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2D Turbulence in Fourier Space

•Navier–Stokes equation for vorticity ω
.
= ẑ·∇×u:

∂ω

∂t
+ u·∇ω = ν∇2ω + f.

• In Fourier space:

∂ωk
∂t

+ νkωk =

∫
dp

∫
dq

εkpq
q2

ω∗pω
∗
q + fk,

where νk
.
= νk2 and εkpq

.
= (ẑ·p×q) δ(k + p + q) is

antisymmetric under permutation of any two indices.
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•When ν = fk = 0,

enstrophy Z = 1
2

∑
k

|ωk|2 and energy E = 1
2

∑
k

|ωk|2
k2

are

conserved:

εkpq
q2

antisymmetric in k↔ p,

1

k2

εkpq
q2

antisymmetric in k↔ q.
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Spectral Reduction

• Introduce a coarse-grained grid indexed by K:

K

P

Q

Wavenumber Bin Geometry (8× 3 bins)
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•Define new variables

ΩK = 〈ωk〉K
.
=

1

∆K

∫
∆K

ωk dk,

where ∆K is the area of bin K.

•Evolution of ΩK:

∂ΩK
∂t

+ 〈νkωk〉K =
∑
P ,Q

∆P∆Q

〈
εkpq
q2

ω∗pω
∗
q

〉
KPQ

,

where 〈f〉KPQ =
1

∆K∆P∆Q

∫
∆K

dk

∫
∆P

dp

∫
∆Q

dq f.

•Approximate ωp and ωq by bin-averaged values ΩP and ΩQ:

∂ΩK
∂t

+ 〈νk〉K ΩK =
∑
P ,Q

∆P∆Q

〈
εkpq
q2

〉
KPQ

Ω∗PΩ∗Q.
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•Define the coarse-grained enstrophy Z and energy E:

Z
.
=

1

2

∑
K

|ΩK|2 ∆K, E
.
=

1

2

∑
K

|ΩK|2
K2

∆K.

•Enstrophy is still conserved by the nonlinearity since〈
εkpq
q2

〉
KPQ

antisymmetric in K ↔ P .

•But energy conservation has been lost!

1

K2

〈
εkpq
q2

〉
KPQ

NOT antisymmetric in K ↔ Q.

•Reinstate both desired symmetries with the modified coefficient

〈εkpq〉KPQ
Q2

.
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Properties

•We call the forced-dissipative version of this approximation
spectral reduction (SR):

∂ΩK
∂t

+ 〈νk〉K ΩK =
∑
P ,Q

∆P∆Q

〈εkpq〉KPQ
Q2

Ω∗PΩ∗Q.

• SR conserves both energy and enstrophy and reduces to the
exact dynamics in the limit of small bin size.

• It has the same general structure and symmetries as the original
equation and in this sense may be considered a renormalization.

• SR obeys a Liouville Theorem; in the inviscid limit, it yields
statistical-mechanical (equipartition) solutions.

•However: since the δk+p+q,0 factor in the nonlinear coefficient
εkpq has been smoothed over, spectral reduction is no longer a
convolution: pseudospectral collocation does not apply. 7



Moments

•Q. How accurate is spectral reduction?

•A. For large bins, the instantaneous dynamics of SR is
inaccurate.

•However: the equations for the time-averaged (or ensemble-
averaged) moments predicted by SR closely approximate those
of the exact bin-averaged statistics.

•E.g., time average the exact bin-averaged enstrophy equation:

∂

∂t

〈
|ωk|2

〉
K

+ 2 Re
〈
νk|ωk|2

〉
K

= 2 Re
∑
P ,Q

∆P∆Q

〈
εkpq
q2

ω∗kω
∗
pω
∗
q

〉
KPQ

,

where the bar means time average and 〈·〉K means bin average.

•Time-averaged quantities such as |ωk|2 and ω∗kω
∗
pω
∗
q are

generally smooth functions of k, p, q on the four-dimensional
surface defined by the triad condition k + p + q = 0. 8



•Mean Value Theorem for integrals: for some ξ ∈K.

|ΩK|2 = |ωξ|2 ≈ |ωk|2 ∀k ∈K.

•To good accuracy these statistical moments may therefore be
evaluated at the characteristic wavenumbers K, P , Q:

∂

∂t
|ΩK|2 + 2 Re 〈νk〉K |ΩK|2 = 2 Re

∑
P ,Q

∆P∆Q

〈
εkpq
q2

〉
KPQ

Ω∗KΩ∗PΩ∗Q.

•To the extent that the wavenumber magnitude q varies slowly
over a bin:

∂

∂t
|ΩK|2 + 2 Re 〈νk〉K |ΩK|2 = 2 Re

∑
P ,Q

∆P∆Q

〈εkpq〉KPQ
Q2

Ω∗KΩ∗PΩ∗Q.

•But this is precisely the time-average of the SR equation!
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Noncanonical Hamiltonian Formulation

•Underlying noncanonical Hamiltonian formulation for inviscid
2D vorticity equation:

ω̇k =

∫
dq Jkq

δH

δωq
,

where

H
.
=

1

2

∫
dk
|ωk|2
k2

,

Jkq
.
=

∫
dp εkpqω

∗
p.

