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Abstract. Hybrid dealiasing is an FFT-based method for computing linear convolutions of complex-4

valued data that reduces the cost of dealiasing by performing zero padding implicitly. We develop5
two new algorithms that extend hybrid dealiasing to real-valued convolutions.6

The first algorithm exploits conjugate symmetries in the transformed data and computes each7
residue contribution directly. The second algorithm employs complex-valued hybrid dealiasing via a8
new implicit packing technique, which packs real-valued data into complex-valued arrays and per-9
forms all unpacking and packing operations implicitly in the transformed domain. Multidimensional10
versions of both algorithms are obtained by recursive decomposition into lower-dimensional convo-11
lutions.12

Based on these algorithms, efficient routines to compute convolutions of equal-length input arrays13
are implemented in the open-source FFTW++ library. These routines outperform the standard method14
of explicit zero padding in one, two, and three dimensions. In many cases, implicit packing without15
hybrid dealiasing is nearly as fast as the general hybrid dealiasing algorithm, particularly when16
multithreading.17
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1. Introduction. The fast Fourier transform (FFT) can be used to compute21

discrete circular convolutions efficiently; however, many applications require linear22

convolutions. A naive application of FFTs to linear convolutions produces data pol-23

luted by aliasing errors arising from the assumed periodicity. The process of removing24

these aliases is called dealiasing.25

The standard dealiasing method explicitly zero pads the input arrays; we call26

this explicit dealiasing. While effective, explicit dealiasing requires reading and mul-27

tiplying values known a priori to be zero. This inefficiency worsens with dimension:28

explicitly dealiasing a d-dimensional convolution of two arrays of equal size requires29

approximately (2d − 1)/2d of the inputs to be zero.30

An alternative is implicit dealiasing [1, 14], which constructs padded and un-31

padded FFTs to account for known zeros implicitly, eliminating the need for explicit32

padding. Implicit dealiasing often outperforms explicit dealiasing, with the greatest33

gains in higher dimensions. However, the original formulation was limited, as it did34

not handle arbitrary padding ratios (the ratio of output FFT size to input size) or35

convolutions of real-valued data.36

Hybrid dealiasing improves upon implicit dealiasing by combining explicit and37

implicit zero padding. In [12], we developed hybrid dealiasing algorithms for complex38

and Hermitian-symmetric arrays, generalizing implicit dealiasing to arbitrary padding39

ratios. These algorithms were implemented in version 3 of FFTW++ [2] and were shown40

to match or outperform implicit dealiasing in one, two, and three dimensions. A41

summary is given in section 2.42

Here we extend hybrid dealiasing to efficiently compute convolutions of real-valued43

data via two new algorithms. The first (section 3) is analogous to the Hermitian-44

symmetric algorithm of [12]: the convolution is decomposed into residues (see sub-45

section 2.1), and each residue contribution is computed by exploiting conjugate sym-46
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2 NOEL MURASKO AND JOHN C. BOWMAN

metries in the Fourier transformed data.47

The second algorithm (section 4) packs real-valued data into complex arrays of48

half the size, enabling use of the efficient complex hybrid dealiasing algorithms of49

[12]. Standard packing methods require an expensive unpacking and packing step in50

Fourier space. We avoid this via implicit packing, which performs these operations51

implicitly through the multiplication operator.52

In section 5, we extend both algorithms to multidimensional convolutions using53

the decomposition of [12]. This decomposition computes a multidimensional convo-54

lution recursively, yielding substantial memory savings for large arrays. Extending55

the implicit packing algorithm is particularly involved, as the modified multiplication56

operator is not an element-wise operation.57

Both algorithms are implemented in version 3 of FFTW++ in one, two, and three58

dimensions. We benchmark them in section 6 against explicitly dealiased convolu-59

tions using real-to-complex/complex-to-real FFTs. Both hybrid-dealiased algorithms60

outperform explicit dealiasing, with implicit packing typically being fastest. We also61

compare our algorithms to a routine using implicit packing with explicit dealiasing,62

which is competitive in some cases.63

In section 7 we discuss potential future work, including application to convolu-64

tional neural networks.65

2. A recap of complex hybrid dealiasing. In this section, we summarize the66

basic ideas of hybrid dealiasing in one dimension (see [12, §2] for details). Given a67

one-dimensional complex array f = {fj}L−1
j=0 that must be zero padded to at least68

length M ≥ L before computing its DFT F
.
= {Fk}Mk=0 (we denote DFTs with upper-69

case letters and definitions by
.
=), we choose a parameter m ∈ N and set p

.
= ⌈L/m⌉70

and q
.
= ⌈M/m⌉. We explicitly zero pad f from length L to pm, then compute the71

implicitly zero-padded DFT of length qm.72

More specifically, we reindex f and F using73

j = tm+ s, t = 0, . . . , p− 1, s = 0, . . . ,m− 1,74

and75

k = qℓ+ r, ℓ = 0, . . . ,m− 1, r = 0, . . . , q − 1.76

For N ∈ N, let ζN
.
= e2πi/N . Then, following the Cooley–Tukey decomposition [4],77

the implicitly zero-padded DFT of f is given by78

(2.1) Fqℓ+r =

m−1∑
s=0

ζℓsmζrsqm

p−1∑
t=0

ζrtq ftm+s,79

and the inverse is given by80

(2.2) ftm+s =
1

qm

q−1∑
r=0

ζ−tr
q ζ−sr

qm

m−1∑
ℓ=0

ζ−sℓ
m Fqℓ+r.81

These transforms require q FFTs of length m. We note that the parameter m can be82

optimized to minimize the total convolution cost.83

2.1. One residue at a time. For each residue r ∈ {0, . . . , q − 1}, define the84

residue contribution Fr
.
= {Fqℓ+r}m−1

ℓ=0 . When unambiguous, we use residue as short-85

hand for residue contribution; for example, computing residue r means computing Fr.86

This manuscript is for review purposes only.



