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Abstract

For decades, the network-organized reaction-diffusion models have been widely used to study ecological
and epidemiological phenomena in discrete space. However, the high dimensionality of these nonlinear
systems places a long-standing restriction to develop the normal forms of various bifurcations. In this paper,
we take an important step to present a rigorous procedure for calculating the normal form associated with
the Hopf bifurcation of the general network-organized reaction-diffusion systems, which is similar to but
can be much more intricate than the corresponding procedure for the extensively explored PDE systems. To
show the potential applications of our obtained theoretical results, we conduct the detailed Hopf bifurcation
analysis for a multi-patch predator-prey system defined on any undirected connected underlying network
and on the particular non-periodic one-dimensional lattice network. Remarkably, we reveal that the structure
of the underlying network imposes a significant effect on the occurrence of the spatially nonhomogeneous
Hopf bifurcations.
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1. Introduction

Many realistic reaction-diffusion processes take place in discrete space, rather than in continu-
ous space, such as the population dynamics and evolution in fragmented landscapes [18,14], and
the spread of infectious diseases among cities or urban areas [32,38]. Under the basic assumption
that interacting species or sub-populations occupy network nodes representing the isolated dis-
crete locations, and diffuse across the dispersal links, the network-organized reaction-diffusion
modeling approach has become an increasingly essential framework to understand the intrin-
sic mechanisms and to develop effective strategies for ecological management and protection as
well as disease prevention and control [23,10]. The spatially structured metapopulation models
in ecology with dispersal connection between habitats allow exploring population dynamics in-
cluding stability and persistence under spatial connectivity and individual movement [19,9]. The
metapopulation epidemic model in transportation networks is another excellent example for the
network-organized reaction-diffusion models, whose threshold dynamics have been extensively
studied in literatures [1,7,36]. In the 21st century, the network-based metapopulation approach
has also been revamped in data-driven large-scale simulations and forecasting for the spread of
infectious diseases [8,5].

In the network-organized reaction-diffusion models from ecology, epidemiology and other
fields, network architecture usually results in the high dimensionality of these large systems, and
thereby leads to grievous restrictions on the dynamical analysis of such spatial network models,
which severely limits the broad applications of this fundamental class of discrete-space models.
On the contrary, once these restrictions are broken through, great progress will be hopeful to ac-
complish. This conclusion can be easily obtained once we review the research of Turing patterns
in networks. As early as 1971, Othmer and Scriven [26] pointed out that Turing instability could
emerge in the network-organized reaction-diffusion models with proposing a general mathemat-
ical framework for the analysis of this instability. In the following several decades, this research
was limited to regular lattices or small networks [27,31]. In 2010, Nakao and Mikhailov [25] con-
ducted a landmark research of Turing patterns in large random complex networks, and their work
has already triggered many follow-up investigations in this direction. In the past decade, abundant
stationary Turing patterns found in various networks have largely expanded the understanding of
spatial self-organizations [30,11,17,12]. Besides stationary Turing patterns, Turing-like traveling
waves (oscillatory Turing patterns) also gain some attention. Hata et al. [16] studied oscillatory
Turing instabilities for all possible food webs with three predator or prey species and revealed
that no wave patterns existed in networks but there existed spontaneous development of heteroge-
neous oscillations and possible extinction of species. Asllani et al. [2] demonstrated the existence
of traveling waves in the balanced directed networks, which is impossible in undirected networks
under same conditions. Petit and his collaborators [29,28] showed the delay-induced Turing-like
waves for one-species and two-species reaction-diffusion models on networks. Later, Chang et
al. [6] studied a Leslie-Gower Holling-type III predator-prey model with a single discrete-time
delay defined on networks and discussed the influences of network topology on delay-induced
wave patterns in the aspects of amplitude and period.

The above research works about the stationary Turing patterns and the Turing-like traveling
waves are obtained by determining the corresponding Turing instability and oscillatory Turing
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instability via a linear stability analysis. The method is to expand the heterogeneous perturbations
over the set of Laplacian eigenvectors of one certain underlying network [26,25]. However, this
is not sufficient for uncovering complex dynamical behaviors of the general network-organized
reaction-diffusion systems. As we all know, the normal form theory, together with the central
manifold method, has been widely applied to discover the complex dynamical behaviors in ordi-
nary differential equations (ODEs) [22] and partial differential equations (PDEs) [15,39,33,35].
Currently, the research on complex dynamical behaviors of the network-organized reaction-
diffusion systems, as one kind of high dimensional ODEzs, is yet far less extensive and in-depth
than that of their corresponding parabolic PDE:s. It is important and intriguing to establish the
normal form theory of the steady-state bifurcation, the Hopf bifurcation [39] and the Turing-Hopf
bifurcation [33], and other types of bifurcations for the network-organized reaction-diffusion sys-
tems to uncover the complex dynamical behaviors.

To the best of our knowledge, a promising progress has not been made until recently by Tian
et al. [37,34]. Based on the orthogonality of Laplacian eigenvectors of the underlying network,
they utilized a linear stability analysis and a center manifold theory to determine the direction and
stability of the Hopf bifurcations in some specific network-organized reaction-diffusion models
in the presence or absence of a time delay. However, they still did not establish any abstract Hopf
bifurcation theorem for the general network-organized reaction-diffusion systems. Furthermore,
their application of the orthogonality of Laplacian eigenvectors to transform the original systems
lacks rigorous mathematical proofs, at least up to now.

In this paper, without following these previous works, we make a lot of effort to strictly derive
the normal form of Hopf bifurcation for the general two-species network-organized reaction-
diffusion systems according to the basic Hopf bifurcation theory. With the aid of Kronecker prod-
uct, we demonstrate the fundamental Theorem 2.1, which manifests the eigenvalues and their
associated eigenvectors of the high dimensional Jacobian matrix at one homogeneous equilib-
rium of the considered system, for the first time. This critical theorem allows strictly developing
the Hopf bifurcation Theorem 2.2 for the general two-species homogeneous network-organized
reaction-diffusion systems. Our theorem mainly reveals that the procedure for calculating the
normal form associated with the Hopf bifurcation in interest is similar to but can be more in-
tricate than the corresponding procedure for the PDE system provided in [15,39]. Generally,
the unexpected difficulty lies in getting the analytic expressions for computing the important
quantity Re(c(up)) to determine their bifurcation direction of the possible bifurcating spatially
nonhomogeneous periodic solutions, which needs to be handled by some numerical calculations.

To show the potential applicability of the established theorem, we provide a rigorous study
of the Hopf bifurcation for a multi-patch predator-prey system, which can be defined on any
underlying network. When this illustrative system is defined on the special non-periodic one-
dimensional lattice network, it is equivalent to one spatially semidiscrete approximating system
of the corresponding reaction-diffusion system subject to Neumann boundary conditions on one-
dimensional spatial domain, with a necessary rescaling of the diffusion rates. Following the
intuition, the Hopf bifurcation results in this particular case are in good agreement with the
ones of the corresponding PDE model studied in [39]. Meanwhile, we derive the analytic expres-
sions for computing quantity Re(c (o)) of its bifurcating spatially nonhomogeneous periodic
solutions, although they are of different forms.

However, once our illustrative system is defined on other types of connected undirected net-
works, the occurrence and properties of spatially nonhomogeneous periodic solutions yet exhibit
substantial differences, which might suggest some significant ecological laws for population
dynamics. In mathematics, it yet becomes a challenge to obtain the analytic expressions for
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computing quantity Re(cy(up)) of the possible bifurcating spatially nonhomogeneous periodic
solutions. In addition, the decreasing of negative Laplacian eigenvalues of underlying networks
can reduce the number of the possible spatially nonhomogeneous Hopf bifurcation points. Ba-
sically, our analytical results confirm an ecological conclusion that a sufficiently small diffusion
rate will promote the spatially nonhomogeneous distribution of populations in network (dis-
crete space) by weakening diffusion coupling among nodes. We further reveal that the nonlocal
connected edges, the rewired stochastic edges, and the hub nodes with large connectivity in
underlying networks will directly or indirectly suppress the spatial heterogeneity of population
distribution.

The remaining parts of this paper are structured as follows. In Section 2, we develop the Hopf
bifurcation theorem for the general two-species network-organized reaction-diffusion systems.
In Section 3, we apply the obtained theoretical results to the Hopf bifurcation analysis of a multi-
patch predator-prey system defined on any underlying connected undirected network and on the
particular non-periodic one-dimensional lattice network. In Section 4, we provide four typical
examples and a group of numerical simulations to illustrate the effects of network topology
on the occurrence of spatially nonhomogeneous Hopf bifurcations. We finally summarize and
discuss our findings in Section 5.

2. Normal form of Hopf bifurcation for general network-organized reaction-diffusion
systems

We consider a general network-organized reaction-diffusion system defined on a certain un-
derlying network G of size N:

N
i) = f (o ui, v) +du Y Lijuj,
j=l1 2.1

N
%Uf(l‘) :g(Mvui’Ui)+dU Z Lijvj’
j=l1

fori =1,..., N, where u; and v; are local densities on node i of species u and v. System (2.1)
takes the consideration that there are two different species u and v living on discrete nodes and
diffusing over links between them with their respective diffusion constants denoted as d,,, d, €
R ™. The local dynamics of species u and v are specified by the functions f (u, v) and g(u, v), and
the diffusive fluxes of them are correspondingly expressed as dj, Zj»v:] Liju; and d, Z?jzl Lijvj,
with L;; being the elements of network Laplacian matrix L. The Laplacian matrix L is defined as
L;j = A;j —k;8;j, where A;; are the elements of the adjacency matrix A taking A;; = 1 if node
and j (i, j=1,..., N) are connected i # j and A;; = 0 otherwise, k; = Z?’zl Ajj is the degree
of node i, and §;; is the Kronecker delta function, such that §; =0 for i # j and 1 otherwise.
Notice that in (2.1), the Laplacian matrix L describes the diffusion of species following the
well-known Fick’s law as the Laplacian operator A in the reaction-diffusion systems in classical
continuous media [25].

Here, 1 € R is introduced as the bifurcation parameter, and without loss of generality, we
assume that f, g:R x R> - R are Ck(k > 3) with f(u,0,0) = g(u,0,0) = 0. Therefore,
system (2.1) admits a homogeneous equilibrium E, : (i, u;, v;) = (1, 0,0) fori =1,2,..., N
and all p. Around the equilibrium E,, the linearized system of (2.1) is
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N
%ui(t) = A()u; + B(w)vi +dy Y. Lijuj,
N 2.2)

N
Loi(t) = C(wui + D(w)vi +dy Y. Lijvj,
j=1

Where A(H’) = fu(ﬂv 07 O)’ B(M) = fv(M, 0’ O)’ C(H’) = gu(,u’ 07 0)5 D(l’l’) = gv(/“l/v 07 O)
By introducing the vector U(¢) := (u1 ), v1(t), -~ ,un(), vy (t))T, system (2.2) can be
written as the matrix form

dUu
[ A(w) B(n) _(dy O . . . .
where K(u) = (C(M) D(M))’ D = < 0 dv>’ Iy is the N x N identity matrix, and ®

denotes the Kronecker product (i.e., the direct product or tensor product) [13]. Apparently, the
stability of this linear system is determined by the eigenvalues of Jacobian matrix

M(p)=InK(u +L®D. 2.4)
Actually, for the eigenvalues of matrix M (), it is easy to check the following theorem.