•Leads to inviscid Navier–Stokes equation:

∂ωk
∂t

+ νkωk =

∫
dp

∫
dq

εkpq
q2

ω∗pω
∗
q.
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Liouville Theorem

•Navier–Stokes:

Jkq
.
=

∫
dp εkpqω

∗
p

⇒
∫
dk

δω̇k
δωk

=

∫
dk

∫
dq

δJkq
δωk︸︷︷︸

εk(−k)q=0

δH

δωq
+ Jkq

δ2H

δωkδωq
= 0.

• Spectral Reduction:

JKQ
.
=
∑
P

∆P 〈εkpq〉KPQΩ∗P

⇒
∑
K

∂Ω̇K
∂ΩK

=
∑
K,Q

∂JKQ
∂ΩK︸ ︷︷ ︸

〈εkpq〉K(−K)Q=0

∂H

∂ΩQ
+ JKQ

∂2H

∂ΩK∂ΩQ
= 0.
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Statistical Equipartition

•For mixing dynamics, the Liouville Theorem and the coarse-
grained invariants

E
.
=

1

2

∑
K

|ΩK|2
K2

∆K, Z
.
=

1

2

∑
K

|ΩK|2 ∆K,

lead to statistical equipartition of (α/K2 + β) |ΩK|2 ∆K.

•This is the correct equipartition only for uniform bins.

•However, for nonuniform bins, a rescaling of time by ∆K,

1

∆K

∂ΩK
∂t

+ 〈νk〉K ΩK =
∑
P ,Q

∆P∆Q

〈εkpq〉KPQ
Q2

Ω∗PΩ∗Q,

yields the correct inviscid equipartition:
〈
|ΩK|2

〉
=
(
α
K2 + β

)−1
.
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•Unfortunately, the rescaled spectral reduction equations are
hopelessly stiff.

Relaxation of rescaled spectral reduction to equipartition.
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Spectral Reduction on a Lattice

•Reluctantly, we accept the fact that each bin must contain the
same number of modes.

• Imposing uniform bins has an important advantage: it affords
a pseudospectral implementation of spectral reduction!

•Consider spectral reduction on a coarse-grained lattice, with
r × r modes per rectangular bin (here r = 3):
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•The bin-averaging operations become:

〈fk〉K
.
=

1

r2

∑
k∈K

fk,

〈fkpq〉KPQ
.
=

1

r6

∑
k∈K

∑
p∈P

∑
q∈Q

fkpq.

•Uniform discrete spectral reduction:

∂ΩK
∂t

+ 〈νk〉K ΩK = r4
∑
P ,Q

1

Q2
〈εkpq〉KPQΩ∗PΩ∗Q + FKξ(t).

•Let ξ(t) be a unit Gaussian stochastic white-noise process and

choose FK = 2εZ
fK√∑
K

|fK|2
to inject on average εZ units of

enstrophy Novikov [1964].
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Discrete Fast Fourier Transform

•Define the N th primitive root of unity:

ζN = exp

(
2πi

N

)
.

•The fast Fourier transform (FFT) method exploits the
properties that ζrN = ζN/r and ζNN = 1.
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FFT of a Piecewise Constant Function

• Suppose N = rM and frK+` = FK for ` = 0, 1, . . . r − 1 and
K = 0, 1, . . . ,M − 1.

•For J = 0, . . . ,M − 1 and s = 0, . . . , r − 1 the backwards
Fourier transform of the coarse-grained data FK is given by

f̂sM+J =

M−1∑
K=0

r−1∑
`=0

ζ
(sM+J)(rK+`)
N FK = SJ,sF̂J ,

where

SJ,s
.
=

r−1∑
`=0

ζJ`N ζ
s`
r ,

F̂J
.
=

M−1∑
K=0

ζJKM FK.
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•The coarse-grained forwards Fourier transform is given by:

FK
.
=

1

Nr

r−1∑
`=0

frK+` =
1

r2M

r−1∑
`=0

M−1∑
J=0

r−1∑
s=0

ζ
−(rK+`)(sM+J)
N f̂sM+J

=
1

r2M

M−1∑
J=0

ζ−KJM

r−1∑
s=0

S∗J,sf̂sM+J .
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1D Coarse-Grained Convolution

•The coarse-grained convolution 〈f ∗ g〉K of f and g can then be
computed as

〈f ∗ g〉K
.
=

1

r

r−1∑
`=0

(f ∗ g)rK+` =
1

r2M

M−1∑
J=0

ζ−KJM

r−1∑
s=0

S∗J,sf̂sM+J ĝsM+J

=
1

r2M

M−1∑
J=0

ζ−KJM WJF̂JĜJ ,

in terms of the spatial weight factors WJ
.
=

r−1∑
s=0

|SJ,s|2 SJ,s.
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• Similarly, the bin-averaged Fourier transform of FK weighted
by ` is given by

f̂sM+J =

M−1∑
K=0

r−1∑
`=0

ζ
(sM+J)(rK+`)
N `FK = TJ,sF̂J ,

where

TJ,s
.
=

r−1∑
`=0

`ζJ`N ζ
s`
r .

•Let W ′
J
.
=
∑r−1

s=0 |SJ,s|2 TJ,s.
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Pseudospectral reduction

• In terms of F 0 .
= KxΩK, F 1 .

