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Abstract

Spatiotemporal memory is incorporated to describe the movement of susceptible individuals in an epi-
demic reaction-diffusion model with vaccination. We propose equivalent quasilinear parabolic systems for
the fully nonlinear PDE model to address global solvability. Theoretical analysis verifies that the solu-
tion remains bounded in a one-dimensional domain and can be extended to a three-dimensional domain
by restricting the memory-driven diffusion rate. Furthermore, we discuss the existence and multiplicity
of equilibria for the model with the zero memory-driven movement rate. Numerical findings reveal that
spatiotemporal memory of susceptible individuals contributes to periodically reducing infection, given the
formation of memory-driven temporal patterns.
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1. Introduction

Memory plays a crucial role in the research of individual movement, as it allows animals
or humans to adapt their behaviors relying on previous experience. According to spatiotem-
poral information, memory enables the formation of cognitive maps [26] to make individuals
move efficiently or safely. However, memory has proven challenging to study due to its com-
plex processes, including encoding, storage, and retrieval [9]. Mathematically, reaction-diffusion
equations can describe population dispersal while accounting for spatial and temporal hetero-
geneities. A great deal of research has investigated how memory influences individual movement
via reaction-diffusion equations by introducing discrete time delays [21-23] or distributed time
delays [6,20,30]. For discrete and distributed time delays, individuals explicitly refer to their pre-
vious experiences. Therefore, the memory represented by these time delays is regarded as explicit
memory [26]. Memory always reflects a cumulative effect, making it more realistic to consider
a temporal distribution using a convolution kernel, although this approach is significantly more
technical than using a discrete delay.

We consider a general reaction-diffusion model with spatiotemporally nonlocal delay in a
smoothly bounded domain 2 C R" (n > 1):

oru(x,t)=dAu(x,t)+ F(x,u, g *xHw))(x,t), (x,1)e€ R x (0,00),
Bu(x,t) =0, (x,1) € 3Q x (0, 00), (1.1)
u(x,t)=n(x,1), (x,1) € Q x (=00, 0].

The initial-boundary value problem (1.1) is first proposed in [30]. Here, Bu(x,t) = u(x,t), or
Bu(x,t) =Vu(x,t) -n+a(x)u(x,t) for a(x) > 0, where n is the unit outward normal vector at
the boundary 9<2. The state variable u(x, ) is the population density at location x and time ¢, with
a random diffusion rate d > 0 and a memory-driven diffusion rate x > 0. n(x, t) quantifies the
historical population data at location x before = 0. The nonlinear function F(x, u, v) describes
the growth of the population, where v denotes a memory variable encoding formation on past
population density, given by a spatiotemporal convolution kernel:

t
vix,t):= (g**H(u))(x,t):/fG(x,y,t—s)g(t—s)H(u(y,s))dyds, (1.2)

-0 Q

where H is a function of the state variable u, and the spatial weighting function G(x, y,t — s)

indicates the probability that an individual at location y moves to location x at time ¢ — s, and

the temporal weighting function g(r — s) characterizes the significance of the past time ¢t — s

within the time integral [30]. The spatial kernel G (x, y, t) is taken as the Green’s function of the

diffusion operator and the temporal kernel g(¢) is adopted as the Gamma distribution function
t

of order k (k=0,1,2,...), thatis, g(t) = gr(t) = % for a positive constant t. The well-

known weak temporal kernel g, = go = %e_% and strong temporal kernel g; = g1 = ﬁe_% are
the Gamma distribution function of order 0 and 1, respectively. Therefore, G : 2 x 2 x (0, c0) —
R is a spatial distribution function and g : [0, 00) — R™ is a probability distribution function
satisfying
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[e0]

fG(x,y,t)dy: 1, x e, t >0, and fg(t)dt: 1,
Q 0

respectively. The spatial weighting function G(x, y, ) measures how familiar individuals are
at location y for the environmental information of location x, and illustrates how accumulated
information in individuals’ minds is influenced by spatial heterogeneities. The weak kernel func-
tion gy, (¢) is strictly decreasing in #, representing a common pattern of memory decay: as time
passes, memories fade. While the strong kernel function g (¢) first increases and then decreases
in ¢, corresponding to the knowledge acquisition and the memory decay phase, respectively. The
mean and variance of gx(-) are given by (k + 1)t and (k + 2, respectively [20]. They both
depend on t, which affects the timescale of the response but does not influence its shape (deter-
mined by k). A larger 7 results in slower decay and broader curves. In this sense, we take T as
the parameter to measure the influence of spatiotemporal memory on the population dynamics.
With v defined above, we examine the case F'(x,u,v) = xV - (uVv) + f(u), where F is linear
with respect to v.

Reaction-diffusion equations are also applied to describe individual movement in spatially
heterogeneous environments within epidemic models. In [1], Allen et al. adopted constant dif-
fusion rates and a frequency-dependent incidence in a susceptible-infected-susceptible (SIS)
epidemic model. The threshold dynamics were characterized by the basic reproduction number,
and the asymptotic behavior of the endemic equilibrium was analyzed as the diffusion rate of
susceptible individuals approached zero. In [19], the asymptotic profiles of the endemic equilib-
rium were further considered. To describe the directional diffusion of individuals, [14] introduced
cross-diffusion to the above epidemic model. More recently, Wang et al. [27] adopted the diffu-
sion rates depending on the transmission or recovery rates in Fickian and the Fokker-Planck type
laws of diffusion, which introduced the cognitive diffusion of individuals in epidemic models.
In [29], Zhang et al. introduced the memory of susceptible individuals to characterize the cogni-
tive movement in an SIS epidemic reaction-diffusion model, where susceptible individuals can
perceive the density of infected individuals at specific locations from news reports or personal
experience. Integrating memory into epidemic models provides a more accurate framework for
modeling the cognitive movement of individuals. We use the spatiotemporal integral (1.2) to de-
scribe the memory of susceptible individuals S(x, #) regarding the density of infected individuals
I(x,t) before the present time:

t
F)(x,t):= / /G(x,y,t—s)g(t—s)l(y,s)dyds, (1.3)

—00 Q
where for any fixed y € @, G(x, y, t) is the Green’s function of the diffusion equation satisfying
atG(xvyvt)szG(xsy7t)s ()C,t)GQX(0,00),

BG(x,y,t) =0, (x,1) € 32 x (0, 00),

G(x,y,0) =6(x — y) = Dirac delta function centered at y, x € 2,

where B is either the Neumann or Dirichlet boundary operator. Equivalently, if the homogeneous
Neumann boundary condition is employed, then
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o0

Gy, =) e ()i (y),

i=0

where A; satisfying 0= <A <Ay <---<}; <---— 00, as i — 00, are eigenvalues of the
eigenvalue problem

—Ap(x) =rp(x), x€Q,
Vo(x) -n=0, x €99,

and ¢; (x) are the corresponding eigenfunctions to A; for integers i > 0. If the homogeneous
Dirichlet boundary condition is applied, then

Gx,y, )=y e My ()P (y),

i=1

where w; satisfying 0 < u; <pup <---<pu; <---— 00, as i — 00, are eigenvalues of the
eigenvalue problem

—AY () =pYx), xef,
¥ (x) =0, x €09,

and ¥, (x) are the corresponding eigenfunctions to u; for integers i > 1.

Vaccinated individuals play an important role in the transmission of infectious diseases by
contributing to controlling outbreaks through a reduction in the pool of susceptible hosts [5].
Nevertheless, some vaccinated individuals can still become infected (called “breakthrough in-
fections™), as vaccines are not fully effective [15]. Even after vaccination, individuals can harbor
and transmit the pathogen, particularly when vaccine efficacy is lower against specific variants
of the disease. We utilize the spatiotemporal memory of susceptible individuals given by (1.3)
to characterize their movement in a reaction-diffusion epidemic model in the smoothly bounded
domain :

0:S=dsAS+ xV-(SVFU)) = B1(x)ST +y(x)I

—85x)S+o(x)V, (x,1) € 2 x (0, 00),
Ol =di Al + B1(x)SI + Bo(x)VI —y(x)1, (x,1) € 2 x (0, 00),
oV =dyAV — B(x)VI+5(x)S —a(x)V, (x,1) € 2 x (0, 00), (1.4)
VS - n=VI-n=VV . -n=0, (x,1) € 022 x (0, 00),
S(x,0) = Sp(x), V(x,0) = Vp(x), x €,
I(x,t)=n(x,1), (x,1) € 2 x (—00,0].

