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Abstract

In a poorly mixed water column, a reaction—diffusion—advection system is proposed to
model algae—bacteria interactions containing nutrients and light. The basic ecological
reproductive indices for the invasion of algae and bacteria into aquatic ecosystems are
rigorously derived. All possibilities for the survival or extinction of algae and bacteria
are obtained by analyzing nonnegative steady-state solutions. We further explore the
influence of spatial factors and abiotic factors on algal or bacterial dynamics. Our
results show that bacteria effectively reduce the biomass of algae and prevent them
from moving to the water surface and ultimately reduce the probability of harmful
algal blooms.
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1 Introduction

Algae form the trophic basis of most aquatic ecosystems and widely distribute over
lakes, rivers, and oceans. They generate organic carbon through photosynthesis and
consume nutrients such as phosphorus and nitrogen (Huisman et al. 2006; Klausmeier
and Litchman 2001; Yoshiyama et al. 2009). As a key component of any aquatic
community, bacteria play an important role in degrading organic matter and protecting
water quality (Chang et al. 2021; Codeco and Grover 2001; Kong et al. 2018; Wang
etal. 2007; Yan et al. 2022). The degradation of bacteria can convert complex organic
compounds into inorganic substances, and maintain a sustainable cycle of aquatic
ecosystems.

The relationship between algae and bacteria is complicated (see Fig. 1). Algae
consume light energy and nutrients (Huisman et al. 2006; Klausmeier and Litchman
2001; Zhang et al. 2021a), and release organic carbon in usable forms for an ecosys-
tem (Medina-Sénchez et al. 2004; Wang et al. 2007; Yan et al. 2022). The bacterial
growth depends on nutrients and organic carbon (Crane and Grover 2010; Kong et al.
2018; Medina-Sanchez et al. 2004; Wang et al. 2007). This shows that algae have
a bottom-up control on bacteria through released organic carbon. At the same time,
algae compete with bacteria for nutrients. Therefore, algae and bacteria influence each
other’s growth, biomass density, and spatial distribution through the bottom-up control
and competition.

The movement of algae and bacteria is mainly caused by turbulence in water. They
move around in the water column with turbulence. There is increasing recognition that
turbulence intensity changes over water depth and season (Wiiest and Lorke 2003;
Yoshiyama et al. 2009; Zhang et al. 2021a). Generally speaking, turbulence intensity
is stronger in epilimnion or in winter, but weaker in hypolimnion or in summer. When
turbulence intensity is relatively weak, it forms a poorly mixed water column. As a con-
sequence, water substances (e.g., nutrients and organic carbon) and aquatic organisms
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Fig.1 Algae—bacteria interactions

@ Springer



Journal of Nonlinear Science (2022) 32:56 Page3of36 56

(e.g., algae and bacteria) exhibit high heterogeneity in a poorly mixed water column.
Algae additionally have directional movement containing sinking or buoyant due to
gravity or floating up for more light absorption, respectively. This generates the extra
advection term in algal equation. Several mathematical models have been proposed
to study algal growth in a poorly mixed aquatic environment (Huisman et al. 2006;
Jager et al. 2010; Klausmeier and Litchman 2001; Ryabov et al. 2010; Yoshiyama
et al. 2009).

Wang et al. (2007) proposed a stoichiometric bacteria—algae interaction model in
the epilimnion. They stated that severe nutrient limitation affects the composition and
structure of bacteria in the epilimnion. In Crane and Grover (2010), Edwards (2019),
and Yan et al. (2022), the authors considered the predation effect of mixotrophic
algae on bacteria based on stoichiometric theory. These algae—bacteria interaction
models were proposed for a well-mixed aquatic environment. To our knowledge,
there is no existing model that considers algae—bacteria interactions in a poorly mixed
aquatic reservoir. Hence, it has great significance to mechanistically establish an algae—
bacteria interaction model in a poorly mixed aquatic environment. This is the original
motivation of our paper here.

In this study, we consider the algae—bacteria interactions with nutrients and light in
a poorly mixed water column by using a reaction—diffusion—advection system. Here
we assume that the algal growth needs nutrients and light. Generally, light enters
water from its surface and is absorbed by algae and water. Light intensity gradually
descends over water depth following the Lambert-Beer’s law (Du and Hsu 2010;
Hsu and Lou 2010; Huisman and Weissing 1994; Klausmeier and Litchman 2001;
Yoshiyama et al. 2009). Nutrients from the water bottom are transported by turbu-
lence to the whole aquatic ecosystem (Klausmeier and Litchman 2001; Zhang et al.
2021a). Bacteria degrade the organic carbon released by algae photosynthesis and
consume nutrients. The degradation of bacteria can effectively reduce the organic
pollution of aquatic ecosystems. In consideration of the importance of algae and bac-
teria in aquatic ecosystems, understanding the algae—bacteria interaction mechanism
in a poorly mixed aquatic environment is a fundamental ecological problem worth
exploring.

Based on the reaction—diffusion—advection model described above, we will estab-
lish basic ecological reproductive indices for the invasion of algae and bacteria into
aquatic ecosystems. All the possibilities of algae and bacteria from survival to extinc-
tion are obtained with rigorous proofs. The vertical distribution and biomass density
of algae and bacteria affect the structure and composition of the entire aquatic com-
munity. It is noted that algae exhibit complicated vertical distribution and aggregation
phenomena in a poorly mixed aquatic environment (Huisman et al. 2006; Klausmeier
and Litchman 2001; Ryabov et al. 2010; Yoshiyama et al. 2009; Zhang et al. 2021b).
Spatial factors (turbulent diffusion and advection) and abiotic factors (light and nutri-
ents) have significant impacts on the algal biomass density and vertical distribution
(Klausmeier and Litchman 2001; Ryabov et al. 2010; Zhang et al. 2021a). Such impacts
are thoroughly investigated in this paper. By comparing the changes of algal vertical
distribution and biomass in the persistence or extinction of bacteria, we will reveal the
important role of bacteria in harmful algal blooms.
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The structure of the paper is as follows. In the next section, a reaction—diffusion—
advection model describing algae—bacteria interactions is derived for a poorly mixed
water column. In Sect. 3, we study dynamical properties of the model including the
dissipation and nonnegative steady-state solutions. In Sect. 4, according to realistic
ecologically reasonable parameters (see Table 2), we explore the influence of spatial
and abiotic factors on the algal or bacterial biomass density and vertical distribution,
and consider the important role of bacteria in this process. Finally, we conclude the
paper by providing a brief summary and future research questions.

2 Model Formulation

We mechanistically formulate a reaction—diffusion—advection model for algae—
bacteria interactions. The biological descriptions of variables and parameters in the
model are listed in Table 1. Here the aquatic environment is a poorly mixed water
column that has weak turbulence and is relatively undisturbed (Huisman et al. 2006;
Klausmeier and Litchman 2001; Wiiest and Lorke 2003; Yoshiyama et al. 2009; Zhang
etal. 2021b). Denote the independent variables x as the water depth and ¢ as time. The
locations x = 0 and x = L are the water surface and the water benthos, respectively.
This model has four state variables: algal biomass density A(x, ¢), heterotrophic bac-
terial biomass density B(x, t), dissolved nutrient concentration N (x, t), and dissolved
organic carbon concentration C(x, t).

Algal transport is mainly affected by two kinds of movements. One type is ran-
dom movement caused by turbulence with a diffusion rate D, (Huisman et al. 2006;
Klausmeier and Litchman 2001; Ryabov et al. 2010). The other type is directional
movement with a velocity v containing sinking or buoyant (Grover 2017; Klausmeier
and Litchman 2001). Under normal circumstances, algae should sink as a result of
gravity (v > 0). To absorb more light, algae can move up by generating pseudo vac-
uoles or storing light density lipids (v < 0) (Grover 2017; Klausmeier and Litchman
2001). Algae can also float in the water without directional movement (v = 0).

Algal growth mainly has two limiting factors: dissolved nutrient concentration
N (x, t) and light intensity /. The algal growth function takes the multiplication of the
two (Heggerud et al. 2020; Jager et al. 2010; Wang et al. 2007; Zhang et al. 2021a),
rag&(N)f(I(x, A)), as a smooth approximation of the Liebig’s law of minimum. At
each depth x, the light intensity 7 is described as (the Lambert—Beer’s law Huisman
and Weissing 1994)

X

I(x, A) = I;, exp <—k/ A(s,ds — Kng) .
0

The functions f and g take (Jager et al. 2010; Klausmeier and Litchman 2001; Wang
et al. 2007)

N
and g(N) =

F =1 N+§B
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Table 1 Variables and parameters in model (2.5) with biological descriptions

Symbol Meaning Symbol Meaning

X Water depth t Time

A Algal biomass density B Bacterial biomass density

N Dissolved nutrient C Dissolved organic carbon
concentration concentration

D Algal vertical turbulent Dy, Bacterial vertical turbulent
diffusivity diffusivity

Dy Vertical turbulent diffusivity D¢ Vertical turbulent diffusivity
of dissolved nutrients of dissolved organic carbon

v Algal sinking or buoyant ra Algal maximum production
velocity rate

rp Maximum bacterial growth L Depth of the water column
rate

y Half-saturation constant for B Half-saturation constant for
light-limited production of nutrient-limited production
algae of algae

Iin The water surface light Kpg Background light attenuation
intensity coefficient

k Algal light attenuation o Natural degradation rate of
coefficient bacteria

8 C-dependent yield constant M Half-saturation constant for
for bacterial growth nutrient-limited production

of bacteria

Ne Half-saturation constant for Mg, mp Loss rates of algae and
organic carbon-limited bacteria, respectively
production of bacteria

Ca Average cell quota of algae cp Nutrient to carbon quota of

bacteria
a Nutrient exchange rate Np Dissolved nutrient input

concentration

The reduction of algal biomass density is m,A due to respiration and grazing. At
x = 0 and x = L, we assume no-flux boundary conditions for algae (Hsu and Lou
2010; Huisman et al. 2006; Klausmeier and Litchman 2001). The boundary conditions
indicate that algae cannot pass through the water bottom interface and the air—water
interface. According to the above assumptions, the algal model is given by

0A(x, 1)
ot

92A
=
ax2 dx

022 g (N) £, ADA = maA, x € O, 1),

= diffusion — advection + algal growth — algal loss

2.1)

D,Ax(0,1) —vA(0,t) = D,Ax(L,t) — vA(L,t) =0.