Theorem 2.1. For the defined mode matrices
M;(n) = K(u) + A D (2.5)

forl=1,2,--- N, if M;() has the eigenvalue \; with the corresponding eigenvector C; =
(Cll, Clg)T satisfying the condition M;()C; = M Cy, then A; is the eigenvalue of M (), and

the corresponding eigenvector is given as ¢ ® C;. Here, A; are eigenvalues of Laplacian

matrix L with corresponding eigenvectors qS(l) = (d)gl), ¢>§1), S ,¢1(\l,))T, which are determined

by LoD = Ni¢", thatis, YN, Lijo = Mg forii=1,2,--- | N.
Proof. Direct computation shows that for/ =1,2,---, N,

MW@ ®C)=Uy@ K +LeD) " )
=UINn®Kw)@"®C)+ (LoD ®C)
=In$") ® (K(w)C) + (L$") ® (DCy)

=0V @ (K(w)C) + (79") ® (DCy)

=¢" @ (K(wC) + ¢ & (AD)C))

=6V ® (K(WC; + (A D)C))

=¢" ® ((K(w) + AD)C))

=6V ® (M;(11)C))
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=9 ® (LC)
=9 ®C.

Thatis, M(w) (P ® C) = L@V @ C). O

We note that the Laplacian matrix L of the underlying undirected network G is a real, symmet-
ric and negative semi-definite matrix. Therefore, all eigenvalues of L are real and non-positive,
and their eigenvectors can be orthonormalized as ZIN=1 ¢l(1)¢l(]) =J;j wherei, j=1,2,...,N.
With the additional assumption that the underlying network is connected, equivalently Lapla-
cian matrix L is also irreducible, we can further sort the indices {/} in the decreasing order of
eigenvalues such that the condition 0 = A > A > --- > Ay holds. Due to the fact that the mul-
tiplicity of eigenvalue Aj = 0 is equal to the number of connected components of the network
[4], we here emphasize A1 > As.

According to the basic Hopf bifurcation theorem in [22,15,39], we provide the Hopf bifurca-
tion condition for system (2.1):

(Hp) For some pg € R, there exists a neighborhood O of pg such that for © € O, M(w) has a
pair of complex, simple, conjugate eigenvalues « (i) & iw(u), continuously differentiable
in u, with a(g) =0, w () = wy > 0, and o' (g) # 0; all other eigenvalues of M ()
have non-zero real parts for u € O.

According to Theorem 2.1, the eigenvalues of M () are given by the eigenvalues of M;(u)
forl=1,2,---, N. Actually, the characteristic equation of M;(w) is

A2 — AT () + Dy(n) =0, (2.6)

where

Ti(n) = A(pw) + D(w) + Ay(dy + dy),
Dy() = Ajdudy + A(dy Au) + dy D(1)) + A() D (1) — B()C (),

and the eigenvalues A(w) are given by

Ti(w) £ /T (1) — 4Dy (1)

M) = 2 ; 2.7

for [ =1,2,---, N. Therefore, the Hopf bifurcation condition (H;) implies that at u = po,
M (1) has a pair of simple purely imaginary eigenvalues +iwy if and only if there exists a unique

ne{l,2,---, N} such that +iwp are the purely imaginary eigenvalues of M, (110). We denote
the associated eigenvector by ¢ = (a,,qbf"), bn¢§"), e, an¢1(\7), b,,q),(\';))T = (b(”) ® (an, bn)T,

with a,,, b, € C satisfying M, (1t0) (an, b,,)T =iwg (an, b,,)T such that M (1t0)q = iwoq.
By adapting the framework in Chapter 5 of [22], we rewrite system (2.1) in the abstract form

dUu
E=M(M)U+F(M,U), (2.8)
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where

T
F(u,U)= ( s s ui, i) — AQu; — B(u)vg, g(u, ui, v;) — C(u; — D(M)vi,~~)

(2.9)
For simplicity of notations, we introduce a new expression to represent F (i, U) as
£ uisv) = AGwyui = By )
F ,UZ:COl s Uy, Ur) — [ 1
. U) (g(u,ui,vi)—C(u)ui —D(M)Ui>
At i = o, system (2.8) reduces to
dUu
E=M(M0)U+F0(U), (2.10)
where Fo(U) 1= F (i, U)|u—yy = F (10, U).
Let (-, -) be the complex-valued inner product on vector space C2V, defined as
N
U(l) U(Z) Z (1) (2) _'(l)vi(z))’ (21 1)

i=1

where U = (", 0", ... 4, v()) € C2N fori=1,2. Clearly, AU, U®) = 3(UDV, UP).
We denote the transposed matrix of M (ug) as

(M(uo)" =1y ® (K(no)" +L®D. 2.12)
From (H1) we can then choose g* := (a,fd)l(”) b*qb(”),..., ¢,(\',1),b;§¢("))T = ¢ ®
(a, b;';) with a¥, b} € C satisfying (M, (Mo)) (ar,b7)" —ia)o(an, b;ﬁ) such that

(M(u0)) q* = —iwog*, (g*.q)=1, and (g*,§)=0.

We can decompose R2N = T¢@ T with T¢ :={zg +Zg|lz € C}and T*" := {U € X|(g*, U) =

O}.ForanyU—(ul,vl,...,uN,vN) thereex1stsze@andw—(w(") wiv),.. wg\',’), 1(\',}))T

€ T5" such that

ui = zand" +Z- )"+ w”,

U=z9+zq+w, or , fori=1,2,---,N. (2.13)
{vi =an¢i(n) +z- n¢i(l) (v)

Thus system (2.10) can be transformed to the following system in (z, w) coordinates;

dz . *
7 = ) F )
{d, iwoz +(q", Fo) 2.14)

0 — M(uo)w + H(z,Z, w),
where
H(z,z,w):=Fo—(q*, Fo)qg — (¢*, Fo)q. and Fo:=Fo(zq +74 + w). (2.15)
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As in [22], we write Fo(U) in the form

1 1
Fo(U):=EQ(U,U)+6C(U,U,U)+0(|U|4), (2.16)

where Q(X,Y) and C(X, Y, Z) are multilinear functions. In coordinates, we have

N a2
> Fi (&)
Qi(X,Y)= )" X ks
k=1 asjaék £=0
and
N 3
PF (&)
Ci(X,Y,7Z)= _— XYk,
’ %Zl e

where i = 1,2, ..., N. For simplicity, we write Qxy = Q(X,Y),and Cxyz =C(X,Y, Z). For
later use, we calculate Q4q, Qqz and Cgqg as follows:

, (n) 5 i=N
Qqq:<--' ’(¢i(n))26_n7(¢i(n))2dn’...> :COI(E;??");ZCC‘;) N
i n l=1

. w2, \=N
Oua = G er 6" fy ) =col (EZ@%”) .
i "/ i=1

()\3 1)\3 T 0")3g =N
quq:(""(% ) 8ns (@; )hn,~--) =col| " " ,
i=1

with

Cn = fuuayzl + 2fuvanbn + fvvbyzl,
dy = guuayzl + 2guvanby + gvvbg’

€n = fuu|an|2 + fuv(ana‘i‘mbn) + fvvlbn|2,

2 — 5 (2.18)
S = guulan|” + guv(anby + anby) + guulbnl”,
8n = fuuu|an|2an + fuuv(2|an|2bn + ayz,E) + fuvv(2|bn|2an + bﬁa) + fvvv|bn|2bna
hp = guuu|an|2an + guuv(2|an|2bn +a55) + guvv(2|bn|2an + b%a) + gvvv|bn|2bn~

Note that in (2.18), all partial derivatives are evaluated at (1o, 0, 0).
Let
H H
H(z,z,w) = %Zz +H 122+ %Ez +o(lz*) +o(lz - [w)), (2.19)

and note that
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H(z,z, w)

1 _
= EZZ(Qqq (q*, Qqq)q - <q Qqq) ) +ZZ(Qqq (q”, thj)q —{q*, thj)‘i)

1, . — _
+ ok (Qaa — (@". Qaa)a — (@*. Qqa)d) + -

then matching the coefficients of terms z2 and zZ yields

{Hzo = Qqq — (a*, 0gq)q — (0%, Qqq)q. (2.20)

0
Hii = Q45 — (4% 0439 — (@%, 0q3)4,

where

(4", Qqq) = (daen +b*d,,) (¢i(n))3’ (0%, Qqq) = (aycn +b dn) (‘f’i(n))3,

™=
™M=

1 1

")’

™=

(@™), (@ Qqq) = (ar en+ by fi) ]

Mz

(q*, Qqq) = (a5en + b} fu )

1

I
_

It follows from Chapter 5 of [22] that system (2.14) possesses a center manifold, and then we
can write w in the form

w
wz%z —i—wnzz+Tz +0(|z| ), (2.21)

where (g%, w;;) =0, with i, j =0,1,2,i 4+ j =2. By (2.19) and (2.21), together with

dw 0w dz OJdw dz
M Hz,Z,w)=—=—.>4+——.2,
(no)w+ H(z,Z, w) dr oz dt+82 T
we obtain

wy = [Iy ® QRiwolr) — M (10)]~ Hoo,

o (2.22)
wi = —[M(uo)l” Hiyy,

where H»o and H 11 are given by (2.20).
Once we have wyp and w11, we can obtain the network-organized reaction-diffusion system
restricted to the center manifold as

dz . 1, I U B .
7 =twoz+§g20z +g11zz+§gozz +§g21z z+ 0(z|"), (2.23)

where g20 = (q%, Qqq)> 811 = (@7, Qqq)> 802 = (¢™, Qgq)» and

g21 =2(q", Ouwiq) + (q*, Qm(ﬁ) +{q", Cqqq)-
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The dynamics of (2.14) could be determined by the dynamics of (2.23).
According to Chapter 3 of [22], we can write the Poincaré normal form of (2.8) (for  in a
neighborhood of 1) in the form

M

d ]

== (e +iow)z+3 Zlc,- (1)(2), (2.24)
j:

where z is a complex variable, M > 1 and c;(u) are complex-valued coefficients. For ¢1(u), we

have

820811 Ba () +iw(w)) lg11]? |02/ 821
cr(p) = 3 3 , _ =. (225
2(a* (1) + o=(1)) a(w) tiow) 2@ +3io(w)) 2
Thus, at i = po,
4 1 221
= —2lg1 > — = lgoal?) + == 2.26
c1(po) 30 (820811 —2lg11] 3 |g02l”) + > (2.26)
Therefore, the real part of c1(1g) is
i
Re(Cl (MO)) =Re (E(q*, Qqq> : (q*7 th}))
0 (2.27)

1 1
+Re((g" Quirg) + 300" Quag) + 514" Caaa))-

To summarize the above analysis, we put forward the following Hopf bifurcation theorem for
the general network-organized reaction-diffusion system (2.1).

Theorem 2.2. Suppose (Hy) holds, then system (2.1) undergoes a Hopf bifurcation near the
homogeneous equilibrium E,,, at (v = po. Furthermore:

1. The bifurcation is supercritical (resp. subcritical) if MRe(cl(u())) <0 (resp. > 0).

2. In addition, if all other eigenvalues of M () have negative real parts, then the bifurcating

periodic solutions are stable (resp. unstable) if Re(c1(io)) < 0 (resp. > 0).

Remark 2.1. The above main theoretical result is similar to Theorem 2.1 in [39], and we empha-
size some important points here.

1. As remarked in [39], we also note that under (H}), if additionally there exists at least one
eigenvalue of M (uo) having positive real part, then the bifurcating periodic solutions are
always unstable because the eigenvalues with positive real parts give rise to characteristic
(Floquet) exponents with positive real parts.

2. For the class of ODEs taking forms as (2.1), Re(c;(u)) is difficult to be formulated in
an explicit form. Formula (2.27) is just a form to compute Re(cy(ro)). Indeed, in order to
compute it, we first need to calculate (g%, Qgq), (4%, Qgg)> (4", Quiiq)» (@ Quayg), and
(g%, Cqqq)- These terms are defined in other formulas as mentioned above, and substituting
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these definitions into formula (2.27) will be lengthy. For concrete examples (like the one in
the next section), we use (2.27) and corresponding substitutions to calculate these related
quantities.

3. The last but not least, Theorem 2.1 is simple but indispensable in the derivation of the above
result. This theorem provides us with a solid foundation to derive the considered Hopf bifur-
cation normal form. Actually, it can further guide us to investigate other bifurcation dynamics
of the general or concrete network-organized reaction-diffusion systems.

