ON THE GERSTEN CONJECTURE FOR HERMITIAN WITT
GROUPS

STEFAN GILLE AND IVAN PANIN

ABSTRACT. We prove that the hermitian Gersten-Witt complex is exact for
Azumaya algebras with involution of the first- or second kind over a regular
local ring, which is essentially smooth over a field, or over a discrete valuation
ring.

1. INTRODCUTION

Let R be a regular integral domain of finite Krull dimension with fraction field K
of characteristic not two, and (A,7) an Azumaya algebra with involution of the
first- or second kind over R. In [10, 11, 12] the first named author has constructed
a complex, the so called e-hermitian Gersten-Witt complex of (4,7), e € {£1}:

00— We(AfT) — WG(K ®R (A7 T)) — @ Wi(k(q) RR (A7T)) — ...
ht g=1

o= P Welk(e) ®r (A,7)) — 0,
ht g=dim R

where k(q) denotes the residue field of ¢ € Spec R, and W, (k(q)®r(A, 7)), € € {1},
denotes the e-hermitian Witt group of the central simple k(g)-algebra k(q) @ A
with involution idyg) ® 7. This construction is the natural generalization of the
one of Balmer and Walter [4] for Witt groups of symmetric forms.

The Gersten conjecture claims that if R is a regular local ring then this complex
is exact. In the symmetric case, i.e. (4,7) = (R,idgr), this conjecture has been
verified in many instances, e.g. for regular local rings of dimension < 4 by Balmer
and Walter [4], or for regular local rings R which contain a field (of characteristic
not 2), by Balmer, Walter, and the authors [3]. In the hermitian case the first
named author has given a proof if R is regular local and essentially smooth over a
field, and (A, 7) is extended from the base field in [11, 12]. These papers claim the
conjecture also in the non constant case, i.e. if (A,7) is not coming from the base
field, but the proof is flawed, see our Remark 9.7 (we fix this gap here). Recently
Bayer-Fluckiger, First, and Parimala [5] have verified the conjecture if dim R < 2,
and if dim R < 4 and A is of odd index.
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In this article we prove the conjecture for regular local rings, which are essential
smooth over a discrete valuation ring.

Theorem. Let R be a integral domain, which is smooth over a discrete valuation
ring, or over a field, R a localization of R at a prime ideal, and ([l,?) an Azu-
maya algebra with involution of the first- or second kind over R. Then the Gersten
congecture holds for (A, 7).

Note that this theorem is new even in the symmetric case, ie. (4,7) = (R, idp).
Using Popescu’s desingularization theorem [18, 19] our result implies the conjecture
also for Azumaya algebras with involution over a regular local ring, which either
contains a field, or which is geometrically regular over a discrete valuation ring.

We give now a short sketch of the proof of the main theorem, which is in its
essence an adaption of Quillen’s [20] proof of the Gersten conjecture in K-theory
to hermitian Witt groups.

By assumption we have R = Rp for some prime ideal P of R, and replacing R
by a localization we can assume that (A,7) = R ®g (A, 7) for some Azumaya
algebra with involution (A,7) over R. Denote by D%(M,.(A)) the bounded de-
rived category of complexes of A-modules with finitely generated homology mod-
ules, and by D2(M.(A))®), p > 0 an integer, the full subcategory consisting of
complexes M, with codimgpec gsupp M, > p. A finite injective resolution of R
considered as an element in the bounded derived category DY(M.(R)) is a dualiz-
ing complex and so induces a duality on D%(M,.(A)) as well as on D(M.(A))®
giving these categories the structure of triangulated categories with duality in the
sense of Balmer [1].

By construction the Gersten conjecture is equivalent to the assertion that the
natural functor D%(M.(A))P+1) — DE(M .(A))P) induces the zero map on the
associated triangular Witt groups for all p > 0. In Section 8 we show that this
follows in turn from the following result (see Lemma 8.3 for a precise formulation
including in particular the involved dualizing complexes):

Let t € R be a non zero divisor, such that R’ := R/ Rt is flat over the base ring,

7 : R — R’ the quotient map, and v : R —> R = Rp the localization morphism.
Then

7 ten(z) = 0 in WHDY(Mqe(A)®)

for all z € W (D2(M (R @r A))P)).
Here tr, stands for the transfer map along m and W* for the ith triangular Witt
group.

As this is merely an outline of the idea of proof we do not mention for simplicity

here and in the following the involved dualities, see Section 9 for this.

The main geometric ingredient in the proof of above claim is the normalization
lemma of Quillen [20], respectively its generalization by Gillet and Levine [14] in
case the base ring is a discrete valuation ring. This result coupled with Zariski’s
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main theorem provides us with a commutative diagram

R<—— R,
Y

where u is essentially smooth (and so C’ is Gorenstein), 4’ is the localization mor-
phism, s a regular immersion of codimension one, § finite, the by o’ induced mor-
phism Spec ¢/ — Spec D an open immersion, and s o o/ is surjective.

Set (A',7") := R’ ® (A, 7). In general the Azumaya algebras with involution
u*(A’,7') and (o/08)* (A, 7) are not isomorphic. In particular, there are two transfer
maps along s : ¢’ — Rl:

try © WH(D2(Mye(A/At)P) — W (DE(Mye(u*(A))")
and
tr2 © WH(DE(Mge(A/At)P) — W (DE(Mye((c 06)*(A)))P)).

Now by the zero theorem for the transfer [12, Thm. 6.3] we have trl(y*(z)) = 0,
and using an excision lemma we show that

7 (bra(@) = trs | ()7 (02 (@) ] -

Hence if u*(A’,7') ~ (o’ 0 §)*(A,7), which is for instance the case if (A,7) is
extended from the base ring, this concludes the proof. However — as already men-
tioned — these algebras with involutions are in general not isomorphic. In this
case we remedy this obstruction using a construction of Ojanguren and the second
named author [17]: There exists a smooth morphism of relative dimension zero
k:C" —s C, such that

g (u (A7) ~ k*((a’ o 0)*(A,7) ),
and satisfying another technical property, which is crucial since it implies that above
morphism s : ¢/ — R, factors via s and a regular immersion ' : C — R'p.

This is done in the last Section 9 of the paper. The content of the rest of
the article is as follows. In Sections 2 and 3 we recall the basic definitions of
triangulated and derived (hermitian) Witt theory. Section 4 fixes some notations
and recalls dualizing complexes. The following Section 5 is a jog through coherent
hermitian Witt theory of algebras with involutions over (commutative) rings with
dualizing complexes.

In Section 6 we prove the above mentioned excision lemma for the transfer (for
simplicity only in the special situation we use it), and in Section 7 we recall the
construction of the hermitian Gersten-Witt complex as a well as the formulation of
the Gersten conjecture and two of its consequences.
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2. REVIEW OF WITT THEORY OF CATEGORIES WITH DUALITY

2.1. Exact categories with duality. Throughout this work we assume that the
Hom-groups of additive categories are uniquely 2-divisible. In particular we assume
that schemes have 1/2 in their global sections.

An ezact category with duality is a triple (€,V,w), where V : € — £ is a
contravariant exact functor and w a natural isomorphism ide — V o V satisfying
wY; =y forall M € €.

A e-symmetric space, € € {£1}, is a pair (M, ), where ¢ : M — MY is an
isomorphism in &, such that @Y o wy = €+ . Two e-symmetric spaces (M1, 1)
and (Ma, po) are called isometric if there exists an isomorphism 6 : M; = M,
such that ;3 = 0¥ o ¢y 0 §. The associated Witt group of e-symmetric spaces
will be denoted W(€, V). This is the Grothendieck group of the isometry classes
of e-symmetric spaces with the orthogonal sum as addition modulo the so called
metabolic spaces.

2.2. Triangulated categories with duality. We refer to the works [1, 2] of
Balmer for details and more information.

A triangulated category with §-exact duality, § € {£1}, is a triple (T,V,w)
consisting of a triangulated category T, a d-exact duality V, and an isomorphism w
to the bidual satisfying the same axioms as the one for exact categories with duality.
If the isomorphism to the bidual w is clear from the context we also say that the
pair (7,V), is a triangulated category with duality.