HYBRID DEALIASING FOR REAL CONVOLUTIONS 3

Hybrid-dealiased convolutions can be computed one residue at a time [12, §2.2].87

For complex-valued data this is primarily a memory-saving optimization; for the real88

algorithm of section 3 it is essential, since not all residue contributions are computed89

identically.90

From (2.1), Fr is computed by applying an FFT of length m to

ζrsqm

p−1∑
t=0

ζrtq ftm+s.

For the inverse, we apply another FFT of length m to obtain hr = {hr,j}pm−1
j=0 where91

(2.3) hr,tm+s
.
= ζ−tr

q ζ−sr
qm

m−1∑
ℓ=0

ζ−sℓ
m Fqℓ+r.92

Following (2.2), we accumulate over residues to obtain the inverse93

(2.4) f =
1

qm

q−1∑
r=0

hr.94

Each residue contribution to the implicitly-padded complex DFTs in (2.1) and95

(2.2) requires an FFT of length m, which can be computed by an existing library such96

as FFTW [5, 6].97

2.2. Hermitian symmetric and real arrays. A periodic array f = {fj}L−1
j=098

with period L is Hermitian symmetric if fj = fL−j (where the bar denotes complex99

conjugation) for all j ∈ {0, . . . , L− 1}. This symmetry implies that the DC mode f0100

is real; if L is even, the Nyquist mode fL/2 is also real.101

It is easy to show that an array is Hermitian symmetric if and only if its DFT102

is real. Since real-valued data appears in many applications, considerable effort has103

been devoted to efficient real-to-complex and complex-to-real FFTs.104

As in the complex case, hybrid-dealiased Hermitian-symmetric convolutions can105

be computed one residue at a time using complex-to-real/real-to-complex FFTs of106

length m [12, §4]. The argument is straightforward: if f is Hermitian symmetric,107

its DFT F = {Fk}qm−1
k=0 is real. For any r ∈ {0, . . . , q − 1}, the residue contribu-108

tion Fr = {Fqℓ+r}m−1
ℓ=0 is also real (being a sub-array of F ), so Fr must be the DFT109

of a Hermitian symmetric array.110

Unfortunately, this approach does not extend to implicitly-padded real trans-111

forms. If g = {gj}qm−1
j=0 is real, then G = {Gk}qm−1

k=0 is Hermitian symmetric. For112

any r ∈ {1, . . . , q − 1}, the residue contribution {Gqℓ+r}m−1
ℓ=0 is not generally Her-113

mitian symmetric (at ℓ = 0, the DC mode Gr need not be real), so it cannot be114

the DFT of a real array. Consequently, real hybrid dealiasing cannot rely on real-to-115

complex/complex-to-real FFTs.116

3. Real hybrid dealiasing via conjugate symmetries. In this section, we117

assume that f = {fj}pm−1
j=0 is real-valued. Unless stated otherwise, the notation and118

indices of section 2 apply throughout this section.119

3.1. Exploiting conjugate symmetries. Although real-to-complex/complex-
to-real FFTs cannot be used directly, we can exploit conjugate symmetries in the
data. By Hermitian symmetry, the complex conjugate of Fqℓ+r satisfies

Fqℓ+r = Fqm−(qℓ+r) = Fq(m−ℓ)−r,
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4 NOEL MURASKO AND JOHN C. BOWMAN

so (2.3) satisfies120

hr,tm+s = ζtrq ζsrqm

m−1∑
ℓ=0

ζsℓmFqℓ+r = ζtrq ζsrqm

m−1∑
ℓ=0

ζsℓmFq(m−ℓ)−r

= ζ−t(q−r)
q ζ−s(q−r)

qm

m−1∑
ℓ=0

ζ−sℓ
m Fqℓ+q−r = hq−r,tm+s,

(3.1)121

where the penultimate equality follows from ℓ 7→ m− 1− ℓ. This yields122

(3.2) f =
1

qm

h0 + 2

⌈q/2⌉−1∑
r=1

Rehr + hq/2

 ,123

where we take hq/2
.
= 0 when q is odd. Equation (3.2) forms the basis of the real124

hybrid dealiasing algorithm. There are three cases to consider.125

3.1.1. Case h0. This case is straightforward: since
∑p−1

t=0 ftm+s is real, the126

forward transform127

Fqℓ =

m−1∑
s=0

ζℓsm

p−1∑
t=0

ftm+s128

can be computed with a real-to-complex FFT of length m. Similarly, (2.3) becomes129

h0,tm+s =

m−1∑
ℓ=0

ζ−sℓ
m Fqℓ,130

which requires a complex-to-real FFT of length m.131

3.1.2. Case hr, r ∈ {1, . . . , ⌈q/2⌉ − 1}. This case is also straightforward; since132

(3.2) does not require hq−r, this formulation uses complex FFTs of length m without133

sacrificing efficiency.134

3.1.3. Case hq/2. This case requires more care and arises only when q is even.135

Simplifying (2.1), the residue Fq/2 is given by136

(3.3) Fqℓ+q/2 =

m−1∑
s=0

ζℓsmζs2m

p−1∑
t=0

(−1)tftm+s.137

Since ζs2m
∑p−1

t=0 (−1)tftm+s is not real, a real-to-complex FFT (as used for r = 0) is138

inapplicable. A full complex FFT of length m would also be wasteful.139

The key observation is that Fq/2 is almost1 Hermitian symmetric: the q/2 residue140

contribution is closed under conjugation:141

(3.4) Fqℓ+q/2 = Fqm−(qℓ+q/2) = Fq(m−1−ℓ)+q/2.142

That is, the conjugates of the even indices of Fq/2 coincide with its odd indices. We
restrict m to be even, let e

.
= m/2, and reindex s:

s = ae+ b, a ∈ {0, 1}, b ∈ {0, . . . , e− 1}.