= KyΩK, F 2 .
= ΩK, G0 .

=
KxK

−2ΩK, G1 .
= KyK

−2ΩK, and G2 .
= K−2ΩK:

∑
P ,Q

1

Q2
〈δp+q,k(pxqy − pyqx)〉KPQΩPΩQ

=
1

r2

∑
`

(
[(rKx + `x)ΩK] ∗

[
(rKy + `y)K

−2ΩK
])
rK+`

− 1

r2

∑
`

(
[(rKy + `y)ΩK] ∗

[
(rKx + `x)K

−2ΩK
])
rK+`

=
1

r4M 2

∑
J

ζ−K·JM

[
r2WJxWJy(F̂

0
JĜ

1
J − F̂ 1

JĜ
0
J)

+rW ′
Jx
WJy(F̂

2
JĜ

1
J − F̂ 1

JĜ
2
J) + rWJxW

′
Jy

(F̂ 0
JĜ

2
J − F̂ 2

JĜ
0
J)
]
.

•Computational complexity is O(N logN), with a coefficient
7/5 = 1.4 times greater that for pseudospectral collocation. 21



10−1

E
(k
)

101

k

31× 31 bins

πk

α+ βk2

Inviscid equipartition of a 31× 31 pseudospectrally reduced
simulation with radix r = 3.
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10−10

10−9

10−8

10−7

10−6

10−5

10−4

10−3

10−2

10−1

E
(k
)

100 101 102

k

3412 bins

10232 modes

3412 modes

Direct cascade.
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10−7

10−6

10−5

E
(k
)

100 101 102

k

3412 bins

10232 modes

Inverse cascade.
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Implicit Dealiasing

•Over 40 years ago, Orszag pointed out the importance of
dealiasing pseudospectral convolutions:

– Convolution is linear.

– Discrete Fourier transform is cyclic.

• In 2D, implicit dealiasing [Bowman & Roberts 2011] uses 2/3
of the memory and half of the computation time compared to
explicit (2/3 rule) zero padding.

•Our efficient FFTW++ library was generalized to support
implicitly dealiased 2D coarse-grained Hermitian convolutions:

http://fftwpp.sourceforge.net

•Writing a high-performance dealiased pseudospectral code is
now a relatively straightforward exercise.

25
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Parallelization

•Our implicit convolution routines have been multithreaded for
shared-memory architectures.

•Parallel generalized slab/pencil model implementations have
also been developed for distributed-memory architectures
(available in svn repository and upcoming 1.14 release).

•The key bottleneck is the distributed matrix transpose.

•We have compared several distributed matrix transpose
algorithms, both blocking and nonblocking, under both pure
MPI and hybrid MPI/OpenMP architectures.

•One advantage of hybrid MPI/OpenMP over pure MPI for
matrix transposition is that it yields a larger communication
block size.
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Conclusions

• Spectral reduction reduces the number of degrees of freedom
that must be explicitly evolved in turbulence simulations.

•One can evolve a turbulent system for thousands of eddy
turnover times to obtain energy spectra smooth enough to
compare with theory.

•Recognizing that spectral reduction yields inviscid equipartition
spectra only with uniform binning, we developed an efficient
FFT-based implementation, called pseudospectral reduction.

•Even with uniform binning, the resulting energy spectrum is
much more accurate than what results from simply using a
smaller spatial domain (larger mode spacing).

• Spectral reduction could be used to develop a reliable dynamic
subgrid model by coupling a pseudospectrally reduced subgrid
model to a large-eddy simulation [Roberts 2011].
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Asymptote: 2D & 3D Vector Graphics Language

Andy Hammerlindl, John C. Bowman, Tom Prince

http://asymptote.sf.net

(freely available under the GNU public license)
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////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012, Alexander Grahn
//
// 3Dmenu.js
//
// version 20120912
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript used by media9.sty
//
// Extended functionality of the (right click) context menu of 3D annotations.
//
//  1.) Adds the following items to the 3D context menu:
//
//   * `Generate Default View'
//
//      Finds good default camera settings, returned as options for use with
//      the \includemedia command.
//
//   * `Get Current View'
//
//      Determines camera, cross section and part settings of the current view,
//      returned as `VIEW' section that can be copied into a views file of
//      additional views. The views file is inserted using the `3Dviews' option
//      of \includemedia.
//
//   * `Cross Section'
//
//      Toggle switch to add or remove a cross section into or from the current
//      view. The cross section can be moved in the x, y, z directions using x,
//      y, z and X, Y, Z keys on the keyboard and be tilted against and spun
//      around the upright Z axis using the Up/Down and Left/Right arrow keys.
//
//  2.) Enables manipulation of position and orientation of indiviual parts in
//      the 3D scene. Parts which have been selected with the mouse can be
//      moved around and rotated like the cross section as described above, as
//      well as scaled using the s and S keys.
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License, either version 1.3
// of this license or (at your option) any later version.
// The latest version of this license is in
//   http://www.latex-project.org/lppl.txt
// and version 1.3 or later is part of all distributions of LaTeX
// version 2005/12/01 or later.
//
// This work has the LPPL maintenance status `maintained'.
//
// The Current Maintainer of this work is A. Grahn.
//
// The code borrows heavily from Bernd Gaertners `Miniball' software,
// originally written in C++, for computing the smallest enclosing ball of a
// set of points; see: http://www.inf.ethz.ch/personal/gaertner/miniball.html
//
////////////////////////////////////////////////////////////////////////////////
//host.console.show();

