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Abstract

We consider backward stochastic differential equations (BSDEs) with
a particular quadratic generator and study the behaviour of their solu-
tions when the probability measure is changed, the filtration is shrunk,
or the underlying probability space is transformed. Our main results
are upper bounds for the solutions of the original BSDEs in terms of
solutions to other BSDEs which are easier to solve. We illustrate our
results by applying them to exponential utility indifference valuation
in a multidimensional It6 process setting.
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1 Introduction

Backward stochastic differential equations (BSDESs) play an important role in
mathematical finance; see El Karoui et al. [6] for an early overview. Existence
and uniqueness results are well known both for Lipschitz and for quadratic
drivers; see Kobylanski [12]. In this paper, we study a particular class of
quadratic BSDEs of the form

T T
FS:G—/ (f(AT,ZT+ozT)+XT)dT+/ Z.dB,, 0<s<T, (1.1)

where f(A, Z, + o) := 2(Z, + a,)'A; Y (Z, + o) and the processes x, o, A
take values in R, R™ and the set 8™ of symmetric strictly positive definite
matrices, respectively. Since there is no general formula for the solution I' of
(1.1), we want to find bounds on I" that can be computed more explicitly. To
that end, we first show that f(A, z) is jointly convex, deduce that I is jointly
concave in (G, A, «, ), and then prove convexity bounds via three different
routes, as follows.

In general, a BSDE is based on a probability space, a filtration and a
probability measure. By changing in (1.1) each of these ingredients in a
suitable way, we obtain other BSDEs whose solutions are upper bounds for
[' due to concavity. Finding bounds for these changed BSDEs or solving
them is easier than for the original (1.1), because they are driven by a lower-
dimensional Brownian motion or, in some sense, their matrix-valued process
A is more regular.

We start by changing the probability measure. Our first main result, The-
orem 3.1, characterises I' as the essential infimum and supremum of certain
conditional expectations. In particular, it gives upper bounds for I', which
depend on the maximal eigenvalue of A. This shows that A is the crucial
factor in finding good bounds, or even an explicit formula for I'. The latter
is easy if A = ¢l for some constant ¢, and we prove in Corollary 3.2 that the
converse holds as well. As a consequence, we then focus on improving the
form of A by projecting and/or symmetrising the BSDE (1.1).

For the projection, we change the filtration. The solution I' of (1.1) relates
to the filtration F? generated by B = (E, ﬁ)/, and our second main result,
Theorem 3.3, gives an upper bound for I' in terms of the solution T to the
BSDE (1.1) obtained by projecting (1.1) onto FZ. The projected BSDE (1.1)
is in general easier to solve and the maximal eigenvalue of A is lower because
the dimension 7 of B is smaller.

Finally, we change the probability space. We work on Wiener space and
study how symmetrisation operations via orthogonal transformations there



affect the BSDE (1.1). Our third main result, Theorem 3.7, gives an explicit
upper bound for I' in terms of the symmetrised parameters (G, A, a, x)5™.
The proof combines Theorem 3.1 with a result showing that, due to concav-
ity, averaging the probability space over a set of orthogonal transformations
increases the solution of (1.1).

The paper is structured as follows. We lay out preliminaries and prove the
basic concavity property in Section 2.1. All our main results for the BSDE
(1.1) have analogues in terms of solutions to partial differential equations
(PDEs), which actually provided the original motivation and inspiration;
see for instance Alvino et al. [1]. Section 2.2 discusses these connections in
some more detail, and Section 3 contains the main results explained above.
In Section 4, we briefly recall the concept of exponential utility indifference
valuation for a contingent claim G in an incomplete financial market. It
is well known that the corresponding dynamic value process V¢, or rather
I'= —% log(—V¢), satisfies a quadratic BSDE; see for instance Hu et al. [9].
But since this BSDE is not of the form (1.1), we still have to do some work
in Section 5 before we can apply our main results. We also discuss there in
a concrete example why the symmetrisation techniques may, but need not
lead to better bounds for I'. Finally, the Appendix contains some proofs and
auxiliary results.

2 A quadratic convex BSDE

This section serves as preparation for the main results. We first introduce
notation and show some properties of quadratic BSDEs in Section 2.1, and
then motivate in Section 2.2 the BSDE results of Section 3 by presenting
their PDE analogues.

2.1 Preliminaries

We work on a finite time interval [0,7] for a fixed 7" > 0 and a filtered
probability space (Q,f,IF = (f3>0§S§T,P), where F = Fr and F is the
augmented filtration generated by an n-dimensional Brownian motion B.
Unless specified differently, all notions depending on a filtered probability
space refer in Sections 2 and 3 to (2, F,F, P), and t € [0,T] is fized. For
(n x n)-matrices, we denote by S" the set of symmetric strictly positive
definite ones, by GL(n) and O(n) the invertible respectively orthogonal ones,
and by I the identity. For a diagonalisable matrix A, we write spec(A) for the
spectrum (the set of eigenvalues) and tr(A) for the trace of A. We shall use
several times that standard operations from linear algebra can be done in a



measurable way. This includes eigenvalues, eigenvectors and diagonalisation;
see Corollary 4 of Azoff [3]. Finally, we denote by E(N), := exp (N, — $(N),),
0 < s < T, the stochastic exponential of a continuous semimartingale V.

Let us consider the BSDE
T T
Iy, = G—/ (f(AT,ZT—I—aT) +Xr) dr+/ Z.dB,, 0<s<T, (2.1)
where the function f : 8™ x R" — R is given by
1
f(A z2) = §Z/A_12 for (A4,z2) € S" x R". (2.2)

The terminal value G is (usually) in L*°, the process A is S"-valued and
predictable with eigenvalues uniformly bounded away from zero and infinity,
and a, x are R"-, R-valued uniformly bounded predictable processes. A (gen-
eralised) solution of (2.1) is a pair (I, Z) satisfying (2.1), where I is a real-
valued (not necessarily) bounded continuous semimartingale and Z is an R"-
valued predictable process with fOT |Z,|? ds < oo almost surely. To emphasise
the dependence on G, A, a and y, we write (F(G, A a,x), Z(G, A, «a, X)) for a
solution of (2.1), and we sometimes call I'(G, A, «, x) alone a solution of (2.1).

Remark 2.1. For ease of exposition, we formulate and prove all our results
for bounded data G, A, «, x. Extensions to unbounded settings with ex-
ponential moment conditions are partly possible; this is discussed in more
detail in Remark 3.8. o

Lemma 2.2. There exists a unique solution (', Z) of (2.1), and [ ZdB is
a BMO-martingale.

Proof. Existence follows from Theorem 2.3 of Kobylanski [12], and unique-
ness and the BMO-property from Proposition 7 and Theorem 8 of Mania
and Schweizer [13]. O

In Lemma A.1 in the Appendix, we show that f is jointly convex. This
is the basis for the following result.

Proposition 2.3. The solution I'(G, A, «, x) of (2.1) is jointly concave in
(G7 A? a’ X)'

Remark 2.4. It is BSDE folklore that convexity of the generator implies
(under some assumptions) that the solution is concave; see for instance
Proposition 3.5 of El Karoui et al. [6], where the generator is fairly general,
but must satisfy a Lipschitz condition in Z, and in I',. We need the variant
in Proposition 2.3 with a specific quadratic generator for our later results. ¢
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Proof of Proposition 2.3. Let p € [0,1], G* € L*>, let A* be predictable
S™-valued with eigenvalues bounded away from zero and infinity and let
bounded predictable o be R"-valued and x* be R-valued, i = 1,2. We set
G? = uG' + (1 — p)G?, define A3, o3, x? analogously and denote by (I, Z¢),
i = 1,2,3, the solutions of (2.1) corresponding to (G, A’, o', x*). By Lem-
ma 2.2, each of these is unique and [ Z'dB are BMO-martingales. Since
plh + (1 — )% = uG' + (1 — p)G? = G3, (2.1) and Lemma A.1 yield

I3 — (uly + (1 — p)I3)

T
’ T
- [ w2+ -0z - 22 aB,
TS
> [ (FOnZ!+ (= 02+ 0f) = 0L 22+ ) ar
’ T
- [ Wzt s -0z - 22 aB,
ST
—— [z 0-nZ2-Z) @B k), 0<s<T. (23)

with k== 2(A*) ™ (uZ'+(1—p) 22+ Z3+20?). Since the eigenvalues of A® are
bounded away from zero and o is bounded, [ xdB is a BMO-martingale.
By Theorem 3.6 of Kazamaki [11] and the BMO(P)-property of [ Z'dB,

the process [(uZ' + (1 — p)Z? — Z%) (dB — kdr) is thus also a BMO(P)-
mfmrtingale for the probability measure P given by % =& ( | kdB )T. Taking
(P, F,)-conditional expectations in (2.3) yields I'* — (uI'} + (1 — p)I'?) >0
for any s € [0, T, which concludes the proof since the I'* are continuous. [

The basic and well-known case is when a = 0, y = 0 and A = ¢I for a
fixed ¢ > 0. The BSDE (2.1) then simplifies to

1 r 1
FS:G—/ 2—|Zr|2dr+/ ZrdBr:FO—clogS(/—ZdB) , 0<s<T.
S c S c

S

Due to It6’s formula, its explicit solution is
I's = —clog Elexp(—G/c)|Fs], 0<s<T (2.4)

because [ Z dB is a BMO-martingale by Lemma 2.2, and hence E(f %Z dB)
is a martingale by Theorem 2.3 of Kazamaki [11].