Denote by T' the translation functor of 7. Then T%oV is a (—1)%d-exact duality,
and (T, T?oV, (—1) L w) is a triangulated category with duality. A i-symmetric
space is a symmetric space in (7,T%oV, (—1) L w). Isometry and the orthogonal
sum of spaces are defined as for exact categories with duality. The ith triangular
Witt group of (T,V,w), denoted W'(T,V,w), i € Z, or W(T,V), respectively, is
the Grothendieck-Witt group of the isometry classes of i-symmetric spaces with
orthogonal sum as addition modulo the so called neutral spaces. These groups are
4-periodic: W' (T, V) ~ W (T, V).

A duality preserving functor from T to another triangulated category with ;-
exact duality (77,V1,w1) is a pair (F,n), where F': T — 77 is an exact functor

and 7 is a natural isomorphism F oV = V; o F satisfying
v o F(wn) = (nu)" o w1 rum

and the equation T, *(nar) = (616) - nrar, where Ty denotes the translation functor
in 71. The duality preserving functor (F,7n) induces a homomorphism of triangular
Witt groups, see [8, Thm. 2.7]: If (M, ) is a i-symmetric space in T then

(F,n)«(M, @) = (F(M), (661)" - T{ (nar) © ©)
is a ¢-symmetric space in 77, which is neutral in (771, V1, w1) if (M, ¢) is neutral in
the triangulated catgory with duality (7,V, @).

Duality preserving functors can be composed, see [9, Sect. 1]. Let (G,0) :
(T1,V1,@w1) — (T2, Va,w2) be another duality preserving functor. The compo-
sition of (F,n) and (G, 0) is defined as follows:

(Gﬂ)o(Fﬂl) = (GOF> 9FOG(77)) : (T,\/,TD) — (7-2,\/2,722). (1)
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‘We have then

for all i-symmetric spaces (M, ) in (T,V,w) and all i € Z.
Another important definition is the following: Two duality preserving functors

(F,n), (G,8) : (T,V,w) — (T1, V1, 1)

are called isometric if there exists an isomorphism of functors s : F = G, called
isometry, which commutes with the respective translation functors and satisfies

(sa)V 0 bp0spv = N

for all M € T. Then sy is an isometry (F,n).(M,¢) ~ (G, 0).(M, ¢).

2.3. Derived Witt groups. The main example of a triangulated category with
duality is the following. Let (£,V,w@) be an exact category with duality. The the
derived functor of Vv, which we denote (by some abuse of notation) also by V, is a
duality on the bounded derived catgeory D®(€), giving this triangulated category
the structure of a triangulated category with duality. (The isomorphism to the
bidual is given in degree i by wys, : M; — MYV for all M, € Db().) The
associated triangular Witt groups are denote W' (E,V), i € Z, and called the derived
Witt groups of (€,V,w).

As usual in derived and coherent Witt theory we work with homological com-
plexes.

Note that by the main result of Balmer [2] we have an isomorphism
W (E,V) = W&, V)
for all e € {+1}.

3. AZUMAYA ALGEBRAS WITH INVOLUTIONS AND DERIVED WITT GROUPS

3.1. Notations and conventions. Let X be a noetherian scheme. We denote
the structure sheaf of X by Ox, the local ring at * € X by Ox 5, the maximal
ideal of Ox , by mg, and set k(z) := Ox z/my.

Given an Ox-algebra A we use the following notations for categories of .A-
modules, by which we mean — if not otherwise said — left .A-modules: M .(A)
the category of quasi-coherent A-modules, and M_.(A) the category of coherent
A-modules. We use also affine notations: If X = Spec R we denote by A the
global sections of A and write M.(A) and My.(A) instead of M. (A) and My.(A),
respectively.

3.2. Azumaya algebras with involutions. By an involution of an Ox-algebra A
we understand a Ox-linear homomorphism 7 : A — A satisfying (i) 707 = id 4,
and (i) 7y (a - b) = 7y (b) - 7y (a) for all a,b € A(U) and all open U C X.

Given an involution 7 on an Ox-algebra A we can turn a right .4-module F into
a left one as follows: a.x := z -7y (a) for all a € A(U) and x € F(U), U C X open.
We denoted this left .A-module by F, or ?T, if we have to specify the involution.
Analogous we can turn a left A-module into a right one.
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Let R be a commutative ring and (A,7) an R-algebra with involution. We
say that the pair (A4,7) is an Azumaya algebra with involution over R if A is a
separable R-algebra, which is finitely generated and projective as R-module, and
the centre Z(A) of A is either R, in which case 7 is called of the first kind, or Z(A)
is a quadratic étale extension of R and R is the fix ring of 7, in which case 7 is said
to be of the second kind.

Given a scheme X and an Ox-algebra A with involution 7 we say that the pair
(A, 1) is an Azumaya algebra with involution of the first- or second kind over X if
it is locally an Azumaya algebra with involution of this kind.

3.3. Derived hermitian Witt groups. Let (A, 7) be an Azumaya algebra with
involution (of first- or second kind) over the scheme X, and P(A) the full sub-
category of M.(A) consisting of coherent A-modules, which are locally free as
Ox-modules. The contravariant functor

QAT . F — Homu(F, A) = HomA(]:,.A)T
is a duality on P(A) making this an exact category with duality. Associated with
this data we have the ’classical’ (skew-)hermitian Witt groups W.(A,7), e = 1,

and the derived Witt groups, denoted Wi(A, T), i € Z, called the derived hermitian
Witt groups of (A, ).

Let f : Y — X be a morphism of schemes. The natural isomorphism of left
f*A-modules f*Hom 4(F,.A) = Homyp« o(f*F, f*A) makes the pull-back func-
tor f* : DY(P(A)) — DY(P(f*A)) duality preserving and therefore we have a
homomorphism f* : W (A, 7) — W(f*(A, 7)) for all i € Z.

There are also Witt groups with support. Recall first that the support supp F,
of a complex F, of Ox-modules is the set of all x € X with H;(F,,) # 0 for at
least one i € Z. Here H;(F, ) denotes the ith homology group of the at x € X
localized complex F, .

Let D%(P(A)) be the full triangulated subcategory of D(P(A)) consisting of
complexes F, with support in the closed subscheme Z C X. The restriction of
DA to this category makes DY (P(A)) a triangulated category with duality. Its
associated triangular Witt groups are the so called derived hermitian Witt groups
of (A,7) with support in Z, denoted W% (A, ), i € Z.

As usual if X = SpecR and Z is defined by an ideal a we set A := I'(X,.A)
and use affine notations D%(P(A)) instead of D%(P(A)), and W (A, 7) instead of
W45 (A, ).

4. DERIVED CATEGORIES AND DUALIZING COMPLEXES

4.1. Some (derived) categories of modules. Let R be a commutative noe-
therian ring, a C R an ideal, and A an R-algebra. We denote by Mg o(A) the
category of A-modules with support in the closed subscheme Spec(R/a) C Spec R,
and set M. 4(A) = M (A) N My qo(A).

We denote further by D8(M,.(A)) the full subcategory of the bounded derived
category D®(M,.(A)) consisting of complexes with coherent homology, and by
D% ((Mge(A)) the full subcategory of D8(Mg.(A)) consisting of complexes with
support in Spec(R/a) C Spec R.
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For p € Z we denote by D%(M,.(A))® the full subcategory of D%(M,.(A)) con-
sisting of complexes M, with codimgpec g supp M, > p, and set D? ,u(/\/lqc(A))(p) =
DY o(Mye(A)) N DUMe(A) ).

We have the following well known equivalence of derived categories, which follows

from a result due to Grotendieck, which is proven in Verdier’s thesis [23, pp 169
170], see [12, Sect. 4.2] for details.

4.2. Lemma. Let R be a commutative noetherian ring with ideal a and A a co-
herent R-algebra. Then the natural functor D*(M, o(A)) — D! (Mye(A)) is an
equivalence.