//constructor for doubly linked list
function List(){
  this.first_node=null;
  this.last_node=new Node(undefined);
}
List.prototype.push_back=function(x){
  var new_node=new Node(x);
  if(this.first_node==null){
    this.first_node=new_node;
    new_node.prev=null;
  }else{
    new_node.prev=this.last_node.prev;
    new_node.prev.next=new_node;
  }
  new_node.next=this.last_node;
  this.last_node.prev=new_node;
};
List.prototype.move_to_front=function(it){
  var node=it.get();
  if(node.next!=null && node.prev!=null){
    node.next.prev=node.prev;
    node.prev.next=node.next;
    node.prev=null;
    node.next=this.first_node;
    this.first_node.prev=node;
    this.first_node=node;
  }
};
List.prototype.begin=function(){
  var i=new Iterator();
  i.target=this.first_node;
  return(i);
};
List.prototype.end=function(){
  var i=new Iterator();
  i.target=this.last_node;
  return(i);
};
function Iterator(it){
  if( it!=undefined ){
    this.target=it.target;
  }else {
    this.target=null;
  }
}
Iterator.prototype.set=function(it){this.target=it.target;};
Iterator.prototype.get=function(){return(this.target);};
Iterator.prototype.deref=function(){return(this.target.data);};
Iterator.prototype.incr=function(){
  if(this.target.next!=null) this.target=this.target.next;
};
//constructor for node objects that populate the linked list
function Node(x){
  this.prev=null;
  this.next=null;
  this.data=x;
}
function sqr(r){return(r*r);}//helper function

//Miniball algorithm by B. Gaertner
function Basis(){
  this.m=0;
  this.q0=new Array(3);
  this.z=new Array(4);
  this.f=new Array(4);
  this.v=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.a=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.c=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.sqr_r=new Array(4);
  this.current_c=this.c[0];
  this.current_sqr_r=0;
  this.reset();
}
Basis.prototype.center=function(){return(this.current_c);};
Basis.prototype.size=function(){return(this.m);};
Basis.prototype.pop=function(){--this.m;};
Basis.prototype.excess=function(p){
  var e=-this.current_sqr_r;
  for(var k=0;k<3;++k){
    e+=sqr(p[k]-this.current_c[k]);
  }
  return(e);
};
Basis.prototype.reset=function(){
  this.m=0;
  for(var j=0;j<3;++j){
    this.c[0][j]=0;
  }
  this.current_c=this.c[0];
  this.current_sqr_r=-1;
};
Basis.prototype.push=function(p){
  var i, j;
  var eps=1e-32;
  if(this.m==0){
    for(i=0;i<3;++i){
      this.q0[i]=p[i];
    }
    for(i=0;i<3;++i){
      this.c[0][i]=this.q0[i];
    }
    this.sqr_r[0]=0;
  }else {
    for(i=0;i<3;++i){
      this.v[this.m][i]=p[i]-this.q0[i];
    }
    for(i=1;i<this.m;++i){
      this.a[this.m][i]=0;
      for(j=0;j<3;++j){
        this.a[this.m][i]+=this.v[i][j]*this.v[this.m][j];
      }
      this.a[this.m][i]*=(2/this.z[i]);
    }
    for(i=1;i<this.m;++i){
      for(j=0;j<3;++j){
        this.v[this.m][j]-=this.a[this.m][i]*this.v[i][j];
      }
    }
    this.z[this.m]=0;
    for(j=0;j<3;++j){
      this.z[this.m]+=sqr(this.v[this.m][j]);
    }
    this.z[this.m]*=2;
    if(this.z[this.m]<eps*this.current_sqr_r) return(false);
    var e=-this.sqr_r[this.m-1];
    for(i=0;i<3;++i){
      e+=sqr(p[i]-this.c[this.m-1][i]);
    }
    this.f[this.m]=e/this.z[this.m];
    for(i=0;i<3;++i){
      this.c[this.m][i]=this.c[this.m-1][i]+this.f[this.m]*this.v[this.m][i];
    }
    this.sqr_r[this.m]=this.sqr_r[this.m-1]+e*this.f[this.m]/2;
  }
  this.current_c=this.c[this.m];
  this.current_sqr_r=this.sqr_r[this.m];
  ++this.m;
  return(true);
};
function Miniball(){
  this.L=new List();
  this.B=new Basis();
  this.support_end=new Iterator();
}
Miniball.prototype.mtf_mb=function(it){
  var i=new Iterator(it);
  this.support_end.set(this.L.begin());
  if((this.B.size())==4) return;
  for(var k=new Iterator(this.L.begin());k.get()!=i.get();){
    var j=new Iterator(k);
    k.incr();
    if(this.B.excess(j.deref()) > 0){
      if(this.B.push(j.deref())){
        this.mtf_mb(j);
        this.B.pop();
        if(this.support_end.get()==j.get())
          this.support_end.incr();
        this.L.move_to_front(j);
      }
    }
  }
};
Miniball.prototype.check_in=function(b){
  this.L.push_back(b);
};
Miniball.prototype.build=function(){
  this.B.reset();
  this.support_end.set(this.L.begin());
  this.mtf_mb(this.L.end());
};
Miniball.prototype.center=function(){
  return(this.B.center());
};
Miniball.prototype.radius=function(){
  return(Math.sqrt(this.B.current_sqr_r));
};

