
2m−1}, R∗ = max{R1, R3, . . . , R2m−1},

where R2m−1 is defined in (48), and RH
2m−1 satisfies

H(n
RH
2m−1

H , RH
2m−1) = G(n

RH
2m−1

H ),

and 0 < R2m−1 < RH
2m−1. Similar to the proof of m = 1, it is easy to confirm (iii).

One can easily check that R2m−1 > RH
2m−1 when

S

z2m
d1 < d2 ≤ − S

z2m+1
d1. By a

similar discussion of (iii), we could confirm (iv). ��

Lemma 4.6 Under the assumption (H0), the following transversality conditions hold:

Re(
dλ(τ)

dτ
)|

τ=τ
j
n

> 0. (59)
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and, at a simple Turing threshold R = R∗ associated with the mode n = n∗,

dλ(R)

dR
|R=R∗,n=n∗ < 0. (60)

Proof We only prove (60), differentiating with respect to R on both sides of the
characteristic Eq. (20) yields

dλ(R)

dR
= −d2u∗MHR(n, R)lne−λτ

2λ + Bn − τQne−λτ
.

At the Turing threshold, λ = 0 and Pn + Qn = 0. Therefore,

dλ

dR

∣

∣

∣

∣

R=R∗, n=n∗
= −d2u∗MHR(n∗, R∗)ln∗

Bn∗ + τ Pn∗
. (61)

For the Top-hat kernel, there is H(n, R) = sin(kn R)
kn R

with kn = nπ
L , and hence we have

the derivative of H(n, R) with respect to R

HR(n, R) = kn R cos(kn R) − sin(kn R)

kn R2 .

Since the first Turing threshold satisfied π < kn∗ R∗ < 3π
2 , we have HR(n∗, R∗) > 0.

It follows from Bn∗ + τ Pn∗ > 0 that (60) holds. The proof is completed. ��
According to Theorem 3.3, Lemmas 4.5, and 4.6, the following results of Hopf

crossing and Turing-Hopf spectral thresholds are given.

Theorem 4.7 Under the assumption (H0), the following results hold:

(i) If d2 ≤ Sd1, then the positive steady state (u∗, w∗) of (4) is linearly asymp-
totically stable for all R > 0 and τ ≥ 0.

(ii) If Sd1 < d2 ≤ − S

z1
d1, there exists a threshold RH∗ > 0, such that when R ≥

RH∗ , (u∗, w∗) is linearly asymptotically stable for τ ≥ 0; when 0 < R < RH∗ ,
there exists a critical value τ∗ = min

n∈(n(1)
H ,n(2)

H )

{τ 0n }, where τ 0n is defined in (58),

such that (u∗, w∗) is unstable for τ ∈ (τ∗,+∞) and linearly asymptotically
stable for τ ∈ [0, τ∗), and system (4) has a Hopf crossing at τ = τ∗.

(iii) If − S

z2m−1
d1 < d2 ≤ S

z2m
d1, (m = 1, 2, . . . ), there is RH∗ > R∗, such that

when R ≥ RH∗ , (u∗, w∗) is linearly asymptotically stable; when R∗ < R <

RH∗ , there exists a critical value τ∗ = min
n∈(n(1)

H ,n(2)
H )

{τ 0n }, such that (u∗, w∗) is

unstable for τ ∈ (τ∗,+∞) and linearly asymptotically stable for τ ∈ [0, τ∗),
the system (4) has a Hopf crossing at τ = τ∗; when 0 < R < R∗, (u∗, w∗)
is unstable for τ ≥ 0. Moreover, the system has a Turing-Hopf spectral point
(R, τ ) = (R∗, τ∗).
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(iv) If
S

z2m
d1 < d2 ≤ − S

z2m+1
d1, (m = 1, 2, . . . ), there is RH∗ < R∗, such that

when R > R∗, (u∗, w∗) is linearly asymptotically stable for τ ≥ 0; when
0 < R < R∗, (u∗, w∗) is unstable for τ ≥ 0. The system (4) has a stationary
Turing crossing at R = R∗.

5 Numerical Simulations

In this section, we present numerical simulations to illustrate the stability thresholds
obtained from the characteristic equations and the corresponding spatial and spa-
tiotemporal dynamics near the positive steady state (u∗, w∗). We choose the following
parameters:

(P) p = 0.6, μ = 0.2, β = 0.1, and L = 10,

and the logistic growth in the reaction term, we consider the following model:

⎧

⎪
⎨

⎪
⎩

ut = d1uxx + d2(u(K ∗ w(x, t − τ))x )x + u(1 − u), x ∈ �, t > 0,

wt = pu2 − (μ + βu)w, x ∈ �, t > 0,

u(−L, t) = u(L, t), ux (−L, t) = ux (L, t).

