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Initial Value Problems

e Givenf:R"™ — R”, suppose: € R" evolves according to
dax
— = t 1
= f(@.1) (1)
with the initial conditionz(0) = x.

e If n=2kandx = (p,q) wherep, g € R" satisfy

ia _ o1
dt  Op’
dp _ _0H
dt  0q’

for some function/ (p, q.t) : R""' — R, we say that (1) is
Hamiltonian.

e Often, theHamiltonian/ hasno explicit dependence an



Structure-Preserving Discretizations

Symplectic integrationconserve®hase spacstructure of
Hamilton’s equations; the time step map isanonical
transformation[Ruth 1983, Channell & Scovel 1990,
Sanz-Serna & Calvo 1994]

Conservative integratiorconservedirst integrals.
[Bowmanet al. 1997, Shadwiclet al. 1999,
Kotovych & Bowman 2002]

Positivity: preservepositive semi-definitenesd covariance
matrices. [Bowmaret al. 1993, Bowman & Krommes 1997]

Unitary integration.conservesraceof probability density
matrix. [Shadwick & Buell 1997]

Operator splittinge.g. to yieldexact evolution on linear time
scale.



Symplectic vs. Conservative Integration

Theorem 1 (Ge and Marsden 1988): A C! symplectic map M

with no explicit time-dependence will conserve a C1
time-independent Hamiltonian H : R" — R <= M 1is identical
to the exact evolution, up to a reparametrization of time.

Proof:

e A (' symplectic scheme is a canonical mapcorresponding
to some approximaté! HamiltonianHd,(x,t) : R*"*! — R,
where the labet denotes the time step.

e If the mapping)M does not depend explicitly on time, it can be
generated by the approximate Hamiltoni& e ) = H,(x, 0).



® Suppose the symplectic map conserves the true Hamiltdiian

dH O0Hdg, OHdp, 0O
dt  Og; dt i Op; dt i 575 H, K,

where
OH 0K 0OHOK

dq; Op;  Op; Dg;”
e |mplicit function theorem: in a neighbourhood#f € R"
JaC' functiong : R — R 3
H(x) = ¢(K(x)) or K(z)=¢(H(x)) < [H K|=0.
e Consequently, the trajectorieslit¥ generated by the

Hamiltoniansd and K coincide.
Q).E.D.

[HvK]:



Conservative Integration

e Traditional numerical discretizations of nonlinear iaitvalue
problems, based amlynomial functions of the time step,
typically yield spurious secular drifts of nonlinear firstegrals
of motion (such as the total energy).
= the numerical solution wilhot remain on the energy surface
defined by the initial conditions!

® There exists a class of nontraditiomaiplicit algorithms that
exactly conservaonlinear invariants tall orders in the time
step (to machine precision).




Three-Wave Problem

e Truncated Fourier-transformed Euler equations for arsowl

2D fluid:
dxl

e J1 = Myxoxs,

d

% = f2 = Moz3z1,

d

% = f3 = M3x179,
whereM; + My + M3 = 0.

e Then

1 .
> fezr =0= energyr = > > xj is conserved.
k k



Secular Energy Growth

e Energy is not conserved by conventional discretizations
like Euler, Predictor—Corrector, Runge—Kautta, ....

e The Euler method,
Tp(t +7) = 2k (t) + 7 [,
yields a monotonically increasing new energy:

1
Et+r1)= 5 Z [x% + 27 frxp + TQS]%]
k

1



Conservative Euler Algorithm

e Tryto determine a modification of the original equations of
motion that will lead toezact energy conservation:

dry
P Je + 9k
e FEuler's method predicts the new energy
1
E(t+7)=5 e+ 7(fi+ o))’

k

= B(t) + 5 3 [2rowmi + (e + a0’
k

seﬁo()



e® Solving forg; yields theC—Eulerdiscretization:

vt +7) =sgnag(t + 7) \/ 2% + 27 fray,

which conserves energy exactly.
e Ast — 0, this reduces to Euler's method:

xk(t+7)xk\/1+27fk

Lk

=z, + Tfi + O(T2).