2.2 DMotivation for the convexity results

Before we state and prove in Section 3 convexity results for the solution of
the BSDE (2.1), we explain the basic ideas using PDEs. Since we only want
to provide motivation, we look at the results exclusively for time 0 and ignore
here all technical issues like existence of smooth solutions, interchanging
expectation and differential, etc.

Assume in (2.1) that a, y and A are all deterministic and G = ¢(Br)
for a smooth function ¢ : R — R. In this Markovian setting, one can derive
from It6’s formula that the solution (I', Z) of (2.1) satisfies

s =u(s,Bs), Zs=—Vu(s,Bs) forsel0,T],
where u : [0,7] x R" — R solves the PDE

%u(s, x) + %Amu(s, z) — f(A(s), a(s) — Vyu(s,z)) — x(s) =0,

uw(T,z) = g(x) for s€[0,T) and z € R".

(2.5)

Each of our three main results yields an upper bound for I'. We look in the
following as illustration at the PDE analogue of the symmetrisation result in
Theorem 3.7. The other BSDE theorems have similar PDE analogues. For
ease of notation, we take «, y, A all constant.

Symmetrisation inequalities play an important role in the theory of linear
parabolic PDEs; see e.g. Alvino et al. [1] and the references therein. They
show that in some sense, the solution of a symmetrised PDE dominates the
symmetrised solution of the original PDE. Theorem 3.7 below can be viewed
as an analogue of these results for nonlinear parabolic PDEs. To explain
the connection, let Perm C O(n) be the group of permutations of length n,
where we identify permutations with orthogonal matrices. We define

1 / m 1 / m 1
Asym:m Z O'AO, o = Z Oa, ¢% = Z (goO).

" O€Perm " O€Perm " O€Perm

Let @ : [0,7] x R" — R solve the symmetrised PDE

1
%a<$7x) + §A:ra(87 513') - f(ASym’ aSym - vxa(sa x)) —X= O> (26)
(T, z) = ¢™™(z) for s €[0,T) and z € R™.
Then Proposition 3.6 below tells us that
@(0,0) > u(0,0). (2.7)



We justify this here by a PDE comparison argument. For O € Perm, we
have Vyu(s,y)|yzoz = OV,u(s,Oz), Ayu(s,y)| = Ayu(s,Or) and,
from (2.2),

f(A,a— OV,u(s,0x)) = f(O'AO,O'a — V,u(s, Ox)).

y=0Ocz

Due to (2.5), the symmetrised function u(s, z) := £ > ) cperm U(s, Ox) solves

o _ 1, 1 / / _
gu(s, x)+ §Axu(s, x)— ] Oe;ermf(O AO,O'a — V,u(s, OIB)) —x =0,
(T, z) = g™ (z) fors€[0,T) and v € R™. (2.8)

By Lemma A.1, f is jointly convex, which yields

1
o Z f(O'AO,0'a — V,u(s,0x)) > f(AP™ o™ — V,u(s, z)).
O€Perm
Since u(0,0) = u(0,0), we obtain (2.7) by comparing (2.6) and (2.8). Now
fix ¢ > 0. One can check that the solution @ of

0 1 1
%A<S,$) + §Azﬂ(s, T)— %|asym - Vmﬂ(s,x){2 —x=0,

(T, z) = ¢™™(x) for s €[0,T) and z € R"

(2.9)

satisfies

Q=

(0,0) = —clog E

T T
eXp(_gSym(BT) —l—/ QSym st> ] —/ xds. (2.10)
0 0

To compare (2.6) with (2.9), we assume that A = diag(A',... A™) is of
diagonal form and set ¢ := sup,c( 7 = tr(As) (if A is time-dependent). Then
AS™ = Ltr(A)] since A is diagonal, and hence

1
f(Asym,&Sym — x) > —|asym — a:’Q for x € R".
2c
We thus expect by comparing (2.6) and (2.9) that @(0,0) < @(0,0), which
gives via (2.7) and (2.10) an explicit upper bound for the solution of the
original PDE (2.5). Theorem 3.7 makes this statement precise and provides

a proof in a general BSDE setting.

3 Convexity results for quadratic BSDEs

This section contains our three main results. We study how the solution of
the BSDE (2.1) is affected if we change the probability measure, shrink the
filtration, or symmetrise the probability space.
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3.1 Changing the probability measure
For any predictable  such that [ xdB is a BMO-martingale, we define

dpPr
= — B B :=B 1
Tz 5( //sd )T, +//£ds (3.1)

and note that B" is a Brownian motion under the probability measure P*.
Recalling that t € [0, T] is fized and spec denotes the spectrum, we define

) 1
0" .= sup ||maxspec(Ay)||lp~, 6" := inf ,
t se[t,T] | (Aol ¢ selt,7] || max spec(A;1)|| e
T 1 T
Gy =G — / (Xs + 5/@'81\9/{8) ds — / (cvs + Agks) dBs. (3.2)
t t

For § > 0, let K% be the set of all predictable R™-valued processes s such
that [ kdB is in BMO and there exist p > 1 and a constant C' such that

Tq T p/
Ep-« {exp (/ §’€/5As’fs ds + / Ak st> .737}
t t

Tq T 1/8
< CEp« {exp (/ 5/'%/5/\5/15 ds + / Ak st)
t t

for any stopping time 7 with values in [t,T]. The latter condition says that
the martingale

T T 1/
Ep- {exp (/ §/<;AS/{S ds + / Ak dBS>
¢ t

satisfies the reverse Holder inequality R,(P*). Each K° contains all bounded
predictable processes and also some unbounded processes. In fact, for any
predictable £ with [ xdB in BMO, there exists a constant ¢ > 0 such that
ck € K°. This follows from Lemma A.2 in the Appendix, which shows that a
predictable process x is in K° if the BM O-norm of [ xdB is small enough.
Furthermore, (3.3) is equivalent to

Eps [exp(—G)P°|F.] < CEpx[exp(—G)'°|F,]" < o0, (3.4)

0

fTr < 00, (3.3)

6

fr:|7 t<r<T,

since G, y and « are bounded. We set K := Ko™ 0 KO,

Theorem 3.1. The solution I of the BSDE (2.1) satisfies

I, = —esssup log Epx[exp(—Gr /00| F,]% (3.5)
KEK
= —ess inf log Ep«[exp(~G7 /67| F)F", (3.6)



and for every k € K, there exists an Fy-measurable random variable 5f’G with
values in [6™® 6™ such that

I'y = —log Ep« [exp(—Gf/é)\E]‘s{é:a:,a. (3.7)

Theorem 3.1 illustrates the importance of the process A in the BSDE
(2.1). Indeed, A determines via (3.2) the eigenvalue bounds ;"™ ™ and
hence the range of 67 in (3.7). If A = ¢l for a constant ¢, we have
gmin — gmax — ¢ — 5% and (3.7) is an explicit formula for T as distorted
conditional expectation under P*. Corollary 3.2 below gives a converse: If
for any G, the solution I'; of the BSDE (2.1) is the distorted conditional
expectation under some P*, then A = ¢l for a constant ¢. Theorem 3.1 also
generalises Theorem 2 of Frei and Schweizer [7], as we explain in Section 5.3.
Moreover, we can recover the bound in Proposition 2.1 of Kobylanski [12]
applied to the BSDE (2.1); indeed, for k = —A~'a € K, (3.5) yields

T 1 l/égnax (gnax
I' < —log Epx [exp <—G + / <Xs + 5@;/\5_1043) ds) ft]
t
T 1 1/5?]&)( J{nax
+ / —1
< —log Epx [exp (—HG |z — / ) Xs + §a8AS g ds) .7-}}
t Lee

T
<G o= + / el + @A o] ds,
t

which one can also derive from Proposition 2.1 of Kobylanski [12].

A result similar to (3.5) in Theorem 3.1 is Theorem 3.25 of Barrieu and
El Karoui [4]. While their result holds for BSDEs with a more general convex
generator, our procedure works only for BSDEs with a particular quadratic
generator, but gives a better upper bound for the solution I'; by fixing x € K.
The proof of Theorem 3.25 of [4] is based on the idea that a convex generator
can be bounded from below independently of Z by using the convex conju-
gate. In our case, we can find for the specific generator a better bound given
by the generator of another quadratic BSDE which has an explicit solution.
Moreover, we exploit the form of the generator to obtain also (3.6) so that
we have both upper and lower bounds for I'; by fixing x € .

From (3.5) we obtain upper bounds for I';, which depend on the maximal
eigenvalue of A. Our other two main results, Theorems 3.3 and 3.7, can
be viewed as approaches to get better bounds by reducing 6** (and also
changing G). In Theorem 3.3, we reduce the dimension n of the BSDE
by projecting it onto the filtration of a lower-dimensional Brownian motion,
and replacing A by its projection in principle lowers the maximal eigenvalue.
Similarly, the symmetrisation in Theorem 3.7 makes the eigenvalues more
similar and in particular reduces the maximal eigenvalue.