Here, the positive constants dg, d;, and dy denote the diffusion rate of susceptible, infected, and
vaccinated individuals, respectively. The nonnegative parameter x measures the memory-driven
diffusion rate, illustrating how susceptible individuals escape from locations of high density of
infected individuals based on their past experience. We assume both susceptible and vaccinated

4
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individuals can be influenced by infected individuals with infection rates 81(x) and B>(x), re-
spectively. Clearly, vaccinated individuals have some immunity to the infectious disease, leading
to B2(x) < B1(x) for all x € Q. 8(x) represents the vaccination rate of susceptible individuals.
y (x) measures the recovery rate of infected individuals. o (x) is the loss rate of immunity. The
parameters B1(x), B2(x), §(x), y(x) and o (x) are positive Holder continuous functions on Q.
Let

u* =maxu(x) and u, = minu(x)
xeQ xeQ

with u(x) taken as the above positive Holder continuous functions. The initial data Syp(x) and
Vo(x) are nonnegative and continuous in 2. The function 0 # n(x, t) € C((—o0, 0], wheo(Q))
is nonnegative. Homogeneous Neumann boundary conditions are applied to denote zero flux
across the boundary. We assume that there exists a positive constant N such that at the initial
time,

/(So(x) +n(x,0) + Vo(x))dx = N. (1.5)
Q

In [13], a similar epidemic model with vaccination formulated using ordinary differential equa-
tions was considered, where the existence of multiple endemic equilibria has been investigated.

Most previous studies have concentrated on the bifurcation of steady states or the traveling
wave solutions in models with spatiotemporal memory, while several papers in the literature ad-
dress the global solvability of such models. The aim of this work is two-fold. On one hand, we
provide an approach to address the wellposedness of solutions for models with memory-driven
movement. On the other hand, we clarify the effect of the memory-driven diffusion rate and tem-
poral kernels on the spatiotemporal patterns numerically. The rest of the work is organized as
follows. In Section 2, to establish the framework for the global solvability of model (1.1), we
present its equivalent system and give some preliminaries. In Section 3, we consider the global
solvability of model (1.4) in terms of the spatial dimension and the memory-driven diffusion
rate. We consider the existence and multiplicity of steady states in Section 4. In Section 5, spa-
tiotemporal pattern formations with respect to parameters y and t are explored numerically. A
summary is provided in the final section.

2. Equivalent systems and preliminaries
Consider the following diffusion equation

Lox,t):=0¢x, 1) —dAp(x,t) =0, (x,1) e x(0,00),

Q2.1
Bo(x,1) =0, (x,1) €92 x (0, 00),
where /5 is defined in (1.1). We give another definition for Green’s function of (2.1).

Definition 2.1. [8,10] Given Y€ Q, for any fixed s € (—00, 00), G(x,y,t — s) is the Green’s
function of (2.1) for (x,?) € Q x (s, 00),if p(x,1) := fQ G(x,y,t —s)f(y)dy is the solution of

Lo(x,t)=01in Q x (s, 00),

5
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for any function f with compact support in €2, and satisfies

Bp(x,t) =00n 92 x (s, 00),
}i\r‘r}w(x, )= f(x)in 2, i.e., p(x,s) = f(x).

Note that the Green’s function of (2.1) satisfies the following spatial symmetry:

Gx,y,t—s5)=G(y,x,t—ys).

Based on Definition 2.1, we present two propositions to give equivalent systems for (1.1) with
the two types of temporal kernels, respectively.

Proposition 2.1. Suppose g(t) is given by the weak kernel function g(t) = g, (t) = %e ﬁ’ and

define

t
v(x, 1) = vy (x, 1) = (guw * xH W) (x, 1) = / /G(x,y,t—S)gw(t—S)H(u(y,S))dde-

—0 Q

Then u(x,t) is the solution of (1.1) if and only if (u(x,t), v(x,t)) is the solution of
Oru(x, 1) =dAu(x, 1) + F(x,u,v)(x,1), (x,1) € 2 x (0, 00),

ov(x,t) =dAv(x,t) + %(H(u(x, t)) —v(x, 1)), (x,1) € 2 x (0, 00),

Bu(x,t) =Bv(x,t) =0, (x,1) €092 x (0, 00),

u(x,0)=n(x,0), x € Q, >
0

v(x,0) = % / /G(x, v, —s)e%H(n(y, s)dyds, x €.

—00 Q

Moreover, u(x) is a steady-state solution of (1.1) if and only if (I{(x), v(x)) is a steady-state so-
lution of (2.2); u(x, t) is a periodic solution of (1.1) with period T if and only if (u(x, 1), v(x, 1))
is a periodic solution of (2.2) with period T.

Proof. According to [30, Proposition 2.3], if u(x, t) is the solution of (1.1), then (u(x, t), v(x, t))
is the solution of (2.2). We only need to verify that if (u(x,t), v(x,t)) is the solution of (2.2),
then u(x, t) is the solution of (1.1).

Define v(x,0) = fi)oo fQ G(x,y,—s)g(—s)H(n(y,s))dyds. We rewrite the nonlinear func-
tion F in the form of

FQu,v)=xV - (uVv) + f(u)

t
=xV. MV//G(x,y,t—s)g(t—s)H(u(y,s))dyds + f(u)

—00 Q
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t
=xV. (uV//G(x,y,t—s)g(t—s)H(u(y,s))dyds)
0 Q

0
+xV- (uV / /G(x,y,t —s)g(t—s)H(u(y,s))dyds) + f(u)

—00 Q
t
=xV. (MV |:/ Gx,y,t)gt)v(y,0)dy + / / G(x,y,t—s)g(t — s)H(u(y,s))dyds:|)
Q 0 Q

0
+XV~(MV|://G(x,y,t—s)g(t—s)H(u(y,s))dyds
—00

—/G(x,y,t)g(t)ﬁ(y,o)dyD + f(w).

Q

Let (x,1) = [ G(x,y,1)g®)v(y, 0)dy + fot Jo G, y,t —$)g(t — s)H (u(y, s))dyds. Then
F(x,u,v)=xV-@V0)+ fi(u) =: F1(x,u, v), where

0
fi(u) :=xV- <uV|: f /G(x,y, t—s5)g(t —s)Hu(y,s))dyds

-0 Q

—[G(x,y,t)g(t)ﬁ(%o)dy}) + f(w).
Q

By [30, Lemma 2.1], one has the following claim.

Claim. If (u(x, 1), v(x, 1)) is the solution of

u(x,t) =dAu(x,t)+ Fi1(x,u,v)(x,1), (x,1) € 2 x (0, 00),
o v(x,t)=dAv(x,t) + %(H(u(x, 1)) —v(x, 1)), (x,1) € 2 x (0, 00),

Bu(x,t) =Bu(x,t) =0, (x,1) € 92 x (0, 00),

2.3)
”(xao)z'?(xao)a XGQ,

0
1 s
ﬁ(x,O):; / /G(x,y, —s)et Hn(y, s))dyds, x¢€Q,
-0 Q

then u(x,t) is the solution of (1.1).
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In fact, v(x, t) is equal to v(x,t) for (x,¢) € Q x (0, 00). We first prove that the following
two items

0
/ fG(x,y,t —s)e%H(r](y,s))dyds 2.4)
—00 Q
and
0
/G(z,x,t) / /G(x,y,—s)e%H(n(y,s))dydsdx (2.5
Q —00 Q

are equal. Set J(y, s) := et H(n(y,s)). Then by Definition 2.1 for the Green’s function, one has

0 0
//G(x,y,t—s)](y,s)dyds: / wx,t —s)ds =: W(x,t),
—00 Q —00

where w(x, t — s) satisfies

Lwx,t—5)=0, (x,1)eQ x(s,00),
Bw(x,t—s)=0, (x,1)e€d x (s,0),

for fixed s € (—o0, 00). Let f =t — s. Therefore,

w(x, ) —dAw(x, 1) =0, (x,7) € x(0,00), 26)
Bw(x,7) =0, (x,7) € 99 x (0, 00). &
In addition,
0 t
Wi(x,t)= / w(x,t—s)ds:/w(x,f)df. 2.7

Similarly,

0 0
/G(z,x,t) / /G(x,y,—s)J(y,s)dydsdx:/G(z,x,t) / w(x, —s)dsdx
Q —o0

Q —00 Q

=/G(z,x,t)W(x,O)dx =:U(z,1).
Q



G. Liu, H. Wang and X. Zhang Journal of Differential Equations 442 (2025) 113491

It is easy to verify that lim;_,.o U (x, t) = W (x, 0). Consider the following initial-boundary value
problem

LU =0, (x,1) € 2 x (0, 00),
BU =0, (x,1) € 922 x (0, 00), (2.8)
Ux,0)0=W((x,0), xeQ.