e C-Euleris justthe usual Euler algorithm applied to
dazi

= 2 :
o JreTk



Lemma 1: Let  and ¢ be vectors in R™. If £ : R"tt — R” has
values orthogonal to e, so that I = ¢ - x 1s a linear invariant of

Cji_a; — f(il?, t)a
then each stage of the explicit m-stage discretization
j—1
a;j:w0+Tijkf(wk,t+ajT), 17=1,....m,
k=0
also conserves I, where T is the time step and bj. € R.
Proof.Forj =1,...,m, we have
j—1

C-T; :c-w0+Tijkc-f(mk,t+aj7') = cC - x.
k=0



Predictor—Corrector (PC) Algorithm
e Thissecond-order predictor—correc(@-stage) scheme:
T = o + Tf(m()at)a

2t +7) = o + %[f(wo,t) +f(@t )],

conserves any invariamtthat is a linear function at.

e |[ntegration algorithms that conserve nonlinear invaganay
be constructed by findingtaansformatioril” : R” — R" such
that the nonlinear invariants are linear functiong ef 7'(x).

e Retaining theoriginal predictor
T = o+ Tf(il?(),t),
one computes theorrector in the transformed space,
§(t+7) = &+ [T (o) F(wo. t) + T'(@) f (&, + 7))

whereT’ denotes the derivative @f.



Conservative Predictor—Corrector (C—PC) Algorithm
e The new value of: is then obtained by inverse transformation:

x(t+7)=T Y&t +T1)).

e Problem:T may not be invertible!
Solution 1:Reduce the time step.
Solution 2:Switch to a traditional integrator for that time step.
Solution 3:Use an implicit backwards step [Shadwick &
Bowman SIAM J. Appl. Math59, 1112 (1999), Appendix Al.

e Higher-orderconservative integration algorithms are obtained
by doing thefinal corrector stagm the transformed space:

m—1

Et+7) =& +7 Y bpT (wp) f(@p, t + a;7).
k=0




Error Analysis: 1D Autonomous Case

Exact solution (everything on RHS evaluated gt

2 3
w(t+7) =20+ 7f + = ff+ (f”f2+f’2f)+0( 1);

WhenT"(xzy) # 0, C—PC ylelds the solution

2 3 I " 3
x(t+7)=z0+7f+ ff+z(ff +ﬁf>+0( b,

where all of the derivatives are evaluated at

On setting/'(x) = z, the C—PC solution reduces to the
conventional PC.

C—-PC and PC are both accurate to second order in
for T'(z) = 22, they agree through third order in



Singular Case
e When7’'(xg) = 0, the conservative corrector reduces to

w(t+7) =T (T(xo) + %T’(i:) f(:z)) |

e |f 7"andf are analytic, the existence of a solution is guarantee
for sufficiently small positive-, provided the points at which’
vanishes are isolated.



Example: Gravitational n-Body Problem
Massm; Is located at;, s = 1, ..., n.
Let C; be the center of mass of the firdbodies.

Enforce center of mass and linear momentum constraints: us
Jacobi coordinatet® obtain areduced system of — 1 bodiesat

pi:ri_c’i—la ?:227"'777’7
with center of mass at the origin.

Let M; = 57" m, and define theeduced masses
m;Mi—1

= : 1=2,...,M.
gi M




Hamiltonian Formulation
e The Hamiltonian is

n

1 p; 0

o \Yi giﬂ?

wherep; and/; are thelinearandangular momenturof the:th
reduced mass and

n
Gmimj

V= —

i,7=1 ‘rz o ,r]‘ |
1<J



Equations of Motion

e Both theenergy/ and thetotal angular momentum
L =>5"",(; are conserved by Hamilton’s equations:

g AL _pi
" Opi g
: OH l;
92' — — )
ol gip?
5 — OH 0V
: Opi  gip?  Opi’
g _9H _ OV
00, 06

where: = 2. ..., n and the dots denote time derivatives.



Transformation

e \We choosdl' to be the transformation
[Kotovych & Bowman 2002]:

C? — V7
C’L — ;02'7 S 37 7n7
2 /2
N = 2 T : R 1= 2, y T
20;  29ip;

e H=>",n+GandL =>",¢ arelinear functions of the
transformed variables.