The bacterial transport is controlled by turbulence with a diffusion rate D;,. Bacteria
consume organic carbon and dissolved nutrients (Wang et al. 2007; Yan et al. 2022).
Then, its growth function is
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N C
77"+N17€+C.

g(N,C) =

The bacterial loss rate is m, due to death, respiration and grazing. Neumann boundary
conditions at the two boundaries of the water column state that no bacteria enter or
leave the water column. The bacterial model is described as

0B (x,1) e . .
= diffusion + bacterial growth — bacterial loss
3*B 22
= Dbﬁ +rp8p(N,C)B —mpB, x € (0, L),
X

B(0,t) = By(L,t) =0.

There is a fixed nutrient input concentration Nj at x = L with a nutrient exchange
rate a (Klausmeier and Litchman 2001; Yoshiyama et al. 2009). We assume no nutri-
ent input at x = 0 (Huisman et al. 2006; Klausmeier and Litchman 2001; Yoshiyama
et al. 2009). The dissolved nutrients are transmitted to the whole water column
through turbulence with a diffusion rate D,,. The reduction of nutrients consists of
two parts: algal consumption with ¢,7,g(N) f(I(x, A))A and bacterial consumption
with ¢cprpgp (N, C)B. The dissolved nutrient equation is expressed as

ON(x,1) e . . .
BT diffusion — algal consumption — bacterial consumption
N
=Dz — Cara8(N) f(I(x, A)A (2.3)

- Cbrbgb(N’ C)Bs X € (01 L)’
Ny (0,1t) =0, D,Ny(L,t) =a(Np — N(L,t)) (nutrients exchange).

The function C(x,t) characterizes the dissolved organic carbon concentration.
Its input comes from the exudation of algal photosynthesis in the water column
(Medina-Sdnchez et al. 2004; Wang et al. 2007; Yan et al. 2022), expressed as
rq(1 — g(N)) f(I(x, A)). The reduction of organic carbon contains the consumption
of bacteria with (1/8)rpg,(N, C)B and natural degradation «C with a degradation
rate . The transport of dissolved organic carbon is governed by turbulence with a
diffusion rate D.. We also assume Neumann boundary conditions for organic carbon.
Then, the dissolved organic carbon equation is

dC(x, 1) e . .
—ar diffusion + exudation from algae photosynthesis
— consumption by bacteria — natural degradation

92C (2.4)
= Dcm +ra(1 —g(N) f(I(x, A)A

1
- grhgb(N, C)B—aC,x €(0,L),Cx(0,1) = Cx(L,t) =0.
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Coupling equations (2.1)—(2.4), we obtain the complete stoichiometric model for
algae—bacteria interactions:

AA(x, 1) A 9A
—_— a— R v_
ot ax2 0x
+rag(N)f(I(x, A))A —m4A, xe@,L), >0,
dB(x,1) 9’B
D ——
ot dx?
+rp8p(N, C)B — myp B, xe(,L), t>0,
AN (x,t 9ZN
00 SN s N £, A)A
ot dx?
—cprpgh(N, C)B, xe(,L), t>0,
aC (x, 1) 92C
—— =Der +ra(1 —g(N) fI(x, A)A
Jat 18x
—Erbgb(N, C)B —aC, xe(0,L), t >0,
D,A(0,t) —vAQ©,t) = DA, (L,t) —vA(L,t) =0, t >0,
B (0,1) = By(L,t) =0, t>0,
N:(0,t) =0, D,N«(L,t) =a(Np — N(L, 1)), t >0,
Cy(0,1) =Cy(L,1) =0, t> 0.
2.5)
The biologically relevant initial conditions of model (2.5) are
A(x,0) = Ag(x) 2# 0, B(x,0) = Bo(x) ># 0, 2.6)

N(x,0) = No(x) =# 0, C(x,0) = Co(x) =# 0,

for all x € [0, L]. All model parameters except v € R are positive constants.

Model (2.5) contains several partial differential equations with advection and
nonlocal terms, which make rigorous analysis more challenging. Following stan-
dard logics, we show that (2.5) has a unique global nonnegative classical solution
(A(x,1), B(x,1t), N(x,t), C(x,t)) for the initial values satisfying (2.6). In order to
describe the algae—bacteria interactions under the influence of nutrients and light, we
rigorously analyze dissipation of the solutions and nonnegative steady states of model
(2.5).

3 Model Analysis

We explore dynamical properties of model (2.5) containing dissipation of the solutions
and nonnegative steady-state solutions.
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3.1 Dissipation

The following conclusion assures the dissipation of the solutions of model (2.5).
Theorem 3.1 The system (2.5) is dissipative.
Proof From the N equation of (2.5), we have
2
ON(x,1) _ 0°N

ar —  "ax2’
Nx(0,t) =0, D,Ny(L,t) =a(Np, — N(L, ).

Using the comparison theorem of parabolic systems leads to

limsup N(x,t) < Npon [0, L]. 3.1

—>00

By using the similar methods and arguments of Lemma 3.2 in (Du and Hsu 2010) and
Lemma 2.1 in Mei and Wang (2021), A is uniformly bounded and ultimately bounded.
Then, we can find a 6 > 0 satisfying

A(x,t) <6on|0,L], t > 0.
From the C equation of (2.5), we obtain

aC(x, 1) 92C
T = Dcm + 140 fUin) — aC,

Cx(0,1) = Co(L, 1) = 0.

Hence,

0 f;
limsupC(x,t) < M on [0, L].
o

—0o0

We next show that B is ultimately bounded. Multiplying both sides of the B equation
of (2.5) by 1/4, and then adding the C equation of (2.5), we obtain

(/DB +C) Dy oPB  0C -
=——-5tDc——5 +ra(1 —gN I(x,A))A— —B —aC
ot S 9x2 + 912 +ra( gN)) f(x, A)) 5 o
By (0,1) = By(L,1) =0, C4(0,1) = Cx(L, 1) = 0.

Integrating over [0, L] gives

L
</ (13 + C) (x, t)dx) < raOLfin)
0 (S 13

L
— min{my, a}/ (éB + C) (x, t)dx.
0
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Hence,

1 [ L
—/ B(x, t)dx §/ (—B+C) (x, t)dx

. _ L
< M + efmm{mb,a}t/ (%Bg + C0> (x)dx.
0

min{my, a}

3.2)

Assume that B is not ultimately bounded. Let H(f) := maxye[o,],ze[0,] B(x, 7).
Then, H (¢) is increasing for ¢ and there exists a strictly monotone increasing sequence
{ti}?il such that H(¢;) = maxye[o,1) B(x,t;) — oo asi — oo. We choose | > 1
and denote

ﬂi(-xs t) = B()C, t +tl - l)/H(tl)9
rix,t) =rpgp(N(x,t +t; — 1), C(x,t +t; — 1)) — myp.

A direct calculation obtains

37‘[,‘ -D 327'[,'
ar P ox?
()5 (0,1) = (m;)x (L, 1) =0, t >0,

0=<mx,00=<1 xe€[0,L]

+ri(x,t)m, x € (0,L), t >0,

Note that |r;(x, t)| < rp + myp on [0, L] for ¢t > 0. Thus,
0<mi(x,1) <e™) xe(0,L], t >0.

According to the standard parabolic regularity, {r;} is bounded in C'*®© ([0, L] x
[1/3,3]) for any w € (0, 1). Then, we assume 7; — 7™ in Cl*o([O, L] x [1/3,3])
as i — oo. Similarly, r;, — r* weakly in L%([0, L] x [1/3,3]) asi — oo and
|r*| < rp + myp. Hence, 7* satisfies

am* e 927+
ar P x2

(m)x(0,1) = (@) (L, 1) =0, t € [1/3,3],

0 < 7*(x,0) <3t 0, L.

+r*(x, 0, x € (0, L), t €[1/3,3],

From max,¢po, 2] i (x, 1) = 1, max,¢po, .1 7*(x, 1) = 1 and then 7* >3£ 0. It follows
from the strong maximum principle that there exists kg > 0 such that 7*(x, 1) > k¢ >
0 on [0, L]. This implies that m; (x, 1) > ko/2 > 0 on [0, L] if i is sufficiently large.
Then, B(x, t;) > (ko/2)H (t;) for all x € [0, L] and sufficiently large i. This shows

L KoL .
B(x, t;)dx > TH(ti) — oo asi — oo.
0
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It is a contradiction to (3.2). Therefore, B is ultimately bounded. This completes the
proof. O

Let

Y = {(uy, us, uz, ug) € C([0, L], R4) cui(x)>0o0n[0,L], i =1,2,3,4}.
3.3)

The system (2.5) generates a semiflow I1(¢) : Y — Y by
IT(#) (uo) (x) =(A(x, t, ug), B(x,t,up), N(x,t,up), C(x,t,up)), x€[0, L], t>0,

where ug = (Ao, Bo, No, Co) € Y. By Theorem 3.1, I1(#) is point dissipative. Notice
that I1(#) is also compact, we conclude that I1(#) : Y — Y has a global compact
attractor in Y (see Theorem 3.4.8 in Hale 1988).