4.3. Sign conventions. Let R and A be as above, and I, € D%(M,.(R)) a
bounded complex of injective R-modules.

If M is aleft A-module and N an arbitrary R-module then Hompg (M, N) becomes
a right A-module by setting (f - a)(m) := f(am) for f € Homgr(M,N), a € A, and
m € M. Analogous if M is a right A-module then Homg(M, N) has a left A-module
structure: (a- f)(m) := f(ma).

For M, € D%(M,.(R)) the complex Homg(M,, I,) is given in degree | by

Homp(M,, 1), = @ Homp(M_,_,, I_,),
reZ
and the r-component of the differential Hompg(M,, I,); — Hompg(M,, I,);—1 maps
g € Homg(M_;_,,1_;) onto god™ _ | +(=1)"*1d’ og, where d} and d! denote
the differentials of M, and I,, respectively.
The natural homomorphism wg/[ : M, — Hompg(Hompg(M,,1,),1,) is defined
as follows: The (r, s)-component of

(@i )i My — € Homp(Homp(Miye—p, 1), 1_)
r,SEL

. . . s(s+1) . .
is 0 if r # s, and otherwise equal (—1) > times the evaluation map M; —

Homp(Homp(M;, I_5),I_s). Note that the evaluation map is (left-) A-linear if M,
is a complex of (left-) A-modules.

4.4. Definition. The complex I, is called a dualizing complex of R if w!, is an
isomorphism in D4(M,.(R)) for all M, € Db(M.(R)).

4.5. Examples.

(i) Let R be a Gorenstein ring of finite Krull dimension. Then a finite injec-
tive resolution Iy — I_1 — ... —> I_ qim r of an invertible R-module
considered as an element of D%(M,.(R)) with I; in degree [ is a dualizing
complex of R.

(ii) Let o : R — S be a finite morphism of noetherian rings and assume R
has a dualizing complex I,. Then

of(I,) := Homp(S,I,) € D5(M,.(S))

is a dualizing complex of S. This can be seen as follows. The morphism of
complexes Homp(S, 1,) — I, given in degree | by h + (—1)'h(1), induces
a natural isomorphism in D%(M,.(R))

¥y : Homg(M,, Homp(S,1,)) — Hompg(M,,1,),
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which implies that @S, : M, — Homg(Homg(M.,a(L.)),at(L)) is
an isomorphism in D4(M.(S)) for all M, € D%(M4.(S)).

In case I, : Iy — I_1 — ... is a finite injective resolution of the R-
module R, t € R a non unit and non zero divisor, and « : R — S := R/ Rt
the quotient morphism then of(1,) is an injective resolution of R/Rt liv-
ing in degrees —1,...,1 — dim R. This can be seen using the long exact
Extr(—, R)-sequence associated with the short exact sequence 0 — R N
R — R/Rt — 0. (In this case R and S = R/Rt are necessarily Goren-
stein rings of finite Krull dimension.)

4.6. The codimension function of a dualizing complex. Let I, be a du-
alizing complex of the ring R. Then given P € Spec R there exists precisely
one integer | = [(P), such that Hgy(Hompg, (k(P),I,p)) = 0 for all d # [ and
H;(Homg, (k(P),I, p)) ~ k(P), where k(P) is the residue field of P, see [16, Chap.
V, Prop. 3.4]. This integer will be denoted —py(P) (for the minus sign, note that
we use homological complexes). We get a function

wur : SpecR — Z, P — ur(P),

the codimension function of the dualizing complex I,. For instance, if R is a Goren-
stein ring of finite Krull dimension and I, : [y — I_; — ... is an injective reso-
lution of a rank one projective R-module with Iy in degree 0 then p;(P) = dim Rp
for all P € Spec R, see e.g. [6, Sect. 3.3].

4.7. Lemma. Let R be a Gorenstein domain of finite Krull dimension and I, :
Ip— I 1 — ... — I_gimr a injective resolution of an invertible R-module L
considered as an element of DY(My.(R)) with Iy in degree 0. If « : R — S is
a finite morphism of rings with dim.S = dim R then p.:(Q) = dim S for all
Q@ € SpecS.

Proof. Since R and S have the same Krull dimension, and since dim R/J < dim R
for all non zero ideals J of R the morphism « is injective. Let @) be a prime ideal
of S and P = a~1(Q). Replacing R by Rp we can assume that R is a local ring
with maximal ideal P, and so @ is a maximal ideal of S as well.

We have then dim Sg = dim R = u;(P), and S/Q ~ (R/P)®™ for some inte-
ger m > 1. As seen above, see Example 4.5 (ii), we have quasi-isomorphisms of
complexes of R-modules

Homg(S/Q,a%(1,)) ~ Hompg(S/Q,1,) ~ Homp(R/P,1,)®™.

Since H;(Homg(R/P, 1,)) # 0 if and only if | = — dim R it follows that 21 (Q) =
dim R = dim Sg. We are done. O

5. COHERENT HERMITIAN WITT GROUPS

5.1. Definition of coherent hermitian Witt groups. We refer to [10, 12] for
details and more information.

Let R be a commutative ring with dualizing complex I, € D%(M,.(R)), and
(A, 7) a coherent R-algebra with involution 7. The derived functor

D4 . M, — Homg(M,,1,) = Homg(M,,1,)
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is a duality on D%(M,.(A)) making this a triangulated category with duality. The
isomorphism to the bidual is given by w’, which is a quasi-isomorphism of com-
plexes of A-modules.

The associated triangular Witt groups are denoted V~Vi(A7 7,1,),1 € Z, and called
coherent hermitian Witt groups of (A, 7). There are also Witt groups with support.
If a C R is an ideal then D%  (M,.(A)) is also a triangulated category with duality

@}4’7. The associated triangular Witt groups Wj(A, 7,1,), 1 € Z, are called coherent
hermitian Witt groups of (A, T) with support in the ideal a.

5.2. Derived and coherent Witt groups. Assume now that (A,7) is an Azu-
maya algebra with involution of first- or second kind, and that R is a regular ring
of finite Krull dimension. Then a (finite) injective resolution I, : Iy — I3 —

. — I_gimpg of R considered as an element of D%(M,.(R)) with I_; in de-
gree —i is a dualizing complex of R. Under these assumptions the natural functor
D?(P(A)) — D%(M(A)) is an equivalence, which becomes duality preserving via

Homyu(—, A) = Hompg(—, R) =5 Hompg(—,1,),

where the isomorphism of functors on the left hand side is induced by the reduced
trace composed with the standard trace of a quadratic étale extension if 7 is of the
second kind, and the other one by a quasi-isomorphism R — I,. We refer to [11,
App.] for proofs and details.

In particular, we have then isomorphisms W' (A4, 7) = V~Vi(A7 7,1,) for all i € Z,
and analogous for the Witt groups with support.

5.3. The transfer map. Let a : R — S be a finite homomorphism of commu-
tative noetherian rings, and I, a dualizing complex of R. Let further (A, 7) be a
coherent R-algebra with involutions and (B, v) a coherent S-algebra with involu-
tion. Assume that there exists a R-algebra homomorphism £ : A — B, which is
compatible with the involutions, i.e. we have £ o7 = vo&. We indicate this situation
by writing

(0176) : (Ra(AvT)) — (57(871/)) (2)
Then o®(1,) := Homg(S,1,) is a dualizing complex of S and the morphism of

functors 7 introduced in Example 4.5 (ii) induces a natural quasi-isomorphism of
complexes of R-modules:

9+ 0 (D25 (M.)) = Homg (M., af(1,)) — Homp(M., I.) = DT (a.(M,)).

Since £ : A — B is R-linear and compatible with the involutions, the quasi-
isomorphism of complexes 19%/[ is a morphism of complexes of A-modules, i.e. an
isomorphism in D(M.(A)) for all M, € DY M.(B)).