(62)

There is a positive steady state (1, 2) of (62). We have

M = 2pu∗ − βw∗ = 1, N = −(μ + βu∗) = −0.3, fu∗ = −1,

and

F(n) = − 3d1
10d2

− 3

10d2ln
, G(n) = 3d1

10d2
+ 3

10d2ln
.

5.1 Gaussian Kernel

Firstly, we consider the Gaussian kernel case, and the Fourier coefficient of the Gaus-
sian kernel is defined in (41). Fixing d1 = 0.1, it follows from Theorem (4.3) that
the positive steady state (1, 2) is linearly asymptotically stable when d2 ≤ 0.03 for
any τ ≥ 0 and R ≥ 0 (Fig. 6a), and the Hopf crossing at (1, 2) when d2 > 0.03. We
choose d2 = 2 > 0.03; then, there exists a threshold RH ≈ 2.1694, such that (1, 2) is
linearly asymptotically stable for τ ≥ 0 when R ≥ RH (Fig. 6b), when 0 < R < RH ,
there exists a critical value τ ∗

G ≈ 3.7537, such that (1, 2) is linearly asymptotically
stable for τ ∈ [0, 3.7537) (Fig. 6 (c)) and unstable for τ ∈ (3.7537,+∞) (Fig. 6 (d)).

5.2 Top-Hat Kernel

By the definition of H(n, R) for the Top-hat kernel case in (43), we have

z1 ≈ −0.217 < 0, z2 ≈ 0.128 > 0.
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Fig. 6 Numerical simulations of (62) for Gaussian kernel case with the initial function u(x, t) = 1 +
0.01 cos(3πx/L), w(x, t) = 2 + 0.01 cos(3πx/L)

5.2.1 Turing Instability for � = 0

From Theorem (3.3), we choose d1 = 0.1 and have that if d2 ≤ 1.38d1, the positive
steady state (1, 2) is linearly asymptotically stable for R > 0 and τ = 0 (Fig. 7a).
If d2 > 1.38d1, there exists a threshold R∗ ≈ 1.5564, such that (1, 2) is linearly
asymptotically stable for R > 1.5564 (Fig. 7b) and unstable for R < 1.5564. When
R goes through the Turing bifurcation value R∗ ≈ 1.5564 decreasingly, there is a
nonconstant steady state for R < R∗, and near R∗, we choose R = 1.5 < 1.5564 and
R = 1 < 1.5564; there appears the vertical stripe pattern in Fig. 7 (c) and (d).

5.2.2 Hopf Crossing for � > 0

It follows from Theorem 4.7(ii) that the Hopf case for the top-hat kernel occurs when

d2 ∈
(

Sd1,− S
z1
d1

]

≈ (0.03, 0.138]. We choose

d1 = 0.1, d2 = 0.1 ∈ (0.03, 0.138].

Direct calculation gives R∗
H ≈ 0.5254. Thus, the positive steady state (1, 2) is linearly

asymptotically stable for all τ ≥ 0 when R > 0.5254. For the particular value R =
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Fig. 7 Numerical simulations of (62) for Top-hat kernel case with τ = 0 and the initial function u(x, t) =
1 + 0.01 cos(10πx/L), w(x, t) = 2 + 0.01 cos(10πx/L)

0.15 < R∗
H used in Fig. 8, the first Hopf threshold is τ∗(0.15) ≈ 3.1199. Hence,

(1, 2) is linearly asymptotically stable for τ ∈ [0, 3.1199), as shown in Fig. 8a, while
oscillatory instability is observed for τ = 4.5 > 3.1199, as shown in Fig. 8b.

5.2.3 Turing-Hopf Spectral Interaction

From Theorem 4.7(iii), the characteristic equations have both Hopf-crossing thresh-
olds and a Turing-Hopf spectral interaction induced by R and the memory delay τ .
We choose d1 = 0.1 and d2 = 0.155 ∈ (1.38d1, 2.34d1); there are two thresholds
R∗ ≈ 0.4996 and RH∗ ≈ 0.7617 for n∗ = 29 and nH = 10. By simple calculation,
we have the critical value τ∗ ≈ 5.4492.

For R ∈ [0.45, 0.8] and τ ∈ [4.5, 12], Fig. 9 illustrates the critical spectral-
threshold curves, including the Turing threshold line, mode-10 to mode-15 Hopf
crossing curves. There is an intersection P0 of the Turing threshold line and the
mode-10 Hopf crossing curves. We choose three different points P1, P2, and P3
to illustrate the spatiotemporal patterns for the Turing-Hopf spectral interaction as
follows in Fig. 10.