3.2 Semi-trivial Steady States

Model (2.5) has two semi-trivial steady states as follows:

1. Nutrient-only semi-trivial steady state £ = (0, 0, Np, 0).
2. Algae—nutrient—organic carbon semi-trivial steady state £, = (A2(x), 0, Na(x),
Ca(x)), where A>(x), Na(x), C2(x) satisfy

DyA” —vA + (rag(N) f (I (x, A)) —ma)A =0, x € (0,L),
DuN" = carag(N) £ (I (x, A))A =0, e O.L).
DC" +ro(1 = g(N) f(I(x, ADA —aC =0, x€(0,L),
D,A'(0) — vA(0) = Dy A'(L) —vA(L) =0,

N'(0) =0, D,N'(L) = a(N, — N(L)),

C'(0) =C'(L) =0.

3.4)

To facilitate the following discussion, for p € L ([0, L]), we let A (p(x), D, v, L)
denote the principal eigenvalue of

DY (x) — vy (x) + p()¥ = Ay, x €(0,L), (3.5)
Dy’ (0) — vy (0) = DY'(L) — vy (L) = 0. '
If v =0, then A;(p(x), D,0,L) = X1 (p(x), D, L). It follows from Proposition 3.1
in Wang et al. (2019) that the principal eigenvalue A;(p(x), D, v, L) of (3.5) exists
and is unique, and A (p1(x), D, v, L) > A(pa2(x), D, v, L) if p1(x) > pa(x). We
define the following basic ecological reproductive indices for algae and bacteria:

*
Ry="Ta R
a — > b = )

mg mp

k
"

(3.6)
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where
m: = )Ll(rag(Nb)f(I(x’ 0))7 Da’ U, L)a mz = )\l(rbgb(NZ(x), CZ(X)), va L)

Here, R, (or Rp) is an indicator to measure the viability of algae (or bacteria). It
characterizes the average number of new algae (or bacteria) produced by one cubic
meter of algae (or bacteria) in a life cycle of algae (or bacteria). In the following
discussion, we show that R, = 1 and R;, = 1 are critical values for algae and bacteria
to invade aquatic ecosystems.

Theorem 3.2 Model (2.5) has a unique E1 = (0,0, Np,0). If R, < 1, then Eq is
globally asymptotically stable, while E1 is unstable if R, > 1.

Proof 1t follows from (2.5) that E; = (0, 0, Np, 0) exists and it is unique. The local
stability of E is obtained by

A (x) = D" (x) — v (x) + (rag(Np) f (I (x,0)) — ma)¢(x), x € (0, L), (3.7a)

A (x) = Dpg” (x) — mpp (x), x € (0, L), (3.7b)
Ap(x) = Dy (x) = carag(Np) f (I (x,0))¢ (x), x € (0, L), (3.70)
A (x) = Dy (x) + ra(1 = g(Np)) f(I(x,0)¢ (x) — @y (x), x € (0, L), (3.7d)
Dy’ (0) — v¢(0) = Dat'(L) — vg(L) =0, (3.7¢)
¢'(0) = ¢'(L) =0, (3.7f)
¢'(0) = 0, Dy¢'(L) = —ap(L), (3.7g)
¥'(0) =v'(L) =0. (3.7h)

To obtain the local stability of E1, we let Apax be the largest eigenvalue of (3.7) and
(¢, ¢, @, ¥) be the corresponding eigenfunction. Since (3.7) is partially decoupled,
we explore two cases: (i) ¢ # 0 and (ii) ¢ = 0.

Case (i): ¢ # 0. In this case, (3.7a) and its boundary condition (3.7e) determine the
stability of Ej. It is clear that its principal eigenvalue is A1(r,g(Np) f(I(x,0)) —
mg, Dy, v, L) = m} —m, < 0with (¢, ¢, ¢, ), where ¢ is the principal eigenvalue
functiontom} —mg, and (¢, ¢, ) canbe solved from (3.7b)—(3.7d) and their boundary
conditions (3.7f)—(3.7h).

Case (ii): ¢ = 0. In this case, (3.7) reduces to

Ap(x) = Dpg" (x) —mpgp(x), x € (0, L), ¢'(0) =¢'(L) =0,
Mp(x) = Dyo"(x), x € (0, L), ¢'(0) =0, Dy¢'(L) = —ap(L), (3-8)
A (x) = Dy’ (x) —ayr(x), x € (0, L), ¥'(0)=vy'(L) =0.
Note that (3.8) is completely decoupled, and the principal eigenvalue of each equation
in (3.8) is negative. Then, Re Apax < 0.

As a result of cases (i) and (ii), if R, < 1, then Re Apax < 0 and E| is locally
asymptotically stable; conversely, E is unstable if R, > 1.
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We will prove that E is globally attractive. For any € > 0, it follows from (3.1)
that there exists a #; > 0 such that N(x,7) < Np + € on [0, L] for any # > ¢#;. Then,

dA A 9A
— < Dg—5 —v—+r,g(Np+€)f(U(x,0)A —mzA, x € (0,L), t > 11,
ot dx2 ax

D,A(0,t) —vAQ©,t) = DA (L,t) —vA(L,t) =0, t > 11,
A(x, 1) = A*(x), x € [0, L].

Let v(x) be an eigenfunction corresponding to A1 (rgg(Np 4+ €) f (I (x,0)), Dy, v, L)
satisfying A*(x) < cv(x) for a sufficiently large c. Then, we obtain

Ax, 1) < Ce_(ma_)ll(rag(Nh"Ff)f(I(an))’Da!U»L))(t_tl)v(x) forallz > 1, x € [0, L].

Note that € is sufficiently small, m, — A1 (r,g(Np+€) f (I (x,0)), Dy, v, L) > 0 since
R, < 1. Hence, limsup,_,, A(x,t) = 0 on [0, L]. For the above €, we can find a
t > t; such that A(x, ) < e on [0, L] for any ¢t > 5. It follows that

aC 3°C

— = Dc_2 +rofin)e —aC, x € (0, L), t > 1,
at ox

CX(Ov t) = CX(L’ t) = 0’ t > t21

C(x,1p) = C*(x), x €0, L].

(3.9)

By using the comparison theorem of parabolic systems, we have lim sup,_, ., C(x, ) <
rq f(Iin)€/a for any x € [0, L]. Then, limsup,_,,, C(x,t) = 0 on [0, L] since € is
sufficiently small. There exists 3 > t, such that C(x, ) < € on [0, L] for any t > f3.
By the second equation of (2.5), we obtain

dB 3’B

— < Dp— +rpgp(Np +€,6)B—mpB, x € (0,L), t > 13,
ot ax2

B, (0,1) = Bx(L,1t) =0, t > 13,

B(x,13) = B*(x), x € [0, L].

(3.10)

From the continuity of g, and the sufficient smallness of €, we obtain r,g,(Np +
€,€) —myp < 0, which leads to limsup,_, ., B(x,¢) = 0 on [0, L]. By the theory
of asymptotic autonomous systems (see Theorem 1.8 in Mischaikow et al. 1995 or
Theorem 4.1 in Thieme 1992), the third equation of (2.5) reduces to

IN N
E =Dnmv XG(O,L), NX(O’t)zo’
DyN, (L, 1) = a(Ny — N(L, 1)), t > 0. 3.11)

Thus, N (x, t) converges to Np uniformly on [0, L] as t — oo. This means that E is
globally attractive. Therefore, E| is globally asymptotically stable if R, < 1. O
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Remark 3.3 The condition R, < 1 results in the inevitable extinction of algae and
bacteria for all initial conditions, but nutrients always exist. The threshold R, = 1
is an indicator for the stability of Ej, and m provides the threshold loss rate for
algae from extinction to persistence. From the expression of R,, one can observe
that it depends on some key environmental factors: vertical turbulent diffusivity D,
sinking/buoyant velocity v, the light intensity /;,, the nutrient concentration Nj, and
the water column depth L. This indicates that these environmental factors jointly
determine whether algae can successfully invade aquatic ecosystems.

Next, we show the existence of algae—nutrient—organic carbon semi-trivial
steady state E. We first establish a priori estimate for nonnegative solutions
(A2(x), N2(x), Ca(x)) of (3.4).

Lemma 3.4 Assume that (A(x), Na(x), C2(x)) is a nonnegative solution of (3.4)
with Ay, Ny, Cy # 0. Then,

(1) 0 < Na(x) < Np forany x € [0, L] and 0 < m, < m};
(2) for any ¢ > 0, there exists a positive constant K (¢) such that

1 217
0< Ax(x) < K(e)and 0 < Ca(x) <rafUin)K () (& + 5 )

on [0, L] for mg € [, m}).

Proof (1) Let V = e~ (/Pa)X A, From (3.4), we have

— DV =0V +maV =r,g(N2) f(I(x, A2))V >0, x € (0, L),
V/(0)=V/'(L)=0.

It follows from the strong maximum principle that V > 0 and Ay > 0 on [0, L]. By
(3.4), we have

L
a(Np — Na(L)) = /0 calag(N2(x)) f(I(x, A2(x))) Az (x)dx
L
= cama/ Ar(x)dx > 0,
0
which implies that No(L) < Np. Note that
1
— D,Nj + (carufa(x, A2) Az / g’<sNz>ds> N, =0, x € (0, L),
0
— D.CY +aCr =r,(1 —g(N2)) f(I(x, A2))A2 > 0, x € (0, L)
with
N5(0) =0, D,N5(L) = a(Ny — Na(L)) > 0, C5(0) = C5(L) = 0.
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By applying the maximum principle again, N, > 0 and C2 > O on [0, L].