9



Proof of Theorem 3.1. We first show

max
6t

[, < —log Epx|exp(—Gy /6;")|F] (3.8)

for any k € K. We obtain from (2.1), (2.2) and (3.1) that

T
1
FS:G—/ §(Zr+ar+AT,~@T)/A;1(ZT+@T+AW)dr

T 1 T
— / (Xr — KL, — §K;ATRT> dr +/ Z.dBr, 0<s<T. (3.9

Define

max
6t

I := — log Ep«[exp(—Gy /6| Fy]

s 1 s
—|—/ (XT + §’€;A7‘KJT> dr + / (ar + Arl{r) dBT7 13 S S S T. (310)
t t

Using [t0’s representation theorem as in Lemma 1.6.7 of Karatzas and Shreve
[10] gives

EprJexp(—Gr /62| F] = 0”5( / Z" dB”) (3.11)

for a constant ¢® and a predictable R"-valued Z" such that £ ( [z dB“) is
a P"-martingale. Since GG, y and « are bounded, (3.2) and (3.3) imply that
E([ Z%dB*) satisfies the reverse Holder inequality R,(P*) for some p > 1.
Hence [ Z%dB" is in BMO(P*) by Theorem 3.4 of Kazamaki [11], and so
is [ Z®dB* for

75 =75 — o — Ak, (3.12)

A calculation based on (3.10) and (3.11) gives for t < s < T

F”—G—/T 1 |Z”+a +A/€|2d7’
s — . 25?1@( r r rhr

T 1 T
- / (Xr — Koy — éli;Ar/fr) dr —I—/ Z"dBr, (3.13)

and comparing (3.13) and (3.9) yields similarly as in Proposition 2.3 that
[y <T¥. This is (3.8).

Now set & :== —A"YZ + «) with Z from (3.9). Then [4#dB € BMO
since « is bounded, [ ZdB € BMO and A~ is bounded. Moreover, G¥ is
Fi-measurable; hence £ satisfies (3.4) and thus (3.3) for any § > 0, and so &
is in K. Again using that G is Fi-measurable plus (3.9) and (3.2) shows that

L = G} = = log Epe[exp(~GF /7))

10



Hence we have (3.5), and (3.6) is proved analogously. (3.7) now follows by the
same interpolation argument as in Theorem 1 of Frei and Schweizer [7]; the re-
quired P*-integrable majorant for the family {exp(—Gf/d) |6 € [6;®, 6]}
is exp(—GF/omim) + 1. O

We next study when T'; from (2.1) is a distorted conditional expectation
under some P*. For § > 0 and x € K?, let L>" be the set of random variables
G such that GY from (3.2) satisfies the reverse Holder inequality (3.4) for some
p > 1. The definition of K implies that L™ C L% but G € L** need not
be bounded.

Corollary 3.2. The following are equivalent:

(a) There exists a constant ¢ > 0 such that

A=cl on]t,T] (P®Leb)-a.e. (3.14)

(b) There exists a constant & € [0™™ 5™ such that for all k € K° and
G € L%, there exists a generalised solution (T, Z) on [t,T] of (2.1)
such that [ ZdB is a BMO(P)-martingale and

I, = —log Ep«[exp(—G¥/8)|F)°. (3.15)

(c) There exist a constant § € [0™" 6™%] and a process k € K° such that
for all G € L%, there exists a generalised solution (T',Z) on [t,T] of
(2.1) such that [ ZdB is a BMO(P)-martingale and (5.15) holds.

In this case, ¢ = 9.

Proof. “(b) = (c)” is clear. To show “(a) = (b)”, we use a similar argu-
ment as for Theorem 3.1. Take k € K and define I'* and Z* by (3.10) and
(3.12) with & replaced by 6 := c¢. Then [ Z*dB* is again in BMO(P*)
so that [ Z%dB is in BMO(P), and like (3.13), we get

s 1 _
Fg—l“f+/ —‘Z,’f—l—ar—l—Amder
. 20
s 1 s
+/ <XT — K0y — ERLAMT) dr — / ZFdBr, t<s<T.
t t
Plugging in (3.14) with § = ¢ shows after some computation that (F"“, Z“)

satisfies (2.1) on [t,T]. Finally, (3.15) holds for I" := I'* by construction.
To prove “(c) = (a)”, we define the predictable set

T :={(w,s) €]t,T] | minspec(A,(w)) <&}

11



and choose a predictable R"-valued process v such that Av = (min spec(A))v
and |v| = 1 on ¢, T]; so vs(w) is an eigenvector for the smallest eigenvalue
of As(w). Set

T 1 T
G = / (XS + 5/@;/\555) ds + / (Oés + AsK's) dBS
t t

T T 1
— | 1 1svsst+/ Ty, (s) = — viks ) ds
[ et [ 0ol

so that the corresponding G given by (3.2) satisfies

exp(—G"/6) :5( / %]lTlvdB“) | (3.16)

T

Hence G is in L by Theorem 3.4 of Kazamaki [11]; in fact, [ $1v,0dB" is
a BMO(P")-martingale because its integrand is bounded.

Now (3.15), (3.16) and It0’s formula, (3.2) and (3.1) give with some cal-
culations

I, = —log Epslexp(—Gy/6)|F)°
T 1 T
=G — / (Xs - "f/sas - _K;AS’QS) ds — / (as + Asks) dBY
t 2 t

T 1 7
+/ Iy, (s)vsdBY — — Ty, (s)ds
t

20 J,
T 1 T
> G — / <Xs — KL — 5;-@’5/\5/18> ds — / (s + Agks) ABYE
tT . . t /
+ / Ly, (s)vs dB — / 5 (Tra()vs) A (e (s)o) ds - (3.17)
t t
by the definition of YT;. But we also have like in (3.9) that
T 1 T
I =G - / <Xs — KL — 5/1'51\3113) ds + / ZsdBE
tT ) t
_ / St 0k AR A Zu o, A ds, (318)
t
and subtracting (3.18) from (3.17), we obtain
T
0> / (]lyl(s)vs — oy — Nokg — ZS)
t

X (dB: —A? (]lTl(s)vs + oy + Ak + Zs) ds). (3.19)

12



Like in the proof of Proposition 2.3, the right-hand side of (3.19) has zero ex-
pectation under some equivalent probability measure. Hence it must vanish,
so we must also have equality in (3.17), and this implies (P®Leb)[Y;] = 0.
Analogously, we have (P®Leb)[Y5] = 0 for

Ty = {(w,s) €]t, T] | maxspec(As(w)) > 6}

This shows (3.14) with ¢ := § and also gives the last assertion. O

3.2 Projecting the BSDE

Let us split B = (E, ﬁ), into B and B, an ©- and an n-dimensional (F, P)-
Brownian motion with m + n = n. What happens to the BSDE

T T
FS:G—/ (f(Ar,Zr+ozT)+Xr)dr—|—/ Z.dB,, 0<s<T (2.1)

if we project it, in a way to be specified, onto the filtration generated by B?
In this section, we precisely formulate and then answer this question.
Let F = (.7:3) o<scp D€ the augmented filtration generated by B. For a

process Z, we denote its componentwise optional ( P-)projection onto F by Z°
(if it exists). It is— by definition — the unique F-optional process satisfying
Z2 = E[ZT|.TT} for every F-stopping time 7.

To compare (2.1) with a BSDE driven by B, write a = (@, «)" and denote
by A the upper-left 7 x m components of A. A solution, for s € [0, T], of

T T
P, = B[C[F] - / (502 +a) (8) (2 +a1) + 1) dr + / 7, dB,

- ] T (3.20)
is a pair (F, A ) satisfying (3.20), where I is a real-valued bounded continuous
(F, P)—semimartingale and Z is an R™-valued F-predictable process such that

fOT ‘ZS|2ds < oo almost surely. Note that X~ := (X)° = (X°) for X = a, A.

Theorem 3.3. The BSDE (3.20) has a unique solution (f, Z) It satisfies
I° < T, where (T, Z) is the solution of (2.1).