A straightforward verification shows that ¥¢ is a duality transformation for the
push-forward a, : D2(Me(B)) — D2(Me(A)). Therefore given a i-symmetric
space (M,, ¢) in (Dg(MqC(B)),th"(/I)) then

tr((x,f) (M-v 90) = (OZ*, 19&)*(M-7 90)

is a i-symmetric space in (D%(M.(A)), @}4’7).
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Let now (8,&1) : (S, (B,v)) — (S1,(Bi1,v1)) be another morphism, where J is
a finite morphism and (Bjy,v1) is a coherent Si-algebra with involution. Then we
define

(B,&) 0 (&) == (Boa,&108) : (R, (A7) — (S1,(B1,11)).
Identifying (80 a)%(1,) = o (8%(1,)) the identity (8o @), = a o S, is an isometry
of duality preserving functors

((Boa).,0°%) = (@, 9%) o (Ba,9%),
and so we have an isometry

tr(goar, g106) (Mas ©) = trae) (trise,) (M., @) (3)

in (D2(Me(A)), @}4’7) for all i-symmetric spaces (M,, ¢) in the triangulated cate-

gory with duality (D2(Mae(B1)), D (Horbe p)-

Example. Let as above o : R — S be a finite homomorphism of noetherian
rings, where R has a dualizing complex I,, and (A, 7) a coherent R-algebra with
involution. Then (B, v) := S®pg (A, T) is a coherent S-algebra with involution and
we have a natural morphism of R-algebras

E:A— B,a— 1®a,

which is compatible with the involutions. We get a duality preserving functor
(ay,¥%) and a transfer map tr(q,¢), which we denote also tr, only as there is a
canonical choice for the duality transformation.

5.4. Dévissage. Let R be a Gorenstein ring of finite Krull dimension, I, : Iy —
I 1 — ... € DY(My(R)) a finite injective resolution of the R-module R living
in the indicated degrees and (A, T) a coherent R-algebra with involution. Let fur-
ther ¢ € R be a non unit and non zero divisor, and 7 : R — R/Rt the quotient
morphism. We set (A’,7") := R/Rt ®g (A, T).

Then it is shown in [10, Sect. 5] that mapping an i-symmetric space (M,, ) in
(DQ(MQC(A'))@—U,@fhf ) onto try(M,, @) induces an isomorphism

WHDLMe(A)) P D) = WHDL gy (Mo (4) "), D7)

for all i € Z and integers p > 0. (Note here that in [10] the filtrations on the
bounded derived categories are defined using the codimension functions associated
with the respective dualizing complexes. But we have ji.:(;,)(P/Rt) = ht P for all
prime ideals P O Rt, see Example 4.5 (ii).)

5.5. Pull-backs. Let a : R — S be a flat morphism of commutative noe-
therian rings with dualizing complexes I, € D%(M.(R)) and J, € D5(M.(S)),
respectively, and (A, 7) be a coherent R-algebra with involution. We set (B, v) :=
S Qr (A, T).
Assume that there exists a quasi-isomorphism of complexes of S-modules
p: Serpl, — J,.
This quasi-isomorphism induces a natural (in M,) quasi-isomorphism ¢, :
S@rDPT(M,) = S @r Homg(M,,I,) = Homg(S @r M,,S ®g I,)

Homg (S®M,p)

Homg(S ®g M,,J,) = D77 (S@r M,)
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for all M, € D%(M,.(A)), which is a duality transformation for the pull-back a*.
We get a duality preserving functor
(@*,¢p) + (DUAMqe(4)), D7) — (DYUMe(B)), D7)

Example. Let R be a commutative noetherian ring, I, a dualizing complex of R,
(A, 7) a coherent R-algebra with involution, and o : R — S an open immersion, i.e.
the induced morphism of affine schemes Spec.S — Spec R is an open immersion,
or a localization at some multiplicative closed subset of R.

Then a*(I,) = S ®gr I, is a dualizing complex of S, and we have a canonical
pull-back

(0", Cidsg) + (DE(Mgo(A)),D77) — (DUMqe(S @R A)), D0y,
which we denote by a* only.

The proof of the following result, which generalizes [12, Lem. 3.5], is straightfor-
ward.

5.6. Lemma. Let a: R — S be a flat morphism of commutative noetherian rings
with dualizing complezes I, € D5(Mgc(R)) and J, € Db(Mqc(S)), respectively,
7R : R — R a finite morphism, and

a
s

s

n——>W0

3
-
N—5

P
« 7

the corresponding cartesian square, i.e. S = R ®p S. Let further (A,7) be an
Azumaya algebra with involution over R.

If there exists a quasi-isomorphism of complezes of S-modules p : S®gr I, — J,
then

(i) the morphism of complexes of S-modules p:
S@ph(L) = S®r R®p Homp(R, I,) = Homg(S @ R,S @g I.)

Homgs (S,p) Hon,ls(s’7 J.) = Wg’(Jo)

18 a quasi-isomorphism, and

(ii) the natural isomorphism of functors o* o g =5 mg. 0 @* is an isometry
of duality preserving functors

(a*,¢p) 0 (TR, U57) — (mg.,9%%) 0 (&%, cp),

where g : A — R®p A and & : S@r A — S ®p A are the natural
morphisms of R- respectively S-algebras.

i

5.7. The zero theorem. Let

be a commutative diagram of Gorenstein rings of finite Krull dimension, where u

is flat, v a localization morphism, i.e. R = U~'R for some multiplicative closed
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subset U of R, and f is a surjective morphism with kernel generated by a non zero
divisor y € S. Let further (A4,7) be an Azumaya algebra with involution of the
first- or second kind over R, (B,v) :=u*(A,7),and R — Iy — I — ... and
S — Jy — J_1 — ... finite injective resolutions of R and S, respectively, living
in the indicated degrees in D%(M,.(R)) and D%(M.(S)), respectively.

With this notation we have the (so called) zero theorem:
Theorem ([12, Thm. 6.3]). Given a i-symmetric space (M,,y) in the trian-
gulated category with duality (ch’(/\/lqc(A))(p),Q?fll), p > 0, then the transfer
trg (7" (M., ) ) is neutral in (D2(Mye(B))®), 5.

6. A TECHNICAL LEMMA

6.1. Let R be a commutative noetherian ring with dualizing complex I, and U C
R a multiplicative closed subset. We denote o : R — U~'R the localization
morphism. Let further 5 : U 'R — S be a morphism, such that Soa: R — S
is onto. Set J := Ker(8 o a). Then we have an isomorphism R/J = U~ (R/J) ~
UlR/U1J~S.

Let further A be a coherent R-algebra.
6.2. Lemma. Let M € Mgy. 5(A) and N € M, -15(U'A). Then:

(i) M is a U~tA-module and the localization homomorphism ¢
U~'M is an isomorphism of U~! A-modules.

MM —
(ii) N is finitely generated as A-module.
(iii) The pull-back o* : M. 3(A) — M, y-15(U™") is an equivalence with
inverse the push-forward a.
Proof. (iii) is a consequence of (i) and (ii). To prove (i) we observe that every u € U
is invertible modulo J and so also module J™ for all m > 1. In fact, if ur + z =1
for some r € R and x € J then 1 = (ur + )™ = u-s+ 2™ for some s € R
by the binomial formula. Hence given a A-module M with support in Spec R/J

then M is a U~'A-module and the natural homomorphism ™ : M — U~'M is
an isomorphism of U~!A-modules.

Finally, we prove (ii). By assumption there exists an integer [ > 1, such that
J'N =0. If I = 1 then N is a finitely generated R/J-module and so also finitely
generated as A-module. If [ > 2 we conclude by induction using the exact sequence
0— 3N —N— N/J-IN —O0. O

By Lemma 4.2 this has the following implication.

Corollary. The pull-back

a* 1 DY 5(Mge(A)) — DY o1y (Mge (U A))
is an equivalence with inverse the push-forward o .