Before ending this section, we would like to call for special attention to formula (2.20) of
computing Hyp and H 11, and formula (2.22) of computing ¢ and w11, which are quite differ-
ent from the corresponding formulas (2.21), (2.24) and (2.27) in [39]. To show this important
difference, we solve the solution of the following linear system as an illustration.

Lemma 2.1. For a given c¢; € C which is not the eigenvalue of matrix M;(u) where u € R, then
T 2 . . .
for any (a, b) € R, the unique solution of the linear system

[Ty ® (ciI2) — M(w)] <¢(l> ® (2)) =9V e (Z) (2.28)

is given as

(j;) =lala— Myw] ™! (Z)

for 1 =1,2,..., N, where M(u) and M;(u) are defined by (2.4) and (2.5) respectively,
and A; are Laplacian eigenvalues of network G with corresponding eigenvectors ¢(1) =

I i INT
@, 00, o fori=1,2,...,N.
Proof. Because ¢; € C is not the eigenvalue of matrix M;(u), then by Theorem 2.1, ¢; € C is

not the eigenvalue of matrix M () either. Therefore, (2.28) has a unique solution. Furthermore,
it is straightforward to check that

[IN ® (c12) — M(M)] <¢(1) ® (2))

_ [1N®(0112)_ (IN®K(M)+L®D)] <¢(l)® (?))

2

_ [_L®D+,N®(q12_1{(m)] <¢(l>® <x1>>

x2

— _(LeD) <¢(l) ® <2>> +(Iv & (al2 — K(w)) <¢(1) © (2))
are(o () e (2)
(o)) 47 s
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=" <A1D (2)) +¢"® ((6112 — K(w) (2))

_¢0 g ((c,h — K(w) — A/D) (2)) —¢V @ ((czlz — M;(n)) (2)) .

Thus, due to (2.28), we have
X1\ _ . -1 (a
<x2>—[6112 Mi()] <b>

Therefore, this lemma is proven. O
Based on formulas (2.20) and (2.22), and Lemma 2.1, we have the following comments:
Remark 2.2.

1. Given any underlying undirected network, the relation ZlNzl (¢i("))3 = 0 does not surely
hold for n # 1. By (2.20), then for n # 1, there are not surely Hyy = Qgq or Hi1 = Q43-
This is different from the result that for n # 0, there are surely Hyo = Qq4q and H11 = Qg3
in [39].

2. Because there is not a universal relation similar to (qbl.("))2 = (qbl-(zn) + ¢fl) ) /2 for i =
1,2,...,N and n # 1, like the special relation cos? %x = (cos 27”x +1) /2 used in PDE
case in [39], the forms of Q44 and Q4q given by (2.17) in (2.22) might not allow applying
Lemma 2.1 to further compute wyp and w1 analytically. This situation may cause a big issue
in computing Re(c(10)), but we can handle this via numerical calculations.

3. Hopf bifurcation in a multi-patch predator-prey system

In this section, we provide an example to show the potential applicability of the above estab-
lished theorem. To this end, we introduce a specific multi-patch predator-prey system.

We recall a homogeneous reaction-diffusion predator-prey model with the simplified dimen-
sionless form as

Su(x,1)=DyAu(x,t) +u(l—4%) — 1, x€(0,em),1>0,

Tu(x,1) = DyAv(x, 1) + 2 —ov, x €(0,¢7),1>0, 3.1
uy(0,6) =v,(0,1) =0, uy(m,t)=v,(m,t)=0, >0,

u(x,0) =up(x) =20, v(x,0) =vp(x) >0, x € (0, £m),

where u(x, t) and v(x, t) represent the local dimensionless densities of the prey and predator at
time ¢ > 0 in a spatial position x € (0, £7) with £ € R™, respectively. This system has zero-flux
boundary conditions and Holling type-II functional response. For the dimensionless parameters,
k is the rescaled carrying capacity, 0 is the death rate of the predator, m is the strength of the
interaction, and D, and D, are the rescaled diffusion coefficients of the prey and predator, re-
spectively. More details can be found in [39].

We consider the network analogue of system (3.1) as a specific example of (2.1). The network
version of system (3.1) is written as
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N
Fui(t)=dy Y Lijuj+u;(1— %) — P

] 1+u; °
N (3.2)
Lvi(ty=dy Y. Lijvj + Tr — 0vi,
j=1
fori =1,2,..., N, where u; and v; are local densities on node i of the prey and predator,

respectively. We use d,, and d,, in system (3.2) to denote the diffusion coefficients of the prey and
predator in discrete networks instead of D, and D, in system (3.1), since there does exist some
difference in describing species diffusion in continuous space and discrete networks. Indeed,
semidiscreting system (3.1) with meshing size & leads to one system (see system (3.42)), which
is equivalent to one specified system of (3.2) defined on the non-periodic one-dimensional lattice
network, where d,, and d,, equals D,/ h? and D,/ h® respectively.

For the corresponding ODE system of (3.1) or (3.2) without diffusion written in the following
form

d u muv

Dy (r) = u(l — 1y —

dt k 14+u (33)
Ly(t) =10 — gy,

1+u
it is easy to find that system (3.3) always has the zero equilibrium (0, 0) and a boundary equilib-
rium (k, 0). It also has a coexistence equilibrium (ut, v,,), where

0 (k— )1+ w)
PEw e ST am

if and only if m > 6(1 + k)/k (or 0 < u < k). Moreover, we shall recall the following stability
information: if u >k, (k, 0) is globally asymptotically stable; if (k —1)/2 < pu <k, (@, vy) is
globally asymptotically stable, while if 0 < u < (k — 1)/2, there is a globally asymptotically
stable periodic orbit. Especially, at u© = (k — 1)/2, system (3.3) undergoes a subcritical Hopf
bifurcation. See [20,39] and related references for more details.

Therefore, system (3.2) has only one positive homogeneous equilibrium E, : (u;,v;) =
(t,vy) fori =1,2,..., N, provided m > 6(1 + k)/k (or 0 < u < k). Of course, we are in-
terested in analyzing the stability of E, and further considering the related Hopf bifurcation for
(3.2) defined on a certain underlying network G with fixed 6 and k. We will use u as the bifur-
cation parameter (or equivalently m as a parameter) as Yi et al. did in [39] for the convenience
of direct comparison.

Setting u; (1) = u; (t) —  and v; () = v;(t) — v, fori =1,2,..., N, and then dropping the
hats for simplification of notation, we have the transformed system:

d y Wity M) W)
arwi @) =dy ) Lijuj+ i + p)(1 = =55) — ===,
v (3.4)
i+ i +Uu
dvity=dy, Y Lijvj + %ﬁ#v,) —0(v; + ),
j=1
fori =1,2,..., N. As in Section 2, we obtain the Jacobian matrix around (u;, v;) = (0, 0) for

i=1,2,..., N of system (3.4):
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M) =Iy®K(u)+L®D, (3.5)
and the matrices in Theorem 2.1,

M;(pn) = K(uw)+ AiD, (3.6)

where A; are Laplacian eigenvalues for/ =1,2,..., N, and

_(Aw) B _(du O
kw=(e0 o) 2=(4 m)

with A(u) = MGt B(w) = —6, C(u) = gty and D(p) =
The characterlstlc equation of M;(u) is
A= ATy(w) + Di(w) =0, 1=1,2,...,N, (3.7)

where

k—1-2
Ti(w) = PG 3 + (dy + do) A,

Di(p) = dydy A} + S0 N 4 6 (0

(3.8)
k(H—M)’

We then identify the Hopf bifurcation value ¢ that satisfies the condition (H;) and is given as:
There exists n € {1, 2, ..., N} such that

Th(po) =0,  Dn(no) >0, and  Tj(uo) #0, Di(uo) #0, for [#n; (3.9

and for the unique pair of complex eigenvalues near the imaginary axis o () £iw(w),

o' (o) #0. (3.10)

From (3.8), one can easily check that when 0 <k <lork > 1,but (k—1)/2 <u <k, T;(u) <0
and D;(u) >0forl=1,2,..., N, which implies that the positive homogeneous equilibrium E
is locally asymptotically stable. Therefore, we can state that any possible bifurcation point pg
must be in the interval (0, (k — 1)/2] with k > 1. For any possible Hopf bifurcation point ¢ in
O, (k —1)/2], a() £ iw(w) are the eigenvalues of M, (1), hence

T,
() = f{ o(12) =/ D (1) — ()2, (3.11)

and
T3(0) k=1 —dug—2u3 |70 TO<HO <
o (o) =~ = et (=0 i mo=re (3.12)
p=pto 0 <0, if py <po<(k—1)/2,
where
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k+1 ( k— 1> .
s =/ ———1€ |0, — |, withk > 1. (3.13)
2 2

Therefore, the transversality condition (3.10) is always satisfied as long as po # . From The-
orem 2.1, we hence obtain that when u, < uo < (k — 1)/2, the real part of one pair of complex
eigenvalues of M (1) becomes negative once pu increases crossing (to; and when 0 < g <y,
the real part of one pair of complex eigenvalues of M (u) becomes positive once p increases
crossing .

Based on the above discussion, we can conclude that the determination of Hopf bifurcation
points reduces to the description of the set

Su :={n €0, ) U (s, (k —1)/2] :
for some n € {1,2,..., N}, (3.9) and (3.10) are satisfied},

(3.14)

when a set of parameters (d,, dy, 6, k) and a certain underlying network G are provided.

In the following, we fix the underlying network G, parameters 6 > 0 and k > 1, and the
ratio o = d,, /d,, but tune the value of d, appropriately to determine the possible spatially ho-
mogeneous and nonhomogeneous Hopf bifurcation points of system (3.2). In our context, the
bifurcating spatially homogeneous periodic solutions require that every node of the network
exhibits homogeneous periodic dynamical behavior, while the bifurcating spatially nonhomoge-
neous periodic solutions admit that every node of the network exhibits nonhomogeneous periodic
dynamical behavior.

We first consider the Hopf bifurcation of spatially homogeneous periodic solution of system
(3.2). Actually, ufl := (k — 1)/2 is always an element of Sy, because Tl(ufl) <T (uf’) =0 for
1=2,3,...,N,and D[(Mf) >0forl=1,2,..., N. Apparently, uf’ is the unique value u for
the Hopf bifurcation of spatially homogeneous periodic solution of system (3.2), which results
from the fact that ,u{i is the unique bifurcation point where its corresponding ODE system (3.3)
undergoes the subcritical Hopf bifurcation.

We then seek the spatially nonhomogeneous Hopf bifurcation for n € {2,3,..., N}. Note
that A(0) = A(uf') =0, A(n) > 0 in (0, uf’), and A(w) has a unique critical point p = ju, at
which A(u) takes a local maximum A(uy) = (Vk + 1 — ~/2)2/k := M, > 0. We pick all single
eigenvalues of the Laplacian matrix L of the given underlying network G as follows:

Ssingle ={An, :0=A1=Ay; > Apy >+ > Any, }. (3.15)

To consider the possible spatially nonhomogeneous Hopf bifurcation, we assume that the set
Ssingle has at least two elements, equivalently N > M > 2. Actually, this mild assumption is
usually satisfied. Define

M,
dy; =————, =2,..., M. 3.16
v, T (1+U)An, T 1 ( )

Then for dy 41 <dy <dy r,and 2 < j <1, we define Mfl, and ,uﬁ.{Jr to be the roots of A(u) +
(d, + d,,)A,,j = 0 satisfying 0 < Mf_ <y < M7{+ < Mfl All these points follow
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H H H H H H H
O<py_<p3_ < <Uf_ <Ps <Py < <U3 4 <Upy <Hj.