Corrector Equations
e The 2nd- ordecorrector equatlonare given by

Glt+71)=¢+ (§Z+§Z) 0;(t+71)=106; +2(9 +§i),

M) =mi+ SO+ i), Gt +T) =+ S+ ),

2
where
: oV oV .
i Y 0.
G2 = ;(8 pi + 96, )
(jz':p'z', z':?),...,n,
v Lip2li — pil?p;
gy = PP TP T DR g o,

gi gip;



e One thennvertsto get the original variables as functions of the
temporary transformed variables:

pi:Cia L=3,...,Mm,
P2 :g(C27p37"'7/0n70)7

/2
pzzsgn(ﬁz) 292 (77@— ! 2), Z:Q,,’ﬂ
29ip;

e The value of the inverse functiondefined by

V(g(<27/037 cee HOTL)H)?/OB) coee HOTL?H) — CQ

IS determined at fixeds, . . ., p,, 8 with aNewton—Raphson
method using the predicted valy® as annitial guess.




Four-body choreography
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Conservative Symplectic Integrators

e Conservative variational symplectic integrators based on
explicitly time-dependergymplectic maps have recently been
developed for certain problems in mechanics.

e This allows one to circumvent the conditions of the
Ge—Marsden theorem [Kane, Marsden, and Ortiz 1999].



Operator Splitting
Typical stiff nonlinear initial value problem:

ox
E%—nm-S(t,x), z(0) = xg.

Stiff: Nonlinearity S has a slow variation incompared with
the value of the linear coefficient

1dS
S dt
Goal: Solve on the linear time scale exactly; avoid the linea
time-step restrictiomr < 1.

In the presence of nonlinearistraightforward integrating
factor methods do not remove the explicit restriction on the
linear time step-.

< |n| .




Exponential Euler Algorithm
Exact evolution ofe:

r(tg +7) = P_l(t() + 7) [aj(to) + /t O+TdtP(t)S(t)] :
whereP(t) = enlt=to),

Change variablesit P = n;'dP =

P(to—i—T)
a}(tQ—I—T):P_l(to—I-T) aj(to)—l—n()l/ dP S| .
1

Rectangular approximation of integeal Exponential Euler
algorithm:

Tip] = Pz-lll |z + o (Pl — 1)S;] .
The discretization iIs now with respect fbinstead of.
Also known as théxponentially Fitted Eulemethod.



Generalizations

Higher-order versions (Predictor—Corrector, Runga-djudte
called exponential integrators [Hochbruck and Lubich, 799

Straightforward generalization tector cas€matrix
exponentialP = ¢'").

Gaussian Quadrature with respecteight functionp.
Conservative Exponential Integrators

Can replace linear Green'’s functieti ) by anystationary
Green’s functiorG(t — t/).

Another interesting generalization leads to Lagrangian
discretizations (e.g., of the PPM type) faivection equations:

d 0
d_?; —I—U%u: S(x,t,u), u(x,0) = ug(x).
n NOW represents the linear opera@cﬁa—? andP 1y = e sy

corresponds to the Taylor seriesudfc — vt).



Charged Patrticle in Electromagnetic Fields

Lorentz force:
m dv 1

—— =-vXB+FE.
q dt cv i
Efficiently compute thenatrix exponentiaéxp(€2), where
0 B, —B,
o--14|-B, 0 B,
mc
B, —B; 0

Requires 2 trigonometric functions, 1 division, 1 squaia,ro
and 35 additions or multiplications.

The other necessary matrix factprsp(Q) — 1]Q~! requires
care, sincé? Is singular. Evaluate it as

lim (e —1)(QQ+ A1) 1.



Motion under Lorentz force

_ _ _ E-PC %0

PC F_PC andevactealiitione




Conclusions

Traditional numerical discretizations of conservativeteyns
generically yieldartificial secular driftof nonlinear invariants.

New exactly conservativbut explicit integration algorithms
have been developed.

The transformation technique is relevantritegrableand
nonintegrabldHamiltonian systems and even to
non-Hamiltonian systems such as force-dissipative terind.

Discretizations that preserve physically relevant stiwecor
known analytic properties are becoming of wide interest.
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