In view of (2.6) and (2.7), we can find that W (x, t) is the solution of (2.8). Additionally, U (x, t)
is also the solution of (2.8). It follows from the well-known energy method in [8] that the solution
of (2.8) is unique. As a consequence, W (x,t) = U(x,t) for (x,1) € Q2 x (0, 00). This indicates
that (2.4) and (2.5) are equal.

Hence,

e

Q| =

v(x, 1) =

~.|~
|
T~

/G(x, v, t— s)egH(n(y,s))dyds
Q

!
+//G(x,y,t—s)gw(t—s)H(u(y,s))dyds
0 Q
=v(x,1), (x,1) € 2 x (0, 00).

The same calculation gives that f1(u) — f(u) = 0. As a consequence, the above claim holds
with v(x, t) replaced by v(x, ). This completes the proof for the equivalence between the two
systems with the weak temporal kernel. O

By differentiating vy with respect to ¢ and performing elementary calculations, we can get the
following equivalence between systems with the strong temporal kernel.

Proposition 2.2. Suppose g(t) is given by the strong kernel function g(t) = gs(t) = 1[_26 %, and

define

t
v(x,t) =vs(x,t) =(gs xxHW))(x,t) = / ‘/G(x,y,t—s)gs(t—S)H(u(y,s))dyds.
—00 Q

Then u(x,t) is the solution of (1.1) if and only if (u(x,t), v(x,t), w(x, t)) is the solution of

9
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oru(x,t)=dAu(x,t)+ F(x,u,v)(x,t), (x,t) e 2 x (0,00),
ov(x,t) =dAv(x,t) + l(w(x, t) —v(x,t)), (x,1) € 2 x (0, 00),
T
oyw(x,t) =dAw(x,t) + %(H(u(x, 1) —w(x,1)), (x,t) € 2 x (0, 00),
Bu(x,t) =Bv(x,t) =Bw(x,t) =0, (x,1) €922 x (0, 00),
u(x,0) =n(x,0), xeQ, (2.9)

0
1 s
v(x,O):—ﬁ/fG(x,y,—s)se?H(n(y,s))dyds, x €,
—00 Q

0
1 s
w(x,O):; f /G(x,y,—s)e?H(n(y,s))dyds, x € Q.
—00 Q

Moreover, u(x) is a steady-state solution of (1.1) if and only if (u(x), v(x), w(x)) is a steady-
state solution of (2.9); u(x,t) is a periodic solution of (1.1) with period T if and only if
(u(x,t),v(x,t), w(x,t)) is a periodic solution of (2.9) with period T.

In Proposition 2.1, if F(x,u,v) = xV-@Vv)+ f(u) with f(u) =0, then (2.2) is equivalent
to the Keller-Segel chemotaxis model [12]. If u(x, t) is the population density at location x and
time ¢, then the second equation in (2.2) represents the evolution of the memory v(x, ) as x
and ¢ evolve. The memory decays at a rate %, and also increases at the same rate in response
to population stimuli. In Proposition 2.2, we can regard w(x, t) as the knowledge acquired by
u(x,t), and v(x, t) as the memory after processing.

In Propositions 2.1 and 2.2, (2.2) and (2.9) transform the delay in the equations into conditions
on the initial data, generalizing Propositions 2.3 and 2.4 in [30] for the case that F(x, u, v) is
linear with respect to v, especially for the case described by F(x,u,v) = xV - (uVv) + f(u).
The equivalent systems for (1.1) in [30, Propositions 2.3 and 2.4] are for r € R. However, there
exist certain challenges in applying Propositions 2.3 and 2.4 in [30] to assess the wellposedness
of the solutions, as Amann’s well-known local existence results [2—4] typically begin at t = 0.
We verify the equivalence between systems for ¢ > 0, which is more applicable to demonstrate
the global solvability of the corresponding systems.

We remark that the function u(x,¢) can also be a vector function. According to Proposi-
tions 2.1 and 2.2, we can give the equivalent systems of (1.4) with respect to the weak and strong
temporal kernels, respectively.

Lemma 2.1. (S, I, V) is the solution of (1.4) with the weak kernel g, if and only if (S,1,&,V)
is the solution of

10
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S =dsAS+ xV-(SVE) —B1(x)ST+y(x)I —6(x)S+o(x)V, (x,t) € Q x (0,00),
ol =di Al + B1(x)SI + Bo(x)VI — y(x)I, (x,1) € 2 x (0, 00),
8,§:dAE+%(1—§), (x,1) € 2 x (0, 00),
oV =dyAV — Bx)VI+x)S —ox)V, (x,1) € Q2 x (0, 00),
VS -n=VI-n=V&.n=VV .n=0, (x,1) € 922 x (0, 00),
I(x,t) =n(x,1), (x,1) € 2 x (—00,0],
S(x,0) = Sp(x), V(x,0) = Vp(x), x e,
0
é;:(x,O):% / /G(x,y,—s)e%n(y,s)dyds, x € Q.
—00 Q
(2.10)

Note that in (2.10), the nonnegativity of n(x, t) guarantees that £ (x, 0) is nonnegative and not
identical to zero. The regularity of £(x,0) € W!*°() can be achieved from [8, Chapter 2.3,
Theorem 1].

Lemma 2.2. (S, I, V) is the solution of (1.4) with the strong kernel g, if and only if (S, 1,¢,&,V)
is the solution of

S =dsAS+ xV-(SVL) —B1x)ST+yx) —6(x)S+o(x)V, (x,1) € Q x (0, 00),
ol =di Al + B1(x)ST + Bo(x)VI — y(x)I, (x,1) € 2 x (0, 00),
3t§=dA§+%($—§)y (x,1) € 2 x (0, 00),
3z$=dA§+%(1—§), (x,1) € 2 x (0, 00),
oV =dyAV — B x)VI+35x)S—ox)V, (x,1) € 2 x (0, 00),
VS n=VI-n=V{-n=V{-n=VV.n=0, (x,t) € 022 x (0, 00),
I(x,t)=n(x,1), (x,1) € 2 x (—00,0],
S(x,0)=So(x), V(x,0)=Vy(x), x € Q,
0
C(x,O):—% / /G(x,y,—s)se%n(y,s)dyds, x € Q,
—00 Q
0
£(x,0) =% / /G(x,y, —s)etn(y, s)dyds, x € Q.
—00 Q
(2.11)

It is easy to verify that 0(z£) < £(x, 0), (x,0) € W*°(Q) in (2.11) as mentioned above.

11



G. Liu, H. Wang and X. Zhang Journal of Differential Equations 442 (2025) 113491

According to a series of works by Amann [2—4], we can establish the local existence and
uniqueness for solutions of (2.10) and (2.11).

Lemma 2.3. There exists Tmax € (0, 0o] such that (S, 1,&, V) is the positive solution of (2.10) in
the classical sense as follows

S,V € C(Q x [0, Tmax)) N C*1(Q x (0, Tinax)),
L& € () €0, Tmax); WP (2)) N C>(Q x (0, Tnax))-

p>n

In addition, if Tmax < 00, then

limsup(1SC. 1)l zoe(@ + 11 ¢ D llwiney + IEC Dllwrn) + 1V Dllyigy) =00, ¥ p>n.
t/'Tmax

Lemma 2.4. There exists Tmax € (0, 00] such that (S, 1, ¢, &, V) is the positive solution of (2.11)
in the classical sense as follows

S,V € C(Q % [0, Tmax)) N C*1(Q % (0, Tax)),
1,8,& € (1) CUO, Tax); WP (R)) N C>1(2 x (0, Tinax))-

p>n
In addition, if Tmax < 00, then for any p > n,
llingsup(||S(~, Dlize@) + 1 C Dy + 1EC Dllwir ) + I8¢ Dilwir g
+ IV, Dllpe () = oo.
We establish some basic L!-estimates of the solutions for (2.10) and (2.11).

Lemma 2.5. The solution of (2.10) satisfies the following L'-estimates:

/(S(«, D4 1C, )+ V(e 0))dx =N, Yt e, Tn): 2.12)
Q

/g(-,t)dx < /g(x,O)dx—i—N:: No, V1 € (0, Tonax)- (2.13)
Q Q

Proof. Adding the S-, I- and V-equations, and integrating the resulting equation by parts over
Q give (2.12) directly. We integrate the &-equation by parts over €2 to yield

a,/s(«,t)dxz %/I(n)dx— %/s(-,z)dx, Vit e (0, Tmax)-
Q Q Q

Then by Gronwall’s inequality and (2.12), one has

12
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_L _t
£(,dx <e~ E(-,O)dx—}—(l—e r)N, V1 € (0, Tyax)-
Q Q

leading to (2.13). O

Lemma 2.6. The solution of (2.11) also satisfies (2.12) and (2.13), and in addition,

/;(-, dx < / ¢(x,0)dx + No, V1t € (0, Trpax)- (2.14)
Q Q

Proof. It suffices to integrate the ¢-equation by parts over €2 to produce

8,/§(~,t)dx= %/E(-,t)dx— %/§(~,t)dx, Vt e (0, Tmax)-
Q Q Q

Then, similar to the proof of (2.13), one can obtain (2.14). O

Lemmas 2.5 and 2.6 indicate that the number of the total population is conserved and that
memory has no influence on the total population size. In fact, the L!-bounds of £ and ¢ only
depend on N and n(x,t) for x € Q and ¢ € (—o0, 0] by observing £(x, 0) and ¢ (x, 0).

