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Shell Models

Shell models are reduced models of turbulence formulated In
Fourier space.

Typical velocity Fourier amplitudes on each shelh
wavenumber space are represented byigle quantityu,,.

The shell wavenumbers, = \"* scale geometrically.
General form:
(dy + vk )u, = iky, Z AUy Uy + F.
[,m
We take the forcing' to be awhite-noise random process

This allows one to control the mean rate of energy injection
[Novikov 1964]: ¢ = F2/2.



DN M odel
Restrict shell model:
e Only nearest neighbour couplings

e Enforce conservation ca‘nergy% >~ |u,|? by nonlinearity.

= generalized Desnyansky and Novikov [1974] model (DN):

d . % % ok
(% + qu%) Up = zkn(anunz_l — )\an—l—lunun—i—l)
—+ zkn(bnu;_lu:} — )\bn—l—lu;lfl—l)a

e [or constant coefficients, ands,, of opposite sign, Bell and
Nelkin [1977] showed that when= 0 this model has a
(linearly) stablefixed point, corresponding to the Kolmogorov
scaling

Uy = Ak;l/g.

e Since the fixed point is stable, the DN system does not exhibi
Intermittency.



GOY Modd

e Complex version of the Gledzer [1973] model proposed by
Yamada and Ohkitani [1987]:

d : — % * Qa0 * ~a1 "
(% + Vk?l) Up, = thp (aun—l—lun—l-Q + ﬁun—lu;‘H T Wu”_lu;kl_z)

‘|‘F5n,07
where

. - . 0 L

a — &, ﬁ — Xa Y = ﬁ

e Wheny = F = 0, the Goy model has amstabldixed point,
again corresponding to the Kolmogorov power law

Uy = Ak;l/g.



Given periodic or zero Dirichlet boundary conditions
wavenumber spaaan u,,, nonlinearity conserves the energy

1 9

provideda + G + v = 0.
Seta = 1 by rescaling time=- one free parameter
a=1 3 =—-0 v=0—1.
A second invarianE = 1 >~ kb |u,|? is also conserved, where
p = —logy(0 —1).
Consider the cask = 2.

[2D Turbulence:]JForé = 5/4, the second invariant
5>, k2|u,|* has the dimensions efstrophy

[3D Turbulence:]JForé = 1/2, the second invariant
5> (—=1)"ky|u,|? has the dimensions oelicity.



Kolmogorov Law
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Energy spectrum for 3D GOY model & 2)

32 shells




Spectral Reduction
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Energy spectrum for 3D GOY model & 2)

32 shells
16 shells
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Spectral Reduction

32 shells
16 shells
8 shells
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Energy spectrum for 3D GOY model & 2)
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Spectral Reduction

32 shells
16 shells
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Energy spectrum for 3D GOY model & 2)
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| nter mittency

3 _I_I'ITITrll ||||||IT| ||||||rl| ||||||IT| ||||||I'l| LLILILLL

O _I_I_I.I.I.I.I.Il lllllll.l] lllllllll lllllll.ll ||||||u| ||||||||| ||||||||I ||||||||| ||||||||| L
10° 10! 102 103 104 105 10% 107 108 109 1010
k
Zeta exponents: 3D GOY model vs. NS (Kolmogorov)
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Spectral Reduction of GOY M odel

Exploit the continuity of velocity moments in wavenumber.

Goal: replace neighbouring shells by a reduced number of
representative shells with enhanced couplings.

Define sum and difference variablesandd,,:

_ U2p T OpU2n41

Unp — /—1+0_7% 3

—O0pU2n + U2n+1
dp,

V1402

for some real numbers,.

Neglectthe contribution ofi,, to nonlinearity: whenever a term
uon1 @ppears, replace it by, uo,.

If the u,, are real and independent of time, thefactors can be
chosen to make this approximation exact.



Rescaled sum variables

Even-index shell variables in the nonlinearity can then be
related directly to the sum variables:

uZn(l—FO‘%) )
Uy & = Ugnr/ 1 + 0z.

Un _ U2p T OpU2n+1

\/1‘“77%_ 1+o02

The even-index shell velocities appearing in the nonlineam
may now be replaced simply By,.

Introduce

Snp = ~ U2n.



e Evolution of rescaled sum variables:

d 1 d( N )
— Sy — U O, U
At n 1"‘0}% At 2n nW2n+1
1 AT
_ A2n e
S 1+ 02

n

*2 * % * * * 2
X (anSn_1 — Aan418,5p41 + OnSp_15y, — Abn+15n+1) )

where -
1 A
1+ o2
_ 87
Ap = YOn—1, b, = _Xo'n—lgn-

e Course-grained energy>" . |s,|?(1 + 02) is conserved.



e |nthe case where, = o, we canrepeat the renormalization
procedurdg¢o compute the evolution of

. Son T Z77j3277j—|—1

Sn, = 1+ Z% ~ Son.
e All of the nonlinear terms containingj? cancel, leaving
d _ iA"
—Sp = —[iA*"S
dt Aon T N2 (1 1 02)
X [ApSEE L — NAL1SESE 1+ BuSE_1Ss — ABr11Si34]
where L
_ 1+22A - 5
— A=A
H=p ( 1152 ) ; :

Ay, = Z%_1a2na By, = Yp—1bap.



Properties

Energys >, 1Sn|%(1 + X2)(1 + ¢?) is again conserved.

After the first renormalization, the form of the equations
remainsnvariantunder susbequent renormalization.

The form is identical to that of the DN model but with
coefficients of the same sign (for the 3D Goy model).
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Subgrid M odel

16 shells
8 shells
8+4 shells
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Conclusions

e The Goy modelis an interesting dynamical system that nsrro
many properties (scaling, intermittency) of real turbaken

e |t provides an excellent testbed for new ideas and methads fc
two- and three-dimensional turbulence, for example, the
method of Spectral Reduction.

@ These ideas can be used to develop reliable dynamical subg:
models.
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