Theorem 3.3 is a Jensen-type inequality for quadratic BSDEs. For a
simple illustration, take m =n =1and A = cl, «a =0, x = 0. In this case,
the solution of (2.1) has I'g = —clog E[exp(—G/c)] by (2.4), and analogously,
Iy =—clogE [exp(—%E [G ’.T:T} )} . SoI'g < Ty follows here also directly from
Jensen’s inequality:.
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Proof of Theorem 3.3. Asin Lemma 2.2, (3.20) has a unique solution (f’, Z),
and [ ZdB € BMO(F, P). Fix s € [0, 7] and condition (2.1) on F, to get

?s] —EU Z,dB, _51.
0

(3.21)

Note next that y° exists since x is bounded by assumption. We claim that

E[/ X dr ?S} :/ X, dr, (3.22)
0 0

and because F is generated by B, it is by Itd’s representation theorem enough
to show that

E[/OSXTdr/OSﬁquq] :E{/Osxgdr/osﬁqdﬁq] (3.23)

for any F-predictable 3 such that /B dB is bounded. By Fubini’s theorem,

E{/gsxrdr/:ﬁqdﬁq} :/OSE{XT/OSQQdEQ] dr, (3.24)

and conditioning on F, for r € [0, s] yields

E{xr /Osﬁqdﬁq} {xr A ﬁqu} [x? /Osﬁqdﬁq},

which implies (3.23) by using (3.24) once for x and once for x° instead of .
So we have (3.22), and using f > 0, we analogously obtain

E[L,|F,] = F0+E[/S(f(AT,ZT+ar) + xr) dr
0

E[/O f(Ar, Z 4+ ) dr

?s} = /Os(f(A,Z +a))’dr. (3.25)

To simplify the term E[fos Z, dBr‘fs] in (3.21), we use the optional projec-
tion of Z. However, we cannot use the classical optional projection because
Z is in general neither bounded nor nonnegative. We define Z° instead by

o { @'y~ (27y 2P <o

otherwise,

where Z* = ((Zl)i,...,(Z")i)/. Then Z° is F-optional and |Z|° < oo
(P®@Leb)-a.e. since Tonelli’s theorem and [ ZdB € BMO(F, P) by Lemma

2.2 give
T T T
| Eizgar= [ EHZA]drzE[/ 2] dr
0 0 0

14
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Write Z = (7, Z)/ and Z° = (70,20)/. We then have

E{/ Z,dB,
0

indeed, using E[Z,|F,] = 7. P-a.s. for Leb-a.a. r € [0, s] and the isometry
property of the stochastic integral, we obtain similarly to (3.23) that

EUOsZrdBT/OSﬁquQ] :E{/Osﬁ;7rdr} :E{/Osz(fdﬁr/osﬁqdﬁq]

for any F-predictable 3 such that f (3 dB is bounded, and this implies (3.26)
by It6’s representation theorem. Combining (3.21), (3.22), (3.25) and (3.26)
thus yields

T
TTS] = / Z.dB,; (3.26)

B[ = (67 - [ (a7 +a) e ) ars [ Z0dB,. 21

s

Due to Lemma A.1, the function f is jointly convex. Identifying (A, z) in
S™ x R"™ with a vector in ]Rn(n;l)“‘, we view f as a function on such vectors

and then apply Jensen’s inequality to obtain for any F-stopping time 7 that
(F(AZ+a)! = E[f(Ar, Zr + )| Fr] = F(AL, Z2 + 02)1 210 <00
Thus the optional selection theorem and |Z|° < oo (P®Leb)-a.e. yield

(f(A,Z+a)” > (N, Z°+ ) zj0c00 = (A, Z° 4+ a°) (3.28)
(P®Leb)-a.e. A simple calculation (see Remark 3.4 below) shows that

F(A, 2) = %Z’Alz > %z’(Z)_lz (3.29)

for any A € 8" and z = (%,2) € R", with A denoting the upper-left 7 x 7

components of A. In view of (3.27), we obtain from (3.28) and (3.29) that
T

BINJF] < BI6IF - [ (32 +@) (8) @+ ) +x¢) ar
ST_ B
+ / 7. dB,.
Hence (3.20) implies
T
EILF]-To<- [ 3@ -2) @)@+ 2+ 2w) ar

T —_— ~ —
+/ (Z, - Z,) dB,.
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We know that [ ZdB is in BMO(F, P), and so is [ Z°dB because [ ZdB
is in BMO(F, P). Like in the proof of Proposition 2.3, we deduce that
E [FS|?S} <T, for s e [0, 7], and this concludes the proof because I, T and
hence I'° are continuous. 0

Remark 3.4. 1) As the proof shows, we do not need for Theorem 3.3 that
the generator of the BSDE (2.1) is purely quadratic like f in (2.2). We
only need that it is jointly convex, satisfies a quadratic growth condition
and dominates the generator of the projected BSDE (3.20). In particular,

Theorem 3.3 also applies for a generator f of the form f(A,z) = %Z’Z_lz
with z and A as in (3.29). This will later be used in the applications to
indifference valuation.

2) In linear algebra, the shorted operator sh : 8™ — S™ is defined by

h(A) = AT — A2(A22)-1(A2Y for A — AL A2 sn
sh(A) := (A=) (A7) for A= (A12)y A2 co.

One can check that (A'")~! = sh(A™!) and verify by completion of squares
that

Z'sh(A)z = fleli% ((z’, ZH)A (

)) for z€ R” and A € S™.

[ESERS|

The inequality (3.29) follows immediately. o

3.3 Symmetrising the BSDE

This section establishes our third main result, Theorem 3.7, giving an explicit
upper bound for the solution I' of (2.1). We first study how the BSDE (2.1) is
affected by orthogonal transformations on the underlying probability space.
To have some structure, we work on Wiener space, i.e., take Q := C([0, T, R")
with the Borel o-field F and Wiener measure P so that the coordinate process
B is a P-Brownian motion. Recall that ¢t € [0,T] is fized.

For an orthogonal (n X n)-matrix, v € O(n), we define the mapping
U, : C([0,T],R") — C([0,T],R™) by applying u from time ¢ on, i.e.,

(s) if s<t, "
Ut(g)(s):{ i(t)M(g(s)_g(t)) ooy for g€ C(O.TLRY),

Then B" :=U; 0 B is an R"-valued (F, P)-Brownian motion since u is or-
thogonal. The following result says that if one transforms by U; the driver
and the terminal value of a BSDE, the solution of the new BSDE is the

16



Ui-transformation of the original solution. This is very intuitive and anal-
ogous to orthogonally transforming the variables in a second-order PDE;
compare Section 2.2. The reason why this also works for BSDEs is that
BolU; =U,oB= B" i.e., Brownian motion and the transformation U; com-
mute on Wiener space.

Lemma 3.5. Let u € O(n) and assume that the BSDE
T T
r,=G —/ F(T,, Z,) dr +/ Z,dB,, 0<s<T (3.30)

for a general F-predictable F : R™™ — R has a unique solution (T, Z) (in
the sense of Section 2.1). Then (I" o Uy, Z o Uy) is the unique solution of

T T
fs:GoUt—/ (FoUt)r(fr,Z)dr—i—/ Z,dB*, 0<s<T. (3.31)

In particular, the solution (T' o Uy, Z o Uy) of (8.31) coincides on [0,t] with
the solution (', Z) of (3.30).

Proof. Let (', Z) be the solution of (3.30) and define T for 0 < s < T by

[, =T+ / (FolU),(I'y oUy, Z o Up) dr — / (Z, o U;)dBy
0 0

=T+ (/ F.(T,, Z.) dr) olU; — / (Z,oU;)dBy. (3.32)
0 0

In Lemma A.3 in the Appendix, we prove that, as one expects,

/(Z o U,)dB" = (/ ZdB) o U,. (3.33)

This gives by (3.30) that I' = I o U, and thus (I' o Uy, Z o U;) solves (3.31).
Uniqueness for (3.31) follows since U, is bijective; indeed, if (f , Z) solves
(3.31), then (3.32) and (3.33) imply that (o U; ', Z o U ™) solves (3.30)
whose unique solution is (T', Z). O

The next proposition states that averaging in w over a set of orthogonal
transformations increases the solution of (2.1).

Proposition 3.6. Take a finite subset O of O(n) with cardinality |O| and set

1 1
GO = 6ZGoUt, AC = 6Zu'(AOUt)u,
| | ueO | | ueO
1 1
0¥ =g 2 wlaal).  x%i= g xo U
ueO ueO

17



Then the solutions (I', Z) of (2.1) and (I'°,Z°), for 0 < s < T, of

T T
fs:GO—/ <f(A?,ZT+af?)+X?> d?"+/ Z,dB, (3.34)

satisfy Ty < TY almost surely.

Proof. By Lemma 2.2, (2.1) and (3.34) have unique solutions. For u € O,
we denote by (I', Z*) the solution of (2.1) corresponding to the parameters
(G o Uy, u/'(A o Up)u,u/(ao Uy), x o Uy). The concavity from Proposition 2.3
gives I'C = F(GO,AO,QO,XO) > ﬁ Y uweo '™, and so it is enough to show
['Y =T for every u € O. Fix u € O. Applying Lemma 3.5 to (2.1) yields
that the solution of the Ui-transformed BSDE is (f‘, Z) = (Lol Zoly).

Setting Z := «/Z and using ZdB = Z dB* and, due to (2.2),
f(AoUy, Z+ao Uy) = f(u' (Ao Up)u, Z 4+ (oo Uy)),

we obtain that the U;-transformed BSDE is, for t < s < T', equivalent to

T T
[, = GoUt—/ (f(u'(AoUt)ru, ZAT+u’(aoUt)T)+(XoUt)r> dr+/ Z,dB,.

But this is (2.1) with the parameters (G o Uy, v/(A o Up)u, u/(aco Uy), x o Uy).
SoT“=T=ToU, on [t,T] and thus T¥ =T, since To U, =T on [0,¢]. [

The idea to exploit Proposition 3.6 is now that choosing a “good” set

O yields with (3.34) an easier BSDE than the original one in (2.1), so that

an upper bound for the solution (I', Z) of (2.1) becomes more explicit. By

Theorem 3.1, the upper bound for I is increasing in the maximal eigenvalue,

max spec(A). Assume for the moment that A is deterministic. If we first

apply Proposition 3.6 to (2.1) and then Theorem 3.1 to (3.34), we obtain an
1

upper bound depending on max spec(@ Yowcot Au). A simple calculation

shows that for any matrix A € 8™ and finite subset O of O(n),

1 tr(A) < maxspec (ﬁ Z u'Au) < max spec(A), (3.35)

n
ueQ

and so we obtain a smaller distortion power §;"** by averaging over O. On
the other hand, however, averaging G, a and y may worsen the bound on
[', and an example in Section 5.3 shows how these two effects interact. The
best lower bound for maxspec(A) that we can obtain by averaging over O
is L tr(A) by (3.35), and if A is diagonal, this is attained for O = Perm, the
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symmetric group of permutations of length n. (We identify permutations
with corresponding orthogonal matrices and use

1 tr(A
|Perm| uepgm u'Au = r(n >I for any diagonal matrix A,)

The idea to choose O = Perm leads us to the next result.