//functions called by menu items
function calc3Dopts () {
  //create Miniball object
  var mb=new Miniball();
  //auxiliary vector
  var corner=new Vector3();
  //iterate over all visible mesh nodes in the scene
  for(i=0;i<scene.meshes.count;i++){
    var mesh=scene.meshes.getByIndex(i);
    if(!mesh.visible) continue;
    //local to parent transformation matrix
    var trans=mesh.transform;
    //build local to world transformation matrix by recursively
    //multiplying the parent's transf. matrix on the right
    var parent=mesh.parent;
    while(parent.transform){
      trans=trans.multiply(parent.transform);
      parent=parent.parent;
    }
    //get the bbox of the mesh (local coordinates)
    var bbox=mesh.computeBoundingBox();
    //transform the local bounding box corner coordinates to
    //world coordinates for bounding sphere determination
    //BBox.min
    corner.set(bbox.min);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //BBox.max
    corner.set(bbox.max);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //remaining six BBox corners
    corner.set(bbox.min.x, bbox.max.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
  }
  //compute the smallest enclosing bounding sphere
  mb.build();
  //
  //current camera settings
  //
  var camera=scene.cameras.getByIndex(0);
  var res=''; //initialize result string
  //aperture angle of the virtual camera (perspective projection) *or*
  //orthographic scale (orthographic projection)
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov*180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('\n3Daac=%s,', aac);
  }else{
      camera.viewPlaneSize=2.*mb.radius();
      res+=host.util.printf('\n3Dortho=%s,', 1./camera.viewPlaneSize);
  }
  //camera roll
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('\n3Droll=%s,',roll);
  //target to camera vector
  var c2c=new Vector3();
  c2c.set(camera.position);
  c2c.subtractInPlace(camera.targetPosition);
  c2c.normalize();
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('\n3Dc2c=%s %s %s,', c2c.x, c2c.y, c2c.z);
  //
  //new camera settings
  //
  //bounding sphere centre --> new camera target
  var coo=new Vector3();
  coo.set((mb.center())[0], (mb.center())[1], (mb.center())[2]);
  if(coo.length)
    res+=host.util.printf('\n3Dcoo=%s %s %s,', coo.x, coo.y, coo.z);
  //radius of orbit
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var roo=mb.radius()/ Math.sin(aac * Math.PI/ 360.);
  }else{
    //orthographic projection
    var roo=mb.radius();
  }
  res+=host.util.printf('\n3Droo=%s,', roo);
  //update camera settings in the viewer
  var currol=camera.roll;
  camera.targetPosition.set(coo);
  camera.position.set(coo.add(c2c.scale(roo)));
  camera.roll=currol;
  //determine background colour
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('\n3Dbg=%s %s %s,', rgb.r, rgb.g, rgb.b);
  //determine lighting scheme
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+=host.util.printf('\n3Dlights=%s,', curlights);
  //determine global render mode
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      currender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      currender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      currender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      currender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      currender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      currender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      currender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      currender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      currender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      currender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      currender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      currender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      currender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      currender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      currender='HiddenWireframe';break;
  }
  if(currender!='Solid')
    res+=host.util.printf('\n3Drender=%s,', currender);
  //write result string to the console
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Copy and paste the following text to the\n'+
    '%% option list of \\includemedia!\n%%' + res + '\n');
}