From the equation of N in (3.4) and its boundary condition, we get Né’ (x) > Oand
Né(x) > 0on (0, L). Hence, 0 < Ny < N, for any x € [0, L]. For the equation of A
in (3.4), we obtain

)"l(rag(Nz)f(I(xr Az))v Dav v, L) = mu

with the corresponding principal eigenfunction A,. By the monotonicity of principal
eigenvalue for the weight functions, we have

mq = A (rag(N2) f(I(x, A2)), Da, v, L) < A1(rag(Np) f(I(x,0)), Da, v, L) = my.

(2) For fixed ¢ > 0, we assume that A is not bounded for m, € [e, m}). This
implies that there are a sequence m,, € [e, m*) and correspondmg positive solutions
(A’,NZ, C2) such that ||A‘ loc = oo and m!, — m, € [e,m}) as i — oo. Let
a; = A’2/||Al lloo- It follows from (3.4) that

—Dya! +va; +mia; _rag(Nz)f(I(x Al ai, x € (0, L),
Daai 0) — va;(0) = Daai (L) —va;(L) =0.

Notethatrag(Nz)f(I(x Al 2)) <rgon[0, L]foranyi. Then, rag(Nz)f(I(x Al 2) —
[ weakly in L2([0, L]). From L? theory of elliptic operators and passing to a sub-
sequence, we have a; — a in W2P([0, L]) (or in C-*([0, L]) from Sobolev’s
embedding) as i — oo. Therefore, a satisfies (in the weak sense)

<_Daa// + va’ + ”;laa = ld, X € (0’ L)’ (312)

D,a’(0) — va(0) = D,a’(L) — va(L) = 0.

Note that @ > 0 with ||a||c = 1. This shows that a > 0 on [0, L]. On the other hand,

Aé = ||A§||ooa,- — oo uniformly on [0, L] when i — 00, and thus, [ = 0. Integrating
L
(3.12) over [0, L] gives 0 = m, / a(x)dx > 0.Itis a contradiction. This shows that

0
there exists a K (¢) > O such that 0 < A>(x) < K(¢) on [0, L] for all m, € [e, m}).
From the C equation in (3.4), we obtain

L . L _
[ catere = 2L 7 g < LI UEKCE)
0 [07 0 o

Then,

G0 = ‘ / CY(2)dz| = fo @C = ra(1 = g(N)) £(I (2, An)) As)dz

af Uin L 2roLf (i) K
Dic/(; C2(x)dx+rf0%/(; Az(x)dx‘ < %ﬁ)@)

<
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Let C2(xp) = miny¢[o,z] C2(x). Then,

L .
Colxo) = / Crtydx < LUK @)
L Jo o

For all x € [0, L], we have

[C2(x)] = |Ca(x0) + Ca2(x) — Ca(x0)| = |C2(x0)| +

/ Ch(x)dx
X0

1 212
<r.f(in)K(e) <E+ D )

m}

We consider the existence of E» by using bifurcation theory with m, as the bifur-
cation parameter. Let X := X} x &> x A3 and Y := C([0, L]), where

X = {p € C%([0,L]) : Dyp'(0) — vp(0) = Dy p'(L) — vp(L) = 0},
X :={p e C*([0, L]) : p'(0) =0},
Xs:={p e C*(0,L]): p'(0) = p'(L) = 0}.

Define a nonlinear mapping H : RT x X — )3 x R by

Dy A" —vA' +rag(N) f(I(x, A))A — mgA
DyN" — carag(N) f(I(x, A)A
DC" +rq(1 = g(N)) f(I(x, A)A —aC
DyN'(L) —a(Np — N(L))

H(mg,, A,N,C) =

Let A be the set of all positive solutions (m,, A, N, C) € R x X of (3.4). We now
state the existence of algae—nutrient—organic carbon semi-trivial steady state E, for
mg € (0, m})).

Theorem 3.5 If R, > 1 holds, then

(1) (2.5) has at least one positive algae—nutrient—organic carbon semi-trivial steady-
state solution E; for 0 < mg, < m};

(ii) there is a connected component A™ in A such that it connects to the line 'y =
{(mg,0, Np,0) : mg > 0} and its closure includes (m}, 0, Ny, 0). Moreover,
near (m}, 0, Np, 0), AT is a smooth curve in a form {(ma(s), Ax(s, x), Na(s, x),
Ca(s,x)) : 0 < s < €} for some € > 0 withm!/,(0) < 0.

Proof We first show that E bifurcates from E| at m, = m; by using local bifur-

cation theory (see Theorem 1.7 in Crandall and Rabinowitz 1971). It is obvious that
H(mgy,0,Np,0) =0.Let J := Ha n,c)(m},0, Ny, 0). For any (¢, ¢, ¥) € X, we
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have

Dat" — v’ + (rag(Np) f(I(x, 0)) —mp)¢
Dy¢" — carag(Np) f(I(x, 0))¢

TEPVI=N Doy a1 = g fU G, 00—y [ O
Dy (L) + ag(L)
For (¢1, ¢1, Y1) € ker J, we obtain
Dyti' —vg] + (rag(Np) f(I(x,0)) —m¥)¢1 =0, x € (0, L), (3.14a)
Du¢ — carag(Np) fF(I(x,00)¢1 =0, x € (0, L), (3.14b)
Dy + ra(1 — g(Np) f(I(x,00)¢1 —ayy =0, x € (0, L), (3.14¢)
D,y (L) + api(L) = 0. (3.14d)

Note that m: is the principal eigenvalue of (3.5) for p(x) = r,g(Np) f(I(x, 0)). This
means that the corresponding positive eigenfunction ¢ for m is the unique solution
of (3.14a) if a constant coefficient is not considered. Let M = max,¢[o,1] 7« (1l —
g(Np) f (x, O))E. It can be seen that 0 and (M + 1)/« are the lower and upper
solutions of (3.14c), respectively. By Theorem 3.2.1 in Pao (1992), (3.14c) has a
solution 1 satisfying 0 < ¥ < (M+1)/a.From the strong maximum principle, ¥ > 0
forany x € [0, L], and itis unique since (3.14c¢) is a linear ODE. We can also conclude
that there is a unique function ¢ € A’ satisfying (3.14b). Hence, dimker J = 1 and
ker J = span{(¢, ¢, ¥)}.

If (81, 62, 83, 84) € range J, then there exists (£2(x), ¢2(x), ¥2(x)) € & such that

Doty — vy + (rag(Np) f(1(x, 0)) —m3)6r = 81, x € (0, L),
Dygy — carag(Np) f(I(x,0))52 = 82, x € (0, L),

Depy +ra(1 — g(Np) f(1(x, 0082 — aypn = 83, x € (0, L),
Dyg5(L) +aga(L) = 84

(3.15)

We multiply (3.14a) and the first equation of (3.15) by ¢pe™®/Pa)¥ and ¢y~ ¥/ Pa)x|
respectively, and then subtract the multiplications and finally integrate over [0, L] to

L L
obtain f 81(x)e”W/Pd¥r, (x)dx = 0. This shows / 81 (x)e” WP r (x)dx = 0.

0 0
By the Fredholm alternative theorem, there exists a unique solution ¢» € &> for any
{r € A satisfying the second and fourth equations in (3.15). Similarly, the third
equation in (3.15) has a unique solution Y, € X3 for any {» € A;. Then,

L
range J = {(51, 8,83,85) € VI xR / §1(x)e” WP r (xydx = 0}
0

and codimrange J = 1. Note that
Hng(AN.0) (M, 0, Np, 0)(C, @, ¥) = (= (x),0,0,0).
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L
This indicates Hn,.(a,.n.c))(m%, 0, Np, 0) ¢ range J due to/ e~ W/PIXE2 (x)dx £
0

0.

From the Crandall-Rabinowitz bifurcation theorem (Theorem 1.7 in Crandall and
Rabinowitz (1971)), near (m, 0, Ny, 0) all positive solutions of (3.4) lie on a smooth
curve [y = {(my(s), Az(s, x), Na(s, x), Ca(s, x)) : s € (0, €)} for some € > 0 with
the form

Ax(s, x) = sL(x) + 0(s), Na(s,x) = Np +59(x) + o(s),
Cyr(s,x) = st/_/(x) + o(s).

Define a linear functional p on W xR by

L
(1. B1.82.82.09) = [ 81(0e” PTG,
0
A direct calculation gives

(. Hoav.oxan.c) (mj, 0, Ny, 0)

m,(0) = — ¢
¢ 21, Himy (AN ) (m%, 0, Np, 0) [, @, ¥/])

L
/ rag(Np) £ (I(x, 0032~ /P (x, 7, G)dx
0

- ’

L
/ e~0/POXE2 (1) dy
0

where

S vk k-
'U(x, é-a QO)— I(x,O)-I-V/O {(S)ds_’_Nb(Nb“_ﬂ)(p

From (3.14b) and E > 0 on [0, L], we conclude that ¢’ is a strictly increasing
function on [0, L]. Combining ¢'(0) = 0 and (3.14d) leads to ¢’ > 0 on [0, L] and
@(L) < 0. This means that ¢ < 0 for all x € [0, L]. Therefore, m,(0) < 0 and the
bifurcation at (0, Np, 0) is backward. From Theorem 3.3 and Remark 3.4 in Shi and
Wang (2009), there exists a connected component A™ of A such that A™ connects to
I'1 and contains I'>. Moreover, the closure of AT includes (m?*, 0, Np, 0). The proof
of part (ii) is complete.