.....

define

n

1 1 .
G = o Z G o Uy, dy == sup ||— max (A7 o Uy)||

n: weDPorm se[t,T) n et u€Perm oo
ek S waem, o=l Y e

u€Perm u€Perm
Then the solution (', Z) of (2.1) satisfies
T T n
I, < —d,logE exp(—GSym+ / ™ dB, + / Xiymds> Fil. (3.36)
t t

Proof. By choosing O := Perm, we obtain from Proposition 3.6 a first upper
bound Ty < T'9, where T'C solves the BSDE (3.34) with O := Perm. We now
apply Theorem 3.1 to I'C with x = 0, which gives

E]

1

T T =
exp (—Gsym + / o™ AB, + / Pk ds)
t ¢

1
maxspec(ﬁ Z u'(Ag o Ut)u)

" u€Perm

D

Ft S _St log E

with
0y = sup
s€t,T)

< d
LOQ

since A is diagonal. Thus (3.36) follows from Jensen’s inequality. n

The assumption that A is diagonal is less restrictive than it looks. We can
always rewrite (2.1) to another BSDE of the same type with diagonal A by
changing o and B. In fact, there exist a predictable O(n)-valued process O
and a predictable diagonal matrix D such that A = O'DO. If we now define
an (I, P)-Brownian motion by dB® = O dB, a direct calculation shows that
if (I, Z) solves (2.1) with parameters (G, A, a, x), then (I'; OZ) solves (2.1)
with parameters (G, D, Oa, x) and with B replaced by B®. This reduces the
problem to the case of a diagonal matrix A, but we then have to symmetrise
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with respect to B® and not B. For this, G, a and x must be measurable
for the filtration FO generated by BY, which can be smaller than F. This
limitation does not come up if A is deterministic, since then so is O and hence
FO =TF. In Section 5, we relate the BSDE (2.1) to an optimisation problem
where the matrix A is a transform of the correlation matrix of certain price
processes. In applications, such matrices are often assumed to be determinis-
tic. Similarly, things typically become less restrictive in a Markovian setting
because one can often do everything in the filtration of the factor process.

Remark 3.8. One can generalise Theorems 3.3 and 3.7 to the case where
G, o and x are unbounded, but |G| and foT(|ozs|2 +|xs|) ds have exponential
moments of all order. We sketch the procedure for such a generalisation. One
first uses Corollary 6 of Briand and Hu [5] for the existence of a generalised
solution (I', Z) of (2.1) and its uniqueness in a suitable class. Then one sets
G :=GT"Nj—G Aj,jeN, defines o/ and ¥’ analogously, and applies
Theorems 3.3 and 3.7 when G, o and x are replaced by G’, o/ and x’. By
taking limits in a suitable sense and applying Proposition 7 of Briand and
Hu [5], one can deduce generalised versions of Theorems 3.3 and 3.7. We do
not know whether Theorem 3.1 can also be formulated for unbounded G, «
and 'y, because the above generalisation procedure does not work there.
One cannot weaken in the above way the assumption that the eigenvalues
of A are bounded away from zero, since this condition is needed to apply the
results of Briand and Hu [5]. However, one can get rid of the restriction
that the eigenvalues of A are bounded away from infinity. Theorems 3.1 and
3.7 can be formulated without this assumption similarly to Theorem 4 of
Frei and Schweizer [8]. If the componentwise optional projection of A, whose
eigenvalues are not bounded away from infinity, exists (P®Leb)-a.e., one can
prove Theorem 3.3 in the same way as in Section 3.2. o

4 Exponential utility indifference valuation

This section recalls the financial concept of indifference valuation, in prepa-
ration for applying the convexity results from Section 3.
We work on a finite time interval [0,7] for a fixed T > 0, and we fix
€ [0,7]. On a complete probability space (£2,G, P), we have independent
Brownian motions W and W+ with values in R™ and R”. We denote by
G = (Gs)o<s<r the P-augmented filtration generated by (W, W) and as-
sume G = Gr. Moreover, we suppose there is an R"-valued (G, P)-Brownian
motion Y such that

dY, = R, dW, + /I — R.,R. AW, 0<s<T (4.1)
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for a G-predictable (n x m)-matrix R describing correlations between W
and Y. We assume that all eigenvalues of RR' are bounded away from one
uniformly on © x [0, 7], i.e., there exists ¢ € [0,1) with

max spec(RR') < ¢ (P®Leb)-a.e. on Q x [0,T]. (4.2)

For a fixed v > 0, the &™-valued process

1 n—1
A= (I~ RR) (4.3)

is well defined, G-predictable and satisfies spec(A) C [l, ;] In the no-

77 v(1—=¢)
tation of Section 3, this implies that §™™(A) > 1/~.
Our financial market consists of a risk-free bank account yielding zero
interest and m traded risky assets S = (S7);—1__,, with dynamics

-----

dSﬁzSﬁuﬁds—i—ZSﬁagdef, 0<s<T, S>>0 j=1,...,m;

..........

are G- predlctable We assume that o is invertible, A := o'y is bounded
(uniformly in s and w) and that there exists a constant C' such that

1
Cp'B>pod's > 56'6 on 2 x [0,7] for all § € R™.
(In other words, o is uniformly both bounded and elliptic.) The processes

ﬁﬂzw+/xmam5%:Y+/Rms (4.4)

are Brownian motions under the minimal martingale measure P given by

0 e~ frar) s

Let G be a bounded Gr-measurable random variable, interpreted as a contin-
gent claim or payoff due at time 7. To value GG, we assume that our investor
has an exponential utility function U(z) = —exp(—~yx), z € R, for a fixed
v > 0. He starts at time ¢ with bounded G;-measurable initial capital z;
and runs a self-financing strategy m = (75)i<s<r S0 that his wealth at time
s € [t,T]is

thw_l't"‘/ Z TdSJ—.Tt‘f‘/ W;UTdWT,
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where 7/ represents the amount invested in S7, j = 1,...,m. The set A,
of admissible strategies on [t, T| consists of all G-predictable R™-valued pro-
cesses T = (7)i<s<r Which satisfy ftT |7Ts|? ds < oo a.s. and are such that

exp(—yXft’”),t < s <T, is of class (D) on (Q2,Gr, G, P).
We define V¢ (and analogously V°) by
V& (x) = esssup Ep[U(X7™ + G)|Gy)

TeAL

T
=e " esssup Ep [— exp (—7/ o dW, — vG)
t

TEA;

6| s

so that V,%(z,) is the maximal expected utility the investor can achieve by
starting at time ¢ with initial capital x;, using some admissible strategy ,
and receiving G at time T'. For ease of notation, we write

V& (we) = eMVE(0) = eV

Viewed over time, V¢ = (V;G)O << 18 then the dynamic value process for the
stochastic control problem associated to exponential utility maximisation.
The time t indifference (buyer) value b;(x;) for G is implicitly defined by

V() = VtG(l’t - bt(l’t))-

This says that the investor is indifferent between solely trading with initial
capital z;, versus trading with reduced initial capital x; —b;(z;) but receiving
G at T. Our goal is to find bounds for b;(z;). By (4.6),

bt(xt) = bt = ; IOg —= (4.7)

does not depend on x;, but directly on V,¢ and V;°. We consider here V°
as fixed via the financial market, and our focus lies on finding G-dependent
bounds for V¢ from the optimisation problem (4.6). An overview of the
literature on exponential utility indifference valuation in Brownian settings
can be found in Section 4.2 of Frei and Schweizer [7].

5 Valuation bounds from convexity

In this section, we consider the same setup as in Section 4. In order to apply
the convexity results from Section 3, we want to associate V¢ to a quadratic
convex BSDE of the form (2.1). We start with the following result which
follows directly from Theorem 7 and Proposition 9 of Hu et al. [9].
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Lemma 5.1. The BSDE

T
- Y
n=G-[ (2

|G

for s € [0,T] has a unique solution (T, Z, Z) such that (Z, Z) is (R™ x R")-

valued and G-predictable with Ep [fOT(|2S’2 + }28’2) ds} < oo and T is G-

predictable and bounded. Furthermore, we have V. = — exp(—’yf}) for any
G-stopping time T.