3. Global solvability

In this section, we focus on the global solvability for (1.4). Initially, we establish the solv-
ability of the equivalent systems represented by (2.10) and (2.11). Subsequently, leveraging
Lemmas 2.1 and 2.2, we demonstrate the global solvability for model (1.4). In the following
discussion, unless otherwise specified, a;, b;, c;, d;, and e; are generic positive constants in-
dependent of time for integers i > 1. The subsequent analysis encompasses two distinct cases:
arbitrary x and small .

3.1. Global solvability for arbitrary x

We consider the solvability of (2.10) with arbitrary x in a one-dimensional domain in this
subsection. First, we derive the estimate of I in W1-7(Q).

Lemma 3.1. Let n = 1. For all p > 1, there exists a positive constant C depending on p and N
such that the solution of (2.10) satisfies

G Do) < Cs V1 € (0, Trna). 3.1)

Proof. Applying the variation-of-constants representation and standard smoothing estimates for
the Neumann heat semigroup [28, Lemma 1.3(ii)] to the /-equation in (2.10), one has

t

e @A=Dp . 0) 4+ f eU=A=D18, () S(, )1 (-, 8) + Ba(IV (-, ) (-, )
0

G Olwir =

13
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+A =y NI, 9)]ds

Wlr(Q)

< are” [0 0y

t

+a3 / (14 @ =97 ) INBOSC D9+ BOVEDC5)
0
+(1 — )/())I(, S)”LI(Q)dS, Vite (O, Tmax)- (32)

According to (2.12) in Lemma 2.5, we obtain

1B1C)SC)ICs) + B2V E G s)+ A =yDIC )
< BEISC )l e 1 o)l + BNV Gl il 6 ) ey + (L4 ¥ 9l
<azllI(-, )|l +as, Vs € (0, Tinax)- (3.3)

Let

M(T):= sup [[1(,D)llwir), T € (0, Tmax)-
te(0,T)

An application of the one-dimensional Gagliardo-Nirenberg inequality [10] with p > 1 yields
1—

17Co)llze@) < asll G )50 G g < asM(T), Vs €(0,T),

where a = 21)%1 € (0, 1). Combining (3.2) and (3.3), we get for all t € (0, T),

t
14\ g
Iy < @ Ollyrosiey +ax(aasht® (1) +as) [ (14 =575 ) ey
0

1 a
<arlnC, 0llwixq) + (EM(T)) 2" mazagar + arasa;
1 L
<ailn(:, 0w + EM(T) + (2%axazagar) = + azasar, (3.4)

el
where a7 1= fooo (1 +p ]+21') e Pdp, and Young’s inequality is used in the last inequality. As
a consequence,

1 L
M(T) < allnC, Ollwioc) + 5 M(T) + (2"arazasar) =4 + arasa;
<C, VT €0, Tha),
where the positive constant C dependson p and N. O
Similarly, the W!-7-estimate of & and the L>°-estimate of V can also be derived.

14
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Lemma 3.2. Let n = 1. For all p > 1, there exists a positive constant C depending on p and N
such that the solution of (2.10) satisfies

1EC. Dllwrr@): IV DIlLx@) < C, V1€ (0, Tmax). (3.5)

Proof. By virtue of a variation-of-constants representation with standard smoothing estimates
for the Neumann heat semigroup [28, Lemma 1.3(ii)] again, one has

t
HEC, Dllwipy = €A DEC,0) + / e=)dA=D [%1(-,@ + (1 -~ %) s(~,s)} ds
0

Whr(e)
<bje"|&C, 0)||W110<>(sz)

t

el 1 1
+b2/(1+(t—s) ‘W)e—(l—” —I1(,8)+ (1— —)g(-,s) ds
T T LI(Q)
0
< bieIEC, 0)lwioo(q) + babzaz, V1 € (0, Tiax). (3.6)

where (2.13) in Lemma 2.4 is applied to the last inequality.
Similarly, in view of the V-equation and [28, Lemma 1.3(i)], we can get

t
et(dvAfl)VO(,)+/e(t*S)(dvAfl)(g(.)S(.7s)
0

IV DllLe@ =

=BV HICs)+ (A —a()V (. s5))ds

Leo(€2)
t

<e "IVoO L) + 194/ (1 + (- S)_%) e S()S(, 5)
0
B2V ICs)+ =DV piqds, Vi€ O, Tmax). (3.7)

It follows from Lemma 3.1 and the one-dimensional embedding WP (Q) c L™®(Q) that for
p>1,

11D L@ < CHC O llwierg < C, Vi€ (0, Tmax)- (3.8)
Therefore, by Lemma 2.4 and (3.8), we have

18C)SC,8) = B2V s) + (L =a()VE9)lLig
=S USC )N +BIVE L@l Co)lize@ + L +o)IVE g
<bs, Vs € (0, Tinax)- (3.9)

Substituting (3.9) into (3.7) results in

15



G. Liu, H. Wang and X. Zhang Journal of Differential Equations 442 (2025) 113491

IV Dle@ < e Vo) o) + babsbe, Y t € (0, Timax), (3.10)
where bg := fooo (1 + p’%> e Pdp. The lemma holds according to (3.6) and (3.10). O

Building upon Lemmas 3.1 and 3.2, we then turn to obtain the estimates of S.

Lemma 3.3. Let n = 1. For all p > 1, there exists a positive constant C depending on p and N
such that the solution of (2.10) satisfies

”S(a t)”LOO(Q) < C’ Vte (07 Tmax)-

Proof. Fix any p > 1 and choose arbitrary r € (1, p). By means of a Duhamel formula as-
sociated with the S-equation in (2.10), and standard smoothing estimates for the Neumann
heat semigroup [28, Lemma 1.3], and the Holder inequality, it can be obtained that for all
5 € (0, Tiax),

t
ISC, )o@ = [le" 27D So() + / U™IESAD v (S, $)VEC, )ds +y () (-, 5)
0

—B1OSC DI 85) + (L =8()SC,8) +a()V (., s)lds

L>®($2)
t

< e IS0l +ei f (14 =977 ) e SC ) VEC, Dl @ds
0
t

ver [ (146 =97F) I = BOSEIC) +rOIC)
0
F(=3(DSC.5) + TV 9lir@ds

<e IS0 e

e / L+ (=972 2)e SC )G ) 1SC O IVENLr@yds

t

1
+62/<1+(t—s)_7> SIS )G ) ISC DT 1 G )L
0

HISC, ) 700 () I1SC s)||L1(Q)+||I('s5)||L°°(Q)+”V('vs)”LOO(Q)]dSa (3.11)

_ pr=—p—r P+V

where b = and ¢ = % Set

M(T):= sup ||SC,1)lIzoo@), VT € (0, Tmax)-
te(0,7T)
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In view of Lemma 3.2 and (3.8), we know

IVEC, ) iLry, G )o@y, 1V ) Lo <c3, Vs € (0, Tmax).

Combining (3.11) with Lemma 2.5 and (3.8), and using Young’s inequality, as a consequence, it
can be seen that

M(T) < ||So() | zooc@) + c1c3caN =P MP(T) + caes[es N1 ME(T) + NS ME(T) + ¢3)
<+ ceMP(T) + ceM (T)

|- 1 - ‘
< co+ 7 M(T) + (4%c6) T + M)+ (4cq) T

M(T)+c¢7, VT € (0, Tmax), (3.12)

Y

1

where ¢4 := [;° (1 + pff*%) e Pdp and cs == [;° (1 + ,07%) e Pdp. O

Now we are ready to establish the wellposedness for the solution of (2.10) with arbitrary x in
the one-dimensional domain.

Theorem 3.1. Let Q@ C R be an open bounded interval. For each p > 1, (S, 1,&, V) is the unique
positive solution of (2.10) in the classical sense as follows

S,V eC(Qx[0,00)NC>1(Q x (0, 00)),
1,€ € C([0, 00); WH®(2)) N CZ1( x (0, 00)).