6.3. Assume now that (A, 7) is an Azumaya algebra with involution over R.

The equivalence o* is duality preserving with duality transformation the natural
isomorphism

: U 'Hompg(—,1,) — Homy-1x(U-1—,U-11,),

see the example in 5.5.

cidU*lz
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Therefore by Balmer and Walter [4, Lem. 4.3 (d)] the inverse equivalence v, is
duality preserving as well. A duality transformation for «,

0 : Homy 1z(—,U"11,) = Hompg(—,1,),

is defined as the inverse of the isomorphism of complexes of A-modules

JHomp (N, 1) —— G, 1,

nn : Homg(N,,1,) U 'Homg(N,,I,) —X—1

(4)
Homy-1x(U-IN,,U~11,) Homy-15(N,,U11,).
for all N, € Dg U,ls(./\/lqc(U_lA)). Here A acts on the U~ A-module N;, i € Z,

via the natural homomorphism of R-algebras ¢ : A — U~'A, and the first and
last morphism of complexes is an isomorphism by Lemma 6.2 (i) above.

HomU,lR(LN,U’II)

We observe that the quasi-isomorphism 7y has in degree ! the r-component
Homgp(N_;_,,I_,) — Homy-1x(N_;_,,U_,.), h — /=7 oh.

6.4. We have the two dualizing complexes (8 o a)%(1,) and S%(a*) = BHU'1,)
on S. As seen above the natural S-linear morphism

(Boa)i(I,) = Homp(S,1,) — Homy-1x(S,U'1,) = (U L),

given by h + 1!t o h in degree [, is an isomorphism of S-modules. This isomorphism
induces an isomorphism of functors

) L AS®(AT) = o S8(A)
Y@, B8) + Digomyiny — Ppsw-11)>

which is a duality transformation for the identity functor, i.e. we have a duality
preserving isomorphism

(idpo (A, (s@RAY) V(s B)):

S®(A,T S®R(A,T
(DY (Mqe(S @R A)), Dsonyilny) — (DUMqe(S @R A)), D50

6.5. Lemma. Denote&: A — U 'Aand & : U'A — S®y-1pU A~ SRrA
the natural R-algebra respectively U ' R-algebra morphisms. Then

((B0@).,99°%) = (0, 0) 0 (8., 9°) 0 (idp . (S0 r4))» Tau8) -

Proof. The duality preserving functor ( (8o a).,9%1°%) on the left hand side maps
M, € Db(Mye(S ®r A)) onto

(B0 @) (M) = ax(B.(M.)) € D¢ 5(My(4)),
where the S ®z A-module M; becomes an A-module via the homomorphism of

R-algebras £ 0& : A — S ®p A for all i € Z. The same holds for the duality
preserving functor on the right hand side.

Hence we are left to show that the duality transformation of both sides coincide
for all M, € D% M ,.(S ®@g A)).

By the definition of the composition of duality preserving functors, see (1), the
duality transformation for the functor a, o S, o idps(am,,(s@a)) on the right hand
side is given by

0531 © o (03 0 B (e, B)ar) )
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for M, € D% M,.(S ®@r A)). We have to show that this is equal to 19%1105, or
equivalently since Hﬁ_*lM =g, M, that
ng.ar 0 0557 = an (V5] 0 Bu(3(a, B)mr) )
see (4). Now the duality transformation 19%205 has in degree [ the r-component
Homg(M_;_,,Hompg(S,I_,)) — Homp(M_;_,I_,),
h — {m — (=1)"h(m)(1) } .
Composing this map with the r-component in degree [ of ng, s we get
Homg(M_;_,,Hompg(S,I_,)) — Homy-1g(M_;_,,U~11_,)
hH%{WH%CJY/”(MmXU)}

where /-~ : I_, — U~'I_, is the localization morphism.

But this is the r-component in degree [ of a*(ﬁﬁ}[ o B« (§(c, B) ) ) (]
7. THE HERMITIAN GERSTEN-WITT COMPLEX

7.1. The codimension by support filtration. We refer to [10, 11, 12] for proofs,
details and more information on the hermitian Gersten-Witt spectral sequence.

Throughout this section X denotes a regular and noetherian scheme, and (A, 7)
an Azumaya algebra with involution of the first- or second kind over X.

On D*(P(A)) we have the filtration by codimension of support:
D(P(A)) = D(P(A)@ 2 DY(P(A)D 2 DY(PA)D D ...,

where
D*(P(A))® := {.7:. € Db(’P(.A))’ codimx supp F, > p}

for p > 0. This is a thick saturated triangulated subcategory of D?(P(A)) and the
duality 47 maps it into itself. Balmer’s [1] localization sequence gives long exact
sequences of Witt groups:

... — WD) — WDV /DY) 2 Wit (DR — WiTH(DR) — ...

where we have set D5 = D’(P(A))® for all p > 0, and the triangular Witt
groups are with respect to the duality (induced by) ©47.

7.2. The hermitian spectral sequence. By Massey’s method of exact couples
we get from the exact sequences above a spectral sequence

E{1(A,7) 1= WPH(DY(P(A) W /DY (P(A) D),
the hermitian Gersten-Witt spectral sequence of (A, ), which converges to the de-
rived hermitian Witt theory of (A, 7) if dim X < oco.
In [10, 11] it is proven that the odd lines of the hermitian Gersten-Witt spectral
sequence are zero, the lines EP*™ (A, 7), m € Z, are all isomorphic to the hermitian
Gersten- Witt complex of (A, 7), denoted GW1 (A, 7):

P Wih@). @) — P WiA@), (@) — P Wi(A@), (@) — ...,

zex(0) zex (1) zex(2)
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and the lines EP*™"2( A 7), m € Z, are all isomorphic to the skew-hermitian
Gersten- Witt complex of (A 7), denoted GW_1 (A, 7):

P WoilAw@), (@) — P W_i(A@),7(z) — P W_i(A@), () — ...

zex(0) zex (1) zex(2)

Here X () C X denotes the set of points of codimension p for p > 0, and we have set

(A(z), 7(x)) = k(z) ®0x., (A, 7). We consider GW(A,T) as a cohomological

complex with @ W(A(z),7(x)) in degree p and denote the pth cohomology
zeX(®)

group of GW (A, 1) by H?(A,7), € € {£1}. As usual if X = Spec R we use ’affine’

notations.

7.3. The Gersten conjecture. Let now X = Spec R be an affine scheme as-
sociated with a regular integral domain R of finite Krull dimension with fraction
field K, and set A :=T'(X, A).

The pull-back along the embedding ¢ : R <— K induces a homomorphism
K W(A, 1) — W(K ®g (A,7))

for e = +1. Extending the e-hermitian Gersten-Witt complex by this map on the
left hand side we get the (so called) augmented e-hermitian Gersten-Witt complex:

0— We(A,7) — W(K @ (A7) — P Welk(q) ®r (A,7)) — ..
ht g=1

= D Welk(@) ®r (A7) — 0,
ht g=dim R

= +1. The Gersten conjecture claims that these complexes are exact if R is
a regular local ring. By construction this is equivalent to the assertion that the
homomorphism

WHD"(P(A))PH),D47) — W/(DY(P(A)P,D47)
is the zero map for all ¢+ € Z and integers p > 0.
7.4. A consequence of the Gersten conjecture. Given a regular scheme X

and Azumaya algebra (A, 7) with involution of the first- or second kind over X we
denote by WY ., e € {£1}, the Zariski sheaf (on X) associated with the presheaf

U+— V\/ve(./4|(],7'|U)7

where U C X is an open subscheme. If the Gersten conjecture holds for the
Azumaya algebras with involution of the first- or second kind (A, ;) over Ox
for all x € X then the e-hermitian Gersten-Witt complex is a flasque resolution of
W4 - In particular, we have then H,. (X, W) = H:(A, ) for all integers i > 0
and all € € {£1}.

Another consequence of the Gersten conjecture is the following lemma, see
e.g. [12, Proof of Cor. 7.5] for a proof.