. . 1 T T
Z, Q—Z{)\T—2—|)\r|2> dr—l—/ 7, dWT+/ Z. AWk (5.1)
Y

S S

Unfortunately, we cannot (yet) apply the results from Section 3 to the
BSDE (5.1), because its generator is quadratic in Z, but only linear in Z. In
contrast, the generator of (2.1) is quadratic in the full vector Z = (Z, Z)/
The next sections present three different approaches to circumvent this prob-
lem. In Section 5.1, we simply add a term e|2‘2 to the generator of (5.1) and
study the limit as e tends to zero. Section 5.2 exploits the fact, pointed out
in Remark 3.4, that one can apply the projection result in Theorem 3.3 to
a BSDE with a more general generator. In a third approach, we impose in
Section 5.3 measurability assumptions on the claim G and the coefficients of
the asset S and then use symmetrisation arguments.

Lemma 5.1 also shows that the dynamic value process V¢ has a contin-
uous version. In the sequel, we always use this version of V©.

5.1 e-regularising the BSDE and changing the measure

In this approach, we add a term e!Z‘Q to the generator of (5.1) to bring it to
the form of (2.1). In some sense, this makes the BSDE (5.1) more regular.
We first study how the solution of the changed BSDE behaves as € ™\ 0.

Lemma 5.2. For each fixed ¢ > 0, the BSDE

T 5ep2 e |2 > 1 2
€ € € €\/
fe—q —/s (5\2,,\ el Ze] = (Zey A, - 5, M ) dr
T T
+/ Z,demL/ ZEdW, 0<s<T, (5.2)
has a unique solution (fe, Zﬁ, 26) (in the sense of Lemma 5.1). The solution
I to (5.1) satisfies

'y =esssuply =limIy a.s.
e>0 N
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Lemma 5.2 is a variation of Proposition 3.1 of El Karoui et al. [6], which
gives a similar conclusion for BSDEs with a Lipschitz-continuous generator.

Proof. Lemma 2.2 gives for each ¢ > 0 a unique solution (f‘e, Z, ZE) of (5.2)
with bounded I'¢, and both fZE dW and [ Z¢dW+ are in BMO(G, P).
As in the proof of Proposition 2.3, one can show that ' < I'" and that
7| is bounded by [|G|| + %H fOT])\S|2 ds||, ... uniformly in e. Apply-
ing [to’s formula to exp(f‘e) then yields like in the proof of Proposition 7

of Mania and Schweizer [13] that the BMO(G, P)-norms of [ Z¢dW and
J Z¢dW+ are bounded uniformly in e. By Theorem 3.6 of Kazamaki [11],

the BMO (G, PE)—norm of [ Z¢dW is thus bounded uniformly in e, where

dPe o g Se | 5 L
15 ._5< /AdW+§/(Z + Z)dW )T.

We now obtain from (5.1) and (5.2) by conditioning on G, under P that

/Zﬁ dw

and this converges almost surely to 0 for € \ 0. O

, 2
ds

I

BMO2(G,P<)

gt:| <e€

T
ogft—fgzeEPGU | Z¢
t

To apply the change of measure result in Theorem 3.1, we use notations
analogous to Section 3.1, whose B corresponds to (W, W+). Let us set

e !
’yGf’E = ’7G+§/ (’)\s‘2+€71(|/\s|2 - |HS‘2>) ds—el/ (HS_AS) AW,
¢ t

dQ"

=& - dWw | .
ir = o( [xw),
Note that IC = K™ is here a set of R™-valued processes. The next result
follows fairly directly from Lemma 5.2 and Theorem 3.1, but spelling out
all details is rather tedious and gives no new insights; hence we only outline

the argument. We apply Theorem 3.1 to (5.2) with € := T, B = (W, WY,
n:=m-+n,

~ 1 [ el 0 ~ (A 1 1
A== mxm hoi= —A dN::—<— —))\2.
v( 0 [nm),a <0)anx 276+27||

This gives 6" (/~\) = 1/, and now we obtain from Lemma 5.2 and (3.6) in
Theorem 3.1 for K := K™ x K™ the following result.
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Proposition 5.3. We have

I, = —essinfessinf log Eg- PG 5.3
oA csuinf log Borlep(— GGl o

By picking arbitrary x € K™ and ¢ € (0,1], the representation (5.3)
allows us to get lower bounds for I';, and hence also for V¢ by Lemma 5.1.
Note that Q" is a martingale measure for S only for k = A. In that case, Q"
equals the minimal martingale measure P, and we get from (5.3) that

3 1 (7 1/
I''>—log Ep {exp (—’yG — 5/ |)\s]2ds> Qt] .
t

5.2 Projecting onto incompleteness

This short section exploits the projection result from Section 3.2 to give an
upper bound for V. For any process Z, we denote by FZ = (f z )0 <gop the
P-augmented filtration generated by Z. In this section, Z° stands for the op-
tional projection of Z onto the filtration BV under the minimal martingale

measure P, i.c., Z2 = [Z |.7: ] for any v -stopping time 7.

Proposition 5.4. For any s € [0,T], V¢ satisfies

(log(~V%))? > log Ep [exp (—Ep [VG|FY] - % /ST(|>\|2):dr) ‘f:”} .

Proof. Using (4.4), we can rewrite (5.1) in the form

5 T 1 T T
Fs:G—/ (5\27,\ —2—|A,.|2>dr+/ Zrdwr+/ Z, AW,
S ’y S S

By Remark 3.4, we have I'> < T where (f, Z) solves the BSDE

fs:Ep[G\}“%‘“}_/s (7|Z| ——(|)\] ) >d JF/TZTdWTl

S

for 0 < s <T. A direct calculation shows similarly to (2.4) that

T
I, = —%long [exp(—E}s [’yG‘f}/VL] —%/ (|/\|2):d7“> ’fyl], 0<s<T,

which concludes the proof since V¢ = — exp(—’yf‘) by Lemma 5.1. ]

Proposition 5.4 gives an upper bound for V¢ and thus also for by, but
these bounds are rather rough. In the next section, we show how additional
measurability assumptions can be exploited to derive other bounds via the
symmetrisation result of Section 3.3.
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5.3 Symmetrising a nontradable claim

Recall that FZ = (fz)0< <T
by a process Z. We recall Y and W from (4.1) and write for brevity

denotes the P-augmented filtration generated

W = (WS)OSSST fOI' ]FW7 Y = (yS)OSSST fOl" IFY, Y = (yS)OSSST fOI‘ FY/

If R\ is Y-predictable, then Y from (4.4) is Y-adapted and hence YCVY. In
general, however, none of the above three filtrations contains any other. We
study two cases which were introduced by Frei and Schweizer [7] in a setting
with one-dimensional Y and W.

Cases. We consider one of the following two situations:
(I) G e L*(Yr,P), X is Y-predictable, and R is Y-predictable.

(I) G € L= ()>T, P), A is ]F‘S’Y-predictable, and X\ is W-predictable.

Each case reflects a situation where the payoff GG is driven by Y (or Y),
whereas hedging can only be done in S which is imperfectly correlated with
Y (or Y) Direct hedging in the underlying of G may be impossible for two
basic reasons: In case (I), its driver is not traded at all (e.g., a volatility or a
consumer price index), whereas in case (II), it is traded in principle but not
tradable for our investor, due to legal, liquidity, practicability, cost or other
reasons. We refer to Section 4.1 of Frei and Schweizer [7] for a thorough
explanation and motivation of the assumptions in cases (I) and (II).

We focus in this section on case (I) and first relate V¢ to a BSDE of the
form (2.1). A similar result for case (II) is given in Proposition A.4 in the
Appendix. Recall from (4.3) that A := %(I — RR)™!

Proposition 5.5. In case (I), the BSDE
T
D, =G — / SN 2, = 2R — \AT|2>dr+/ Z,dY,  (5.4)
2y s

for 0 < s <T has a unique solution (I, Z) where I is a real-valued bounded
continuous (Y, P)-semimartingale and Z is an R"-valued Y-predictable pro-

cess such that fOT |Z4|? ds < oo almost surely. Moreover, VE = —exp(—~T).

Proposition 5.5 shows in particular that V¢ is Y-adapted in case (I).
This generalises Remark 3.3 of Ankirchner et al. [2] who made the same
observation in a Markovian setting. It also shows that the distortion power
68 in Theorem 2 of Frei and Schweizer [7] can be chosen Y-adapted.
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Proof. The BSDE (5.4) can be brought into the form (2.1) by defining
B:=Y, F:=Y, y:= ——X( I+ R’AR)A and a:= —AR\,  (5.5)

and so (5.4) has a unique solution (I', Z) by Lemma 2.2. Using (4.1) then
shows that (F,R'Z, VI — RR’Z) solves (5.1), and

T T
Ep [/ (Z'R.R.Z,+ Z\(I — R,R.)Z,) ds] = Ep [/ 7, ds] < o0,
0 0

since [ ZdY € BMO(Y, P) by Lemma 2.2. Moreover, V¢ = —exp(—~T) by
uniqueness for (5.1). For later use, note that plugging (5.5) into (3.2) gives

Gt / Du2ds— / (K, Auks — (RAYAS(R,AS)) ds
_/ As( Ks RsAs)d S+ (56)

]

The key point for rewriting the description of V¢ from (5.1) in Lemma
5.1 to (5.4) in Proposition 5.5 is that the latter BSDE has the form (2.1); and
this reformulation, by working in the filtration FY instead of G = FWWS),
is possible thanks to the measurability conditions imposed by case (I). We
could now apply to (5.4) all the results of Section 3, but we focus here on
symmetrisation via Theorem 3.7. However, we also briefly mention in the
next remarks some consequences of the probability change via Theorem 3.1
and the projection via Theorem 3.3.