1True Hermitian symmetry requires Fqℓ+q/2 = Fq(m−ℓ)+q/2.
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HYBRID DEALIASING FOR REAL CONVOLUTIONS 5

Only the even2 indices of Fq/2 need to be computed. For c = 0, . . . , e − 1, the even143

indices of (3.3) are144

(3.5) F2cq+q/2 =

e−1∑
b=0

ζcbe ζb2m

p−1∑
t=0

(−1)t (ftm+b + iftm+e+b) .145

To compute the inverse, define146

(3.6) wb
.
= ζ−b

2m

e−1∑
c=0

ζ−bc
e F2cq+q/2.147

Ignoring the twiddle factors, w is essentially the inverse DFT of (3.5), and can be148

computed with an FFT of length e. To recover hq/2 from w, apply (3.4) to the149

conjugate of (3.6):150

wb = ζb2m

e−1∑
c=0

ζbce F2cq+q/2 = ζb2m

e−1∑
c=0

ζbce F(2e−1−2c)q+q/2151

= ζb2m

e−1∑
c=0

ζ−b(c+1)
e F(2c+1)q+q/2 = ζ−3b

2m

e−1∑
c=0

ζ−bc
e F(2c+1)q+q/2,152

where the penultimate equality follows from c 7→ e− 1− c. Then (2.3) becomes153

hq/2,tm+ae+b = (−1)tζ
−(ae+b)
2m

m−1∑
ℓ=0

ζ−(ae+b)ℓ
m Fqℓ+q/2

= (−1)ti−aζ−b
2m

[
e−1∑
c=0

ζ−bc
e F2cq+q/2 + (−1)aζ−b

m

e−1∑
c=0

ζ−bc
e F(2c+1)q+q/2

]
= (−1)ti−a [wb + (−1)awb] .

154

Considering a = 0 and a = 1 separately gives us155

(3.7) hq/2,tm+b = (−1)t2Rewb, hq/2,tm+e+b = (−1)t2 Imwb,156

and so we can compute hq/2 using a complex FFT of length e.157

3.2. Summary. The algorithm described in this section accumulates residue158

contributions via (3.2) as follows:159

• When r = 0, use a real-to-complex/complex-to-real FFT of length m.160

• When r ∈ {1, . . . , ⌈q/2⌉−1}, use a complex FFT of length m, simultaneously161

yielding the contributions for residues r and q − r.162

• When r = q/2, require that m be even and use a complex FFT of length m/2.163

Pseudocode for the forward and backward transforms is given in algorithms 3.1 and 3.2164

for the case p = 1. The case p = 2 appears in [11, Algorithms 14 and 15]. For p > 2,165

we apply an optimization that computes the preprocessing and postprocessing using166

FFTs of length p, analogous to [12, §6.1]; see appendix A for details.167

2The choice of even indices is arbitrary; the odd indices yield identical results.
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6 NOEL MURASKO AND JOHN C. BOWMAN

Algorithm 3.1 forward1R is the real for-
ward transform for residue r when p = 1.

Input: {fj}L−1
j=0 , L,m, q, r

e← ⌊m/2⌋
if r < q/2 then

for s = 0, . . . , L− 1 do

Ws ← ζrsqmfs

for s = L, . . . ,m− 1 do

Ws ← 0

if r = 0 then

{Vℓ}e+1
ℓ=0 ← rcfft({Ws}m−1

s=0 ) return

{Vk}e+1
k=0

else

{Vℓ}m−1
ℓ=0 ← fft({Ws}m−1

s=0 ) return

{Vk}m−1
k=0

else if r = q/2 then

B1 ← max(0, L− e)

B2 ← min(e, L)

for b = 0, . . . , B1 − 1 do

Wb ← ζb2m (fb + ife+b)

for b = B1, . . . , B2 − 1 do

Wb ← ζb2mfb
for b = L, . . . , e− 1 do

Wb ← 0

{Vc}e−1
c=0 ← fft({Wb}e−1

b=0)

return {Vk}e−1
k=0

Algorithm 3.2 backward1R is the real
backward transform for residue r when
p = 1. The normalization factor 1/(qm)
from (3.2) would be applied during the fi-
nal accumulation step.

Input: {Fk}2m−1
k=0 , L,m, q, r

e← ⌊m/2⌋
if r = 0 then

{Ws}m−1
s=0 ← crfft({Fℓ}e+1

ℓ=0)

else if r < ⌈q/2⌉ then
{Ws}m−1

s=0 ← ifft({Fℓ}m−1
ℓ=0 )

for s = 0, . . . , L− 1 do

Ws ← 2Re ζ−rs
qm Ws

else

{Wb}e−1
b=0 ← ifft({Fc}e−1

c=0)

B1 ← max(0, L− e)

B2 ← min(e, L)

for b = 0, . . . , B1 − 1 do

We+b ← 2 Im ζ−b
2mWb

Wb ← 2Re ζ−b
2mWb

for b = B1, . . . , B2 − 1 do

Wb ← 2Re ζ−b
2mWb

return {Ws}L−1
s=0

4. Real hybrid dealiasing via implicit packing. Our second algorithm packs168

real-valued data into a complex array of half the size. Let M ∈ N. For a real169

array f
.
= {fj}2M−1

j=0 , define its complex packing f̃ = {f̃j}M−1
j=0 by170

(4.1) f̃j = f2j + if2j+1.171

That is, the even and odd indices of f form the real and imaginary parts of f̃ ,172

respectively. Let F̃ denote the complex DFT (of length M) of f̃ ; this notation applies173

throughout the section. For convenience, we also define F̃M
.
= F̃0. After computing F̃ ,174

one can use symmetries to recover F (the DFT of f); indeed, the unpacking formula175

in Fourier space is176

(4.2) Fk =
1

2

(
F̃k + F̃M−k

)
− i

2

(
F̃k − F̃M−k

)
ζk2M , k ∈ {0, . . . ,M},177

with inverse178

(4.3) F̃k =
1

2

(
Fk + FM−k

)
+

i

2

(
Fk − FM−k

)
ζ−k
2M , k ∈ {0, . . . ,M − 1}.179

Since F is Hermitian symmetric, values of Fk for k ∈ {M + 1, . . . , 2M − 1} need not180

be computed. For details of the derivation of (4.2) and (4.3), see [13].181

Complex packing enables the computation of real DFTs via complex DFTs of half182

the length. For hybrid dealiasing this would permit use of the complex convolution183

This manuscript is for review purposes only.