Obviously, Ty, (uf{i) =0 and Y}(M;{i) # 0 for i # n;. On the other hand, we also need to
verify whether D; (;Lfi) #0fori=1,2,..., N,and in particular, Dnj (p,;']i) > 0. Here, we just
impose a sufficient condition so that D; () > 0 for all p € [0, ,uf ], which implies D; (,uﬁ >0

for i = .1 ,2,...,N. Noti.ce that the quadratic function g(y) = d,d,y* + d”“,fﬁj;f”) y+0 kfl;’;)
is positive for all y e R if

dyp® (k=1 =2p)*
> .
4dk(k — p)(1+ )

Indeed, if 1 € [0, uf'], £ < 1, then

B k "
dyp?k —1=2w)>  kdy, 14+upn p>tk—1-2p)7° kd, A2 kd,M?
= . . < —- < .
Adyk(k — ) (1 +p) ~ 4d, (k—p) k21 +p)2 4d, H 4d,
Therefore, if
0 d,M?
7 , 3.17
k~ ad, (3.17)

then D;(u) > 0 for u € [0, /Lfl], and particularly D; (uf{i) >0fori=1,2,...,N
Together with Theorem 2.2, we summarize the above analysis in the following theorem.

Theorem 3.1. Given a certain underlying network G, and assume that the parameters 0 > 0,
k> 1and m > 0(1 4+ k)/k, and the ratio o = d, /d, satisfy

_d  WEHT-VD
o= Z — (3.18)

Then for any d,, € [dy r+1,dy,c) Where d, ¢ are defined as in (3.16), there exist 2(t — 1) points
Mfi(G), 2 < j <71, satisfying

0<pu3 (G) < <uf (G) <ps < i ((G) < <3 (G) <pf,

such that the system (3.2) defined on network G undergoes a Hopf bifurcation at yu = u7 1(G)

or = /Lf{. Moreover:
1. The bifurcating periodic solutions from y = u{{ are spatially homogeneous, and they coin-
cide with the periodic solutions of the corresponding ODE system;

2. The bifurcating periodic solutions from y = u7 1 (G) are spatially nonhomogeneous.
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Remark 3.1.

1.

2.

Without the restriction (3.18), the system (3.2) defined on any connected undirected network
always undergoes a Hopf bifurcation at y = u{'l .

To make the condition (3.18) hold, (a) d,, /d, should be large enough for any given 6 > 0 and
k > 1; or (b) 6 should be large enough while k(> 1) small enough for any given d,, d, > 0.
Meanwhile, (3.18) is actually a sufficient condition such that only Hopf bifurcations occur
but steady state bifurcations do not occur. The latter possible bifurcations are not considered
in this work. Of course, some Hopf bifurcations may still occur when (3.18) does not hold.
Introducing the set of single Laplacian eigenvalues Sq;,4e is necessary, since if there exists
one multi Laplacian eigenvalue A, such that A(u) + (d, 4+ dy) A, = 0, we might encounter
other more intricate bifurcations. For example, if the Laplacian A, of multiplicity 2 satisfy-
ing the condition A(w) + (dy, +dy) A, = 0, we need to deal with the double-Hopf bifurcation,
which is not considered in this work. Note that this is quite different from the correspond-
ing PDE case in [39], and suggests that the network may enrich the dynamical behaviors of
system (3.2).

Take (3.18) into consideration again, with the fixed ratio o = d,,/d,, to make this condition
hold for any given 6 > 0 and k > 1, we tune d, such that d, 41 < d, < dy  to allow
the system having time-periodic spatially nonhomogeneous patterns. For the simplest case
where Aj is the largest single non-zero Laplacian eigenvalue, if d,, > d, 2, then u = /,L{I is
the only Hopf bifurcation point, and d, 2 := —M.. /(1 + 0) /A7 is the maximal diffusion rate
for the system to have a time-periodic spatial patterns. Moreover, smaller d,, usually implies
more possible periodic spatially nonhomogeneous patterns. This revealed result is consistent
with some ecological phenomena. Indeed, the sufficiently small diffusion rate of species will
weaken the diffusion coupling and diminish the effect between nodes, which does lead to
spatially nonhomogeneous distribution of populations. We finally would like to emphasize
that different underlying networks usually have distinct Laplacian spectra, which can trigger
substantial differences in their respective Hopf bifurcations. We will discuss this issue in
detail in Section 4.

Next we consider the bifurcation direction and stability of the bifurcating spatially homoge-

neous periodic solutions.

Theorem 3.2. For the system (3.2) defined on any underlying network G, the Hopf bifurcation at
u= u{] is subcritical, and the bifurcating spatially homogeneous periodic solutions are locally
asymptotically stable.

Proof. By Theorem 2.2, in order to determine the stability and bifurcation direction of the bifur-
cating periodic solution from p = ufi , we calculate Re(c; (ufl )). When u = ,uf{ , We put

where w; = /87k and ¢» = (1/¢N, /YN, ..., 1/W)

1 ai 1 1
oo (3)=sro( L)
af 1
q*:(b(l)@ (b’lk> =¢(l)® (_21,_0>’
1 2w

T

(3.19)
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u+p o m+p)(v+uvy)
F o) = b ) (1= =) = == =
(u+ ) (v+vy) G20
m(u+p)(v+v,
s Uy = _9 3
g(p,u,v) — (v+wv)
then we can compute all the following partial derivatives of f and g around (ufl ,0,0):
2(k—1) 40
= -, =, = 0,
fuu k(k+1) fuv k+Dk—1) fvv
24 160
fuuuz_m’ fuuvzm» fuvv:fvvvzo’
. 4 . 49 _o
guu— k(1+k)7 guv—(k+1)(k_1)v gUU_ )
24 166
Suuu = my Buuv = —m7 8uvv = guvv = 0.
By (2.18), we have
2k — D%+ 8iwk 4k — 1)+ 8iwik
cl = , = -
TRk DGK— 1) k(k+ Dk — 1) 321)
2(1 —k) 4 24k — 1) + 16iw1k '
el=——", fil=————, g1=—h1=- 7
k(k+1) k(k+1) k(k—1(k+1)
and
(@* . Our) = 1 4w 10k — (k— 1D%w; +20(3 — k)i
% =N k(k— Dk + Do ’
1 (U —-kw —20i
* N
(q~, Qqq) \/N k(k + Doy ,
_ 1 —(k—1D%w;—4 2 1)i
@ Oug) = —— - k— 1w Owik 420 (k + 1)i 7 (3.22)
VN k(k — 1)(k + Dy
_ 1 (1 —=k)wi +26i
* A Rl
@ 0a) = = T Do
. 1 —12(k — Dwy — 80wik + 43k —5)0i
(q%, Cqqq) = — - 5 .
N k(k — (k4 1)?w;
Therefore, it is straightforward to calculate
Ha = Qqq — (4", Qqq)q — (4%, Qgq)q =0,
qq ) qq 7 qq ! (3.23)
Hiy = Q45 — (47, 0q3)9 — (4%, Qgq)9 =0,
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which implies that wyg = wq; = 0 from (2.22). Thus
<¢I*, Qw11q> = (‘I*, szoﬁ) =0.
Therefore,

i

1
Re (c1(uo)) =Re{—(q*, Qqq) : (‘I*v Qqé) + _<q*: qut})}

2w1 2
_ 0(40k — (k— 1) — 3 —k)(1 —k)) _ 6(k—1) 446k
NK2(k — 1)(k + 1)2w? Nk(k — D(k + 1)2
_ 40k — (k— D?=@-=k1 -k  6(k—1)+40k (3.24)
Nk(k — 1)(k + 1)2 Nk(k — 1)(k + 1)2

40k — (k— 1% — B — k(1 —k) — 6(k — 1) — 40k
B Nk(k — 1) (k +1)?

—2(k — D)k +1) 2
= =— < 0.

Nk(k — D)(k + 1)2 Nk(k + 1)

From (3.12), it follows that o’ (/L{I ) < 0, and then by Theorem 2.2, the bifurcation is subcriti-
cal. On the other hand, from (3.8), Tl(/LIH) < 0 and Dy (/Llﬂ) >0 forl=2,3,...,N, thus the
bifurcating periodic solutions are stable since Re (c1(ug)) <0. O

Then, for the spatially nonhomogeneous periodic solutions in Theorem 3.1, we have

Theorem 3.3. For the system (3.2) defined on one certain underlying network G, the Hopf
bifurcation at u = /L;{_(G) is subcritical (supercritical) ifRe(cl(,u;.{_(G))) > 0(< 0), while
the one at u = ,uﬂ_(G) is subcritical (supercritical) ifRe(cl(,uﬁ+(G))) < 0(> 0), in which
Re(cl(,uﬁ 1 (G))) is determined by (3.31); and the bifurcating spatially nonhomogeneous peri-
odic solutions are unstable.

Proof. By (3.12), we have oz’(p,;t(G)) > 0 and ()5’(;4571+ (G)) < 0. To determine the bifurcation
direction, we calculate Re(cl(ufi(G))), with uj.{i(G) satisfying the condition A(,ufi(G)) +
(du + dv)Anj =0.

Whenu:ufi(G) with2<j<tand2<n; <N, we can set

a a ¢(”j) =
— o) nj\ — nj ¥l
q=¢" ®< j>—001< ! (.)> s
bn; bt )

a* ay ¢ i\

— @) nj\ _ n; 91
q*_¢ -’®<*])—001< J (‘)) ,
bnj b:;j(p[n] =1

82

(3.25)

where



W. Gou, Z. Jin and H. Wang

Journal of Differential Equations 346 (2023) 64—107

dyAp; +iwn;
9 9

an; =1, bnj—
i

)
2a),,j

a)nj—ldvAnj .
al =—— =—

n;j nj
J anj J

on; =\ JOCYL(G) —d2A2,

and ¢ is the normalized eigenvector of the network Laplacian matrix L with corresponding

eigenvalue Ay .

We next compute the following partial derivatives of f and g evaluated at (,u,f 1(G),0,0):

2
—2(u7i(G)) —6/L5{i(G)+2k—2 )

uu —

k(1 + 1t (6)?
6(k —nt,(G)) 260

uy =

WG+ 1T (G)

T e R T e )

2(k — nfL(G)) 9 (3.26)
guu=—m, guv:M;{i(G)(l-i-M;{i(G))’
Suuu = 6(k — M;{i(G)) Suuv = 26

k(1+ @)
fvv = fuvv = fvvv =0,

w1 (G) (14l (G)*

8uv = &uvv = Guwv =0.

Then, (2.17) and (2.18) read as

Qqq=<""(¢
0=

quq=<--- (@

and

2dy Ay + 2iwn,

I=N
) ) r @, ") gn;
J )3811]-,((]51”! )3hnj9"') :C()l( ¢[(nj) gn_/) s

) ) T @\

e @ dn;, ) =col<( )2 d"’) :

1 nj/i=1

. . p ) 23 v =N
N 2en, @ fuy ) :col(iz{n,);zf"f , (3.27)

l nj/ =1

(nj)

@ )l

=1

2dy Ay, + 2icon,

Cnj = Juu — 9 uv» dn_,- = 8uu — f(guva
2dy A, . 2dy Ay
en; = Suu — ~ fuvs fn_; = 8uu — 9 ~ &uvs (3.28)
3dyA,. +iw,. 3dyA;,. +iw,.
8n; = uuu_#fuum hnj ZgMMM_#guuw
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By (2.20), we can obtain Hyp and H1; as

Hy)= Q4q — (q”, Qqq)q — <q_*’ 04q9:

coenT (3.29)
Hi1 =045 —(q", Qq3)q — (@*, Qq3)q-

From (2.22), we obtain

wo = [In ® Q2iwn; 1) — M(Mf{i(G))]_leo, (3.30)
wir =—[Mu! (G)] " Hii,

where H»o and H; are given by (3.29). Unfortunately, as we pointed out previously that the
forms of Q44 and Qg4 in (3.27) might not allow applying Lemma 2.1 to further compute w>g and

w11 analytically, which is different from the case in PDE where the special relation cos? =

(cos 27”x + 1) /2 holds such that we can obtain the analytic expressions for computing these
terms. Therefore, (3.29) is just a form to compute ;g and @11.
By (2.27), we have

i

Re(c1(1]/2(G)) =Re(5—1(g". Qaq) - 0" Qya))

Wy -
n;

(3.31)
+Re<(q*’ lelq)) + %Re((tl*, Quyg) + (g%, CQ‘I‘?))'