Remark 5.6. 1) Theorem 3.1 applied to the BSDE (5.4) generalises The-
orem 2 of Frei and Schweizer [7], which corresponds to the choice kK = RA.

In that case, G§ from (5.6) simplifies to G/ = G + 5= ft |\s|?ds and PTA

is the projection onto Yr of the minimal martmgale measure P in (4.5).
The freedom in Theorem 3.1 of choosing « arbitrarily allows one to obtain
other bounds. Note from (5.6) that x = R\ is special because only with this
choice, G} has no dY-integral in addition to GG. So the minimality of Pin
the original sense corresponds to the minimality of GF* in the sense that it
only differs from G by the terminal value of a finite variation process.

2) Theorem 4 of Frei and Schweizer [8] is the general semimartingale
analogue of Theorem 3.1 applied to (5.4), with slightly different assumptions.

3) Proposition 5.5 starts with an optimisation problem in a financial
market and relates this to the solution of a BSDE. In the opposite direction,
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one could also start with a BSDE and link its solution to an optimisation
problem in an artificially constructed financial market. For the BSDE (2.1)
with fixed (G, A, a, x) as in Section 2.1, we can define

1
v = sup || 1rna:><spec(As_1)||LOo +1, Ri=4/I——A"1 X\:=—-R'A'aq,
se[t,T] 7

. T 1 [ro/1
G;:G+/‘Md&+—/ &(JAJ%MRQ&d&7n:n.
t 2 J; 7

If we construct with these parameters a model as in Section 4, then Propo-
sition 5.5 yields I'; = —% log(—V;G).

4) Theorem 3.3 gives an upper bound for the solution of (5.4) in terms
of a solution to a projected, lower-dimensional BSDE. Combining this with
the above remark shows that projecting the optimisation problem relates to
constructing a lower-dimensional artificial market. o

Applying Theorem 3.1 to the BSDE (5.4) yields bounds for V,¢ which
depend directly on the claim G. If we also use symmetrisation via Theorem
3.7, we obtain bounds depending on a symmetrisation of G.

For any Y-predictable S™-valued process A, there exist a Y-predictable O
valued in O(n) and a Y-predictable diagonal matrix D = diag(D, ..., D™)
with A = O'DO. For a bounded Y-predictable process k, we define a process
Y*O null at 0 by dY®0 = O(dY + kds), and we set Y*O = (Y=9)
= FY™°.

0<s<T
For the next result, we work on Wiener space with coordinate
process Y and use the notations of Sections 3.1 and 3.3 with B := Y"®©
and y, a given by (5.5).

Proposition 5.7. Write A = O'DO and fix a bounded Y-predictable pro-
cess k. In case (I), assume that D is Y*O-predictable and G¥ in (5.6) is
VEO measurable, and set GP™™ = L3 wepem GF 0 Uy Then we have

V& < —Epe[exp(=GFS™ [d) [VFO)™ s, (5.7)
where
1 & y
dy :== sup ||— sup (D% o Uy)
se[t, 7] || T j=1 u€Perm Lo

Proof. By Proposition 5.5, V,% = —exp(—1T;) where (T, Z) solves (5.4). If
(F, Z) solves for 0 < s < 7T the BSDE

T
)Df@jgw+/(azwww, (5.8)

2
w
Il
Q
3
|
DN | —
u\
S
—~
@)
<
Nz
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combining (5.8), (5.6) and (5.4) on [0, T] shows Z = Z — A(k — R)) and

V- tv-
r=r- %/ (|)\|2/7 — (k= RAA(k + RN)) ds + / A(k — RN)dY
t t
so that in particular I'; = T';. Now we apply Theorem 3.7 to the BSDE (5.8)
and obtain (5.7) from (3.36), except for one detail: The payoff G from (5.6)
is not bounded, as Theorem 3.7 requires. But a closer look shows that G}
differs from a bounded payoff only by ftT As(ks— RsAs) dYs, and since this Y-
integrand is bounded, the arguments from Theorem 3.7 still go through. [

If we choose k = R\ in Proposition 5.7, the random variable G} in (5.6)
simplifies to G = G + % ftT |\s|? ds and the resulting upper bound

VtG < —E, [exp(—GfA’Sym/dt) |th>\,O:|’Ydt as.

can be written under the minimal martingale measure P from (4.5). In
general, the bound of Proposition 5.7 differs from the upper bound in The-
orem 3.1 in two respects. On the one hand, the expectation in (5.7) is dis-
torted by d; which depends on the average eigenvalue of (the permuted) D,
whereas ;" from Theorem 3.1 reflects the maximal eigenvalue of D. We
have d; < 6;"** and in the multidimensional case n > 1, there can be a big
difference between d; and 0;"** so that the bound of Proposition 5.7 may sig-
nificantly improve that of Theorem 3.1. But on the other hand, the bound
of Proposition 5.7 depends on the symmetrised claim Gf*®™ instead of G¥,
which may make it worse. It depends on the concrete situation which of the
two impacts is stronger and whether Proposition 5.7 or Theorem 3.1 gives
the better bound. For n = 1, the bounds coincide.

In practice, the claim G often has symmetry properties (e.g., if it is the
sum of individual assets); then G5"*¥™ does not differ much from G, and the
bounds of Proposition 5.7 can be much better than those from Theorem 3.1.
We illustrate the above discussion in the next simple example.

Example. Take m = dim W =1 and n = dim Y = 2. We assume that
instantaneous correlations between W and Y are given by R = (p!, p?)’ for
two constants p', p? € |—1,1[ with 0 # |p'|? + |p?|> < 1. By (4.3), we have

1 1 1—1[pl2  —plp2 -1
A=ta-rry = (PIPF L)
v v\ —p'p* 1—|p?

which can be written as A = O’ DO for

1/1 0 1 R
D:—(O X ) andO:—(p1 é)).
g = P=1P VIetP e P

29



We assume that A = £ is constant, and we consider a claim of the form
G = q'Y} + ¢°Y2 = ¢'Yr for a constant ¢ = (¢', ¢*)’ € R?\{0}. In this simple
setting, V¢ can be explicitly determined. Indeed, writing G = ¢'Y; + fth dYs,
plugging this into (5.6) and choosing kK = A~'q + R\ leads to

1
GF = ¢Vt 5 (N7 = 2AR'q — ¢ A q)(T 1),

and because this is );-measurable, we get V,¥ = —exp(—yG¥). But note
that this works only because G is of the special form G = fOT qdY and ¢, R
and A\ are deterministic.

Although V¢ is explicitly known here, we next also compare the bounds
from Theorem 3.1 and Proposition 5.7 for the special choice kK = RA. We
choose this k since it does not depend on GG and also has nice consequences,
as explained after Proposition 5.7; and we compute the bounds despite their
non-optimality since they are explicit and illustrative. Applying Theorem 3.1
for kK = R to the BSDE (5.4) gives with an easy computation for the indif-
ference value in (4.7) the upper bound

by < — log Epm exp(—G /)] 5™
~T
= PP (P +PP) TN+ ), (5.9
where 05" = max spec(A) = m. For Proposition 5.7 with kK = R,
we have to symmetrise with respect to Y0 = OY, + ORXs, 0 < s < T.
The symmetrised claim is

RA,0N\2

m 1 / /
Gy ™ = S(¢", )0 + S (d' ¢*)O ( EY%,Ogl ) —TAq'p" + ¢*p°)
T

DN | —

= 2@+ AT + (FPOP) ~ TA ! + ),
where
(#) =003 )= pmrpm (i)
q q VPR \ e +oa )]
and so Proposition 5.7 and (4.7) yield
by < —log Eprax [exp(—Géz’\’Sym/do)}do

g 12 212 (gl 62)2 1.1 2 2
__’_Z 1— 1'% = p —TXagp +qp
2 ( ’ ‘ ’ |)2 | 1|2 | 2|2 (q q )7
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where dy = %tr(A) = %. Due to the symmetry of the model, we

can interchange p' and p? and, simultaneously, ¢! and ¢*. This leads to
bo < —TXg'p" +¢°p*) =T (1= |p'|* = [0*) (5.10)
2 2
y maX{(pl(ql _ qz) +p2(q1 +q2)) ,(pQ(QQ _ ql) +p1(q1 _|_q2)) }
22 = [p']* = [ P) (P> + 1p*[?) ’
which is a better bound for by than (5.9) if and only if

2 2
max{(p'(¢' — ¢*) +p*(¢" + )", (p*(¢* —¢') +p'(¢' +¢*)"}
(lg'? + [a®[)(2 = [p'> = [2*[*)(|p"[* + [p?[?)
We assume without loss of generality that ¢! # 0. Then ¢? = cq' for some
c € R, and a calculation shows that (5.11) is equivalent to

(p', p*) ¢ (ﬁ%(c_,cﬂuﬁ%(—c—, —c+)> N (E%(cﬂ —c‘)Uﬁ%(—cﬂc—)),

. (5.11)

(5.12)
= 1+c m . .
where ¢* := T and D%(z) denotes the closed disk of radius 1/v/2

centered at z € R?. Note that |¢7|? + |¢T|? = 1/2 so that the centers of
all four disks in (5.12) lie on a circle of radius 1 / V/2 centered at the origin.

c=1 c =3

-1 -1

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

Figure 1: Graphical visualisation of (5.12) for ¢ = 1 (left panel) and ¢ = 3 (right panel)
with p! on the horizontal and p? on the vertical axis. We have ¢~ = 0, ¢c™ = 1/v/2 (left
panel) and ¢~ = —1//10, ¢t = 2/v/10 (right panel).