Now we turn to prove the part (i). Let Z be a closed complement of ker J in X.
Applying Theorem 3.3 and Remark 3.4 in Shi and Wang (2009) again, A™ has one of
the following three alternatives:

(a) A1t meets another bifurcati_on point (rha_, 0, Nlﬂ 0) with m, # 17_12;_ B
(b) AT includes a point (m,, A(x), Ny + N(x), C(x)) with0 # (A, N, C) € Z;
(c) AT isnot compact in R x X.
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If (a) holds, then we can find a positive solution sequence {(m;, Aé, Né, Cé)} of
(3.4) such that (ml, A5, Ni, C5) — (g, 0, Np,0) in C([0, L]) as i — oo. Let
a; = AL /|| A}l . Similar to those in the proof of part (2) in Lemma 3.4, we conclude
that a¢; — a and a satisfies

Dya" —va' + (rag(Np) f(1(x,0)) —ma)a =0, x € (0, L), (3.16)
Doa'(0) — va(0) = Dga'(L) — va(L) = 0. '

Then, we obtain a > 0 for all x € [0, L] since a > 0 and ||a]|cc = 1. It follows from
(3.5) that

"_'la == )\'l(rag(Nb)f(I(-xa 0))7 Dav U, L) - m;k

This is a contradiction, hence the alternative (a) cannot happen.

If (b) holds, then (A, Ny, + N, C) is a positive solution of (3.4). It follows from
Lemma 3.4 that A > 0, N, + N < Np and C > 0 for all x € [0, L]. It follows from
(A,N,C) € Z that

L
Q= /0 (AX)(x) + N(0)@(x) + C) P (x))dx = 0. (3.17)

By¢ > 0,¢ < 0and ¢ > 0, we have Q > 0, which contradicts with (3.17).
Therefore, the alternative (b) cannot happen.

In view of the above discussion, the alternative (c) must happen, and A™ is
unbounded in R™ x X. According to Lemma 3.4, (3.4) has no nonnegative solution
for m, > m}, and (A2(x), N2(x), C2(x)) is bounded on [0, L] when m, € [e, m})
with any & > 0. This shows that the projection of A™ onto m,-axis contains (0, m}).
The proof of part (i) is complete. O

Remark 3.6 1. In Nie et al. (2020) and Nie et al. (2015), Nie et al. obtained the
uniqueness of the positive steady-state solution for a predator—prey system and
a nutrient—phytoplankton system, respectively. They used the degree theory and
some novel mathematical techniques. In this study, we cannot get any results for
the uniqueness of E; in theory. This is because that (3.4) has a nonlocal term
f((x, A)), which makes it difficult to apply the methods and techniques in Nie
et al. (2020) and Nie et al. (2015). The numerical simulations show that E, is not
only unique for R, > 1, but also globally asymptotically stable if R, < 1. This is
an open question for future mathematical development.

2. Itis obvious that R, is a strictly increasing function for N and I;;,. From Theorems
3.2-3.9 in Hsu and Lou (2010), R, is strictly decreasing for v and L. Therefore,
high I;, and N are conducive to the survival of algae, while large subsidence rate
v and increased water depth L can cause the extinction of algae. The influence of
vertical turbulent diffusivity D, on R, is complex. Multiple critical thresholds of
turbulent diffusivity may exist for algal persistence and extirpation.
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3.3 Coexistence Steady States

From model (2.5), a coexistence steady-state solution E3 = (A3z(x), B3(x), N3(x),
C3(x)) satisfies

Dy A" — vA"+rag(N) (1 (x, A)A — mA =0, x €0, D),
DyB" +rpgy(N, C)B —mpB =0, * €0,
DuN" = carag(N) f (I (x, A)A = cprpgy(N, C)B = 0, *x€©.L),

DLC" 4+ ry(1 = gD F(I (e, ADA = SN, OB —aC =0, x € (0, L),
Dy A'(0) — vA(0) = D,A'(L) —vA(L) =0, B'(0) = B'(L) = 0,
N’(0) =0, D,N'(L) = a(Ny — N(L)), C'(0) =C'(L) =0,

(3.18)

and each part of E3 is positive. We explore the existence of E3 by using the theory of
repellers and persistence in Magal and Zhao (2005), Smith and Zhao (2001) and Zhao
(2003). The method used here is similar to the one used in the proofs of Theorems 3.1
and 4.1 in Hsu et al. (2017).

In order to obtain our results, we consider the algae—nutrient—organic carbon inter-
action model:

AA(x, 1) 92A 9A
o Daﬁ . +ragN)fI(x, A)A —mzA, x€(0,L), t>0,
ch X
AN (x,t 9N
f())tc ) :Dna 5 — cata8(N) fI(x, A)A, xe(0,L), >0,
X
aC(x, 1) 9:C
P DCW +r,(1—g(N)F(x, A)A —aC, xe (L), t>0,
Dy Ax(0,1) —vA(0,1) = DA (L, t) —vA(L,t) =0, t >0,
N(0,1) =0, DN (L,t) =a(Ny, — N(L, 1)), t >0,
Cy(0,1) =Cx(L,1) =0, t>0.

(3.19)
Define a function space
V= {(v1, v2, v3) € C([0, L1, R*) : v;(x) > 0on [0, L], i =1,2,3)}.
The system (3.19) generates a semiflow ®(¢) : V — V by
D (1) (vo)(x) = (A(x, t,v9), N(x,t,v0), C(x,1,v9)), x € [0,L], t >0,
where vg = (Ag, No, Co) € V. Let
V*:={(A,N,C) € V: A(-) 0}, V" :=V\ V*
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and
T = {vg € aV* : ®(t)vg € 9V* forall ¢t > 0}.

We first show that {(0, Nj, 0)} is a uniform weak repeller for V*, that is, there exists
a o1 > 0 satisfying

lim sup ||® ()vg — (0, Np, 0)|| > o1 for any vg = (Ag, No, Co) € V*. (3.20)

—0o0

Lemma3.7 If R, > 1, then {(0, Np, 0)} is a uniform weak repeller for V*.

Proof By R, > 1, there exists ae > O such that R;' = m}/(mg+€1) > 1. It follows

from (3.5) that m} —m, — 1 > 0 is the principal eigenvalue of

A (x) = Dag"(x) — v’ (x) + (rag(Np) f(1(x,0)) —mg — €1)¢(x), x € (0, L),
D,¢'(0) — vi(0) = Dyg'(L) — v (L) = 0.

Let £ (x) be the corresponding positive eigenvalue function. By the continuity of g
and f, we can find a 01 > 0 satisfying

gINX) fU(x, A(x))) > g(Np) f(I(x,0)) — e forall x € [0, L] 3.21)

if (A, N) — (0, Np)|| < o1.
If (3.20) is not true, then there exists a vy € V* satisfying

lim sup || ® (#)vo — (0, Np, 0)|| < o71. (3.22)

—>00

This means that we can find a 77 > 0 satisfying
||(A(9 t, UO)? N(v t, UO)) - (07 Nb)” <oy, t = Tl
Combining (3.21) with the equation of A in (3.19) gives

A(x, 1) 9%A A
—— 2 Di7— —v— + ag(Np) fU(x,0)) —mg —e)A, x € (0, L),
ot ox 0x

t > Ty, DaAr(0,1) — vA0, 1) = DaAy(L, 1) —vA(L, 1) =0, t > Tj.

Note that A(-, T, vp) > 0. We choose by > 0 satisfying A(x, T}, vg) > b1¢°(x) on
[0, L]. By the comparison theorem of parabolic equation, we have

A(x, t,v9) > bre™a=ma=e0U=TD el (1) forany x € [0, L], t > Ty,
where by ea—ma=eD(=T1) €1 (x) is a solution of the following system:

IA(x, 1) %A

A
o1 am—va+(rag(Nh)f(1(x’0))_ma_gl)A’
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X € (09 L)s r = Tls Dan(Oa [) - UA(O, t) = Dan(Ls t) - UA(Lv l) = 07 r > Tlv
A(x, Ty) =b12% (x), x € [0, L].

Then, lim;, o A(:, t, v9) = 00 since m} — m, — &1 > 0. This is a contradiction to
(3.22). Then, (3.20) holds. O

We now prove that model (3.19) is uniformly persistent for (V*, 9V*), that is, there
is a positive constant &€ > 0 satisfying

liminf A(-, 7, vo) > & for any vy € V*.
—00

Lemma 3.8 If R, > 1, then model (3.19) is uniformly persistent for (V*, 9V*). More-
over, ®(t) : V* — V* admits a global attractor Qg with Qo C Int'V.

Proof According to Theorem 3.1, ®(7) : V — V admits a global compact attractor in
V. Assume that (A(x, t, vo), N(x, t, vg), C(x, t, vg)) is the solution of model (3.19)
with the initial value vy € V. From the Hopf boundary lemma and strong maximum
principle, we have

A(x,t,v9) > 0on [0, L] forany r > 0 and vy € V*. (3.23)

Then, ®(1)V* C V* forall t > 0.