In addition, there exists some constant C > 0 depending on N such that

ISC Dl + 1 G O llwioo) + 1EC Dllwioee @) + IV DllLe@ =C, V=0, (3.13)

Proof. Applying the smoothing estimates of the Neumann heat semigroup to the variation-of-
constants representation of the /-equation gives

t

e rA=Dn (. 0) + / UTIAIA=DI8 (NS, ) (-, 8) + Ba(OV (-, $)I (-, 5)
0

11C D llwrs @) =

+(1 =y (DI, 5)lds

WI,OO(Q)

<e G, 0l
t
tr [ (14 0=973) IS @ I imia)
0
HIVE L@l G L@ + 111G, 9)lLe@lds, V1> 0.
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Similarly, for all # > 0,

t

IEC. Do) = e @A VEC,0) + / e=I@A=D (%1(-, 5) + (1 - %) EC, s)) ds

0 Wwhoo(Q)
<eEC O)llwioo(q)

t

wde [ (140 =978 ) OIMIC e +IEC el
0

In conjunction with Lemmas 3.2 and 3.3, this establishes (3.13). O
On the basis of Lemmas 2.4 and 2.6, similar to the proof of Theorem 3.1, the global solvability
of (2.11) can also be established. Then by Lemmas 2.1 and 2.2, we can get the global solvability

for (1.4) in an open bounded interval.

Theorem 3.2. Let Q2 C R be an open bounded interval. For each p > 1, (S, 1, V) is the unique
positive solution of (1.4) for either g = gy, or g in the classical sense as follows

S,V eC(Qx[0,00)NC>(Q x (0, 00)),
[ € C([0, 00); W (@) N C>1(Q x (0, 00)).
In addition, there exists some constant C > 0 depending on the initial data such that
ISCDllzee@) + 11 D llwreo@y + NV DlliLe@ = C, Vi=0. (3.14)
Theorem 3.2 establishes the wellposedness of the solution to (1.4) for arbitrary x in a one-
dimensional domain. The global solvability for (1.4) in higher dimensions is then considered
under suitable restrictions on .

3.2. Global solvability for small x

Let T € (0, Timax)- One can find two positive constants Mg and My depending on 7' such that
for the solution of (2.10),

ISC, Lo <Ms, Yt e(0,T)
and
IV DllLe@ <My, Vie(0,T),
in view of Lemma 2.3. We assume M := max{Mg, My} and use the loop arguments to discuss
the global solvability for (2.10) when the magnitude of x is small.
We now prepare a loop by getting some estimates for the solution of (2.10) under the above

assumptions that S and V are bounded for ¢ € (0, T). Combining with the L'-bound for I and
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the smoothing properties of the Neumann heat semigroup, we first establish the estimates of 1
and V§&.

Lemma 3.4. Let T € (0, Trax). Suppose that

ISC DL, IV DlLe@ =M, Vie(0,T), (3.15)

then for g > 1 and q > 3, there exists a positive constant K independent of M such that

L:= sup ||I(,t)||Loo(Q)§K1(l+Mq) (316)
te(0,7)

Moreover, there exists a positive constant K, independent of M and L such that

sup [[VEC, 1)|lL=(@) < K2(1 + M7). (3.17)
te(0,T)

Proof. By virtue of the variation-of-constants formula associated with the /-equation of (2.10),
one has

HCDle@ < e A0, 0)le@ + / e @ATDIB (S DI (1)
+BOVEDIC )+ —Oy(-)>1(~, D]l )ds
< ||n(-,0>||Loo(m+e1/(1+(r—s>‘%)e<”>||S(~,t)1<-,r>
+V("t)1(‘at)+I('(»)t)||L‘7(Q)dS

q—1

1
<G, 0)lL=) +e1e2e3(M +1)N4 L 4,

for any ¢ > 1 and g > 7, where e3 := fooo (1 + ,o_zn_fl) e~ Pdp is finite for ¢ > 7, and standard
smoothing estimates for the Neumann heat semigroup [28, Lemma 1.3] is used in the second
inequality. As a result,

g—1

L<es+es(M+1)L 4 .
Then invoking Young’s inequality, there exists a positive constant K such that
L <eo(1+ (M +1DY).

Moreover, according to the inequality (a + b)? < 29(a? + b?) for nonnegative a, b and ¢ > 1,
(3.16) is derived.
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By use of the variation-of-constants formula and the £-equation of (2.10), we get

t
VE(, 1) = Ve’("A’%)go + % / Ve(”’)(dA’%)I(.,s)ds.
0

We then apply the smoothing properties of the Neumann heat semigroup to get

IVEC, DllLe@) <

t
_1 1 —s)(da—1
MCE f)sc,o)H 2 [ive A=) 1, ) llards
0

Whoo(Q)

t

| L,
<1 Ollyosiey +e7 [ (14 (=978 ) e NI imands
0
< IEC, O)llwip(q) + eresL,

where eg := [;° (1 + ,o’%) e~ %dp. This leads to (3.17). O

We turn to establish a refined estimate for V using the smoothing properties of the Neumann
heat semigroup.

Lemma 3.5. Let (3.15) hold. For r > 1 and r > 5, ¢ > 1 and q > %5, one can find a positive
constant K3 independent of M and L such that

1
IV Dl < K3 (1+M77), Vie 7). (3.18)

Proof. Applying the variation-of-constants formula to the V-equation of (2.10) yields

t
V(1) ge“dVA*"*)Vo(o+/e“*“)(dVA*”*)a(x)S(-,s)ds, Vie 7).
0

Furthermore, one has

t
IV, Ol < Vo) e + eo / [l AV AZTIS (. 5) || oo (yds
0
t

=< ||V0(')||L°°(SZ) +eIO/ (1 + (@ _S)—%>e—a*(t—x) ||S(',S)||Lr(g2)ds
0

1
< IVo()llzo(@) + er0erienM' =7,

where ejp = N% and e := fooo(l + p_2n_r)e_"*pd,o is finite for r > % This implies (3.18)
holds. O
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In view of Lemmas 3.4 and 3.5, we finally derive an estimate for S depending on .

Lemma 3.6. Let (3.15) hold. For r > 1 and r > 5, q > 1 and q > 75, one can find a positive
constant K4 independent of M and L such that

1 1 2
ISC, )l Loy < K4 (1 ot (73) 4 () +oxM (14 M‘f)) . (3.19)

Proof. We rewrite the S-equation via the Neumann heat semigroup representation as

t
SC.1) < e dsA=89 g () 4 Xfeo—s)(dsA—o*)v (S( $)VE(-. 5))ds
0

t
+/ e=sA=0I [, (NI (., 5) + 0 (IV (-, 8)1ds, Vi€ (0,T).
0

According to smoothing estimates of the Neumann heat semigroup [28, Lemma 1.3] along with
the maximum principle, one has

t
ISC, )l ooy < e @A) S0 ()l ooy + X / [l ~EsA=0IG (SVE)(-, 5) || oo () ds
0

t
+ / 1e0=9EA=3) () (VT (- 5) + 0 (YV (-, )| Loy ds
0

t

1
< 1800w e [ (14 (=978 e SVE o) lumands
0

t

pers [ (140 =978 ) I+ VEDr@ds
0

< ISo( L) +ez3eisxM sup [[VE(C, DllLe(e)
te(0,T)

1-1 1-1
+erqe16e17 <||1(7 t)”Locr(Q) + ||V(, t)”Loor(Q)) s Vie (07 T)v (320)

where eq5 := fooo(l + p_%e_s*")d,o, and ej¢ 1= fooo(l + p~ % e %P)dp is finite for r > 5. By
means of Young’s inequality and (a 4+ b)? < a” + b? for nonnegative a, b and p < 1, it follows
from Lemmas 3.4 and 3.5 that
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r

1-1 1-1 _1 _1
1 G0y + 1V G Dl gy = L7+ (K1 + M'7)
1 1 1 _1y?
<K, (1+M"(1 r>>+1r<31 ; <1+M(1 2 )
We substitute the above inequality to (3.20) to obtain

ISC, O llLe@) < I1So() (@) +e1igx M (1 + M7)

Fer (1 + Mq<l_%)> + e (1 + M(l_’ly) :

which immediately indicates (3.19). O

Now we are ready to close the loop and establish the wellposedness for the solution of (2.10)
by restricting the magnitude of x.

Theorem 3.3. For n < 3, there exists a positive constant xq such that for any 0 < x < xo, (2.10)
admits a unique classical solution in the sense of Theorem 3.1. In addition, (3.13) also holds
under the condition.

Proof. We take

i) g=r=1lifn=1;
(i) g=2andr = ifn=2,3.

Then by plain verifications, we find that both ¢ and r satisfy the conditions outlined in Lem-
mas 3.4 and 3.5. In addition, g (1 — %) =0forn=1andq (1 — %) <1forn=2,3.