HYBRID DEALIASING FOR REAL CONVOLUTIONS 7

algorithms of [12, §2]. However, despite the practical efficiency of complex FFTs over184

real-to-complex/complex-to-real variants, explicit packing and unpacking in Fourier185

space is costly: packing-based DFT algorithms for real inputs require “more additions186

than a specialized algorithm for real input data” [15]. However, since our objective187

is the computation of a convolution rather than a DFT, we can perform the packing188

implicitly via a custom multiplication operator.189

Let g
.
= {gj}2M−1

j=0 be another real array, g̃ its complex packing, and G̃ the DFT190

of g̃. Using (4.2) and (4.3), define the Fourier unpacking operator U : F̃ 7→ F and191

its inverse U−1 : F 7→ F̃ . We then define the real convolution multiplication (RCM)192

operator ⊡ to be the binary operation on CM given by193

(4.4) F̃ ⊡ G̃
.
= U−1(U(F̃ )⊙ U(G̃)),194

where ⊙ denotes element-wise multiplication. By the convolution theorem, F̃ ⊡ G̃ is195

the DFT of the complex packing of f ∗g. Crucially, F̃ ⊡ G̃ can be computed without196

explicitly computing F and G. Indeed, expanding and simplifying (4.4) gives197

(4.5) (F̃ ⊡ G̃)k
.
= F̃kG̃k − 1

4

(
F̃k − F̃M−k

)(
G̃k − G̃M−k

) (
1 + ζkM

)
,198

for k ∈ {0, . . . ,M − 1}. The derivation of (4.5) is straightforward but lengthy; for199

completeness we include it in appendix B.200

The principal difficulty with (4.5) is that it is not an element-wise operator:

computing (F̃ ⊡G̃)k requires F̃k, G̃k, F̃M−k, and G̃M−k. This imposes the constraint
that at least two residues must be computed simultaneously. Using the framework
of section 2, our goal is to compute (F̃ ⊡ G̃)qℓ+r. Since M − k = qm − qℓ − r =
q(m− ℓ− 1) + q − r, define

Wℓ,r
.
=

1

4

(
F̃qℓ+r − F̃q(m−ℓ−1)+q−r

)(
G̃qℓ+r − G̃q(m−ℓ−1)+q−r

) (
1 + ζqℓ+r

qm

)
,

so that201

(4.6) (F̃ ⊡ G̃)qℓ+r = F̃qℓ+rG̃qℓ+r −Wℓ,r.202

Computing Wℓ,r requires residues r and q − r. The cases r = 0 and r = q/2 are203

treated together, as they are self-conjugate.3 For r ̸∈ {0, q/2}, one easily verifies that204

Wℓ,r = Wm−ℓ−1,q−r, so that on mapping ℓ 7→ m− ℓ− 1 and r 7→ q− r, (4.6) becomes205

(F̃ ⊡ G̃)q(m−ℓ−1)+q−r = F̃q(m−ℓ−1)+q−rG̃q(m−ℓ−1)+q−r −Wℓ,r.(4.7)206

Equations (4.6) and (4.7) allow simultaneous computation of residues r and q − r.207

This formulation also enables the multiplication to be performed in-place.208

4.1. Implicitly packed convolutions of more than two arrays. Although209

binary convolution is the most common case, some applications require convolving210

more than two arrays. The implicitly-packed multiplication operator extends from211

(4.5). Let f1, . . . ,fn be real arrays of length 2M . For j = 1, . . . , n, let f̃ j be the212

complex packing of f j (as in (4.1)) and let F̃ j be the DFT of f̃ j . We first see that213

the RCM operator is associative:214

(F̃ 1 ⊡ F̃ 2)⊡ F̃ 3 = U−1(U(F̃ 1)⊙ U(F̃ 2))⊡ F̃ 3 = U−1(U(F̃ 1)⊙ U(F̃ 2)⊙ U(F̃ 3))215

= F̃ 1 ⊡ U−1(U(F̃ 2)⊙ U(F̃ 3)) = F̃ 1 ⊡ (F̃ 2 ⊡ F̃ 3).216

3That is, (q − r) mod q = r when r = 0 or r = q/2.
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By the convolution theorem, the DFT of the complex packing of f1 ∗ · · · ∗ fn is then

U−1(U(F̃ 1)⊙ · · · ⊙ U(F̃ n)) = F̃ 1 ⊡ · · ·⊡ F̃ n.

Efficient computation therefore reduces to evaluating F̃ 1 ⊡ · · ·⊡ F̃ n.217

This may be computed using a recursive formula. Define R1 .
= F̃ 1, and for218

j ∈ {2, . . . , n}, define Rj .
= F̃ 1 ⊡ · · ·⊡ F̃ j . One can compute Rj using Rj−1 and F̃ j .219

For k = 0, . . . ,M − 1, define220

(4.8) W j
k

.
=

1

4

(
Rj−1

k −Rj−1
M−k

)(
F̃ j
k − F̃ j

M−k

) (
1 + ζkM

)
.221

It is easy to check that W j
M−k = W j

k . This allows simultaneous computation of222

(4.9) Rj
k = (Rj−1 ⊡ F̃ j)k = Rj−1

k F̃ j
k −W j

k ,223

and224

(4.10) Rj
M−k = Rj−1

M−kF̃
j
M−k −W j

M−k.225

4.2. Comparison with explicit packing. We compare the floating-point op-226

eration (flop) counts of implicit and explicit packing (using (4.2) and (4.3) directly).227

Consider convolving n arrays F̃ 1, . . . , F̃ n, each of lengthM . For simplicity, we assume228

that M is even.229

For explicit packing, let k = 1, . . . ,M/2 − 1 (the indices k = 0,M/2 contribute
only O(n) terms). For each j = 1, . . . , n, compute

Aj
k

.
=

1

2

(
F̃ j
k + F̃ j

M−k

)
, Bj

k
.
=

i

2

(
F̃ j
k − F̃ j

M−k

)
ζk2M .