The bifurcating periodic solutions are unstable since the positive equilibrium E is unstable.
In fact, for 1 <i < n;j, T,-(/Lfi(G)) > Ty, (Mfi(G)) = 0. Thereby, the bifurcating periodic
solutions are unstable. O

We provide a special example by setting the underlying network in system (3.2) as the non-
periodic one-dimensional lattice network of size N, G;,(N). See an illustrative case where the
network size is N =9 in Fig. 1(a). There are two main reasons for considering this kind of
networks. Firstly, we can find a similar relation like cos? 7X = (cos 27"x + 1)/2 to transform the
expression of Qg and Q4g, which allows applying Lemma 2.1 to further obtain an analytical
expression to compute Re(cl(uf 1(G1a))). Secondly, by introducing a spatially semidiscrete
approximation to the continuous PDE system (3.1) using finite volume method, we can obtain
this sample model as system (3.2) defined on Gy, of the network size N. Such an example can
bridge the occurrence and properties of the spatially nonhomogeneous periodic solutions in a
network and in continuous space, and help distinguish their departures.

Following Liu et al. [24], we now introduce a spatially semidiscrete approximation to system
(3.1) using finite volume method. Setting the meshing step size h = £x/ H with H e Nt we get
the mesh

Qu={x:x=1h, 1=012,... H}. (3.32)

Letting 2; = [xl_% , xl+%] with Xjal = (== %)h, and integrating the first equation of (3.1) on €2;
leads to
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2

d
_d'x = f(bt, v)dx + Du./ _ud-x (333)

Ql )] 8x2

By mid-rectangle formula, the first two terms can be approximated as
11 :/ a_udx _ /'ler% 8—udx %hdu(xl,t)’
o 0t x,_y O dt
~2

b= f(u,v)dx:/XH% £, v)dx ~ hf (u(x, 1), v(x, 1)),

2

(3.34)

1—

NI—

For the third terms, from Newton-Leibniz formula and mid-rectangle formula, we have

9%u 9%u
I3 = D, / ——dx=D /”2 22 dx
)] 8 X, 1 8x

=3
b Bu(xl_i_%,t) 8u(xl_%,t)
- “( ax O ax ) (3.35)

D
%7[(u(x1+1 0 —ux, 1) — (u(xz,t)—u(xzfl,t))]

D,
= = (w0 = 20 D) + w10 ).

By letting u;(¢) be the finite volume approximation to u(xy,t), and according to (3.32) and
(3.33)-(3.35), the spatially semidiscrete scheme for the first equation in (3.1) takes the following
form

d
—Mz(t) = f(ur, vr) to7 (Mz 1= 2up 4 uiy1). (3.36)
Particularly, if x; is a boundary node, such as xo and x , it follows from (3.36) that

duy D
— =/ wo,v0) + h—;(uf
du g

dt

1 —2ug+up),
3.37)

Du
=flug,vyg)+ ﬁ(”ﬁfl —2uf+ufg)-

In the above formulas, the terms related to those nodes (or positions) x_; and x7_, outside Q
can be eliminated by applying the zero-flux boundary conditions in (3.1). Note that the boundary
condition of u is equivalent to

] ad
auo(t) = auﬁ(t) =0. (3.38)

Using Taylor expansion, we have
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0
u_1(t) ~up(t) — h—a uo(t) =up(t),
X

5 (3.39)
ug, () ~ug(r) —I—haug(t) =ug().
Thereby, for uo(t) and u g (¢), (3.37) can be written as
dug D
5 = fwo.vo)+ h—;(—uo+u1),
J (3.40)
us
=g v+ g (g —ug).

For the second equation in (3.1), we have a similar spatially semidiscrete approximation.
Finally, by introducing the Laplacian matrix L of network Gy, of size N = H + 1 that takes the
following form

L= SO , (3.41)

we obtain the spatially semidiscrete approximating system of (3.1):

N
d D ; v
i =% _Zl Lijuj+ui(1— %) — 745
= (3.42)
N .
%vi(t) = % 3 Lijvj + ’?_’T_iul)i[ —Ov;,
j=1

fori=1,2,..., N, where L;; are restricted as (3.41). Therefore, set d, = Du/h2 and d, =
D,/ h?*, we obtain the corresponding system (3.2) defined on the non-periodic one-dimensional
lattice network Gy, of network size N = H + 1.

Remark 3.2. The above spatially semidiscrete approximation to the continuous PDE system
(3.1) is an indication that the spatiotemporal dynamics of the continuous PDE system (3.1) are
limitedly supported in essence by the reaction-diffusion system (3.2) defined on the non-periodic
one-dimensional lattice network Gy,. In this sense, we would say that it is of urgent importance
to investigate the reaction-diffusion system defined on various kinds of networks, even beyond
this special kind of networks.

In the remaining part of this section, we always set the underlying network as the non-periodic
one-dimensional lattice network G, (N). According to [26,21], the right normalized eigenvec-
tors of Laplacian matrix L of network Gy, (N) are

. 2 . . . T
o) = v (cos UZTcos DT cos GN=DU=DT ) ; (3.43)
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with corresponding eigenvalues A ; = 2cos y Nl )z —2,for j =2,3,..., N. In addition, when
Jj =1, the eigenvalue is A1 =0 W1th the corresponding normalized eigenvector

¢V =(1/VN. 1/VN, .... 1/JN)"
Therefore, we can particularly obtain the set
Ssingle ={An:0=A1 > Az > - > Ap}. (3.44)
According to Theorem 3.1, we are able to obtain the following corollary.
Corollary 3.1. Set the underlying network as the non-periodic one-dimensional lattice network
of size N, i.e. Gi4(N), and assume that the parameters 0 > 0, k > 1 and m > 6(1 + k)/k, and

especially, d, = Du/h2 and d, = Dv/h2 with D, D, >0 and h =4 /(N — 1) where £ € R™
satisfy

d, D, &k 4
dy _ Dy WVkHT-v2)?! 2 (3.45)
d, D, 40k
Then, for any € € (£, £,4+1] with
N—-1 |—(D, D -1
b= Dut Do) (5 = DT ) (3.46)
T M, N

forn=2,3,..., N, there exist 2(n — 1) points V‘;{i (Gyq) determined by A(w) + (dy, +dy) A, =
A1) + 2(dy + dy)(cos W —1)=0for j=2,3,...,n, satisfying

0<uf _(Gia) <+ <ufl (Gia) < s <y (Gra) <+ < uf | (Gra) < i,

such that the system (3.2) defined on the network Gi,(N) undergoes a Hopf bifurcation at u =
/Lfi(Gla) or = MlH- Moreover:

1. The bifurcating periodic solutions from p = ufl are spatially homogeneous, and they coin-
cide with the periodic solutions of the corresponding ODE system;
2. The bifurcating periodic solutions from p = /,Lf-_l 1 (Gyq) are spatially nonhomogeneous.

One can similarly put forward a series of comments like Remark 3.1, but here we only would
like to highlight something important.

Remark 3.3.

1. Ttiseasy tocheck lim ¢, = lim %\/_(D;‘ZD“) (2cos (”_Nl)” -2)=@n- 1)‘/D”ML*D“

N—+00 N—+o00
for n =2, 3, ..., which is totally in line with equation (2.47) in [39] by transforming their

index starting from 2. Actually, taking account for the case where N takes 400, the occur-
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rence of Hopf bifurcations of system (3.2) defined on the network G, is of no difference
from the results of the PDE system (3.1) revealed by Theorem 2.4 in [39].

2. With all Laplacian eigenvalues of network G, being single, u = ,u{’ is the only Hopf bifur-
cation point if 0 < £ < £,, where

N-—-1 |[—(D D
6= (D + Dv) (20051 -2).
T M, N

As in [39], this fact means that £>7 is a minimal lattice length for the system to have a time-
periodic spatial pattern. For this minimal lattice length £,7, it is worth putting out that £>7
grows with a limit

. n«/(d +dy)k
N—+oo \/ﬁ f

as we increase the network size N to +o00. Besides, we should pay attention to the fact that
more periodic patterns are possibly triggered by increasing lattice length £7r. In our consid-
eration, increasing lattice length ¢7 or decreasing network size N does mean equivalently
tuning the diffusion rates d, and d, smaller, which is essential to induce heterogeneous
distribution of populations. In this spirit, the minimal lattice length £, makes the same eco-
logical sense to our previously discussed maximal diffusion rate d,, ». At the same time, once
we increase the network size N, we also need to enlarge the lattice length ¢ appropriately
to keep the sufficiently small diffusion rates and thereby result in the time-periodic spatial
heterogeneity in the system.

3. In system (3.2) defined on other types of networks instead of the network G;,, we can also
set d, = D, /h* and d, = D,/ h* with D,, D, > 0 and h = ¢x/(N — 1) where £ € R
by ignoring the influence of the edge length (the distance between the connected nodes) on
species diffusion rates. Then we can also define the characteristic length as

N—-1|—(D,+D
0, = (Du + ”)An, (3.47)
T M*

for n =2,3,..., N. Following the same logic in Corollary 3.1, we can similarly discuss
the corresponding Hopf bifurcations of the system (3.2) defined on the non-periodic one-
dimensional lattice network. We will show some applications in our Examples 4.2-4.4 in
Section 4.

Without any doubt, Theorem 3.2 supports that the system (3.2) defined on network G,, under-
goes a subcritical Hopf bifurcation, and the bifurcating spatially homogeneous periodic solutions
are locally asymptotically stable.

For the bifurcation direction and stability of the bifurcating spatially nonhomogeneous solu-
tions, we can state the following theorem.

Theorem 3.4. For the system (3.2) defined on the non-periodic one-dimensional lattice network
G1q, the Hopf bifurcation at u = /1,5717 (Gq) is subcritical (supercritical) if Re(cq (Mff (G1))) >
0(< 0), while the one at u = M?JF(GM) is subcritical (supercritical) U‘Re(cl(uf+(Gla))) < 0(>
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0), in which Re(c (M;{i(cla))) is determined by (A.23), (A.24) and (A.25); and furthermore,
the bifurcating spatially nonhomogeneous periodic solutions are unstable.

Proof. It is clear that the bifurcating periodic solutions are unstable since the positive equi-
librium E, is unstable. In fact, for 1 <i < j, T; (,u +(G) >T; (,uj i(G)) = (. Thereby, the
bifurcating periodic solutions are unstable. The b1furcat10n d1rect10n is determined by (3.12)
and Theorem 2.2. The calculation of Re(cl(,u] 1(G1a))), given by (A.23), (A.24) and (A.25),

is lengthy, and we provide the details in Appendix A. Together with o (/LH (Gig)) > 0 and
o' (ut i +(G1a)) < 0 from (3.12), we obtain that, for the system (3.2) defined on the special un-
derlying network Gy,, the Hopf bifurcation at u = /,L;{_(Gla) is subcritical (supercritical) if
Re(cﬂuf_(Gla))) > 0(< 0), while the one at u = ,uer(Gla) is subcritical (supercritical) if
Re(Cl(Mer(GZa))) <0(=0). O

Remark 3.4. In the above theorem, the procedure of calculating Re(c (uf 1+ (G1q))) shown in
Appendix A is very similar to the corresponding procedure in Appendix A of [39]. However, our
obtained formulas of Re(c (Mf 1(G14))) are quite different.

4. Numerical simulations

In this section, we provide some illustrative numerical simulations for system (3.2) defined
on several typical networks to confirm our theoretical results obtained in Section 3, and more
importantly, to investigate the effects of each underlying network on Hopf bifurcations.