Thanks to K3 > 0 and K4 > 0 in Lemmas 3.5 and 3.6, we choose M > 0 large enough such
that

M > ||SollLe@), M > |VollLe (). (3.21)
In addition, we choose M such that
M > max {4K3, (4K3)"}. (3.22)

Hence, by Lemma 3.5, together with (3.21) and (3.22), one has

T M M M
wuwm®s&+&wst+Z:TVmw1»
Similarly, we assume
_1 _1)?
K4(1+Mq<1 Do) ) <M (3.23)
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for some M, and let

M—K, (1 () M(l_%y)

KiM(1+ M)

X0 1= (3.24)

For 0 < x < xo, let (S, I, &, V) be the corresponding maximally extended solution of (2.10) on
Q x (0, Trax). We then define

P:={To € (0, Tonax) | IS¢, Dl L), 1V D@y <M, Vi€ 0, Tp)}.
The continuity of S and V, along with (3.21) implies that P is nonempty and 7 = sup P is a well-

defined element of the interval (0, oo]. Then by Lemma 3.6, together with (3.23) and (3.24), one
has

I1SC,Dllpo@ <M, Yte(0,T).

Again, due to the continuity of S and V/, it is evident that T = Tp,,x. Thus

ISC, O llLec@ys IV DllLo@) <M, Vi e (0, Thax).

Consequently, Lemma 3.4 indicates that

sup [[1(,0)llz=@) < Ki(1+M?), VYt € (0, Tmax),
1€(0,T)

and

_1
IVEC. DlliLr@) = K2 <1 + Mq(1 ’>) ,» V1€ (0, Tiax)-

It follows from Lemma 2.3 that Tjp,x = co. Similar to the proof of Theorem 3.1, we can get
(3.13). O

By Lemma 2.2, we demonstrate the global solvability for model (1.4) with small x in up to
three-dimensional domains.

Theorem 3.4. For n < 3, there exists a positive constant xqo such that for any 0 < x < xo, (1.4)
for either g = gy, or g5 admits a unique classical solution in the sense of Theorem 3.2. In addi-
tion, (3.14) also holds under the condition.

The threshold yo appears as an implicit constant in the loop argument, and depends on the
parameters of the model. Although its explicit value is not available, its existence suffices to
ensure the wellposedness of the solution.
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4. Equilibria

We consider the steady-state solutions of (1.4) with x = 0, i.e., the solutions for the corre-
sponding elliptic problem of (1.4):

—dsAS=—B1(x)ST —8(x)S+y() I +0(x)V, xeQ,

—diAl =B1(x)ST + Bo(x)VI —y(x)], x €, @1
—dy AV =—=B(x)VI+38(x)S—a(x)V, X €Q, '
VS n=VI-n=VV.n=0, x €09,

where S(x), I(x), and V (x) are the density of susceptible, infected, and vaccinated individuals,
respectively, at location x at equilibrium. Due to (1.5), we impose the additional condition

/(S +1+V)dx=N. 4.2)
Q

We are interested in the nonnegative solutions (S, 7, V) of (4.1). A disease-free equilibrium
(DFE) is a solution with /(x) = 0 for all x € 2, and an endemic equilibrium (EE) is a solu-
tion with 7(x) > 0 for some x € Q2. We begin by presenting a fundamental result regarding the
DFE.

Lemma 4.1. Suppose (S(x),0, V(x)) is a solution of (4.1), then S(x), V(x) =0 for x € Q.
Proof. Let (S‘(x), 0, V(x)) be a DFE of (4.1). (4.1) with (4.2) reduces to
—dsAS=—-8(x)S+o(x)V, xeq,

—dyAV=8(x)S—o(x)V, x€g,
VS -n=VV.n=0, X €I, (4.3)

/(S(x) +V(x))dx=N.
Q

We prove the conclusion by contradiction. Suppose S(x) = 0 for all x € 2. By the first equation
of (4.3), one has fQ o(x)V(x)dx =0 for x € Q. Hence, V(x) =0 due to o(x) > 0. This con-

tfadicts to the last equation of (4.3), indicates that S'(x) = ( for all x € Q2. In a similar manner,
V(x) #£0 for all x € Q can also be achieved. O

The following result provides an equivalent system of (4.3).
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Lemma 4.2. (S, V) is a solution of (4.3) if and only if(S’, V) is a solution of
dsS+V =1, xeqQ,

. dy dy .
dyAV + —L8(x) — [ “28(x)+0(x) | V=0, xeg,
ds ds

) (4.4)
VV.-n=0, x €082,

dyN
- _ v  ~_ =K
fo(dy S + V)dx

dyV

where Kk is a positive constant, S = % and V = =—.

Proof. Adding the first two equations and combining the boundary conditions in (4.3) lead to

A(dsS +dyV) =0, xeQ,
V(dsS+dyV) n=0, xedQ.
It follows from the maximum principle that dsS + dyV is a constant on . Due to S, V > 0,

together with the last equation in (4.3), we can find some positive constant « such that dsS +
dyV =k on Q. Therefore, (S, V) is a solution to

dsS+dyV =«, xeQ,
—dyAV =8(x)S —a(x)V, xeQ,
VS -n=VV.n=0, x €909, (4.5)

/ (S(x)+ V(x))dx = N.
Q

On the contrary, suppose that (S‘ , \7) is a solution to (4.5). By the first two equations of (4.5), we
see

dsAS = —dy AV =8(x)S—o(x)V, x € Q,

leading to the first equation in (4.3). This gives the equivalence between (4.3) and (4.5).
By direct calculation, we can obtain (S, V) is a solution to (4.5) is equivalent to (S, V) is a
solution to (4.4). O

The equivalent system is more approachable since it consists of only one reaction-diffusion
equation involving V. We are able to establish the existence and uniqueness of the positive solu-
tion to (4.4).

Lemma 4.3. There exists a unique positive solution (5’, V)e (C%(Q))? of (4.4) satisfying S$>0
and 0 <V <1 forall x € Q.
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Proof. Consider the boundary value problem in (4.4)

. d d .
dVAV+—Va(x)—(—Va(x)+o(x)>V=o, xeQ,
ds ds (4.6)

VV.n=0, x €9Q.

It is easy to check that 0 and 1 are a subsolution and supersolution of (4.6), respectlvely With
reference to [24] on the sub-supersolution method, there must exist some V € [0,1]:= {V €
C3() |0 < V <1on ) satisfying (4.6). In fact, 0 < V <1 for all x € Q. Argue by con-
tradiction. If V = 0 for some x € €, by the strong maximum principle, one has V =0on Q.
Furthermore, V=0on 2, a contradiction to Lemma 4.1. If there exists a point xg € 92 such
that V(xo) = 0, then by the Hopf’s lemma, we have V \V/(xo) -n > 0, a contradiction to the bound-
ary condition in (4.6). On the other hand, if V =1 for some x € £, then the maximum principle
in [16, Proposition 2.2] indicates AV <0 as V attains its maximum on . Then the left-hand
side of the first equation in (4.6) must be strictly negative, a contradiction. If V =1 on some
x € 02, we can also get a contradiction by Hopf’s lemma. Hence, 0 < V <1forall x € Q.
Invoking the first equation in (4.4) again, SecC 2(Q) and S >0forall x € Q.

We turn to verify the uniqueness of (S8, V) by contradiction. Suppose that there exist two
positive solutions (S1, V1) and (5>, V2) of (4.4), where V| # V; on Q. Let Vipin and Viax be the
minimal and maximal solutions of (4.6), respectively, i.e., 0 < Viin < Vi, V2 < Vipax < 1. Since
V1 # Va, one has Vigin % Vinax. The maximum principle indicates that Vipin < Vipax on Q. We
multiply (4.6) with V= Vinin by Vmax and (4.6) with V= Vimax bY Vmin, subtract the results, and
integrate by parts over €2 to get

/S(X)(Vmax — Vin)dx =0.
Q

Irl Vivew of _(S(x) > 0, a contradiction occurs as Vpin < Vmax. Hence, (4.4) has a unique solution
(S, V)onQ. 0O

By Lemmas 4.1-4.3, we have the following results.
Theorem 4.1. There exists a unique DFE (S’, 0, ‘7) of (1.4), where 0 < S‘, Ve Cc3(Q).