Computing Aj
k requires 1 complex addition (2 flops) and 1 real-complex multiplication

(2 flops). With the constant factor i
2ζ

k
2M precomputed, Bj

k requires 1 complex addition
(2 flops) and 1 complex multiplication (6 flops). From (4.2),

F j
k = Aj

k −Bj
k, F j

M−k = Aj
k +Bj

k.

Assuming conjugation is free, this adds two complex additions (4 flops). Computing230

F j
k and F j

M−k thus requires 16 flops per pair. With approximately M/2 pairs and n231

arrays, computing F 1, . . . ,F n requires approximately 8nM flops. Multiplying these232

arrays requires (n− 1)M complex multiplications (6(n− 1)M flops). Applying (4.3)233

to the product requires another 8M flops. The total is approximately 2M(7n + 1)234

flops.235

For implicit packing, each step j = 2, . . . , n computes W j
k (as in (4.8)) using 2236

complex multiplications (12 flops) and 2 complex additions (4 flops). Computing Rj
k237

and Rj
M−k via (4.9) and (4.10) adds 2 more complex multiplications (12 flops) and238

2 more complex additions (4 flops), for 32 flops per pair. With approximately M/2239

pairs processed n− 1 times, the total is approximately 16M(n− 1) flops.240

For a binary convolution (n = 2), implicit packing requires approximately half as241

many flops as explicit packing. However, its flop count scales worse with n: for n > 9,242

it exceeds that of explicit packing. Of course, this analysis uses the recursive formula243

of subsection 4.1; it is possible that a more optimal formula may reduce the count for244

large n.245
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5. Multidimensional real convolutions. To compute multidimensional real246

convolutions, we use the decomposition of [1, 14].247

An n-dimensional complex convolution is conventionally computed using complex248

FFTs of size N1 × . . . × Nn. Instead, we decompose the n-dimensional convolution249

recursively into
∏n

i=2 Ni FFTs in the first dimension, followed by N1 convolutions250

of dimension n − 1, and finally
∏n

i=2 Ni inverse FFTs in the first dimension. This251

reduces a multidimensional convolution to one-dimensional convolutions at the inner-252

most level, permitting buffer reuse across subconvolutions and substantially reducing253

memory usage. For more details on this algorithm, see [12, §5].254

This decomposition applies directly to the algorithms of section 3. The only255

difference is that the outermost DFT must handle real values; all subconvolutions are256

complex4 and use the hybrid-dealiased convolutions of [12].257

In contrast, applying the decomposition to the implicit packing algorithms of258

section 4 is much more involved. Let M1, . . . ,Mn ∈ N. For this section we use indices259

k1, . . . , kn with 0 ≤ kj < Mj for j = 1, . . . , n− 1, and write k∗j
.
= (Mj − kj) mod Mj .260

The multi-index is k
.
= (k1, . . . , kn) with conjugate k∗ .

= (k∗1 , . . . , k
∗
n).261

Unless stated otherwise, all n-dimensional arrays are complex and of size M1 ×262

· · · × Mn. For any such array A and 0 ≤ k1 < M1, define the (n − 1)-dimensional263

slice Ak1 by264

(5.1) Ak1

(k2,...,kn)

.
= Ak1,k2,...,kn

.265

Let f and g be real n-dimensional arrays of size M1 × · · · ×Mn−1 × 2Mn. Their266

complex packings f̃ and g̃ are obtained by packing along the last dimension:267

(5.2) f̃j1,...,jn
.
= fj1,...,2jn + ifj1,...,2jn+1, g̃j1,...,jn

.
= gj1,...,2jn + igj1,...,2jn+1,268

where 0 ≤ ji < Mi for i = 1, . . . , n. Let F̃ and G̃ denote the n-dimensional DFTs269

of f̃ and g̃, respectively. It is straightforward to show that the RCM operator (4.5)270

generalizes to271

(5.3) (F̃ ⊡n G̃)k
.
= F̃kG̃k − 1

4

(
F̃k − F̃k∗

)(
G̃k − G̃k∗

)(
1 + ζkn

Mn

)
.272

Equation (5.3) shows why implicit packing complicates the multidimensional de-

composition: computing (F̃ ⊡n G̃)k requires elements indexed by both k and k∗. To
handle this, we define a generalized operator. For any n-dimensional arrays A, B, C,
and D, let Cn(A,B,C,D) be the array with entries

(Cn(A,B,C,D))k = AkBk − 1

4

(
Ak − Ck∗

) (
Bk −Dk∗

) (
1 + ζkn

Mn

)
.

One easily verifies that273

(Cn(A,B,C,D))(k1,k2,...,kn) = (Cn−1(A
k1 ,Bk1 ,Ck∗

1 ,Dk∗
1 ))(k2,...,kn).274

By construction, (F̃ ⊡n G̃) = Cn(F̃ , G̃, F̃ , G̃). For 0 ≤ k1 ≤ M1/2, we compute F̃ k1 ,275

F̃ k∗
1 , G̃k1 , and G̃k∗

1 , which yields both276

(F̃ ⊡n G̃)(k1,k2,...,kn) = (Cn−1(F̃
k1 , G̃k1 , F̃ k∗

1 , G̃k∗
1 ))(k2,...,kn),277

4This contrasts with the Hermitian-symmetric case, where only the innermost FFTs need to be
complex-to-real/real-to-complex.
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10 NOEL MURASKO AND JOHN C. BOWMAN

and278

(F̃ ⊡n G̃)(k∗
1 ,k2,...,kn) = (Cn−1(F̃

k∗
1 , G̃k∗

1 , F̃ k1 , G̃k1))(k2,...,kn).279

These contributions are handled together. Applying this recursively reduces n-dimensional280

implicitly packed convolutions to a sequence of 1-dimensional implicitly packed con-281

volutions.282

Intuitively, the first two arguments of Cn−1 correspond to the bottom half of the283

array and the last two to the top half. Figure 1 illustrates this in two dimensions.284

Pseudocode for one- and two-dimensional implicitly packed convolutions is given285

in algorithms 5.1 and 5.3, both using the common multiplication routine algorithm 5.2.286

For simplicity, the pseudocode considers only explicit zero padding, but may be ex-287

tended to the hybrid dealiasing algorithms of [12].288

F k1
k2

F k1
k∗2

F
k∗1
k2

F
k∗1
k∗2

Fig. 1. Relative positions of conjugate modes in 2D implicit packing. The DFT is first computed
along the horizontal dimension. For each k1, two 1D implicitly packed convolutions are computed
along the vertical dimension: the blue array (bottom left and top right) serves as input to the first
convolution and the yellow array (top left and bottom right) to the second.