function get3Dview () {
  var camera=scene.cameras.getByIndex(0);
  var coo=camera.targetPosition;
  var c2c=camera.position.subtract(coo);
  var roo=c2c.length;
  c2c.normalize();
  var res='VIEW%=insert optional name here\n';
  if(!(coo.x==0 && coo.y==0 && coo.z==0))
    res+=host.util.printf('  COO=%s %s %s\n', coo.x, coo.y, coo.z);
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('  C2C=%s %s %s\n', c2c.x, c2c.y, c2c.z);
  if(roo > 1e-9)
    res+=host.util.printf('  ROO=%s\n', roo);
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('  ROLL=%s\n', roll);
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov * 180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('  AAC=%s\n', aac);
  }else{
    if(host.util.printf('%.4f', camera.viewPlaneSize)!=1)
      res+=host.util.printf('  ORTHO=%s\n', 1./camera.viewPlaneSize);
  }
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('  BGCOLOR=%s %s %s\n', rgb.r, rgb.g, rgb.b);
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+='  LIGHTS='+curlights+'\n';
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      defaultrender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      defaultrender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      defaultrender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      defaultrender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      defaultrender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      defaultrender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      defaultrender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      defaultrender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      defaultrender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      defaultrender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      defaultrender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      defaultrender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      defaultrender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      defaultrender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      defaultrender='HiddenWireframe';break;
  }
  if(defaultrender!='Solid')
    res+='  RENDERMODE='+defaultrender+'\n';
  for(var i=0;i<scene.meshes.count;i++){
    var mesh=scene.meshes.getByIndex(i);
    var meshUTFName = '';
    for (var j=0; j<mesh.name.length; j++) {
      var theUnicode = mesh.name.charCodeAt(j).toString(16);
      while (theUnicode.length<4) theUnicode = '0' + theUnicode;
      meshUTFName += theUnicode;
    }
    var end=mesh.name.lastIndexOf('.');
    if(end>0) var meshUserName=mesh.name.substr(0,end);
    else var meshUserName=mesh.name;
    respart='  PART='+meshUserName+'\n';
    respart+='    UTF16NAME='+meshUTFName+'\n';
    defaultvals=true;
    if(!mesh.visible){
      respart+='    VISIBLE=false\n';
      defaultvals=false;
    }
    if(mesh.opacity<1.0){
      respart+='    OPACITY='+mesh.opacity+'\n';
      defaultvals=false;
    }
    currender=defaultrender;
    switch(mesh.renderMode){
      case scene.RENDER_MODE_BOUNDING_BOX:
        currender='BoundingBox';break;
      case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
        currender='TransparentBoundingBox';break;
      case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
        currender='TransparentBoundingBoxOutline';break;
      case scene.RENDER_MODE_VERTICES:
        currender='Vertices';break;
      case scene.RENDER_MODE_SHADED_VERTICES:
        currender='ShadedVertices';break;
      case scene.RENDER_MODE_WIREFRAME:
        currender='Wireframe';break;
      case scene.RENDER_MODE_SHADED_WIREFRAME:
        currender='ShadedWireframe';break;
      case scene.RENDER_MODE_SOLID:
        currender='Solid';break;
      case scene.RENDER_MODE_TRANSPARENT:
        currender='Transparent';break;
      case scene.RENDER_MODE_SOLID_WIREFRAME:
        currender='SolidWireframe';break;
      case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
        currender='TransparentWireframe';break;
      case scene.RENDER_MODE_ILLUSTRATION:
        currender='Illustration';break;
      case scene.RENDER_MODE_SOLID_OUTLINE:
        currender='SolidOutline';break;
      case scene.RENDER_MODE_SHADED_ILLUSTRATION:
        currender='ShadedIllustration';break;
      case scene.RENDER_MODE_HIDDEN_WIREFRAME:
        currender='HiddenWireframe';break;
      //case scene.RENDER_MODE_DEFAULT:
      //  currender='Default';break;
    }
    if(currender!=defaultrender){
      respart+='    RENDERMODE='+currender+'\n';
      defaultvals=false;
    }
    if(!mesh.transform.isEqual(origtrans[mesh.name])){
      var lvec=mesh.transform.transformDirection(new Vector3(1,0,0));
      var uvec=mesh.transform.transformDirection(new Vector3(0,1,0));
      var vvec=mesh.transform.transformDirection(new Vector3(0,0,1));
      respart+='    TRANSFORM='
               +lvec.x+' '+lvec.y+' '+lvec.z+' '
               +uvec.x+' '+uvec.y+' '+uvec.z+' '
               +vvec.x+' '+vvec.y+' '+vvec.z+' '
               +mesh.transform.translation.x+' '
               +mesh.transform.translation.y+' '
               +mesh.transform.translation.z+'\n';
      defaultvals=false;
    }
    respart+='  END\n';
    if(!defaultvals) res+=respart;
  }

  //detect existing Clipping Plane (3D Cross Section)
  var clip=null;
  for(i=0; i<scene.nodes.count; i++){
    if(
       scene.nodes.getByIndex(i).name == '$$$$$$' ||
       scene.nodes.getByIndex(i).name == 'Clipping Plane'
    ) {
      clip=scene.nodes.getByIndex(i);
    }
  }
  if(clip){
    var centre=clip.transform.translation;
    var normal=clip.transform.transformDirection(new Vector3(0,0,1));
    res+='  CROSSSECT\n';
    if(!(centre.x==0 && centre.y==0 && centre.z==0))
      res+=host.util.printf(
        '    CENTER=%s %s %s\n', centre.x, centre.y, centre.z);
    if(!(normal.x==1 && normal.y==0 && normal.z==0))
      res+=host.util.printf(
        '    NORMAL=%s %s %s\n', normal.x, normal.y, normal.z);
    res+='  END\n';
  }
  res+='END\n';
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Add the following VIEW section to a file of\n'+
    '%% predefined views (See option "3Dviews"!).\n%%\n' +
    '%% The view may be given a name after VIEW=...\n' +
    '%% (Remove \'%\' in front of \'=\'.)\n%%');
  host.console.println(res + '\n');
}

//add items to 3D context menu
runtime.addCustomMenuItem("dfltview", "Generate Default View", "default", 0);
runtime.addCustomMenuItem("currview", "Get Current View", "default", 0);
runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);

//menu event handlers
menuEventHandler = new MenuEventHandler();
menuEventHandler.onEvent = function(e) {
  switch(e.menuItemName){
    case "dfltview": calc3Dopts(); break;
    case "currview": get3Dview(); break;
    case "csection":
      addremoveClipPlane(e.menuItemChecked);
      break;
  }
};
runtime.addEventHandler(menuEventHandler);