We briefly introduce the following four kinds of networks to be used as the candidate under-
lying networks.

e The non-periodic one-dimensional lattice network. In this network, all nodes are placed
into a one-dimensional lattice with the non-periodic boundary conditions, and each is con-
nected with its possible nearest neighbors on its left and right by undirected edges. That is,
each inner node is connected with one adjacent node on its left and right; and the right (left)
boundary node is connected with its one left (right) adjacent node. For convenience, we de-
note G, (N) as the non-periodic one-dimensional lattice network composed of N nodes. See
the illustrative network G, (9) in Fig. 1(a).

e The non-periodic one-dimensional K -nearest lattice network. In this network, all nodes
are also placed into a one-dimensional lattice with the non-periodic boundary conditions, but
each is connected with its all possible K nearest neighbors on its left and right by undirected
edges. We here denote G, (N, K) as the non-periodic one-dimensional K -nearest lattice
network of size N. Clearly, once K = 1, the non-periodic one-dimensional 1-nearest lattice
network G, (N, 1) reduces to the non-periodic one-dimensional lattice network G;,(N). See
the illustrative network G, (9, 2) in Fig. 1(b).

e The non-periodic one-dimensional small-world lattice network. We perform a random
rewiring procedure to a prepared non-periodic one-dimensional K -nearest lattice network
to generate this network. Concretely, for each edge in the prepared non-periodic one-
dimensional K -nearest lattice network, we break it with a given probability P € [0, 1] and
reconnect one of its two ending nodes chosen with equal probability to a node chosen uni-
formly at random over the entire lattice, with duplicate edges forbidden; otherwise we leave
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Fig. 1. Illustrative networks: (a) the non-periodic one-dimensional lattice network Gy, (9), (b) the non-periodic one-
dimensional 2-nearest lattice network G (9,2), (c) the non-periodic one-dimensional small-world lattice network
Gsw(9,2,0.1), in which the dash arc connecting node 3 and 5 is the broken edge, and the long arc connecting node
3 and node 7 is the rewired edge, (d) the randomly embedded one-dimensional scale-free lattice network G (9,2),
whose corresponding Barabdsi-Albert scale-free network before randomly embedding is inside the dash rectangle.

the edge in place. Here, the generated network is denoted by G, (N, K, P). Note that when
P =0, the network Gy, (N, K, P) reduces to the network G, (N, K). See the illustrative
network Gy, (9, 2,0.1) in Fig. 1(c) where there exists only one random rewiring edge.

e The randomly embedded one-dimensional scale-free lattice network. To generate this
network, we first generate one Barabdsi-Albert scale-free network by the preferential attach-
ment algorithm [3], in which m new connections are added at each iteration step. Then, we
randomly place each node into a distinct site to occupy all sites of a one-dimensional lattice
for randomly embedding the network. We denote Gr(N,m) as the randomly embedded
one-dimensional scale-free lattice network of size N with parameter 7. See the illustrative
network Ggr (9, 2) in Fig. 1(d).

After setting up the four types of candidate underlying networks, we provide our examples
for system (3.2) defined on different underlying networks. It is conceivable that we work on
different underlying networks under the same other parameters in our examples. As in [39], we
choose k = 17,0 =4, d, = D,/ h* and d, = D,/ h* with D, =1, D, =3, h = £x/199 where
L= 2@/7 orf = 4@/5. Direct computation shows that ,u{{ =8, ux =2, M, =8/17, and
condition (3.18) is satisfied. Especially, the first example considers the system (3.2) defined on
the non-periodic one-dimensional lattice network. This example serves as a counterpart for the
PDE system (3.1) provided in [39], and shall play as a baseline to compare the results in other
three examples. By distinguishing the differences between these results, we finally can infer and
conclude some effects of the underlying networks on Hopf bifurcations.

Example 4.1. Set the underlying network as the non-periodic one-dimensional lattice network

of size N =200, i.e., G;,(200), whose single Laplacian eigenvalues are A, = 2cos % -2

for n = 1,2,..., N. Therefore, by (3.46), we have ¢, = 1712\/17(1 — Ccos (”_1)”) for n =

200
2,3,..., N. Particularly, A> &~ —0.000247, A3 ~ —0.000987 and A4 ~ —0.002220, and corre-
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spondingly £> = 2.900867, £3 =~ 5.801559 and £4 ~ 8.701890. Therefore, we have the following
results:

1. Let £ =24/119/7 ~ 3.116775, then € € ({2, £3] ~ (2.900867,5.801559]. Solving A(u) +
2(dy + dy)(cos 555 — 1) = 0, we have pf'_ ~0.972693 and uj | ~ 3.562290. Then, we
obtain the set of Hopf bifurcation points

Su = {us'_ ui . ni'} ~{0.972693, 3.562290, 8}.

By the computation of (A.23), we have Re(ud_) ~ —0.003217 < 0, Re(us’,) ~
—0.000197 < 0, and by (3.12), we have o’(u4’_) > 0 and o’ (13’ ,) < 0. Therefore, the
bifurcation direction is supercritical and subcritical at u = ,uf _and u = ,ué{ . respectively;

2. Let £ = 44/85/5 ~ 7.375636, then ¢ € (€3, £4] =~ (5.801559, 8.701890]. Solving A(u) +
2(dy + dy)(cos ZJTW —1) =0, we have uy 0.084802 and Wy 4 ™ 7.296445. And, solving

A(w) +2(d, +dy)(cos I’Tm —1) =0, we have uff ~(0.491682 and M§{+ ~ 5.033460. Then,
we obtain the set of Hopf bifurcation points

Su ={ud_ ud_ uf  ud ui'y ~{0.084802, 0.491682, 5.033460, 7.296445, 8}.

By the computation of (A.23), we have Re(uf_) ~ —0.110655 < 0, Re(ugf_) ~
~0.010671 < 0, Re(ufl, ) ~ —0.000090 < 0 and Re(ufl, ) ~ —0.000049 < 0, and by
(3.12), we have o/(y,f_) > 0 and a’(ué‘{_) >0, a’(u§{+) <0 and o/(u,&) < 0. There-
fore, the bifurcation direction is supercritical at yu = /J,g _and u = uf _; and subcritical at
p=mpy, andp=pf, .

Example 4.2. Set the underlying network as the non-periodic one-dimensional 2-nearest lattice
network of size N = 200, i.e., G,(200,2), whose first two largest non-zero single Laplacian
eigenvalues are Ay ~ —0.001234 and A3 & —0.004933. By (3.47), we have £, & 6.486374 and
€3~ 12.971358. Therefore, we have the following results:

1. Let £ =2+/119/7 ~ 3.116775, then £ < £, ~ 6.486374. Thereby, there exists only one Hopf
bifurcation point u = puf;

2. Let £ = 4+/85/5 ~ 7.375636, then £ € ({2, £3] ~ (6.486374, 12.971358]. Solving A(u) +
(dy + dy) A2 =0, we have pf'_ ~0.743060 and puf/ | ~4.163332. Then, we obtain the set
of Hopf bifurcation points

Su = {us'_ ui . ni'} ~ {0.743060, 4.163332, 8}.

By the computation of (A.23), we have Re(ug_) ~ —0.005294 < 0, Re(ug+) ~
—0.000111 < 0, and by (3.12), we have o’(u4’_) > 0 and o' (14’ ,) < 0. Therefore, the
bifurcation direction is supercritical and subcritical at u = ,ug _and u = ,ug . respectively.

Example 4.3. Set the underlying network as Gy,,(200, 2, 0.05), whose largest non-zero single
Laplacian eigenvalue is Ay &~ —0.042189. By (3.47), we have €2 &~ 37.932611. Therefore, we

have the following results:
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1. Let £ =2+/119/7 & 3.116775, then £ < £, ~ 37.932611. Thereby, there exists only one
Hopf bifurcation point . = pui;

2. Letl = 4@/5 ~7.375636, then £ < £, &~ 37.932611. Thereby, there exists only one Hopf
bifurcation point yu = ,u{i as well.

Example 4.4. Set the underlying network as G (200, 2), whose largest non-zero single Lapla-
cian eigenvalue is Ay & —0.581614. By (3.47), we have £, &~ 140.841275. Therefore, we have
the following results:

1. Let £ =2+/119/7 & 3.116775, then £ < £ ~ 140.841275. Thereby, there exists only one
Hopf bifurcation point . = pu4;

2. Let £ = 44/85/5 ~ 7.375636, then £ < £, ~ 140.841275. Thereby, there exists only one
Hopf bifurcation point u = M{i as well.

In the above four examples, one can find that increasing the parameter K in network
Gn(N, K) or the parameter P in network Gy, (N, K, P) will hinder the emergence of the
bifurcating nonhomogeneous periodic solutions. The same consequence also lies in network
Gy (N,m). To explain this difference, we should pay attention to the decreasing Laplacian
eigenvalues (especially including A, and A3) from Example 4.1 to Example 4.4. From a math-
ematical point of view, we can conclude that the decrement of Laplacian eigenvalues requires
larger ¢ (smaller diffusion rate of species) to keep the emergence of bifurcating nonhomoge-
neous periodic solutions.

More importantly, we would like to understand these results with apparent distinctiveness
from an ecological perspective. Actually, increasing the parameter K in network G, (N, K) does
increase the number of diffusion routines of each node to its nearest nodes (landscape patches)
in networks, which allows the prey and predators move among more patches on a larger scale.
As a result, this enhancement of diffusion coupling would suppress the heterogeneous spatial
distribution of individuals.

In the network Gy, (N, K, P), the rewired edges play a role as some stochastic routines be-
tween nodes in network to mimic the random movement of populations. The sufficiently more
rewired edges with increasing P will lead to the phenomenon of “small world”. The shorter av-
erage (path) length makes the effect of each node better transmitted to the nodes of the whole
network directly or indirectly, especially including the nodes which are far apart in the one-
dimensional lattice space. In the ecological perspective, the stochastic routines would promote
spatial homogeneity of population distribution.

Example 4.4 shows the disappearance of Hopf bifurcation for spatially nonhomogeneous pe-
riodic solutions, which might result from the existence of hubs in the Barabdasi-Albert scale-free
network. Imagine that the hub nodes play as some centers in a network to connect with a large
number of nodes, and strengthen the effect between all nodes in a network even indirectly. This
important centrality induces the spatially homogeneous dynamical behaviors of populations.

According to the above results, we finally provide a group of numerical simulations to show
the bifurcating unstable spatially nonhomogeneous periodic solution of prey for system (3.2)
defined on the network G;,(200) in Fig. 2, and the network G, (200, 2) in Fig. 3, the corre-
sponding bifurcating stable spatially homogeneous periodic solution of prey for system (3.2)
defined on network G, (200, 2, 0.05) in Fig. 4, and the network G,#(200, 2) in Fig. 5. In these
simulations, we set the same parameters as N =200, k =17,0 =4, u =4, d, = Du/h2 and
dy = D,/ h* with D, =1, D, =3, h = £7/199 where £ = 4\/5/5, and the same initial condi-
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Fig. 2. The bifurcating unstable spatially nonhomogeneous periodic solution of system (3.2) defined on network
G14(200).
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Fig. 3. The bifurcating unstable spatially nonhomogeneous periodic solution of system (3.2) defined on network
G, (200,2).
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Fig. 4. The bifurcating stable spatially homogeneous periodic solution of system (3.2) defined on network
Gy (200,2,0.05).

tions as u; (0) = 4 — 0.01 cos ((2i — 1)7r/400), v; (0) = 0.764709 — 0.01 cos ((2i — 1)7r/400) for
i=1,2,...,200.
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Fig. 5. The bifurcating stable spatially homogeneous periodic solution of system (3.2) defined on network G ¢ (200, 2).

5. Discussion

In this paper, with the aid of Kronecker product, we demonstrated the fundamental The-
orem 2.1, and then rigorously established the Hopf bifurcation Theorem 2.2 for the general
homogeneous network-organized reaction-diffusion systems. Our Hopf bifurcation theorem can
be extended to the delayed network-organized reaction-diffusion systems, where the delay needs
to be incorporated cautiously.