7.5. Lemma. Let R be a regular local ring, t € R, such that R/Rt is regular as
well, and (A,7) an Azumaya algebra with involution of the first- or second kind
over R. Assume that the Gersten conjecture holds for (A, 7). Then
(i) W2 (A, 7) =0 for alli € Z; and
(ii) H%M(Rt,WfL‘Aspeth) =0 for all i > 1 and € € {£1}, if the Gersten
congecture holds also for R/Rt @ (A, T).
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8. THE MAIN THEOREM

8.1. Let V be a field or a discrete valuation ring, V. — R a smooth morphism
of relative dimension d with R an integral domain, and P a prime ideal of R.
Set R := Rp. This is a regular local ring essentially smooth over V. Denote by
v : R — R the localization morphism, and by ¢ : R < K the embedding of R into
its fraction field.

Let further (fl, 7) be an Azumaya algebra with involution of the first- or second
kind over R. Replacing R by a localization we can assume that (4,7) = RQg (4, 7)
for an Azumaya algebra with involution of the same kind (A, 7) over R.

We denote I, : I — -1 — ... — I_gimpr € D%M(R)) a minimal
injective resolution of R and set I, := I, p € D%(M.(R)).

8.2. Theorem. The Gersten conjecture holds for the Azumaya algebra with invo-
lutions (A, T) over R.

Using the desingularization theorem of Popescu [18, 19] we get the following more
general case of the Gersten conjecture.

Corollary. Let S be a reqular local ring, which either contains a field, or which
is geometrically regular over a discrete valuation ring. Let further (B,v) be an
Azumaya algebra with involution of the first- or second kind over S. Then the
Gersten conjecture holds for (B,v).

Proof. In case S contains a field it is shown in [12, Sect. 7] that Theorem 8.2 implies
this corollary. Essentially the same arguments work if S is geometrically regular
over a discrete valuation ring V. We briefly recall the details.

Let f be an uniformizer of V. Then since S is geometrically regular over V the
quotient S/Sf is regular. It contains the residue field of V', and so the Gersten
conjecture holds for (B’,v') := S/Sf ®g (B, v) by the already proven case that the
regular local ring contains a field. Analogous since the localization Sy contains the
fraction field of V' the Gersten conjecture holds for (Bg,vg) for all Q € SpecSy.
Hence, see 7.4, we have

HiZar(Sf’WEf,Vf) = H2<Bf7yf) (5)

for all integers ¢ > 0 and € € {£1}.

We use now a consequence of Popescu’s desingularization theorem, see [22, Cor.
1.3]: The ring S is a filtered colimit of regular local rings S, w € 2, which are
essentially smooth over V: S = lim S,. By shrinking the index set € if necessary

weo
we can assume that there exists Azumaya algebras with involution (B,,,v,,) of the
same kind as (B, v), such that (B,v) = S ®g,, (By, ) for all w € Q.

By our main result, Theorem 8.2, the Gersten conjecture holds for (B,,v.,),
Sw@ ®s, (Bw, V) for all Q € SpecS,,, and also for S,,/S,f ®s, (Bw,V.,) since
Sw/S,f is essentially smooth over the residue field of V. Therefore by 7.4 and
Lemma 7.5 we have W**1(B,,,11,) = 0 for all i € Z, and

HL(Bu) g (V) ) ~ Hyar((Sw) s W, b lspecs, ;) = 0
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forall w e Q,4 > 1, and € € {£1}. Now, see e.g. [12, Sect. 7.1], we have
lim Hyo, ((S0) £ Wi, v lspectsi),) = Hyar(S7 Wi ylspees; )
w E N
for all integers ¢ > 0 and € € {£1}, and by [9, Thm. 1.7]
lim WY (B,,w,) ~ W/(B,v)
w?ﬂ
for all j € Z. We conclude from these considerations taking (5) into account that
W#*(B,v) = Hy(By,vy) =0
for all j € Z, integers i > 1, and € € {£1}.
‘Since the Gersten conjecture holds for (B',v') = S/Sf ®@s (B,v) we also have
H,(B',//)=0for all i > 1 and € € {£1}

We apply this to the exact cohomology sequence associated with the short exact
sequence of complexes

0 — GW (B',V)[-1] — GW(B,v) — GW(By,vs) — 0,
/

€ € {1}, where GW(B',/,)[~1] is the complex GW(B’, 1) shifted by one, i.e.
starting in degree 1, and get H{(B,v) =0 for all ¢ > 2 and € € {£1}.
Since EY(B,v) = WP*(B,v) and EP*" (B, v) = 0 for all m € Z, see 7.2,
we deduce moreover H! (B, v) = 0, and that the natural homomorphism
W' ¢(B,v) — H%(B,v)
is an isomorphism for all ¢ € {£}. By the main result of Balmer [2] we have

W.(B,v) ~ W (B, v), and we are done. d

The proof of Theorem 8.2 will follow from the following technical result, which
we prove in Section 9.

8.3. Lemma. Lett € R be a non zero divisor and non unit, such that R/ Rt is flat
over V' (which is automatic if V is a field). We denote by m : R — R/Rt =: R’
the quotient morphism, and set (A',7") := R' ®r (4, 7).

Let p > 0 be a natural number and (M,, ) a i-symmetric space in the trian-
gulated category with duality (Dg(MqC(A'))(P),CDA ). Then v*( trr (M., ¢)) is

(1
neutral in (DZ;(MqC(A))(p),CD?’%), .
Before showing that Theorem 8.2 follows from this lemma we record a conse-

quence of it.
8.4. Corollary. Lett € R, such that R/Rt is flat over V.. Then

WiHA,7) — Wi(A,7)
is injective for all i € Z.
Proof. By Balmer’s [1] localization sequence we have an exact sequence

W%t(/lﬁ) — W'(A,7) — W' (4, 7),
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and so it is enough to show that W%t(fl,%) — W(A, 7) is the zero map for all
i € Z. By the identification of derived and coherent Witt groups this is equivalent

to show that Wét(;l,i’, 1) — V~Vi(/~1,7~', 1,) is trivial for all i € Z.

Let (N.,qg) be a i-symmetric space representing an element of W’ (A, 7,1,).
ReplacNing~R by a localization we can assume that ¢t € R, R' := R/Rt is ﬂat over V,
and (N, $) = v*(N.,, ¢) for some i-symmetric space (N,,¢) in DY p,(Mgc(A)) for
the duality @A’T where v : R — R is the localization morphism.

By the dévissage theorem [10, Thm. 5.2] we can assume that (N., @) = tro(M,, @)
for some i-symmetric space in D%(M.(A’)) for the duality 24 ey 1)7 where 7 : R —
R/Rt is the quotient morphism and (A’,7') := R’ ®g (A, 1).

Now Lemma 8.3 gives (N,,$) = v*(N.,¢) = v*(trx(M., ¢)) is neutral in the
triangulated category with duality (Dg(M(A))(O),Q?’%). But the ith triangular
Witt group of this category with duality is WI(A, 71 ), and we are done. O

8.5. Proof of Theorem 8.2. Modulo some technical details we follow essentially
Gillet and Levine [14, Proof of Cor. 6].

By the construction of the hermitian Gersten-Witt complex we have to show that
W/ (Db(P(A))PH)) — W (Db(P(A))P), or equivalently (using the identification
of coherent and derived hermitian Witt groups, see 5.2), that

WH(DE(Mye(A) 7, D17) — WHDE(M,e(4) ), D7)
is the zero homomorphism for all p > 0 and ¢ € Z. For this we distinguish the cases
p>1and p=0if V is not a field.
Casep>1, orp>0andV is a field.
Let & be an element of W*(D2(M,.(A))®*+1). Replacing Spec R by a smaller affine
neighbourhood of P if necessary we can assume that Z is in the image of

WH(Dg(Me(A))PHD) — WHDL(Me(A)PHY),

say & = v*(N,, ¢) for some i-symmetric space (N,,¢) in (D%(M,.(A))P+D), @}4’7).
Since the support of N, has codimension > 2 if V is not a field there exists t € R
with R’ := R/Rt flat over V and supp N, C Spec R’. By dévissage, see 5.4, we have
(N,,¢) = trr(M,, ) for some i-symmetric space

(M) in (DUM, (AP, D7),
where 7 : R — R’ is the quotient morphism, and (A’,7") = R’ ®r (A, 7).
We conclude by Lemma 8.3 above.