6. Numerical results. To benchmark the above algorithms, we follow [12, §7],289

tuning the parameters empirically by scanning over the FFT size m, the number D290

of residues computed simultaneously, and the choice between in-place and out-of-291

place FFTs. For multidimensional convolutions we assume that the parameters for292

each dimension can be optimized independently. We consider only power-of-two sizes293

(optimal for FFTs), even though hybrid dealiasing performs well for arbitrary sizes294

(see [12, Fig. 17]).295

The benchmarks use FFTW++ [2], which contains vectorized and parallelized C++296

implementations of these algorithms. We benchmark on an Intel i9-12900K proces-297

sor (5.2 GHz, 8 performance cores) with an ASUS ROG Strix Z690-F motherboard298
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Algorithm 5.1 convolveRCM1 returns an
explicitly dealiased and implicitly packed
one-dimensional convolution of two real
arrays f and g. It makes use of rou-
tines zeroPad, which performs the nec-
essary explicit zero padding, as well as
complexPack and complexUnPack, which
pack and unpack the real data as in (4.1).
The multiplication is done using algo-
rithm 5.2.
Input: f , g

f̃ ← complexPack(zeroPad(f))

g̃ ← complexPack(zeroPad(g))

F̃ ← fft(f̃)

G̃← fft(g̃)

multRCM(F̃ , G̃, F̃ , G̃,True)

h̃← ifft(F̃ )

h← complexUnPack(h̃)
return h

Algorithm 5.2 multRCM is an in-place
implicit packing multiplication routine.
It takes four length M one-dimensional
complex arrays A,B,C,D (where we as-
sume M is even), and a boolean value
first. Output is written to A and C.
This routine makes use of pre-computed
values Zk = (1 + ζkM )/4 where k =
1, . . . ,M/2− 1.
Input: A,B,C,D, first

if first then

α← 1
2

(
A0 − C0

) (
B0 −D0

)
A0 ← A0B0 − α

if not(A = C or B = D) then

C0 ← C0D0 − α

for k = 1, . . . ,M/2− 1 do

α←
(
Ak − CM−k

) (
Bk −DM−k

)
Zk

Ak ← AkBk − α

CM−k ← CM−kDM−k − α

AM/2 ← AM/2BM/2

Algorithm 5.3 convolveRCM2 returns an
explicitly dealiased and implicitly packed
two-dimensional convolution of two real
arrays f and g. It makes use of rou-
tines zeroPad, which explicitly zero pads
the arrays to size M1 × 2M2, as well as
complexPack and complexUnPack, which
pack and unpack the real data along the
last dimension as in (5.2). The routine
fftx computes FFTs along the first di-
mension. We use the notation defined in
(5.1) for one-dimensional slices. The mul-
tiplication is done using algorithm 5.2.
Input: f , g

f̃ ← complexPack(zeroPad(f))

g̃ ← complexPack(zeroPad(g))

F̃ ← fftx(f̃)

G̃← fftx(g̃)

for k1 = 0, . . . ,M1/2− 1 do

k∗1 ←M1 − k1

if k1 = 0 then

k∗1 ←M1/2

F̃ k1 ← ffty(F̃ k1 )

G̃k1 ← ffty(G̃k1 )

F̃ k∗
1 ← ffty(F̃ k∗

1 )

G̃k∗
1 ← ffty(G̃k∗

1 )

if k1 = 0 then

multRCM(F̃ k1 , G̃k1 , F̃ k1 , G̃k1 ,True)

multRCM(F̃ k∗
1 , G̃k∗

1 , F̃ k∗
1 , G̃k∗

1 ,True)

else

multRCM(F̃ k1 , G̃k1 , F̃ k∗
1 , G̃k∗

1 ,True)

multRCM(F̃ k∗
1 , G̃k∗

1 , F̃ k1 , G̃k1 ,False)

F̃ k1 ← iffty(F̃ k1 )

F̃ k∗
1 ← iffty(F̃ k∗

1 )

h̃← ifftx(F̃ )

h← complexUnPack(h̃)
return h

and 128 GB DDR5 memory (5 GHz), compiled with GCC 15.2.1 using flags -Ofast299

-fomit-frame-pointer -fstrict-aliasing -ffast-math. The underlying FFTs300

use FFTW 3.3.10 [5, 6] under Fedora 43, with multithreading via OpenMP.301

We measure the time to compute an unnormalized5 in-place dealiased binary302

convolution using the chrono::nanoseconds clock from the C++ standard library.303

Each size is timed for at least 5 seconds and until at least 20 samples are collected.304

5By unnormalized convolution, we mean that the inverse FFTs are not normalized.
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12 NOEL MURASKO AND JOHN C. BOWMAN

We plot the median times from each of these tests. We compare four algorithms:305