We prove that the omega limit set w(vg) = {(0, Np, 0)} of the orbit o(vg) :=
{®(¢)vg : t > 0} with the initial value vy = (Ao, No, Co) € Yi. For any vg € Y1, we
obtain ®(¢)vyg € Y for any + > 0, and then A(-, ¢, vg) = 0. Then, the equation of C
in (3.19) becomes

aC(x,t 3°C
D € e x e O L), CoO.1) = Cy(L.1) =0, 1 > 0.(3.24)
ot ax2
which implies that lim sup,_, ., C(x,t) = 0 on [0, L]. Then, (3.19) reduces to (3.11)
and N (x, t, vg) converges to N, uniformly on [0, L] as t — oo. This indicates

tlim (A(x, t,v9), N(x,t,v9), C(x,t,v9)) = (0, Np, 0) uniformly on [0, L].
—> 00

Now we establish the uniform persistence of model (3.19), and embed our problem
in the frame of Theorem 3 in Smith and Zhao (2001). It follows from Lemma 3.7 that
{(0, Np, 0)} is a uniform weak repeller with respect to V*. Let n; : V — [0, 0c0) be a
continuous function and satisfy

n1(vp) := min Ag(x) for any vy = (Ag, No, Cp) € V.
x€[0,L]

From the Hopf boundary lemma and strong maximum principle, we have n 1_1 (0,00) C
V* and 11 (®(¢)vg) > O for any r > 0 if n;(vg) > 0 or vg € V* with ny(vp) = 0.
Then, 1 is a generalized distance function for the semiflow ®(¢) : V — V.
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From the above analysis, we have the following conclusions: (i) any forward orbit of
®(¢) in Y converges to (0, Np, 0); (ii) no cycle from (0, Np, 0) to (0, Np, 0) in aV*;
(>iii) (0, Np, 0) is isolated in V and W5 ((0, Nj, 0)) N V* = @, where WS ((0, Nj, 0)) is
the stable set of (0, Np, 0). Note that () : V — V admits a global compact attractor
in V. From Theorem 3 in Smith and Zhao (2001), there exists a £ > 0 such that
MiNgew(vy) N1(9) > & for any vo € V*. This indicates that the uniform persistence
of model (3.19) holds. It follows from Theorem 3.7 and Remark 3.10 in Magal and
Zhao (2005) that ®(¢) : V* — V* admits a global attractor Qg in V*. Furthermore,
Qo C Int V since (3.23) holds. This completes the proof. O

Let
Y*:={(A,B,N,C) € Y:A(-) 20, B(-) 20} and 0Y* := Y \ Y*,

where Y can be found in (3.3). Define a projection 7 on Vby 7 (A, N, C) = (N, C)
for any (A, N, C) € V and let

©9=T(Q)and v(x) = inf  gp(¢Y(x), pJ(x)) for any x € [0, L].
(#).69€0

Here, ¢ can be found in Lemma 3.8. By Lemma 4.1 in Hsu et al. (2017), v is

continuous on [0, L]. We let R[? = mg/mb, where mg = M (rpu(x), Dp, L) is the
principal eigenvalue of

A (x) = Dp¢” (x) + rpv(x)¢ (x), x € (0, L),

¢'(0) = ¢'(L) = 0. (3.25)

Assume that My := {(A,0, N,C) € Y: (A, N, C) € Qp}. The following lemmas
show that £ and M are uniform weak repellers, that is, there exist o; > 0 (i = 2, 3)
satisfying

lim sup dist(IT(t)ug, E1) > 02

—>00

and

lim sup dist(IT(t)ug, Mo) > 03 (3.26)

100
for all ug = (Ao, By, No, Cp) € Y*.

Lemma3.9 If R, > 1, then E| is a uniform weak repeller with respect to Y*.

The proof of Lemma 3.9 is similar to the one for Lemma 3.7, thus we omit it here.

Lemma 3.10 Ing > 1, then My is a uniform weak repeller with respect to Y*.

@ Springer



(2022) 32:56 Page230f36 56

Journal of Nonlinear Science

Proof Itfollows from R,? > 1 thatthereisae, > Osuchthat RZZ = mg /(mp+e3) > 1.
By (3.29), mg — myp — &2 > 0 is the principal eigenvalue of

Ap(x) = Dpd” (x) + (rpv(x) —mp — €2)p(x), x € (0, L),
¢'(0) =¢'(L) =0.

Let ¢®2(x) be the corresponding positive eigenvalue function. Note that ® is compact.
For the above ¢, and any (¢, ¢2) € C([0, 1], R?), there existsao3 > 0and (@7, 93) €

O with (¢}, ¢5) depending on (¢1, ¢2) such that
dist(gp(#1(-), $2(-)), 85(©0)) = llgp(B1(-), $2()) — gp (BT (), P53 ()|l < &2
(3.27)

if dist((¢1(), $2(-)), ©g) < 03.
If (3.26) does not hold, then for the above o3 > 0, we can find a ug € Y* satisfying
lim sup dist(IT(¢)ug, Mo) < o3. This shows that
11— 00
limsup dist(N (-, ¢, ug), C(-, t, up)), ®9) < 03, (3.28a)
—>00
limsup || B(-, 1)|| < 03.
—00

(3.28b)

By (3.28a), there exists a 7> > 0 satisfying
dist((N (-, t, ug), C(-, t, u0)), ®g) < o3 forall t > T5.

From (3.27), there exists (¢}, ¢}) € O such that
ligp(N (-, 2, u0), C(-, 1, u0)) — gp(d] (), Py ())| < &2 forall t > T».

Then,
go(N (-, t,u0), C(-, 1, u0)) > gp(d1 (), $5()) — &2 = v(-) — &2

By (2.5), we have
dB(x,1) 3%B
> Dp— + (npv(x) —mp —&2)B, x € (0, L), 1t = T,
ot 0x2
BX(O’ t) = BX(L’ t) = 0’ t 2 T2

Note that B(-, To,ug) > 0 since ug € Y*. We can find a b, > 0 satisfying
B(x, Tz, ug) > bap®?(x) forall x € [0, L]. From the comparison theorem of parabolic

equation, we obtain
B(x, 1, ug) > bye™p=mp—e=T2) w2 () for all x € [0, L], 1 > To.
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Then, we have lim;_, o, B(-, t, ug) = oo since mg — myp — & > 0. This contradicts

(3.28b) and completes the proof. m]

We next establish the existence of E3 and state that model (2.5) is uniformly per-
sistent for (Y*, 9Y*), that is, there is a positive constant &€ > 0 satisfying

litm inf A(-, t, ug) > € and li[m inf B(-, t, up) > & forany ug € Y*.  (3.29)
— 00 — 00

Theorem3.11 If R, > 1 and Rg > 1, then model (2.5) is uniformly persistent for
(Y*, 0Y*). Moreover, model (2.5) has at least one coexistence steady-state solution
Es.

Proof By the Hopf boundary lemma and strong maximum principle, we obtain
A(x,t,up) >0, B(x,t,up) > 0on [0, L] foranyz > 0 and up € Y*. (3.30)
Then, IT(¢) : Y* — Y*, ¢ > 0. Let
Yo = {ug € aY* : T1(+)ug € dY* for all ¢ > 0}.

We show that the omega limit set w (uo) C E1U M of the orbit o(uo) := {I1(*)ug :
t > 0} with the initial value ug = (Ao, Bo, No, Co) € Y». For any fixed ug € Y2,
we have I1(f)ug € Y, for any + > 0 and consider the following three cases: (1)
Ag=0,Byp=0;(2) Ag=0,By #0;(3) Ag £0, B) = 0.
Case (1): Ag = 0, Bp = 0. In this case, we have A(-, t,ug) = 0 and B(-,t,ug) =0
for all + > 0. From (3.24) and (3.11), we obtain

tlirgo(A(L t,up), B(x,t,up), N(x,t,up), C(x,t,up)) = (0,0, Np,0) (3.31)

uniformly for x € [0, L].
Case (2): Ag =0, By # 0. It follows that A(-, ¢, ug) = O forall > 0. By (3.9), (3.10)
and (3.11), we conclude that (3.31) holds.
Case (3): Ag # 0, Byp = 0. In this case, B(-, t,ug) = 0 for all t > 0. Then, (2.5)
reduces to (3.19). By Lemma 3.8, (A(-, t, ug), N(-, t, ug), C(-, t, up)) will converge
and enter the global attractor 29 € Int V. This means that T1(¢)ug will enter My as
t — 00, and w(ug) C M.

Coupling cases (1)-(3), we have w(ug) C E1 U M for any up € Y. By Lemmas
3.9 and 3.10, E1 and My are uniform weak repellers with respect to Y*.

We once again embed our problem in the frame of Theorem 3 in Smith and Zhao
(2001). We define 15 : Y — [0, 00) satisfying

up) :=min{ min Ag(x), min By(x
12(uo) Le[o,L] 0(x) o o )}

for any ug = (Ao, Bo, No, Co) € Y. It follows from (3.30) that r);] (0, 00) € Y* and
N2 (I (¢+)ug) > 0 for any # > 0 if na(ug) > 0 or ug € Y* with n2(ug) = 0. Hence,
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2 is a generalized distance function for the semiflow I1(#) : Y — Y. In light of the
above discussion, we obtain the following conclusions: (i) w(ug) C E1 U My for any
up € Yp; (ii) no subset of Eq, My forms a cycle in Y»; (iii) £1 and My are isolated
inY; (iv) WS(E)) N Y* = ¢ and W*(Mp) N Y* = @, where WS (E ) and W* (M)
are the stable sets of £ and M, respectively. Note that T1(¢) : Y — Y has a global
compact attractor in Y. We can find a £ > 0 such that mingeq ) 72(¢) > € for any
ug € Y* (see Theorem 3 in Smith and Zhao 2001). This shows that (3.29) holds and
model (3.19) is uniformly persistent for (Y*, 8Y*). From Theorem 3.7 and Remark
3.10 in Magal and Zhao (2005), T1(¢) : Y* — Y™* has a global attractor. Moreover, by
Theorem 4.7 in Magal and Zhao (2005), model (2.5) has a coexistence steady-state
solution E3 € Y*. From (3.18) and Lemma 3.4, A3(x) > 0, N3(x) > 0, C3(x) > 0
on [0, L]. The second equation in (3.18) gives

—Dp B3 +mpBs = rpg,(N3,C3)B3 > 0, x € (0, L), B3(0) = B3(L) =0.