Case p =0 and V is a discrete valuation ring.

Let f € V be an uniformizer. The ring R / Rf is essentially smooth over the residue
field V/V f of V and so a regular local ring. It follows that Py := Rf is a prime
ideal of height one and consequently Rp, is a discrete valuation ring.

By the main result of [13] the homomorphism
Wi(APoﬂN'PO) — Wi(K ®p A idg ®7)
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is injective. On the qther hand, Rpo is the ~localizau‘giog of R at the multiplica-
tive closed subset of‘R~consist'1ng QfNall t € R with R/Rt flat over V. Hence by
Corollary 8.4 also W'(A,7) — W*(Ap,, Tp,) is injective, and therefore

o WHAF) — WHK @4 A, idg ©7)
is a monomorphism for all ¢ € Z as well. In other notations, this means that
WD (P(A) @) — WHDY(P(A) /DY (P(A)M),

where the Witt groups are with respect to the duality ©47, respectively with
respect to the by D47 induced duality, is injective and therefore by Balmer’s [1]
localization sequence we get that

W/ (D'(P(A)M) — W/ (DY(P(A))?)

is the zero map for all i € Z. We are done.
9. PROOF OoF LEMMA &8.3.

9.1. Quillen’s normalization lemma and a generalization. We continue with
the notation of the last section, see 8.1 as well as Lemma 8.3.

By Quillen [20, §7, Lem. 5.12] if V' is a field, respectively by Gillet-Levine [14,
Lem. 1] otherwise, there exists an open immersion 6 : R — Ry with P € Spec Ry
and a smooth morphism ¢g : I' := V[T, ...,Tq—1] — Ry of relative dimension one,
where d is the relative dimension of R over V, such that the composition of this
morphism with the quotient map mp : Ry — Ro/Rot is quasi-finite, respectively
finite if V is a field.

Using Lemma 5.6 we can replace R by Ry to prove Lemma 8.3, and get a com-
mutative (ignoring the morphism A) diagram:

R/Rt (6)

S ’y,

ReorRR<—R@r R R
YRid g/ u

idg ®@m idp @7 77
R®r R oidn R®r R " R

q A q ¢

R R r,

o L

where all squares are cartesian, and:

e v : R = R/Rt — R/Rt =: R’ is the localization morphism;
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. %:{?@)FR’—>R’,F®x»—>1:-'y’(x):%(F)-'y’(x),wherefr:R—>R’=
R/ Rt is the quotient morphism;
e A:R®@r R — R, #®7 + 7 -7(r) is the 'diagonal’;
ep: R— R R, r—1®r,q: R— RQr R, r+—r®l, and
R— R®r R, 7+— 7 ® 1 are the 'projections’; and

q:
e (idz ®m) o q is quasi-finite, respectively finite if V' is a field.

The morphisms ¢, p, ¢ and § are smooth of relative dimension one, and so u is also
smooth of relative dimension one. Therefore R ®r R is a regular ring of dimension
1+dim R. Since ¢ : I' —» R is flat the element 1 ®¢ € R@r R is a non zero divisor,
and therefore R ®r R’ is a Gorenstein ring of dimension dim R.

It follows now from [15, Chap. II, Thm. 4.15] that 5 : R®r R — R and
A : R®r R — R are regular embeddings of codimension one.

9.2. Set p:= (y® idg) o p and ¢; := (idz®m) 0 q.

If ¢* (fl, 7) ~ p*(A, 1) and ¢ is finite we can now finish the proof of Lemma 8.3
as explained in the introduction. However in general ¢; is quasi-finite only and it
is possible that ¢*(A, 7) # p*(A, 7).

The first obstacle can be resolved using Zariski’s main theorem, and for the latter
we use a construction due to Ojanguren and the second named author [17, Sects.

7 and 8] to get a smooth morphism of relative dimension zero Rer R 5 C, such
that there exists an isomorphism of C-algebras with involution

(P74, ) = KT (4, 7))
The result of this construction is the following technical lemma. Before we
state the result we note that the algebras with involutions (of the first- or second

k~ind) G (A, %2 and p*(A, 1) become naturally isomorphic after pull-back along A :
R ®r R — R. More precisely, we have a natural isomorphism

pi A (7 (A) 25 A7 (A7)

of algebras with involutions, which fits into the commutative diagam

R®R®FR(R®FR)®RA R®R®FR(R®FR)®RR®RA

R@RA R
(7)

where the diagonal arrows are the natural identifications. Note here that on the
left hand side R acts on R ®r R via the right factor, i.e. via p = (v ® idg) o p.
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9.3. Lemma. There exists a commutative diagram

where i = (YQidg Jou, C' = CQp R’ = C®R®FR(R®FR’), andl:C' — C = Co
is the localization homomorphism at Q := (B")"Y(PR') (recall that R = Rp and so
PR is the mazimal ideal of R.)

These rings and morphisms satisfy the following:

(a) k is a smooth morphism of relative dimension zero, and so the same holds
for k';

(b) C" is a Gorenstein ring and dim C' = dim R;

(¢) B is a regular immersion of codimension one, and so the kernel of 8 is
generated by a non unit and non zero divisor;

(d) the by o induced morphism of affine schemes Spec C' — Spec D is an
open immersion, 0 is a finite morphism, and we have

F=fBoaod =B ongoj=3o(idz@m)od,
where 7 : R —s R' = R/Rt is the quotient morphism;
(e) the morphism j = Kk o G is smooth of relative dimension one, and has a
splitting Ac : C — R with Ac ok = A; and
(f) there is an isomorphism of C-algebras with involution
X : C®gr(4,71) = C®p (121,7:),
such that AL (x) coincides with the natural isomorphism

AL(R (7 A) = AT A) Lo A (G A) S5 AL(w (0" A).

Proof. Let m := (5o (idz @) )71(PR’). We have m D Ker A, and ¢~'(m) = PR
is the maximal ideal of R. Hence m is the unique maximal ideal of R ®r R, which
contains Ker A, and A factors via the regular local ring S := (R®r R)w. It follows

dim S = dim(R®r R) = 1 +dim R (9)
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since m contains the kernel of A : R ®r R — R, which is a regular embedding of
codimension one.

We get a diagram

S<' R®rR

)

R,

where 7 : RQr R —» S is the localization morphism and Agoi = A. In particular,
we have Ago (ioq) = idp, and so there is an isomorphism of R-algebras with
involutions

s+ AT (B (A7) = A (E (A7) T AN(G(A ) = AL (A7) -
Now by the theorem [17, Prop. 7.1] of Ojangpren and the second named author

there exists a finite étale morphism h:S—C , such that

e there is an isomorphism of C-algebras with involutions

X (hod)* (57 (A, 7)) — (hoi)*(§"(A,7));
and
e a splitting Aé :C — Rof hoiog, such that Ag(f() = pg.

We can extend these data to an open neighbourhood of the maximal ideal m: There
exists b € (R®r R) \ m and a diagram

K

(R®r R)p Rer R

S Y

R,

C

where ¢ is the localization morphism, k = hot, Ac ok = A, and such that there
exists an isomorphism of C-algebras with involutions

X KAL) = wN(T (A7),

such that A (x) coincides with the natural isomorphism of R—algebras with invo-
lutions

pr AN (AT)) = AN(G(A 7))

introduced in (7). Note that by construction m € Spec(R ®r R), and therefore
since h is étale and finite we get tacking (9) into account

dimC = dim(R®r R), = dim(R®r R)y = dimR®r R = 1 +dimR. (10)
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We have constructed the following commutative diagram:

R (11)

where C" := C ®pq g (R®r R), i.e. the middle square is cartesian, and j := ko,
which is smooth of constant relative dimension one. By construction
K : RerR — (R®rR)y — C'
is the composition of a localization map followed by a finite étale morphism, and
so quasi-finite and smooth of relative dimension zero. It follows that 7o o j =
k' o (idz®m) o ¢ is quasi-finite as well since (idz ® ) o ¢ is, and that C’ is a
Gorenstein ring, see [6, Cor. 3.3.15] for the latter claim. Moreover, since the non
zero divisor 1 ® ¢t is in m and b € m we have
dim(R®r R'), = dim(R®p R )m = dim(R®r R) —1,

which by (10) implies dim(R ®p R'), = dim R, and hence dim ¢’ = dim R.