• explicit uses real-to-complex/complex-to-real FFTs and explicit padding306

(the standard approach). In one dimension, both in-place and out-of-place307

FFTs are benchmarked and the minimum time is plotted. In two and three308

dimensions, in-place multidimensional FFTs are used for all sizes.309

• hybridCS uses the conjugate-symmetry algorithm of section 3. In two and310

three dimensions, it employs the multidimensional decomposition of section 5311

with complex FFTs from [12] for the inner transforms.312

• hybridRCM uses the implicit packing algorithm of section 4 with complex313

hybrid dealiasing from [12]. In two and three dimensions, it employs the314

multidimensional decomposition of section 5.315

• explicitRCM is a simplified variant of hybridRCM: it uses complex packing316

and the RCM operator but only explicit zero padding for dealiasing.317

6.1. Convolution benchmarks in one dimension. Figure 2 plots median318

execution times (normalized to L log2 L) for one-dimensional in-place convolutions319

of L real words (M = 2L) on a single thread. Both hybridCS and explicitRCM are, on320

average, slightly faster than explicit. On the other hand, the hybridRCM algorithm321

outperforms explicit at all sizes and is significantly faster for large convolutions,322

with a maximum speedup factor of approximately 1.4.323

Figure 3 plots normalized times for the same convolutions parallelized over eight324

threads. For large sizes, explicit is outperformed by all other algorithms. Again,325

the hybridRCM algorithm is the clear winner, with a maximum speedup factor of326

approximately 3.9 over explicit. Notably, explicitRCM performs nearly as well as327

hybridRCM for many large sizes, although its performance degrades for the largest328

convolutions.329

0.6

0.9

1.2

ti
m
e/
(L

lo
g
2
L
)
(n
s)

103 105 107

L

explicit

hybridCS

hybridRCM

explicitRCM

Fig. 2. In-place 1D real convolutions of two
arrays of length L on 1 thread.

0.2

0.3

0.4

0.5

ti
m
e/
(L

lo
g
2
L
)
(n
s)

103 105 107

L

explicit

hybridCS

hybridRCM

explicitRCM

Fig. 3. In-place 1D real convolutions of two
arrays of length L on 8 threads.

Although hybridRCM and explicitRCM often achieve similar timings, we note that330

they employ very different algorithms: for these large cases, the optimal parameters331

for hybridRCM always use the complex inner-loop optimization of [12, §6.1]. Under332

multithreading, most of the speedup from implicit packing appears to stem from the333
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ability to use complex FFTs rather than real-to-complex/complex-to-real variants.334

6.2. Convolution benchmarks in two and three dimensions. Figures 4335

and 5 plot normalized times for two-dimensional real convolutions of size L×L padded336

to 2L×2L, on one thread and eight threads respectively. As in [12], explicit is out-337

performed by all other algorithms. On both one and eight threads, hybridRCMmatches338

or exceeds all others. On one thread, hybridCS now outperforms explicitRCM at all339

sizes; on eight threads, explicitRCM usually outperforms hybridCS. We also observe340

degraded performance of explicitRCM at the largest size, consistent with the one-341

dimensional eight-thread results in Figure 3.342
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Fig. 4. In-place 2D real convolutions of two
arrays of size L× L on 1 thread.
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Fig. 5. In-place 2D real convolutions of two
arrays of size L× L on 8 threads.

Figures 6 and 7 plot normalized times for three-dimensional real convolutions of343

size L×L×L padded to 2L× 2L× 2L, on one thread and eight threads respectively.344

Again, explicit is outperformed by all other algorithms, and hybridRCM is the clear345

winner on both one and eight threads (except at the smallest benchmark). Both346

hybridCS and explicitRCM are comparable here.347

6.3. Discussion. The results of section 6 indicate that hybridRCM consistently348

outperforms all other tested algorithms. Nevertheless, both explicitRCM and hybridCS349

have distinct merits.350

Benchmarking explicitRCM is motivated by the difficulty of implementing effi-351

cient hybrid-dealiased convolutions. While such routines are available in the high-352

performance C++ library FFTW++ [2], some applications cannot integrate this library353

(for instance, no GPU implementation of hybrid dealiasing currently exists). Imple-354

menting implicitly packed convolutions with explicit dealiasing and multidimensional355

decomposition is considerably simpler. Our benchmarks suggest this is worthwhile: in356

several cases explicitRCM performs nearly as well as hybridRCM, particularly under357

multithreading.358

The hybridCS algorithm also offers advantages over hybridRCM. First, its mul-359

tiplication operator generalizes easily. As discussed in subsection 4.1, the RCM op-360

erator (4.5) can be extended to convolutions of n ≥ 2 real arrays, but deriving and361

implementing a multiplication operator for implicit packing may be difficult for more362
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Fig. 6. In-place 3D real convolutions of two
arrays of size L× L× L on 1 thread.
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Fig. 7. In-place 3D real convolutions of two
arrays of size L× L× L on 8 threads.

complicated generalized convolutions. Moreover, even when derivable, an implicitly363

packed multiplier may not be efficient (as shown in subsection 4.2 when convolving364

more than 9 arrays at once). Second, some applications require the Fourier transforms365

of the inputs alongside the convolution; these are computed explicitly by hybridCS366

but not by hybridRCM.367

An alternative approach that combines hybridCS and hybridRCM may be worth368

investigating: computing residue contributions is more involved in hybridRCM than369

in hybridCS. As discussed in section 4, for residues r ̸∈ {0, q/2} we must compute370

residues r and q−r simultaneously, increasing the required work memory. Since this is371

particularly significant in higher dimensions, one could follow the hybridCS algorithm372

of section 3 but use implicit packing for the 0 and q/2 residue contributions. This373

would allow each residue to be computed independently.374

7. Conclusion and future work. The original motivation for implicit dealias-375

ing (the predecessor to hybrid dealiasing) was improving the efficiency of pseudospec-376

tral simulations of partial differential equations, which rely on convolutions of Hermit-377

ian-symmetric arrays. Extending hybrid dealiasing to real-valued inputs substantially378

broadens the range of applicable problems. In particular, these algorithms may ac-379

celerate convolutional neural networks (CNNs).380

In a CNN, input data is convolved with a small kernel of learned parameters.381

These convolutions are typically computed directly or via the Winograd method [8],382

though FFT-based approaches have also been explored [3, 7, 9, 10]. FFT-based383

convolutions become competitive for large kernels, large inputs, and high-dimensional384

problems. For small kernels, aliasing errors affect only a narrow boundary region,385

and it is common to use “valid” padding, discarding outputs near the boundary after386

convolution. The primary purpose of zero padding is then to match the kernel size387

to the input arrays. Since kernels are typically much smaller than inputs, this entails388

substantial zero padding.389

One direction for future work is modifying the hybrid dealiasing algorithms to390

handle arrays of different sizes, enabling implicit padding of the kernel. Following391

This manuscript is for review purposes only.