We further provided a rigorous exploration for the Hopf bifurcation in a multi-patch predator-
prey system (3.2), which can be defined on any underlying network. The foremost point to
mention is that the studied system (3.2) defined on the non-periodic one-dimensional lattice
network can be viewed as one spatially semidiscrete approximating system of the corresponding
reaction-diffusion system subject to Neumann boundary conditions on one-dimensional spatial
domain, with a necessary rescaling of the diffusion rates. As expected, its results about Hopf
bifurcations were in good agreement with those of the corresponding PDE system. Like Yi et al.
[39], we could determine a minimum lattice length 7 depending on the network size N for the
existence of time-periodic spatially nonhomogeneous solutions as well. Moreover, we demon-
strated that more possible periodic patterns could be triggered by increasing lattice length .
More importantly, we could derive the analytic expressions for computing quantity Re(c1 (o))
of its bifurcating spatially nonhomogeneous periodic solutions, even though they were of differ-
ent forms.

By considering the system (3.2) defined on any connected undirected network, including the
non-periodic one-dimensional lattice networks, with the fixed ratio o = d, /d, satisfying the
condition (3.18), we found that there existed a maximal diffusion rate of d, (and d,, concurrently)
for the system to possess a bifurcating spatially nonhomogeneous periodic solution. In addition,
decreasing the diffusion rate might induce more bifurcating spatially nonhomogeneous periodic
solutions. Since increasing £ meant decreasing the diffusion rates with the fixed ratio o =d,, /d,,
these conclusions were in the same spirit of the statement about the lattice length ¢ in the
last paragraph. These results might support an ecological observation that the sufficiently small
diffusion rate of species will weaken the coupling and diminish the effect between patches, which
can lead to spatially nonhomogeneous distribution of populations.

When system (3.2) was defined on other underlying networks, rather than the special non-
periodic one-dimensional lattice network, more differences exhibited. This was mainly due to
the Laplacian spectrum of different underlying networks. Mathematically it was difficult to get
the analytic expressions for computing quantity Re(c (1)) of its bifurcating spatially nonhomo-
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geneous periodic solutions, without the support of Lemma 2.1. On the other hand, as we showed
in the four examples in Section 4, when the largest single negative Laplacian eigenvalue A, de-
creased, the number of the possible spatially nonhomogeneous Hopf bifurcation points decreased
and could even become zero. In our examples, the causes of this phenomenon may include more
edges to nodal farther nearest neighbors on a nonlocal scale, sufficient rewired stochastic edges,
and the emergence of hub nodes with large connectivity. These results could lead to some new
ecological laws. The enhanced coupling between nodes by the increasing nonlocal connected
edges would suppress the heterogeneous spatial distribution of individuals. The phenomenon of
“small world” triggered by randomly rewired edges might make each node better transmitted
to the nodes of the whole network directly or indirectly, and promote spatial homogeneity of
population distribution. Furthermore, the hub nodes in a network could play as some centers that
strengthen the effect between nodes and lead to the spatially homogeneous dynamical behaviors.

One missing part in this study is that we only consider the periodic solutions bifurcating
from the single Laplacian eigenvalue, but do not study the possible periodic solutions bifurcat-
ing from multiple eigenvalues. Further analysis of the Hopf bifurcation in the reaction-diffusion
system defined on the directed underlying networks remains a challenging problem. Hopefully
our fundamental Theorem 2.1 will stimulate more research on rigorous bifurcation analysis in
the general or some concrete reaction-diffusion systems defined on networks.
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Appendix A. The calculation of Re(cy ([L;l +(Gyg))) in Theorem 3.4

In this appendix, we provide the lengthy calculation of Re(c; (,uf 1+ (G1a))) in Theorem 3.4. As
a necessary preparation, we first state one important relation about the normalized eigenvectors
of Laplacian matrix (3.41) of the non-periodic one-dimensional lattice network. Based on (3.43),
we denote

(89) =

T
2 (== 23(—Drn 2 CN-DH(j-Dx
(cos TN > COS™ ==, ..., cos N ,

=z

then, when N is odd, we have

2<j<NiL

L _4Q2j-1) L (1)
N2 _ «/2N¢ + \/N¢ ’
()" = N3

2
. (A1)
_ 1 pCQWN+2-)-1D 4 1 4(D) N+3
Mo TRt T sisN

and when N is even, we have
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1 $2i-D 4 1 4@ i< N
. 2 .
(#7)" = 7" j=5+1 (A2)
__1 pCQWN+2=-)H-1 4 1 4D N i
m¢ + W¢ , 7+ I<j=N

Then, we consider the case where N is odd for calculating Re(cl(,u;’ 1(G14))), in which
uf 1 (Gyg) satisfies the following condition

N

A(Mﬁi(Gla)) +2(dy + dy)(cos —0.

For the other case where N is even, Re(c (uf] 1 (G1q))) can be obtained in a similar way.
When p = ufi(Gla) with 2 < j < N, we can set

PN S #%th
q=¢f®( )=w1 : ,

=1

W g (% AN
q* — ¢ J ® ( J) = col ] ,
bj ¢, b3

=1

(A.3)

where

2dy(cos YT — 1) +iw;
5 :

aj=1, b=

w;j —Zidv(cos% -1 . i0
at = S
J 20j

— -
] =\/ec(u§{i(Glu)) —4d5(cos¥ -1),

. 2 . . . T
) — (J=Dm 3(—-Dx CN-DH({-Dr
¢ =, N (cos TN COS =mm, L., COS s )

We next compute the following partial derivatives of f and g evaluated at (,u'/q 1(G1a),0, O):
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~2(u(G10))” = 6111 (Gra) + 2k — 2 0
" k(14 1l (Gra)’ T WG (1 4 (G)
6k uf (Gi) B 20
kR Gw) T LG (14 i (G)
2(k — 1t (Gua)) 6

YT W (Gro) ST (G (14 1T, (Gr)

6(k — 1¥ . (Gia)) 20
Suuu = Suuv = —

3 5
k(1 +ul L (Gra)) 1 (Gra) (14 1t L (Gl))
Sovo = fuvv = foov =0,  guv = guvv = guvv =0.

(A4)
Then, (2.17) and (2.18) read as
, QRi—D(G—Dr ,Ri—D(G—Dr T
Qqqz(.“,c‘]‘COS T,djcos - 2N ,)
¢; cos? (2i—1%%—1)n =N
=col 150 ,
djcosz (214%%4):: .
,QRi—D(—Dr , Ri—D(j— D= T
Qqq = ( ,€jcos T,fjcos T’)
‘ cos? (21._1%%._1)” i=N (A.5)
= col 23y ,
fi cos? Gi=Dl=bx %E\]] )T i
3 2i—=D( —Dm 3 2i—1(j—Dn T
quqz(.. , 8jcos T,hjcos T,)
3 Qi—n(-br \'=N
_ 8j cos” ——y——
—C"l(hmsz m%m) ’
J 2N i=1
and
Cj:fuu+Plfuv+iP2fuvv dj:guu'i‘Plguv""iPZguv,
ej = fuu+ Pifuv, fi=8&u~+ P18uv,
3 i A6
gj:fuuu+§P1fuuv+§P2fuuva ( )
3 i
hj = Suuu + = P18uuv + = P28uuv,
2 2
with
4d,(cos Y=DT _ 2w;
= o . ), and P2=—%. (A7)
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In this case, due to ZlNzl (¢i(j))3 =0for j=2,3,..., N, we have (g%, Qqq) = (g7, Qq3) =
0. Thus H2p = Qg4 and H11 = Qgg. In fact, together with (A.1), we obtain that when N is odd,

J%—N¢<2“>®<Z>+ﬁ¢“>®<z>, 2<j <M
Hy = —ﬁ‘b(zwﬂ_h_l)@((ij)—i_«/%(b(l)@(;i)’ NT%SjgN, (A.8)
and
ﬁ‘i’m_l)@(j{.)+ﬁ¢(l)®<;j>’ 2<j<MH
Hy = _ﬁ(b(z(mz—j)—l)@ 2 +ﬁ¢<1)®<2), NES < j<N. o

By (2.22), we obtain

{wzo =y ® Qiw; 1) — M(u!(G1a))] ™ Ho, (A10)

wit = —[M @l (G Hi.

From (A.8) and (A.9), together with Lemma 2.1, we obtain that, when N is odd,

s . _1 c
ﬁ(bm D& [2zw,-12—M<2./—1>(“5{i(Gl“))] (dj)}

. -1 fc;
—l—ﬁ(bm ® [21wj12—M1(Mfi(Gla))] (dj') ;2= j<MH
woo = / e
__ 1 4QN+2—-j)—1) N S . H J
m(ﬁ ! ®l[21w112 M(z(N+2—J)—1)(Mj,i(GZa))] (dj }
+-oV @ | [2i0; 1, — M1 (1! (Gro)) (e MR <j=N
N jL2 15 L (Gla d; > 2 S =AY,
(A.11)
and
, “1{e;
_1_4@j-D _ . H J
m¢ ® [ M(Zj—l)(ﬂj,i(cla))] (f]) }
1 4@ _ H J N+1
o1 — +Jﬁ¢ ® [ Ml(ﬂj,i(Gla)):I (fj) }, 2<j< 2

S
&8

\-/
[—;

~

>

—

[\)

N

_ﬁ¢(2(N+2—j)—l) ® {[ — M(z(N+27j)71)(M§{i(Gla)):|

+00® {[— Ml(ﬂj{i(Gla))]_l (;’) } NE <j<N.
J
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It is straightforward to compute that

) -1 L 2iw; + P41 —0
2iwils — Maj—1 (L (G ] = ! ] . :
[ lwjls 2j 1)(/1«‘,,3:( la)) (o1 +icxp) C(M;{i(Gla)) zle + Ps

-1

. T 2iwi + Pa —0
(260 1> = Mooy} (Gra) ] ) ,

_ -1
= (a3 +iay) <C(M;{i(G1a)) 2iwj + Psy

1-1 2iw; —0
2iw;Ir — Mi(uf (G = i) ! y : ,
[ twjla I(Mj,j:( la))_ (as +iog) <C(M;{i(Gla)) 2iw; + Pe

4—1 P. —0
1 41
[ — M (Zj_l)(pbfi(cla)) = Ol7 (C(MHi(Gla)) P51 ) ’
. ]’
-1 P. —0
—1 42
[ - M<2<N+2—j>—1>(ﬂfi(Gla))] —% (C(,lLHi(Gla)) Psz) ’
Js

[ sG] 0CH (G (Cw.ﬁ(GzaD P6> ’

with
2(j — DHrm (j—Dm 2(j — D
a1=4dudv[cos ]N — cos J N ][cos jN —1]
2 (j—Dm (j—Dm  2(-Dmy .,
+4dv[cos T 1][003 N cos —~ ] 3a)j,
_ 2(j— Dm (j—Dn
ay =—4w;(d, —I—dv)[cos N — cos ],
2IN+1—j j— 1 2IN+1—j
a3=4dudv[cos NV + J)n—cos U )n][cos NV + J)n—l]
N N N
o G=Dmx G-Dr 20N +1-jpmy .
+4dv[c0s 1][005 cos — N ] 3a)j,
2IN+1— i — 1
o4 = —4w;(dy +dv)[COS ( +N J)n—cos G N)rr]’
1 5
o5 =4df[cos u — 1] — Sa)?,
j— 1
ag =4w;(d, —}—dv)[cos % - 1],
r 2(j—1 i —1 2(j—1
a7:4dudv_cos G N il — cos G N )ﬂ][cos U N ) —1]
o G=Dr G-Dr  2G-Dry, ,
+4dv_cos7N 1][0057 cos N ]—}—a)j,
r 2IN+1—j i — 1 2IN+1—j
ag = 4d,d,| cos NV + ])n—cos U )n][cos (N + J)n—l]
L N N
i — 1 i — 1 2IN+1—j
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and

Py = —2dv[cos u — 1],

2IN+1—j
Piy = —ZdU[COSW - 1],

2(j = Drm (- l)ﬂ]

P51 =2d, [cos N — cos

- ZdU[cos Y=bm —Nl)n - 1],

2IN+1—j i — 1 i—1
P52=—2du[cos v+ J)n—cos(] )ﬂ]—Zdv[cosu—l],

M_l].