123



Journal of Nonlinear Science            (2026) 36:86 Page 25 of 28    86 

Fig. 8 Numerical simulations of (62) for Top-hat kernel with the initial function u(x, t) = 1 +
0.01 cos(21πx/L), w(x, t) = 2 + 0.01 cos(21πx/L)

Fig. 9 Spectral threshold curves in plane R − τ of (62), where d1 = 0.1, d2 = 0.155, the red curve is
stationary Turing threshold line R = R∗ = 0.4996, the curves are mode-10 to mode-15 Hopf crossing
curves, respectively. The following numerical simulations of the points, which are chosen by P1 = (0.55, 5),
P2 = (0.55, 8), and P3 = (0.48, 5.5)

6 Discussion

In this paper, we consider a nonlocal advection model to describe the role of nonlocal
spatialmemory effects, particularly in response to dynamically evolving conflict zones.
Unlike classical diffusive models, we incorporate an ODE to describe the cognitive
mapping of high-risk areas. We study the PDE-ODE coupled model (4) and focus on
the influence of perceptual radius R and the memory delay τ to the linear stability
and spectral thresholds at the positive steady state (u∗, w∗). In biological significance,
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Fig. 10 Numerical simulations of P1, P2, and P3 in Fig. 9 with the initial function u(x, t) = 1 +
0.01 cos(29πx/L), w(x, t) = 2 + 0.01 cos(29πx/L)

animals tend to avoid high-risk areas, which is why we consider d2 > 0 in this paper.
Additionally, we analyze the spectral properties of the linearized operator, which play a
crucial role in determining stability and bifurcation behavior. Our main results include
the following.

We consider three types of perceptual kernels, including Gaussian, Laplacian, and
Top-hat functions, each representing different ways in which individuals process spa-
tial information. The Gaussian kernel models smooth, long-range perception with a
gradual decay in sensitivity,while theLaplacian kernel captures exponentially decreas-
ing perception strength. In contrast, the Top-hat kernel describes a localized, uniform
perception range, beyond which no environmental information is retained. Our analy-
sis shows that the choice of kernel affects the system’s stability and pattern formation.

For the memoryless case, i.e., τ = 0, when perception is modeled by a Gaussian or
Laplacian kernel, the positive steady state remains linearly asymptotically stable for
all R ≥ 0, meaning that species with such perception strategies maintain a homoge-
neous distribution, shown in Theorem 3.1. However, under the Top-hat kernel, when

d2 > − S

z1
d1, a critical perceptual range R∗ exists, beyond which stability persists but

below which the system has a stationary Turing crossing, leading to the emergence
of stationary spatial patterns, shown in Theorem 3.3. This suggests that species with
sharply localized perception are more prone to self-organized spatial structuring.

For the influence of the memory delay τ > 0, our analysis and numerical simula-
tions show that memory delay may lead to Hopf crossings, regardless of the choice of
perceptual kernel. The memory delay τ > 0 enters the characteristic equation through
e−λτ . In the parameter regimes identified in Sect. 7, a pair of characteristic roots may
cross the imaginary axis at a critical delay. The numerical simulations illustrate the
oscillatory dynamics associated with this crossing. For the Top-hat kernel, a stationary
spatial mode and an oscillatory mode may become critical at the same point in the
(R, τ )-plane, producing a Turing-Hopf spectral interaction.While this phenomenon is
observed across all kernel types, the Top-hat kernel introduces additional complexity
in the system’s dynamical behavior. In particular, due to its sharply localized per-
ception structure, the system exhibits Turing-Hopf interactions between a stationary
spatial mode and an oscillatory mode, which are associated, in simulations, with more
intricate spatiotemporal patterns.

Moreover, our analysis indicates that the stability of the population distribution is
strongly influenced by the parameters governing conflict memory. Specifically, as the
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conflict generation rate p increases, the stability region shrinks, suggesting that fre-
quent or intense territorial conflicts heighten the likelihood of spatial pattern formation
or temporal oscillations. Conversely, larger values of the natural memory decay rate
μ or the conflict resetting rate β expand the stability region, indicating that popula-
tions capable of rapidly forgetting past conflicts or reassessing previously contested
locations tend to maintain more homogeneous and stable distributions. Biologically,
this suggests that persistent conflict memory may be associated, in the simulations,
with spatial segregation or oscillatory dynamics, whereas efficient memory resetting
and decay tend to stabilize the homogeneous distribution.

Several questions remain open. In particular, a complete well-posedness theory for
the nonlinear delayed PDE-ODE system, including existence, uniqueness, regularity,
and continuous dependence on initial histories, has not been established. In addi-
tion, the nonlinear normal forms associated with the Hopf and Turing-Hopf spectral
thresholds are not derived here and will be studied elsewhere. Another natural direc-
tion is to extend the present framework to two-species systems, where competition or
predator–prey interactions may further enrich the effects of conflict memory.
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