We then consider the stability of the DFE in terms of the basic reproduction number. Lineariz-
ing the (1.4) for y =0 around the DFE (S, 0, V) gives

0§ —dsAE =—P1(x)Sn —8()E+ () +y (), (x,1) € R x (0,00),

dn —diAn= (B1(xX)S + B2(x)V — y (X)), (x,1) € 2 x (0, 00), @
¢ —dv AL = —Pr(x)Vn +8(x)E — o (x)¢, (x,1) € 2 x (0,00), '
VE - n=Vn-n=V{-n=0, (x,1) € 922 x (0, 00),

where £(x, 1) = S(x, 1) — S(x), n(x, 1) = I (x,1),and £ (x, ) = V (x,1) — V. Now let (£, 7, ) =
(eMp(x), e Mp(x),e 1 (x)) be a solution of (4.7) for A € R. Substituting the solution to
(4.7) leads to
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dsAp — B1(x)S¢ —8(xX)p + ()Y +y () +2rp =0, xeQ,

diAg + (B1(x)S + B2 (x)V — y ()@ + Ao =0, x €, “8)
dy Ay — Pr(x) Vg +8(x)p — o () + 2y =0, xeQ, '
V¢ - n=Ve-n=Vy-n=0, x € 022.
In view of (1.5) and the last equation of (4.3), we obtain
f(éﬂ%é“)dx =€_Mf(¢+</?+1ﬁ)dX=0~
Q Q
Consequently,
/((]5 + o+ Y)dx =0. 4.9)
Q

It follows from the Krein-Rutman theorem that there exists a least eigenvalue A* equipped with
a positive eigenfunction ¢* satisfying

(4.10)

diAQ* + (B1(x)S + Ba(X)V — y (x)g* + 1% p* =0, xeQ,
Ve* -n=0, x €0Q.

A* is called the principal eigenvalue, which can be given by the variational characterization:

e i [ J@IVOP+ (= BiIS — fV)®2)dx
" 0zdeH(Q) Jo ©2dx ’

Additionally, we also consider a weighted eigenvalue problem

1 ~ ~

—d AV YOV = (LS + VIV, xeQ,
0

V¥ .n=0, x €0,

where Ry is the basic reproduction number for (1.4), which has the following variational char-
acterization:

Jo(B1()S + Bo(x)V)W2dx
Ro = sup 5 5 )
oxver@ | Jo@rIVV?+y(x)¥2)dx

It can be seen that Ry depends on all diffusion rates dg, dy, and dy since S and V depend
implicitly on dg and dy. Similarly, the vaccination rate §(x) and the loss rate of immunity o (x)
also affect Ry through their implicit influence on S and V. Following the argument used in
Lemma 2.3 of [1], we have the following results on the sign of A* in terms of R.

Lemma 4.4. \* has the same sign with 1 — Ry.
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We then show the stability of the DFE by the magnitude of R.
Proposition 4.1. The DFE is stable if Ro < 1.

Proof. We first show the linear stability of the DFE, i.e., if (A, ¢, ¢, ¥) is any solution of (4.8),
with at least one of ¢, ¢, or ¥ not identically zero on €2, then Re(X) must be positive. Argue by
contradiction. Suppose that (A, ¢, ¢, ¥) is a solution of (4.8), with at least one of ¢, ¢, or ¥ not
identically zero on €2, and Re(A) > 0.

We first show ¢ £ 0 on Q2. Otherwise, suppose ¢ = 0. Then there are three cases: ¢ =0 and
Y #£0, ¥ =0and ¢ #£0, or both ¢, ¥ £ 0 on Q. If =0 and ¢ £ 0 on €2, then from the third
equation of (4.8), one has

dyAYy —o(x)Y +1y =0, xe,
Vi -n=0, x €0R2.

It can be seen that A > 0 from the positivity of o, a contradiction to Re(A) < 0. If ¥ =0 and
¢ #£ 0 on 2, we can also get a contradiction similar to the first case. If both ¢, ¥ # 0 on €2, we
take ds = dy = d since dg and dy are arbitrary, and add the first and the third equation to get

dAP+Y)+ 1 +y¥)=0, x€,
V(p+¥) n=0, x €93Q.

This problem indicates that X is real and nonnegative. By the assumption Re(1) < 0, one has
A = 0. Then the above problem implies that ¢ + 1 is a constant. It follows from (4.9) and ¢ =0
that ¢ + v = 0 on Q2. Therefore, ¢ = —/. Substituting this into the third equation of (4.8) results
in

{dAx[f -3 —o(x)Y =0, xeg,
4.11)

Vi -n=0, x €0Q.

Integrating the first equation of (4.11) by parts over €2 produces

/(S(x) +o(x)Ydx =0.
Q

By the positivity of § and o, ¥ = 0 on Q2. Furthermore, ¢ =0 on €2, a contradiction. Hence, we
conclude that ¢ % 0 on Q.

Since diA + 1S+ BV —y with S,V € C2(Q) is a self-adjoint operator, X in the second
equation of (4.8) is real and nonpositive. Therefore, A* < A < 0. By Lemma 4.4, Rg > 1, leading
to a contradiction. We thus conclude if (A, ¢, ¢, V) is a solution of (4.8), with at least one of ¢,
@, or ¥ not identically zero on €2, then Re(}) > 0. This verifies the linear stability of the DFE.
The stability of the DFE can be obtained from the linear stability [11]. O

Now we consider (1.4) in a spatially homogeneous environment, that is to say, all coefficients
in (1.4) are constant. Note that the constant DFE in this case is ( 0, (Gﬁé\; IQI)' Corre-
spondingly, the basic reproduction number is

alN
(o+9)|2]”
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5 _ (B1o + B28)N
v +8)|Q

We have the following results on the existence of constant EE (3‘, I, \7) of (4.1).

Theorem 4.2. With R defined above, the number of endemic equilibria can be classified as
follows.

(i) Ifﬁp > 1, there is a unique constant EE.

(ii) If Ro = 1, there is a unique constant EE if and only if % > ‘S;—Iy + %

(iii) If7A€0 < 1, there are two constant endemic equilibria if and only lf% > 6+_y + % and % >

)4 ) Sy ) Sy
E_E_%-'_ | 528 — ﬂz,therelsaumqueEElfandonlyzflm—E—E—E+ //3”32 7

/3 by by _ Pad
ando < BB g B

(iv) Otherwise there are none.

Proof. It is easily seen that S= % —I-V. According to (4.1) at this EE, we have

ﬂlﬁ —y =Bl + B2 —B1)V =0,
(4.12)

Sﬁ—ﬁQVI—M—(o—I—S)V 0.

(1)
. Substituting this into the first

From the second equation of (4.12), we can find V=
o+5+p1 "

equation of (4.12) results in

0=—Bifl*+ (ﬁlﬂ2|9| — By — Bio —ﬁ28> I+ (Bio +,323)@ —y(o+9)

= AI*+ BI +C=¢g().

We observe that A <0 and C =y (o + 8)(7@0 —1)>0if 7A20 > 1. Note that G(0) = C > 0,

. B1B2 1 —Pay —Pro—pad
g (IQ\) ﬂzy 1l — y (0 +8) <0, and the vertex of G is —% = = 28182 < %
lies to the left of / = % Therefore, there is a unique positive Ie (O, %) This implies (i).

8 N _ N
o+8+p21 1€ 1]

If Ry =1, then G(0) = C =0. Obviously, there is a unique EE if and only if the vertex of G
lies to the right of 0, i.e., ,31/32‘1%' > B10 + Bay + B24. (ii) is achieved.

If 7%0 < 1, then G(0) = C < 0. There are endemic equilibria if the vertex of G lies to the right
of 0. Then the number of endemic equilibria is determined by the sign of

Furthermore, 0 < V<

N 2
_4AC = p2p2 <@> +2B1Ba(Bro + o —/327/)@

+ (B2y + B10 + B28)* — 4B1 B2y (0 + ).
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Let

N B2 —4AC
() e

Ie] BiB3
N \?2 c 8 y\N o ¢ J/>2
= _ 2 —_— —_— — | — —_— _— —
(|sz|> * (ﬂz+ﬂ1 ﬂ1>|9|+(ﬂz+ﬂ1 s
wy sy
B Bif

On one hand, Q(f) = 0 has two positive solutions, if J (%) >0, i.e., I% > X _ 3 _ ﬁi +

5 5 A ... . . N . N
/;31_);12 — ﬁ—’]; On the other hand, G(I) = 0 has one positive solution, if J @) =0,i.e., o=

5. Spatiotemporal pattern formation

In this section, we numerically explore the spatiotemporal patterns by considering the weak
and strong temporal kernels, in terms of the memory-driven diffusion rate x and the temporal
distribution scale parameter 7, where we employ the finite difference method with MATLAB.
Within the following numerical examples, the parameter values are taken as follows: ds = d; =
dy =d=0.1, 1 =0.03, 2 =0.002, 6 =0.3, 0 = 0.5, y(x) =0.2cosx + 0.3, and the initial
values are selected as So(x) = n(x,0) = Vp(x) = 10 for x € Q = (0, 27r). The recovery rate is
the lowest at x = 7, and the highest at x = 0 and 27. To manifest the effect of memory-driven
diffusion rate, we first choose 7 = 1 to illustrate the spatiotemporal evolution of the solution for
x =0.1,0.3, 0.6, as shown in Figs. 1-3, respectively.