Then, B3 > 0 on [0, L] from the strong maximum principle. The proof is
complete. O

Remark3.12 1. When R, > 1 and Rg > 1, Theorem 3.11 indicates that all popu-
lations can coexist. If R, > 1 and R, < 1, E> is globally asymptotically stable
from numerical simulations. It can be easily seen that My = E and Rg = Rp.
This means that R, = 1 is a critical value for bacteria from extirpation to survival.

2. In the theoretical analysis, we prove that algae and bacteria coexist in a positive
steady-state solution. However, the form of their coexistence is complicated. It
may also be a positive spatially inhomogeneous periodic solution from the follow-
ing numerical simulations. How to prove the existence of periodic solutions is a
question worthy of further study.

3.4 Simulations

According to ecologically reasonable parameter values (see Table 2), we do some
numerical simulations to illustrate and supplement our above theoretical analysis.
For different algal and bacterial loss rates m,, mj, Fig. 2 shows dynamic numerical
simulations of solutions of (2.5). From Theorems 3.2, 3.5, 3.11 and parameter values in
Table 2, the solutions of (2.5) converge to different steady states or a positive spatially
inhomogeneous periodic solution regardless of initial conditions.

When R, = m}/m, = 091 < 1 (m} = 0.91, m, = 1), one can observe that the
extinction of both algae and bacteria is the outcome. At the same time, the dissolved
nutrient concentration reaches the fixed external dissolved nutrient concentration N
(see Theorem 3.2 and Fig. 2a;—d;). This happens because the large algal loss rate
causes the extinction of algae. It in turn leads to the extinction of bacteria due to the
bottom-up control of algae on bacteria. This also means that dissolved nutrients are
distributed evenly in the case of algae extinction.

When R, =m}/m,; =9.1 > land Ry, = mj;/mj = 0.186 < 1 (m}; =091, m, =
0.1, m}s = 0.52, mp = 2.8), algae, organic carbon and dissolved nutrients coexist in
the poorly mixed aquatic environment (see Theorem 3.5 and Fig. 2a—d5). In this
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Fig.2 (ag)—(dy): The solution converges to E1 withm, = 1, mj = 0.3; (az)-(dp): The solution converges
to Ep withmg = 0.1, my, = 2.8; (a3)—(d3): The solution converges to E3 withm, = 0.1, mp, = 0.3; (ag)—
(d4): The solution converges to a positive spatially inhomogeneous periodic solution with m, = 0.5, mj =
0.3. Here the initial values are Ag(x) = 40+5sinx, By(x) = 30+5cosx, No(x) = 30+4cosx, Co(x) =
40 + 5 sinx and other parameters are given in Table 2

situation, algae release a large amount of organic carbon through photosynthesis.
Because there is no bacterial degradation considered, organic carbon accumulates,
thereby forming organic carbon pollution in aquatic ecosystems. For R, > 1 and
Rp < 1, our numerical simulations show that all solutions of model (2.5) converge to
E». This implies that E; is unique and globally asymptotically stable.

When R, =m}/my =9.1 > land Ry = my/mp =1.73 > 1 (m} =091, m, =
0.1, mZ = 0.52, mp = 0.3), model (2.5) is uniformly persistent and the solutions tend
to the coexistence steady state E3 (see Theorem 3.11 and Fig. 2az—d3) or a positive
spatially inhomogeneous periodic solution (see Fig. 2a4—d4). The periodic solution is
generated by Hopf bifurcation at E3. This also indicates that algae, bacteria, nutrients
and organic carbon can appear together in a water column with positive levels. From
Fig. 2, one can see that bacteria have two important functions. One function is that
bacteria effectively degrade organic carbon, thereby reducing organic pollution (see
Fig. 2d;, d3). The other function is that bacteria consume a lot of nutrients and cause
a reduction in the algal biomass density through competition (see Fig. 2a;, a3). This
reduces the probability of algal blooms. In Fig. 2, algae, bacteria and organic carbon
also show strong spatial heterogeneity and vertical aggregation.
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4 Biomass Density and Vertical Distribution of Algae or Bacteria

The algal biomass density and vertical distribution are two important indicators to eval-
uate algal blooms and measure the sustainable development of an aquatic ecosystem
(Huisman et al. 2006; Klausmeier and Litchman 2001; Ryabov et al. 2010; Yoshiyama
etal. 2009; Zhang et al. 2021a). They are influenced by spatial factors (turbulent diffu-
sion and advection) and abiotic factors (nutrients and light) (Klausmeier and Litchman
2001; Ryabov et al. 2010; Zhang et al. 2021a). It is noted that algae have a bottom-up
control on bacteria, and compete for nutrients with bacteria. This means that the algal
biomass density and vertical distribution are correlated to the ones of bacteria. There-
fore, in the following discussion, we will explore the influence of spatial factors and
abiotic factors on the biomass density and vertical distribution of algae or bacteria in
the poorly mixed aquatic environment. Especially, we will explore the important role
of bacteria in the distribution and biomass changes of algae. The parameter values in
the following figures are listed in Table 2.

In the following analysis, we consider the semi-trivial steady state A(x) and the
coexistence steady states A3z(x), B3(x). In figures below, we compare the vertical
distribution profiles of A>(x), A3z(x) and B3(x) for different parameter choices. The
numerical bifurcation diagrams show the change trend of spatial average biomass
density of algae and bacteria for different parameter values when the solutions of
model (2.5) converge to the steady states A»(x), A3(x), B3(x) or a positive spatially
nonhomogeneous periodic solution.

We consider the influence of spatial factors including D,, Dy, D,, D, and v on
the algal or bacterial biomass density and vertical distribution. Here we assume that
D = D, = D, = D,, = D,.. Itis widely recognized that vertical turbulent diffusivity
in an aquatic ecosystem varies significantly over seasons (Wiiest and Lorke 2003).
Figure 3 shows the vertical distribution of algae or bacteria for various values of
turbulent diffusion rate D. One can observe that algal or bacterial biomass tends to
be evenly distributed as D increases. This indicates that the large turbulent diffusion
makes better mixing of algae and bacteria. The local maxima of the vertical distribution
of algae and bacteria move upward since the large turbulent diffusion transports more
nutrients to the water surface. It can also be noted that there are two algal accumulating
layers in the water column for D = 0.05 under the asymmetric supply of nutrients
from the water bottom and light from the water surface. This implies that there may be
one or more Deep Chlorophyll Maxima (DCMs) in the poorly mixed aquatic reservoir.

In Fig. 4, one can see the changes of spatial average biomass density of algae and
bacteria with respect to D when the solutions of model (2.5) converge to the steady
states Az (x), A3(x), B3(x) or a positive spatially nonhomogeneous periodic solution.
The algal biomass rises with the increase in D due to the improvement of nutrient
transport in the case of bacterial extinction (see Fig. 4a). From Fig. 4b, the algal
biomass exhibits complex changes in the case of bacterial survival. The increase in D
first leads to a decrease in the algal biomass, and then causes periodic oscillations over
time. There exists a bifurcating value D* such that the system (2.5) undergoes a Hopf
bifurcation at D = D* near E3 and the bifurcating periodic solutions from D = D*
are spatially nonhomogeneous. This is mainly caused by the complex relationship
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(@) vericat istrbution of algae without bacteria (A, () (b) verticaldistibution of aigae () () vertia distibution of bacteria (B,x)
= R T v
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Fig. 3 Influence of the turbulent diffusion D (D = D, = D, = D, = D) on the algal or bacterial
vertical distribution. a: Vertical distribution profiles of the steady state A, (x) for varying D when bacteria
are extinct; b, ¢ Vertical distribution profiles of the steady states A3(x) and B3 (x) for varying D. The
horizontal axis is the biomass density coordinate of algae or bacteria, and the vertical axis is the depth
coordinate of the water column

(a) Bifurcation diagram of algae without bacteria (a) Bifurcation diagram of algae and bacteria
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Fig. 4 Influence of the turbulent diffusion D € (0.01, 10) on the biomass density of algae or bacteria. a
Spatial average biomass density of algae without bacteria for varying D when the solutions of model (2.5)
converge to the steady state Ao (x); b spatial average biomass density of algae and bacteria for varying
D when the solutions of model (2.5) converge to the steady states A3(x), B3(x) or a positive spatially
nonhomogeneous periodic solution

including a bottom-up control and competition between algae and bacteria (see Fig.
1).

The sign of advection rate v describes algal floating or sinking. In Fig. 5, one can
see the transformation of algal aggregation for various values of advection rate v.
An increase in v causes the local maxima of the algal vertical distribution to move
downward, but the vertical distribution of bacteria does not change significantly. The
algal biomass density reveals an increasing trend, while the bacterial biomass density
remains almost unchanged (see Fig. 6). When bacteria survive, it is again observed that
there is a bifurcating value v* such that the system (2.5) undergoes a Hopf bifurcation
at v = v* near E3 (see Fig. 6b). The above discussion shows that v causes changes in
algal vertical distribution and biomass, but has no effect on bacteria.