//global variable taking reference to currently selected mesh node;
var mshSelected=null;
selectionEventHandler=new SelectionEventHandler();
selectionEventHandler.onEvent=function(e){
  if(e.selected && e.node.constructor.name=="Mesh"){
    mshSelected=e.node;
  }else{
    mshSelected=null;
  }
}
runtime.addEventHandler(selectionEventHandler);

cameraEventHandler=new CameraEventHandler();
cameraEventHandler.onEvent=function(e){
  runtime.removeCustomMenuItem("csection");
  runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);
  for(i=0; i<scene.nodes.count; i++){
    if(
       scene.nodes.getByIndex(i).name == '$$$$$$' ||
       scene.nodes.getByIndex(i).name == 'Clipping Plane'
    ) {
      runtime.removeCustomMenuItem("csection");
      runtime.addCustomMenuItem("csection", "Cross Section", "checked", 1);
    }
  }
}
runtime.addEventHandler(cameraEventHandler);

//key event handler for moving, spinning and tilting objects
keyEventHandler=new KeyEventHandler();
keyEventHandler.onEvent=function(e){
  var target=null;
  var backtrans=new Matrix4x4();
  if(mshSelected){
    target=mshSelected;
    var trans=target.transform;
    var parent=target.parent;
    while(parent.transform){
      //build local to world transformation matrix
      trans.multiplyInPlace(parent.transform);
      //also build world to local back-transformation matrix
      backtrans.multiplyInPlace(parent.transform.inverse.transpose);
      parent=parent.parent;
    }
    backtrans.transposeInPlace();
  }else{
    try {
      target=scene.nodes.getByName("Clipping Plane");
    }catch(e){
      var ndcnt=scene.nodes.count;
      target=scene.createClippingPlane();
      if(ndcnt!=scene.nodes.count){
        target.remove();
        target=null;
      }
    }
  }
  if(!target) return;
  switch(e.characterCode){
    case 30://tilt up
      tiltTarget(target, -Math.PI/900);
      break;
    case 31://tilt down
      tiltTarget(target, Math.PI/900);
      break;
    case 28://spin right
      spinTarget(target, -Math.PI/900);
      break;
    case 29://spin left
      spinTarget(target, Math.PI/900);
      break;
    case 120: //x
      translateTarget(target, new Vector3(1,0,0), e);
      break;
    case 121: //y
      translateTarget(target, new Vector3(0,1,0), e);
      break;
    case 122: //z
      translateTarget(target, new Vector3(0,0,1), e);
      break;
    case 88: //shift + x
      translateTarget(target, new Vector3(-1,0,0), e);
      break;
    case 89: //shift + y
      translateTarget(target, new Vector3(0,-1,0), e);
      break;
    case 90: //shift + z
      translateTarget(target, new Vector3(0,0,-1), e);
      break;
    case 115: //s
      scaleTarget(target, 1, e);
      break;
    case 83: //shift + s
      scaleTarget(target, -1, e);
      break;
  }
  if(mshSelected)
    target.transform.multiplyInPlace(backtrans);
}
runtime.addEventHandler(keyEventHandler);

function tiltTarget(t,a){
  var centre=new Vector3();
  if(mshSelected) {
    centre.set(t.transform.transformPosition(t.computeBoundingBox().center));
  }else{
    centre.set(t.transform.translation);
  }
  var rotVec=t.transform.transformDirection(new Vector3(0,1,0));
  rotVec.normalize();
  t.transform.translateInPlace(centre.scale(-1));
  t.transform.rotateAboutVectorInPlace(a, rotVec);
  t.transform.translateInPlace(centre);
}

function spinTarget(t,a){
  var centre=new Vector3();
  var rotVec=new Vector3(0,0,1);
  if(mshSelected) {
    centre.set(t.transform.transformPosition(t.computeBoundingBox().center));
    rotVec.set(t.transform.transformDirection(rotVec));
    rotVec.normalize();
  }else{
    centre.set(t.transform.translation);
  }
  t.transform.translateInPlace(centre.scale(-1));
  t.transform.rotateAboutVectorInPlace(a, rotVec);
  t.transform.translateInPlace(centre);
}

//translates object by amount calculated based on Canvas size
function translateTarget(t, d, e){
  var cam=scene.cameras.getByIndex(0);
  if(cam.projectionType==cam.TYPE_PERSPECTIVE){
    var scale=Math.tan(cam.fov/2)
              *cam.targetPosition.subtract(cam.position).length
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }else{
    var scale=cam.viewPlaneSize/2
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }
  t.transform.translateInPlace(d.scale(scale));
}

//scales object by amount calculated based on Canvas size
function scaleTarget(t, d, e){
  if(mshSelected) {
    var bbox=t.computeBoundingBox();
    var diag=new Vector3(bbox.max.x, bbox.max.y, bbox.max.z);
    diag.subtractInPlace(bbox.min);
    var dlen=diag.length;

    var cam=scene.cameras.getByIndex(0);
    if(cam.projectionType==cam.TYPE_PERSPECTIVE){
      var scale=Math.tan(cam.fov/2)
                *cam.targetPosition.subtract(cam.position).length
                /dlen
                /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
    }else{
      var scale=cam.viewPlaneSize/2
                /dlen
                /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
    }
    var centre=new Vector3();
    centre.set(t.transform.transformPosition(t.computeBoundingBox().center));
    t.transform.translateInPlace(centre.scale(-1));
    t.transform.scaleInPlace(1+d*scale);
    t.transform.translateInPlace(centre);
  }
}