It can be seen from Fig. 1 that the dynamics of model (1.4) with either the weak or strong
kernels exhibit similarities when the memory-driven diffusion rate is small, specifically for
x = 0.1. There is no temporal pattern formation, and the spatial distribution is related to the
space-dependent recovery rate. The solution of model (1.4) tends to a temporally homogeneous
and spatially heterogeneous positive steady state. We observe that susceptible and vaccinated in-
dividuals aggregate at x = 0 and 2, corresponding to the highest recovery rate, while infected
individuals exhibit a high density at x = 7, where the recovery rate is the lowest. The numer-
ical results for x = 0.3 are displayed in Fig. 2. As the memory-driven diffusion rate increases,
time-periodic phenomena occur in model (1.4) with the strong kernel. Yet, no time periodicity
is observed in model (1.4) with the weak kernel for the same value of y. The time-periodic dis-
tribution as shown in Fig. 2(e) is the “wandering” or “drifting” periodic pattern, which is also
observed in the previous work upon the Keller-Segel model with growth [18]. Compared (a)-(c)
with (d)-(e) in Fig. 2, we can conclude that the model with the weak kernel is less sensitive to
the memory-driven diffusion rate. When the memory-driven diffusion rate gets larger to x = 0.6,
we can find there are spatiotemporal patterns for both the model with the weak or strong kernels
as displayed in Fig. 3. The “net” patterns occur in the distribution of susceptible individuals in
Fig. 3(a)(d). It is noteworthy that the density of infected individuals at x = 7 is not consistently
high, as observed in Fig. 3(b)(e). Instead, it takes on time-periodic characteristics.
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(a) The phase portrait of S(x,t) for y=0.1 (b) The phase portrait of I(x,t) for x=0.1 (c) The phase portrait of V(xt) for x=0.1
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(d) The phase partralt of S(x,t) for x=0.1 (e) The phase portralt of I(x,t) for y=0.1 (f) The phase portralt of V(x,t) for x=0.1
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Fig. 1. (a)-(c): Phase portraits of S, I, and V with the weak kernel for x = 0.1. (d)-(f): Phase portraits of S, 7, and V
with the strong kernel for x = 0.1. There are no spatiotemporal pattern formations for the model with either the weak
kernel or the strong kernel.

(a) The phase portrait of S(x,t) for y=0.3
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(b) The phase portrait of I(x,t) for x=0.3 (c) The phase portrait of V(x,t) for y=0.3
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Fig. 2. (a)-(c): Phase portraits of S, I, and V with the weak kernel for y = 0.3. (d)-(f): Phase portraits of S, 7, and V with
the strong kernel for y = 0.3. There are spatiotemporal pattern formations for only the model with the strong kernel.

Under a different scenario, we keep x = 0.6, and vary the values of T from 2 to 3 and then
to 4 for studying the effect of T on the spatiotemporal distribution of infected individuals. The
numerical simulations are presented in Fig. 4. We focus on the transient dynamics as the value of
T varies. For the model driven by the weak kernel, we observe that it forms stable time-periodic
patterns more quickly than the model with the strong kernel. In contrast, the model governed by
the strong kernel requires more time to develop stable patterns with the increase of the value of 7.
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(b) The phase portrait of I(x,t) for x=0.6

(a) The phase portrait of S(x,t) for y=0.6 100

100 _(c) The phase portrait of V(x,t) for x=0.6
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(€) The phase portrait of I(x,t) for y=0.6 (f) The phase portrait of V(x,t) for y=0.6
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Fig. 3. (a)-(c): Phase portraits of S, I, and V with the weak kernel for x = 0.6. (d)-(f): Phase portraits of S, 7, and V
with the strong kernel for y = 0.6. There are spatiotemporal pattern formations for both models with either the weak
kernel or the strong kernel.
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Fig. 4. (a)-(c): Phase portraits of I with the weak kernel for v =2, 3, 4, respectively. (d)-(f): Phase portraits of / with
the strong kernel for T =2, 3, 4, respectively. The model with the strong kernel needs more time to form a stable pattern
than that with the weak kernel.

6. Discussion

Building upon the idea that individual movement is under the guidance of cognitive maps
shaped by spatial memory, we proposed a reaction-diffusion epidemic model with susceptible,
infected, and vaccinated compartments to incorporate memory in the modeling of infectious
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diseases. The diffusion of susceptible individuals is composed of two parts: random diffusion,
modeled by Brownian motion, and directional diffusion, guided by the memory of the spatiotem-
poral distribution of infected individuals. We took Green’s function of the diffusion equation as
the spatial convolution kernel and the Gamma distribution function of order zero or one as the
temporal convolution kernels. The model we established is a fully nonlinear partial differential
system with nonlocal diffusion.

To explore the global solvability of the proposed memory-driven epidemic model, we began
by examining a fundamental reaction-diffusion system incorporating spatiotemporal convolu-
tion and demonstrating its equivalence to a chemotaxis-like system without time delay in the
governing equation. The equivalence between systems extends the results of [30], and is still
valid for both Neumann and Dirichlet boundary conditions, which is stated in Propositions 2.1
and 2.2. In the equivalent system, time begins at zero, with the portion related to the previous
time shifted to the initial condition. The equivalence transforms fully nonlinear systems into
quasilinear parabolic systems, allowing the application of the classical local existence theory for
such systems, as presented in [2—4]. On the basis of this equivalence, we considered the global
solvability for the memory-driven epidemic model concerning the spatial dimension n and the
memory-driven diffusion rate x (see Theorems 3.2 and 3.4). For arbitrary x, we verified the
wellposedness of the solution in the one-dimensional space. For small y, we stated the well-
posedness of the solution in spaces of up to three dimensions. We cannot find suitable g and r
such that ¢ (1 — %) < 1 holds with ¢, > 1 and g, r > 5 for n > 4 in the proof of Theorem 3.4.
Thus, it is uncertain whether the solution remains bounded when n > 4 for small y, and the
extension of such results to higher dimensions remains a challenging open problem in general.
We mention that if the initial data are suitably small, it is found in [25] that the blow-up may be
ruled out for higher spatial dimensions and that solutions asymptotically behave in an essentially
diffusion-dominated manner. Therefore, the boundedness in higher dimensions would typically
require either additional structural assumptions or stronger dissipation mechanisms. With the
introduction of vaccination, we examined the existence and uniqueness of the DFE, which is
stated in Theorem 4.1. Inspired by [13], multiple endemic equilibria have also been found in this
case, as presented in Theorem 4.2. It is essential to emphasize that optimal vaccination control
is a significant concern. For example, in [17], the authors examined optimal vaccination control
within a vector-borne reaction-diffusion model applied to the Zika virus. The role of vaccination
in preventing disease transmission will be thoroughly investigated in a subsequent study.

We also clarified through numerical analysis how the memory-driven diffusion rate x and the
temporal distribution scale parameter t influence both the asymptotic and transient dynamics.
It is found that spatiotemporal memory can reduce infection periodically due to the formation
of temporal patterns by observing Figs. 2-4. Time-periodic patterns have been observed nu-
merically, while the problem of providing a rigorous explanation for their occurrence remains
unresolved and is left for future investigation. The model with the weak kernel is less sensitive to
the value of x and requires less time to attain a stable state at larger values of t, compared to the
model with the strong kernel. Additionally, the period of the temporal patterns in the strong ker-
nel model is longer than that in the weak kernel model. The effect of t on the solution structures
has also been explored in [7]. Other spatial and temporal kernels, such as Dirac delta function
kernels and constant kernels, also exist. Interested readers can consult [30, Table 1] for additional
references. Furthermore, it is worthwhile to study the spatiotemporal dynamics associated with
the use of these kernels both theoretically and numerically.

The models incorporating spatiotemporal memory have numerous applications in modeling
population interactions. For example, consumers have the memory of resource density related to
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locations and seasons, enabling the incorporation of this memory into describing the directional
movement of consumers. Similarly, in the predator-prey relationship, both predators and prey
retain memory of where and when they encountered each other. Consequently, the movement of
both predators and prey can be influenced by spatiotemporal memory, leading to the formation of
a more complex system. Based on the equivalence between systems, we can simplify the complex
system into a more manageable one, thereby facilitating the analysis of global solvability and
other dynamics.
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