We are done except for the existence of 3’ and the factorization of the quasi-

finite morphism 7¢ o j. For the later we use a version of Zariski’s main theorem,
see e.g. [21, p. 42, Cor. 2]. By this result the quasi-finite morphism ¢ o j factors

R 2 D% ¢ with & finite and the by o' induced morphism of affine schemes
Spec ¢! — Spec D an open immersion.

We are left to show that there exists a regular embedding of codimension one
B+ C" — R/, such that ' or’ = 3. As " = C ®py p (R®@r R') it is for the
existence enough to show that there exists a morphism §¢ : C — R', such that

Book = 8o(ildp®m).

We claim that ¢ := 7 o Ax does the job. In fact, by construction of (11) we

have
TolAcok =350(iddzg®m)ogoAcok = 5o (idg®@m)ogoA.
Now observe that for 7 € R and r € R we have

5[(idé®7f)((d0&)(f®7‘)):| = 5((i[dgem)((F-v(r)®1))

= A ()
= $((dzem)(Fer)).
Finally, since ' is smooth of relative dimension 0 and 5 is a regular immersion

of codimension one, also 3’ is a regular immersion of codimension one, see e.g. [7,

Chap. IV, Prop. 3.9]. We are done. O
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9.4. The dualizing complexes. We have on D the dualizing complex E, :=
5“(1:), on C' the dualizing complex o*(E,), and on R’ the two dualizing complexes
74(1.) = (Boa)*(E,) and 8% (a*(E,)), which are isomorphic to each other, see 6.4.

Since

I:Ip—T4—...— 1 4.5 €DYUM(R))

is a (minimal) injective resolution of R living in the indicated degrees and dim D =
dim R by Lemma 9.3 (b) and (d) we know by Lemma 4.7 that pg(P) = dim Dp
for all P € Spec D. Therefore the same holds for the restriction to the localization
SpecC, i.e. o=y (P) = dim(C)p for all P € SpecC. Since C is a local Gorenstein
ring it follows from the uniqueness of dualizing complexes, see [16, Chap. V, Thm.
3.1], that o*(E,) is an injective resolution of the C-module C.

9.5. Two transfer maps. Along the morphism 8 : C — R’ we have the following
two two duality preserving functors

~ A/ﬂ:' = e} A/,T/
(DE(Mge(A), D507 1yy) — (DEMye(C @ A1), D5557))

and

i i i CR(AF
(DEMe(A), DTy ) — (DEMee(C @5 A)), D550

where we have set (4, 7') := R'®p (A, 7). These correspond to (cf. 5.3 for notation)
(8,¢) : (C,Cop (A7) — (R, R @r (A1),
where  is the C-algebra homomorphism
Cop A =Cor RorA — Ro5Cor RerA — R erA,
cRr®a — (,3(5) ~’y'(r')) ®a,
and
(ﬂag) : (Ca é ®R (A,%)) — (R/,R/ QR (A7T)) ’
where £ is the C‘—algebra homomorphism
CosA=CozRorA — R®;Co3RorA — R ®gpA,
c®r®ar— (B(@)-7(F) ®@a,
see 5.3 for notation.

By Lemma 9.3 (f) there exists an isomorphism of C’—algebras with involutions
idg®y : Coc (CorA) — Coc(CosRORA),
t®c®ar— c@x(c®a) = (¢-(lome)(c) @ x(1®a).

Here C on the left hand side is an R-algebra via R 2, € and on the right hand side
it is considered as R-algebra via R % C.

These three morphisms of C-algebras with involutions are related as follows.
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Lemma. We have a commutative diagram of C-algebra morphisms:

~ id@@X ~ ~
C®c(C®rA) C®c(C®zRoR A)
lid@@)gl
9 CopRec (C®pRaRA)
lidé@’gz
\ /
R/®RA s

where g, g1, and gz are the canonical isomorphisms. Setting ¢ :=ids ® (g2 © g1) we
have therefore an isometry

(idg.0) (15,0 (Nes¥)) 2 tra, idg ox) {tr(idé,@ ( tf(ﬁ,@(NnW)}

in (DY(Mye(C @r A)),@SS%’T)) for all i-symmetric spaces (N,, ) in the trian-

gulated category with duality (DY My.(R' g A)),@g;a(fzg))) ).

Proof. The last assertion follows from the first, see 5.3. To prove that the diagram
commutes we recall first that by Lemma 9.3 (f) the following diagram commutes

idé®x

R&c (C®g A) R®c (C®z Rop A)

S~

R®ep A,
where the diagonal arrows are the natural isomorphisms. In particular we have
92(([dz@x)(F®c®a)) = (F-Ac(c)) ®a.
Using this we compute for c® c® a € C ®c C Qg A:
¢[0((de@)(E® (c®a))]
=¢[e((e-(lome)(e) ® x(le®a)) ]

=¢[(idg®ga)((¢-(lome)(c) @1z @ x(le ®a)) ]
:5{(&(107@)(0))@1}%@&]

=8 (omc)e)) @ a,
where we denote for clarity by 1g the one of a ring S.
On the other hand we have

([g(ee(caa)] = [ Uomo)©) @ (lw©a)| = B (omo)() @a,

hence the lemma. O
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. We are now in position to prove Lemma 8.3. Let for this (M,, ) be a i-
symmetrlc space in (D%(M.(A"))® ,th &)).

The pull-back v*(M,, ) is a i-symmetric space in Db(MqC(R’ @gr A))® for the

duality @{%;?}T(A’T)7 which is isomorphic to the duality @R ?R((z;;, see 9.4. For
7" a*

ease of notation we denote by v*(M,, ¢)° the space correbpondlng to v*(M,, )
under this isomorphism of triangulated categories, i.e.

’y/*(M”Lp)O = (idDg(ch(ﬁg/@RA))a ’AY(OQ/B))*(W/*(M-a(p))v

see 6.4 for notation.
We apply now the zero theorem, see 5.7. By this result

trg,e) (7 (M., 9)°)

is a neutral i-symmetric space in the triangulated category with duality
(DYUMelC @ AP, DEEEA ).

(Note here that since I, is a minimal injective resolution of the R-module R living

in degrees 0, — —dim R, the complex #%(1,) is a minimal injective resolution

of R’ living in degrees —1,...,—dim R, cf. Example 4.5 (ii).)

By the lemma in 9.5 above this implies

Lemma. The push-forward trg ¢ (’y’*(M,, go)o) is a neutral space in the triangu-
lated category with duality (DZ(MQC(C' ®p A)P) ’DS?(%A’%)).
We compute now:

’Y*(trw(M., QD)) = trz (’y'*(M,, go)) by Lemma 5.6
= trg [ tr8oa ('y’*(M,, gp)) ]

= trs [ (s, 0)o( trege (v (M., 9)°) | by Lemma 6.5

It follows that v*(trx(M.,,¢)) is neutral in (D%(M, (A)@), CD’IE‘ ) since the space

trege) (7*(M,¢)°) is neutral in (DZ(MqC(C'QbR A))@) | ©S®(E§ ) by the lemma

above. We are done.

9.7. Remark. In the article [12] by the first named author it was not observed
that if (;1, 7) is not extended from the base ring then the R ®r R-algebras with
involutions p* (A, 7) and ¢* (A, 7) are not necessarily isomorphic (using the notation
of (6)). Hence [12] proves the Gersten conjecture only in the constant case, i.e.
in case R is a regular local ring which contains a field V and (A 7) is extended
from V.
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