Figure 1 shows in green the area on which (5.12) holds and in red its com-
plement in the unit disk. In the green area, the symmetrised bound (5.10)
is better than (5.9), and vice versa in the red area. The green area amounts
to 2/7 & 63.66 % of the total surface of the unit disk. In principle, the big-
ger |p']? + [p?? is and the nearer (p', p?) is to one of the points (¢7,cT),
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(—c™,—c"), (¢, —c7) or (—=cT,c¢7), the more likely it is that (p',p?) is in
the green area and the symmetrised bound is better. This reflects the idea
that if G is more symmetric with respect to Y*© and the eigenvalues of A
differ a lot, then making everything symmetric will achieve more than only
squeezing the eigenvalues together.

A Appendix: Auxiliary results
Lemma A.1. The function f(A,z) = %Z/A_IZ in (2.2) is jointly conved.
Proof. 1t is enough to show that, for fixed z,y € R" and A, F € S8,

YA 24y Py > 2+ y) (A+ F) 2+ y). (A1)

We first note that there is C' € GL(n) such that C'AC' = I and D := C'"FC
is diagonal. Indeed, A = U'U for some U € GL(n), and (U™')FU"!
symmetric; so there exists V € O(n) with V/(U~'YFU~'V diagonal, and
C := U~V will do. Thus (A.1) is equivalent to

ZP+9 D'y > E+9) I +D) N (2+9), 2:=C"2 and y:=C"y,

or, with D = diag(D',..., D™), to

n

&+
> _(#F+ 171 /D7) 2; i

j=1
But the last relation is true because for j = 1,...,n, we have

‘5j_|_gj’2_|5j Dii — y]/\/DJ]‘
1+ Dii 1+ Dii

(1271 + 11/ D7) —
O

Lemma A.2. In the setting of Section 3.1, fit 0 > 0. If a predictable R™-
valued process k with [ kdB in BMO(P) satisfies

o

then k is in K°.

2 1
< max 2 max ’
BMoy(p) Sl /6] + 307 /0 + 1

(A.2)
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Proof. We show that k satisfies (3.3). For p > 1 to be specified later and for
any stopping time 7 valued in [¢,T], we have

T4 T p/
Ep- {exp (/ —li/SAslis ds + / Ak st>

2 [(2A - Dk dB)r |/ g ) 1
_E[ FQ A~ TnaB). exp(/ (52/\ 25A+ fnsds>’f]

T 3p 1/2
< Ep{exp(/ ((52/\2 2(5/\ + = )/{Sds) }"T]

by the Cauchy-Schwarz inequality. The John-Nirenberg inequality (Theorem
2.2 of Kazamaki [11]) implies that this is bounded uniformly in 7 if

2 2
(2 g+ H/mdB

BMO,(P)

)

7]

<1,

which is satisfied for the choice p = 1/3/2 under the assumption (A.2). Using
additionally Jensen’s inequality, we obtain analogously that

Tq T 1/

Ep« {exp </ 5”;/\5/{3 ds + / Aok dBS)
T 1 T 1/5

> | Epx {exp (—/ 5/@’5/\553 ds — / AR dBS)

is bounded away from zero uniformly in 7 if

2 max |2 3 max ?
<§16t | +56t +1> kdB

BMO,(P)

)

’)

r)

<1,

which is again fulﬁlled under the assumption (A.2). This implies that, after a

division by exp( . 2 K. Asksds+ ft AskgdB )p/ the conditional expectation
on the right-hand side of (3.3) is bounded away from zero, and the left-hand
side of (3.3) is bounded. Therefore, there exists a constant C' such that (3.3)
holds, which concludes the proof. O]

Lemma A.3. In the setting of Section 3.3, we have

( / ZdB> o U, / (ZoU,)dB". (A.3)

for any predictable process Z on Wiener space with fOT |Z,)?ds < 00 a.s.
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Proof. By Itd’s representation theorem, any local martingale is of the form
c+ [ 3dB for a constant ¢ and a predictable process 3 with fOT |8,]? ds < oo
a.s. Therefore, (A.3) is equivalent to

(([zas)ouv. [san) = [zovpas. [sa) ()

for any predictable § with fOT |35|> ds < oo a.s. To prove (A.4), we note first
that P o U;' = P by the invariance of Wiener measure under orthogonal
transformations, and thus

E[XoU)] = E[X] forall X € L' (A.5)

This implies that the (local) martingale property is invariant under Uy, i.e.,
for an adapted integrable process M, we have

M is a (local) martingale <= M o U, is a (local) martingale.  (A.6)

Indeed, if 7 is a stopping time and M, ,. is a martingale, then 7o U; is a
stopping time and we have for any s € [0,7] and A € F; that

E[(M © Ut)(foUt)/\T]lA] = E[(MT/\T]IU;%A)> © Ut] - E[MT/\T]lUt’l(A)]
= E[MT/\s]lUt—l(A)] = E[(M o Ut)‘r/\s]lA:|

by (A.5), using also that U; *(A) € F,. This gives “==" in (A.6), and “<="
follows by symmetry.
We are now ready to prove (A.4). Its left-hand side equals

<</Zd3) OUt>/ﬂdB> —/d<</ZdB) oUt,B>ﬁ, (A7)

and by (A.6) we have

<(/Zd3) ° Ui B> - <</Zd3) o Uy, (Ljoq] + Lyryu")B) o Ut>

= </ZdB, (]l[[O,t]]I + ]l]]t’T]]U_l)B> ] Ut

tA- tV-
= / Z'ds + (/ Z’(u_l)’ds> oU;.
0 t

Since ([ Z'(u™')'ds) o U; = [(Z o U;)'uds, we obtain from (A.7) that

<(/ZdB> ° U, /5d3> = /(]1[[077:1]Z/ﬁ + 1p7y(Z 0 Up)'uf) ds
= </(ZoUt) dB“,/gdB>,

which shows (A.4) and concludes the proof. O
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The following result is the analogue of Proposition 5.5 for case (II).

Proposition A.4. Under the assumptions of case (II) in Section 5.5 with
the additional requirement that R is Y-predictable, the BSDE

Tl T R
FS:G—/ SZINZ, dr+/ Z,dV,, 0<s<T  (AS)

has a unique solution (I',Z) where I' is a real-valued bounded continuous
(Y, P) -semimartingale and Z is an R™-valued Y -predictable process such that

fOT |Z,|> ds < oo almost surely. Moreover, for any s € [0,T],

T
VE = —exp (—yl“s — %Ep {/ |\ 2 dr Ws]) a.s. (A.9)

Proof. This follows the same idea as Proposition 5.5, using additionally that
the mean-variance tradeoff fOT |A-[*dr is in case (IT) attainable by trading in

S. In more detail, we replace P in Section 2 by P and set
B::Y, F::Y, a:=0 and x:=0

to bring (A.8) into the form (2.1). By Lemma 2.2, (A.8) has a unique solution
(I', Z), and deY is in BMO(Y P) Since R is bounded, [ZdY is a
(G P) martmgale and because I' is bounded, we obtain from (A.8) that

Ep[} fo 'A;'Z,ds| < oo, which implies Ep Uo | Z[* ds] < oo due to (4.2).
To deal with the term involving A\, we use [td’s representation theorem as in
Lemma 1.6.7 of Karatzas and Shreve [10] and obtain a W-predictable process

n = (ns)o<s<r With Ep UOT 5|2 ds] < oo and

1 [T 1 T T R
|/\ ?ds = —F; [/ A2 ds} +/ ns AW
27 2y 0 0

1 T T T
=—FE; {/ |/\s|2ds} +/ n;)\sds+/ ns dWs.  (A.10)
2y 0 0 0

Here we use that A is W-predictable in case (IT), recalling that W = F"W. As
A is bounded, [ndW isin BMO(G, P) and so [ ndW is in BMO(G, P) by
Theorem 3.6 of Kazamaki [11]. For the solution (I', Z) of (A.8), we set

L. 1 T
I,2.7) = F+—EA/ A% d
(.2.2) = (T4 -5 | [ s

W.] 4+ RZT — RR’Z>
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and calculate

5 1 r :
dl, = drI, + —d(Eﬁ [/ I\ | dr WS] - / |>\r|2dr)
27y 0 0

1
= AT+ 7 A ds e Wy — oA ds
2!

. N 1 . .
(U2 = 20— S INB) ds— ZoaW, — Zoaws, 0<s<T
Y
by (4.1), (4.4) and (A.10). Therefore, (I, Z, Z) solves (5.1) and we also have

T
Ep [/ ((ns + R.Z) (ns + R.Zs) + Z.(I — R,R.) Zy) ds}
0

T T
§3Ep[/ |ZS|2ds}+2Ep[/ ina|2ds
0 0

Finally, (A.9) follows from the uniqueness of solutions to (5.1). O

< OQ.
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