function addremoveClipPlane(chk) {
  var clip=scene.createClippingPlane();
  if(chk){
    //add Clipping Plane and place its center either into the camera target
    //position or into the centre of the currently selected mesh node
    var centre=new Vector3();
    if(mshSelected){
      //local to parent transformation matrix
      var trans=mshSelected.transform;
      //build local to world transformation matrix by recursively
      //multiplying the parent's transf. matrix on the right
      var parent=mshSelected.parent;
      while(parent.transform){
        trans=trans.multiply(parent.transform);
        parent=parent.parent;
      }
      //get the centre of the mesh (local coordinates)
      centre.set(mshSelected.computeBoundingBox().center);
      //transform the local coordinates to world coords
      centre.set(trans.transformPosition(centre));
      mshSelected=null;
    }else{
      centre.set(scene.cameras.getByIndex(0).targetPosition);
    }
    clip.transform.setView(
      new Vector3(0,0,0), new Vector3(1,0,0), new Vector3(0,1,0));
    clip.transform.translateInPlace(centre);
  }else{
    clip.remove();
  }
}

//function to store current transformation matrix of all mesh nodes in the scene
function getCurTrans() {
  var nc=scene.meshes.count;
  var tA=new Array(nc);
  for(var i=0; i<nc; i++){
    var cm=scene.meshes.getByIndex(i);
    tA[cm.name]=new Matrix4x4(cm.transform);
  }
  return tA;
}

//function to restore transformation matrices given as arg
function restoreTrans(tA) {
  for(var i=0; i<tA.length; i++){
    var msh=scene.meshes.getByIndex(i);
    msh.transform.set(tA[msh.name]);
  }
}

//store original transformation matrix of all mesh nodes in the scene
var origtrans=getCurTrans();

//set initial state of "Cross Section" menu entry
cameraEventHandler.onEvent(1);

//host.console.clear();



for(var i=scene.lights.count-1; i >= 0; i--)
  scene.lights.removeByIndex(i);

L0=scene.createLight();
L0.direction.set(0.784464540552736,0.588348405414552,0.196116135138184);
L0.color.set(0.38,0.38,0.45);
L1=scene.createLight();
L1.direction.set(-0.590796191267391,-0.324937905197065,0.738495239084239);
L1.color.set(0.6,0.6,0.67);
L2=scene.createLight();
L2.direction.set(0.242535625036333,-0,-0.970142500145332);
L2.color.set(0.5,0.5,0.57);

scene.lightScheme=scene.LIGHT_MODE_HEADLAMP;
scene.lightScheme=scene.LIGHT_MODE_FILE;



////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012, Michail Vidiassov, John C. Bowman, Alexander Grahn
//
// asylabels.js
//
// version 20120912
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript to be used with media9.sty (option `add3Djscript') for
// Asymptote generated PRC files
//
// adds billboard behaviour to text labels in Asymptote PRC files so that
// they always face the camera under 3D rotation.
//
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License, either version 1.3
// of this license or (at your option) any later version.
// The latest version of this license is in
//   http://www.latex-project.org/lppl.txt
// and version 1.3 or later is part of all distributions of LaTeX
// version 2005/12/01 or later.
//
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
////////////////////////////////////////////////////////////////////////////////

var bbnodes=new Array(); // billboard meshes
var bbtrans=new Array(); // billboard transforms

function fulltransform(mesh) 
{ 
  var t=new Matrix4x4(mesh.transform); 
  if(mesh.parent.name != "") { 
    var parentTransform=fulltransform(mesh.parent); 
    t.multiplyInPlace(parentTransform); 
    return t; 
  } else
    return t; 
} 

// find all text labels in the scene and determine pivoting points
var nodes=scene.nodes;
var nodescount=nodes.count;
var third=1.0/3.0;
for(var i=0; i < nodescount; i++) {
  var node=nodes.getByIndex(i); 
  var name=node.name;
  var end=name.lastIndexOf(".")-1;
  if(end > 0) {
    if(name.charAt(end) == "\001") {
      var start=name.lastIndexOf("-")+1;
      if(end > start) {
        node.name=name.substr(0,start-1);
        var nodeMatrix=fulltransform(node.parent);
        var c=nodeMatrix.translation; // position
        var d=Math.pow(Math.abs(nodeMatrix.determinant),third); // scale
        bbnodes.push(node);
        bbtrans.push(Matrix4x4().scale(d,d,d).translate(c).multiply(nodeMatrix.inverse));
      }
    }
  }
}

var camera=scene.cameras.getByIndex(0); 
var zero=new Vector3(0,0,0);
var bbcount=bbnodes.length;

// event handler to maintain camera-facing text labels
billboardHandler=new RenderEventHandler();
billboardHandler.onEvent=function(event)
{
  var T=new Matrix4x4();
  T.setView(zero,camera.position.subtract(camera.targetPosition),
            camera.up.subtract(camera.position));

  for(var j=0; j < bbcount; j++)
    bbnodes[j].transform.set(T.multiply(bbtrans[j]));
  runtime.refresh(); 
}
runtime.addEventHandler(billboardHandler);

runtime.refresh();
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