P =2(du+dv)[cos =

For simplicity of notations, we denote

G
wy = ¢V >®(5 )+¢<“®< ) (A.13)
with
5(] ) %_(J )_l_l%-(] ) n(j*) (/ )+”73jm),
T=TR+iTIm, X=XR+tiXIm,
and
" £0™ 7
w; =¢Y" ® (é(j*)) +¢V® <~> (A.14)
n X
where

«/ﬁ(o;12+a2_) [P41(fuu + P fuv) — 2P2a)jfuv —0(guu + Plguv)]
179
+«/W((;2%+a§) [P41 P2 fuv + 20)] (fuu + P1 fuv) — QPZguv],
g0 = Jr=2j—-1, f0r2§j<N+1,1lesodd
R JQ_N—(aot32+a2_) [P42(fuu + Pifuv) = 2Pw; fuv — 0 (guu + Plguv)]
3 4
+\/ﬁ(a42+ 2) [P42P2fuv + 26Oj(fuu + Plfuv) - QPZguv],

J*=2N+2—j)—1, for X3 < j <N, if N is odd,
(A.152)
m[})41p2fuv+2wj(fuu +P1fuv)_9PZguv]
1 2

— T [P G+ P fuv) = 2Pa0; fuo = 0Gu + Prgun)],

9 _ Jr=2j-1, fOT2§j<N+1,1lesodd

fim = m[f’uf’zﬁw + 20 (fuu + Pi fuv) — 0 Paguo ]

~ e [P i+ P fun) = 2P20; fuv = 0 + Pigun)]
JF=2N+2-j)—1, for M2 < j <N, if N is odd,
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and

«/ﬁ(ﬂt2+ 2) [C(/'LJ i(Gla))(fuu + Plfuv) + PSl(guu + Plguv) - 2P2w/guv]
+«/m(012+a2) [C(M] +(G1a)) P2 fuv + 20 (uu + P18uv) + PSIPZguv]
(" _ jEr=2j—1, for2<]<N+1,1lesodd
n
k m(a2+az) [C(MJ i(Gla))(fuu + Plfuv) + PSZ(guu + Plguv) 2P2wjguv]
3
+«/ﬁ(a3+a2) [C(/J«j +(G1a)) P2 fuv + 20 (uu + P18uv) + P52P2guv]
JF=2N+2—j)—1, for 3 < j <N, if N is odd,
«/ﬁ(az—koﬂ) [C(/'L] i(Gla))Pquv + 20)] (8uu + P18uv) + P51 P2guv]
«/ﬁ(azﬂxz) [C(/J«j i(Gla))(fuu + P1 fuv) + Ps51(8uu + P18uv) — 2P2wjguv]:
(" _ jr=2j—-1, fOI'2<J<N+1,1fNISOdd

n
fm «/ﬁ(a2+a2) [C(/'LJ i(Gla))P2fuv + 2w (guu + P1&uv) + PSZPZguv]
m(a _sz) [C(M/ i(Gla))(fuu + Plfuv) + P52 (guu + P18&uv) — 2P2wjguv]s
JF=2N+2—j)—1, for X3 < j <N, if N is odd,
(A.15b)
and
T p e 0 £ Prew)]
TR = «/N(O(%—i—az —2Pw;j fuy — 0(guu + P18uv)
\/—( o + [ @ (fuu + P1 fuv) — QPZguv],
Tim = \/—( [2a)j (fuu + Pt fuv) — 0P2guv]
5
- %[_ 2Pr@; fuy — 0(guu + PlgMU)]a
«/ﬁ(as +ag)
os
XR = m[c(ﬂfi((;lu))(fuu + Plfuv) + Ps(guu + Plguv) - 2P2wjguv]
a6
«/—(055 [ (/Lj i(Gla))P2fuv +261)j (8uu + P18uv) + PGPZguv]
as
Xim = \/—( [C(IL] j:(Gla))Pquv+2a)1(guu+P1guv)+P6P2guv]
5
o6
[C(H, i(Gla))(fuu + P fuv) + P6(guu + Plguv) 2P2wjguv]»
\/_(065

(A.15¢)

and
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ﬁm[ﬂll(fuu + Pt fuv) — 0(guu + P]guv)],
20" jr=2j—1, for2 < j <X if Nis odd,
m [P42(fuu + Pi fuv) — 0(8uu + Plguv)]
JF=2N+2—j)—1, for X2 < j < N, if N is odd,
1 (A.15d)
V2Nar [C(Mf{i(Gla))(fuu + Pt fuv) + Ps1(uu + P guv)]’
~(%) j*=2j—1, for2 < j < X if N is odd,
n =
ZNUt [C(MJ i(Gla))(fuu + P1 fuv) + Ps2(8uu + Plguv)]
JF=2(N+2—j)—1, for X2 < j < N, if N is odd,
and
T : (Guu + P1&uv)
T=— g lg 3
YNC@t Gy s
X 1 | CUTL(Gr)) futs + P fun) + Po(8un + Pigin) | o
= M 1 6 .
X W@C(Mﬁi(Gla)) it a uu 1Juv 8uu 18uv
Therefore, we have
3 s J— Lk -k . I=N
0w —col [Vt + fun” + 56019y 'y
w07 (20U + 2w (Y7 + b_js<f*>>]¢(-’*>¢(” 1
(A.16)
M 4 ()
+ col [fuuT + fuv(X +b; Ja) omdon
[8uuT + guv (X +b,r)1¢,”¢‘” .
~ o ~ sy o =N
Ouro —col P+ fun GV + 5,87y ')
P (8 V) + uo (U7 + b,V >>]¢“ >¢<”
(A.17)

M ()
+ col [fuuT + fur(X +b t)]¢[(])¢(])
[guuT + guv(X +b;D1d; ¢, =1

And then, we have
(", Qung) =@ StV + i 07 +B5697))

N
+ b1t + g ) + 580N Y07 (87)
=1

{a [thuT + qu(X + bj T)] +b*[guuf + guv (X + b; T)]} Z¢(l) ¢(j))2'
1=
l (A.18)

and
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(", Quyq) = { *[fuug(l )+ fuv(n(j*) +bjg(./*))]

+ B89 + gun 97 + b,E0)| qu” (o)’

@ i+ fuo T+ 5D+ B (8T + gun (X + b, qu“) o).
I=
l (A.19)

Therefore,
Re((‘I* s QwZQ?))

o2y (—1)
! [fuué(’ )+fuv<n§{ ) 7(008 J _ T el - é(/ ))}

dy (j—Dm (%) G 2dy (j—Dm G 4 @G
— o (eos == - )[fws + fuo(nfy) = S (cos T = g + L )}

0 v 2dy(j=Dm
_2—[guug<f>+guv(n§{n>_7”(cosT DEYD 4 Lgy >)”Z¢(;) ()2

1 2d, i —1 ;
+ [E[fuuTR + fuv(XR - 7(005 % —1)tr — %Tlm)j|

2d, i — 1 .
- 1)|:fuuflm + fuv(XIm - i(COSu — ])flm + &TR)]

dy (Jj—Dm
— —(cos ————
0 N 0

a)j N

0 2d 1
T 2w |:guu'f[m + 8uv (le - Qv (COS % — 1)771m _TR>]} Z¢(l) ¢(/)

J

Re((g™, Quiig))

l ~ ok ~( 3% ~r ok 2
= 5 (9 + fuiiV7 + 8F") qu” ‘(@)

=1

(fuuT + fqu ‘|'guvf) Z¢(]) ¢(]) 2.
- (A.20)

At the same time, we have

N
(@", Caqa) = (@2 +07h)) D (9,7)" (A21)
=1

and, hence
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=

1 4d i — 1
Re(<q*’ qué)) = E(fuuu - (COS u fuuv + Suuv Z (])

J v (A.22)

=1

Indeed, when N is odd, for j =2,3,..., N, we have

N
o) D ()2 1
; qu =7~

1

, jr=2j—1, for2 < j < M
Z‘P(/) </> NN I ] =

~

—ﬁ, JF=2N+2—j)—1, for M2 < j< N,

So, and so far, by (2.27), when N is odd, for2 < j < NTH, we have

Re(c1(uL(Ga)))

1 1
=Re((g", Quiig)) + 3Re((g", Quagg)) + 5Re((d”, Cyqq))
1

= 0" =~(j%) TG

2JIN (fuué + fuul + g€ ) Zf(fuur + fqu +guvf)
Zdv (] - l)ﬂ

" W_{[f““g(j (1 = 25 (eon T e )|

2d, (G—Dm ) U 2d, (j—Drm * ) w] ("
_w—j(COST_ )|:fuu§ +fuv< —(COS— )5 é;' >i|

0 N

_ v (n _ 2dy G=D7 )09 | 20"
p [guué +guv( - (cos ———1)¢,, S )“

1 2d, (]_ D wj
+m“:fuutR+fuv(XR_ 9 (COST_I)TR__TIm)jI

0
_ %(cos % - l)|:fuu‘flm + fuv (le _ 2;11) (cos % — 1)t + %TR):|
ij |:guu1’1m +guv<X1m - %(cosw — 1)t + %TR):H
+ Sil:fuu“ _ 4;11) (cos W — 1) fuuv + guuv]_ -
For M3

< j <N, we have
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H
Re(c1 (1} 4(Gia)))

1 1
= Re((q*, Qw1111>) + ERC(M*’ szoﬂ) + ERe«q*’ Cllql?>)

(fuué(’ o fuY7 + gV )) (fuurJrfuux +guvr)

Nﬁ 2J_
1 ) G _ 2dy G=Dr oG9 @i
4m{[fuu$ + fuo(n = S (cos L — ) = el )}
_ 24

@j

(COS (.] _1V1)7T )[fuus(] )“l‘fuv( (] ) ng(cos (.] _Ivl) )E(]*) %-(] ))}

6 () G+ 2d (j—Dm G | @G
_w_j[guuélin +guv(n/m GU(COST )Sj 5] )

1 2d, i — 1 i
+ m{[fuutR + fuv(XR - 9 (COS¥ - l)fR - %T1m>i|

a wjv (COSJT - 1)|:f““‘r[m + fuv(le - TU(COSJT — l)flm + 9] _L,R)i|
4 2d (j—-Dm i
_ o, |:guuflm + 8uv (le — _gv ((;()SJT _ l)flm + 8] TR):”

4d, (j—Dm
(cos -

3
+W|:fuuu_ 0 N

- l)fuuv + guuv]~
(A.24)

For the other case where N is even, we can compute Re(cq (MH ﬂE(Gla))) in a similar way and
obtainthatfor2 < j < 5 N and ¥ > +1<j=<N,Re(c (,u i(Gla))) is given by (A.23) and (A.24)
respectively with their correspondlng EI(?] ) él(fn), G ), ngjm), 1:,({*) r,(fn), Xl(e] ), X,(fn), E(f ),
77U, ¥ and ¥. However, especially for j = + 1, Re(c1 (,u] 1 (G1a))) is given as

Re(c1(1f1(Ga)))

1 1
=Re((g". Quiyg)) + 3Re((q". Quaig)) + 3Re((q". Caqq)

3 4d, j— 1
2\/—<fuuf + fuvX +guvf) ﬁ[fuuu 9 (COS % - 1)fuuv +guuv:|

1 2d, i —1 i
+ ﬁH:fuuTR + qu(XR - T(Cos¥ - I)TR - %Tlm)]

2d, (= D=
- — (COS E—

wj

2d i — 1 .
- 1)|:fuu71m + fuv(XIm - %(COS¥ - 1)'L'Im + %TR):|
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6 (j—Dm w;
- ;I:guuflm +guv(XIm - (COS Mo l)flm + ?]‘L'R>:|

J
(A.25)
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