Abiotic factors such as nutrients and light are constantly changing over time and
space. Here we consider four important environmental parameters related to light and
nutrients: /;,, Kpg, Np, and ¢,. The light intensity at the surface ;;, varies over seasons,
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Fig.5 Influence of the sinking or buoyant velocity v on the algal or bacterial vertical distribution

(a) Bifurcation diagram of algae without bacteria (b) Bifurcation diagram of algae and bacteria
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Fig. 6 Influence of the sinking or buoyant velocity v € (—0.2,0.5) on the biomass density of algae or
bacteria
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Fig.7 Influence of the light intensity /;,, on the algal or bacterial vertical distribution

and the background light attenuation coefficient Kj¢ describes the transmittance of
water quality. In the absence of bacteria, algae mainly gather on the water surface for
low I;;, or high K, while algae mainly gather in the middle of the water column for
high I;, or low K. (see Figs. 7a, 8a). In the presence of bacteria, algae gradually
concentrate toward the water bottom for /;, from low to high or Kj¢ from high to low
(see Figs. 7b, 8b). Bacteria also show a similar trend for varying /;,, or K, (see Figs.
7c, 8c). Therefore, high water surface light intensity or good water transmittance is
conducive to the movement of algae to the water bottom.
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Fig. 8 Influence of the background light attenuation coefficient Kje on the algal or bacterial vertical
distribution

(a) Bifurcation diagram of algae without bacteria (b) Bifurcation diagram of algae and bacteria
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Fig.9 Influence of the light intensity ;,, € (100, 900) on the biomass density of algae or bacteria

In Fig. 9, one can observe that the increase in /;;, is conducive to the algal and
bacterial growth, resulting in the increase in their biomass. But the increase in bacterial
biomass is relatively small because of the competition with algae for nutrients. If the
light transmittance of water gradually deteriorates, the algal biomass decreases in the
absence of bacteria (see Fig. 10a). The algal biomass exhibits a complex change trend
for varying K, when bacteria invade the aquatic ecosystem. It first increases and
then decreases, and finally shows periodic oscillations (see Fig. 10b). The biomass
of bacteria keeps decreasing with the increase in Kjg, and also produces periodic
oscillations. These are mainly attributed to the control and competition relationship
between algae and bacteria. It is observed that the biomass density of algae decreases
significantly after bacteria successfully invade the aquatic ecosystem (see Figs. 9, 10).

The nutrient input concentration Nj, is closely related to the eutrophication of the
water body. The average algal cell quota ¢, describes the degree of algal growth
requiring nutrients, and is an important index for evaluating the algal quality. If bacteria
become extinct, high N, or low ¢, causes algae to accumulate on the water surface
(see Figs. 11a, 12a). It is easy to induce harmful algal blooms. If algae and bacteria
coexist, they mainly gather in the middle of the water column for varying N or ¢,
(see Figs. 11b, c and 12b, ¢). Figure 13 shows that the biomass density of algae and
bacteria increases significantly with the increase in Nj. This is because the abundance
of nutrients weakens competition between algae and bacteria. On the contrary, the
increase in ¢, causes the decrease in their biomass densities (see Fig. 14).
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(a) Bifurcation diagram of algae without bacteria (b) Bifurcation diagram of algae and bacteria
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Fig. 10 Influence of the background light attenuation coefficient Kpg € (0.1, 2.5) on the biomass density
of algae or bacteria

(a) Vertical distribution of algae without bacteria (A(x)) (b) Vertical distribution of algae (A,(x)) (C) Vertical distribution of bacteria (B, (x))
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Fig. 11 Influence of the nutrient input concentration Np, on the algal or bacterial vertical distribution
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Fig. 12 Influence of the algal cell quota ¢, on the algal or bacterial vertical distribution

The algal biomass density and vertical distribution are significantly different in the
absence or presence of bacteria. If algae and bacteria coexist, it can be seen from the
above figures that algae have a lower biomass density and are mainly concentrated in
the middle and lower parts of the water column. The reason for this phenomenon is the
competition between algae and bacteria for nutrients. When bacteria are extirpated, if
nutrients are adequate or fully transmitted in the water column, algae move to the water
surface with strong light in order to seek the optimal growth position, and then gather
in the upper layer. When bacteria persist, they compete with algae for nutrients. This
means that the local maxima of the algal and bacterial vertical distribution are located
at different water depths. Due to the strong water surface light intensity, organic carbon
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(a) Bifurcation diagram of algae without bacteria

algae

(b) Bifurcation diagram of algae and bacteria
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Fig. 13 Influence of the nutrient input concentration N; € (50, 500) on the biomass density of algae or
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(a) Bifurcation diagram of algae without bacteria (b) Bifurcation diagram of algae and bacteria
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Fig. 14 Influence of the algal cell quota ¢, € (0.004, 0.04) on the biomass density of algae or bacteria

is abundant in the upper part of the water column (see Fig. 2d;, d3). This makes bacteria
have an advantage in the competition with algae, thus bacteria are more concentrated
in the upper layer. Conversely, in the lower part of the water column, nutrients are
richer but organic carbon is less rich, so algae dominate and mainly gather in the
lower layer. These findings show that bacteria can effectively reduce the probability
of harmful algal blooms.

5 Discussion

Algae have a bottom-up control on bacteria and compete with bacteria for nutrients.
Their complex relationship has an important impact on the structure and sustainable
development of aquatic communities (Crane and Grover 2010; Edwards 2019; Medina-
Sanchez et al. 2004). We mechanistically formulate the model (2.5) to characterize
the algae—bacteria dynamics in a poorly mixed aquatic environment. The basic eco-
logical reproductive indices R,, R, for the invasion of algae and bacteria into aquatic
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ecosystems are rigorously derived. All possibilities for the algal and bacterial survival
and extinction are obtained with proofs.

Theoretical analysis shows that algae and bacteria go extinct if R, < 1. The coex-
istence of algae, dissolved nutrients, and organic carbon is the outcome if R, > 1 and
R, < 1.If R, > 1 and R}, > 1, algae and bacteria coexist in two forms: a steady-state
or a spatially inhomogeneous periodic solution. At this time, model (2.5) is uniformly
persistent. The numerical simulations suggest that algae and bacteria exhibit strong
spatial heterogeneity in a poorly mixed aquatic reservoir. They have complex vertical
distribution and aggregation phenomena for different values of spatial parameters (D
and v) and abiotic parameters (/;,, Kpg, Np, and cg).

In the existing algae—bacteria interaction models, the degradation of organic carbon
by bacteria and the bottom-up control of bacteria by algae were mainly considered
(Chang et al. 2021; Crane and Grover 2010; Edwards 2019; Kong et al. 2018; Yan
et al. 2022). But it ignored the competition for nutrients between algae and bacteria.
Our studies indicate that bacteria can effectively reduce the biomass of algae and
prevent them from moving to the water surface due to the competitive effect. This
shows that bacteria can reduce the possibility of algal blooms, especially in some
oligotrophic aquatic environments. The phenomenon has not been noticed in previous
studies. Therefore, it is a novel observation and can guide future management policies
for controlling harmful algal blooms.

It is extremely challenging to obtain the complete dynamics of model (2.5) since
it contains a nonlocal predator—prey structure within a high-dimensional system of
partial differential equations. In the present paper, we explore steady-state solutions
and the dissipation of the solutions. Nevertheless, there are still remaining dynamic
properties of model (2.5) to be further investigated rigorously, for example, the exis-
tence of spatially nonhomogeneous periodic solutions and the stability of steady states
E> and E3.

Compared with the research work in Wang et al. (2007), our model considers
the heterogeneity of the spatial distribution of algae and bacteria when the turbulence
intensity is relatively weak. This spatial heterogeneity has been confirmed to be widely
prevalent in aquatic ecosystems (Huisman et al. 2006; Klausmeier and Litchman 2001;
Yoshiyama et al. 2009). In model (2.5), we do not consider the competitive relationship
between bacterial strains under severely phosphorus limitation as in Wang et al. (2007).
The reason is that the principal aim of this study is to model algae—bacteria interactions
in a poorly mixed aquatic environment, and attempt to reveal the role of bacteria in algal
blooms. The competition of bacterial strains is very important and affects the structure
of aquatic communities. It will be of interest to contain the competing bacterial strains
in model (2.5), and examine the Nishimura’s hypothesis in Lake Biwa.

Here we take the average nutrient:carbon ratio in algae cells and ignore its change.
It has been shown that algae have varying nutrient:carbon ratios, which have impor-
tant implications in various aquatic ecological mechanisms (Davies and Wang 2021;
Loladze et al. 2000; Wang et al. 2008). The relaxation of the relevant “strict home-
ostasis” assumption was mechanistically examined in Wang et al. (2012, 2018). A
natural question is to explore how to reasonably introduce ecological stoichiometry
into model (2.5), which is extremely challenging as discussed in the last paragraph of
arecent synthesis paper (Wang et al. 2022).
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From model (2.5) and the above discussion, there are more biological problems
worthy of further exploration. Mixotrophic algae as the combination of autotroph and
heterotroph synthesize organic matter through photosynthesis, and ingest bacteria to
supply their own growth. It improves carbon fixation and effectively controls bacteria
(Edwards 2019; Medina-Sanchez et al. 2004; Yan et al. 2022). Our model (2.5) does
not consider the influence of mixotrophic algae on bacteria. It is worthwhile to further
study mixotrophic algae—bacteria interactions in a poorly mixed aquatic reservoir.
Carbon dioxide is an essential resource for algal photosynthesis (Davies and Wang
2021; Nie et al. 2016; Zhang et al. 2021b). Based on the research motivation of this
paper, we ignore the effect of carbon dioxide in model (2.5). It would be insightful to
incorporate carbon dioxide into model (2.5) as future study.

Data Availability Data sharing is not applicable to this article as no datasets were generated or analyzed
during the current study.
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