HYBRID DEALIASING FOR REAL CONVOLUTIONS 15

the derivation of section 2, one could allow the arrays to use different values of p.392

Specifically, to convolve an array f of length Lf with a kernel g of length Lg ≤393

Lf , both zero padded to length M ≥ Lf : first find the optimal FFT size m for394

f , then explicitly pad f and g to lengths pfm and pgm respectively, where pf
.
=395

⌈Lf/m⌉ and pg
.
= ⌈Lg/m⌉. Both arrays are then implicitly padded and transformed396

to length qm with q
.
= ⌈M/m⌉. Since both arrays share the same q and m, the397

convolution can still be computed one residue at a time. Given that the required398

zero padding scales exponentially with dimension, this approach may benefit high-399

dimensional convolutions.400

However, implicit zero padding of the kernel may be unnecessary in some appli-401

cations. In a CNN, zero padding and transforming the kernel is needed only when the402

kernel is updated. This does not occur during inference, and only occurs in training403

after each mini-batch. The padded, transformed kernel can therefore be precomputed404

and incorporated into the multiplication routine (though this must be done for each405

input size). If input size variability is low, the padding and transform cost will likely406

be amortized.407

Future work could also extend hybrid dealiasing to block-based convolution algo-408

rithms such as overlap-add or overlap-save. These methods partition the input into409

overlapping blocks, convolve each with the kernel, and combine the results. They410

reduce FFT length (and hence padding/transform costs), particularly for very large411

inputs. The block size introduces an additional optimization parameter; it would412

be interesting to study how different block sizes affect the optimal hybrid dealiasing413

parameters.414

Finally, a GPU implementation of hybrid dealiasing is a priority. To date, these415

algorithms have been implemented and benchmarked only on CPUs, whereas standard416

CNN training and inference pipelines are typically GPU-accelerated.417

As noted in subsection 6.3, a plausible starting point is implementing explicitRCM418

on the GPU, using implicit packing with explicit dealiasing. This would leverage ex-419

isting GPU FFT-based convolution techniques. The RCM operator, though more420

complex than Hadamard multiplication, could be implemented as a custom kernel.421

The results of section 6 suggest that even without hybrid dealiasing, a GPU version422

of explicitRCM may be enough to outperform standard convolution methods.423

Appendix A. Inner loop for real arrays. The algorithms presented so far424

support any FFT size m ∈ N, but efficiency degrades when m is much smaller than425

the input arrays. As m decreases, both p and q increase, making the preprocessing426

and postprocessing in (2.1) and (2.2) considerably more expensive. The inner loop427

optimization performs these steps using FFTs of size p. This was described for the428

complex case in [12, §6.1] (and is therefore used in the implicit packing algorithm of429

section 4). Here we develop it for the algorithm of section 3. Pseudocode appears in430

[11, Algorithms 22 and 23].431

We begin by redefining q: let n
.
= ⌈M/(pm)⌉ and set q

.
= np. We reindex

r = un+ v, u = 0, . . . , p− 1, v = 0, . . . , n− 1.

From (2.1), the forward transform is432

Fqℓ+un+v =

m−1∑
s=0

ζℓsmζ(un+v)s
qm

p−1∑
t=0

ζutp

(
ζvtq ftm+s

)
,433
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and from (2.2), the inverse is434

ftm+s =
1

qm

n−1∑
v=0

ζ−tv
q

p−1∑
u=0

ζ−tu
p ζ−s(un+v)

qm

m−1∑
ℓ=0

ζ−sℓ
m Fqℓ+un+v.435

Following subsection 2.1, we consider one residue at a time (with v replacing r). Define436

hv
.
= {hv,j}pm−1

j=0 where437

(A.1) hv,tm+s
.
= ζ−tv

q

p−1∑
u=0

ζ−tu
p ζ−s(un+v)

qm

m−1∑
ℓ=0

ζ−sℓ
m Fqℓ+un+v,438

so that f = 1
qm

∑n−1
v=0 hv. As in (3.1), the Hermitian symmetry hv = hn−v gives439

(A.2) f =
1

qm

h0 + 2

⌈n/2⌉−1∑
v=1

Rehv + hn/2

 ,440

where hn/2 ≡ 0 if n is odd. As in subsection 3.1, there are three cases.441

A.1. Case h0. This case reduces essentially to the algorithm of subsection 3.1.442

When v = 0, the forward transform becomes443

(A.3) Fqℓ+un =

m−1∑
s=0

ζℓsmζunsqm

p−1∑
t=0

ζutp ftm+s.444

The sum in t is computed with a real-to-complex FFT of length p. For the sum445

in s, note that (A.3) has the same form as (2.1) with r = un. We therefore apply446

the algorithm from subsection 3.1: when u = 0 we use a real-to-complex FFT of447

length m.6 When u = 1, . . . , ⌈p/2⌉ − 1, we use complex FFTs of length m. Finally,448

when u = p/2 we use a complex FFT of length m/2 (requiring m even).449

A.2. Case hv, v ∈ {1, . . . , ⌈n/2⌉ − 1}. From (A.2), the contributions of hv450

and hn−v are obtained simultaneously. We therefore use complex FFTs without451

sacrificing efficiency, following the complex inner loop algorithm of [12, §6.1]: the452

forward transform uses m FFTs of length p followed by p complex FFTs of length m,453

and the inverse uses p complex FFTs of length m followed by m complex FFTs of454

length p.455

A.3. Case hn/2. This case arises only when n is even. The forward transform456

becomes457

(A.4) Fqℓ+un+n/2 =

m−1∑
s=0

ζℓsmζ(un+n/2)s
qm

p−1∑
t=0

ζutp ζt2pftm+s,458

and (A.1) becomes459

hn/2,tm+s
.
= ζ−t

2p

p−1∑
u=0

ζ−tu
p ζ−s(un+n/2)

qm

m−1∑
ℓ=0

ζ−sℓ
m Fqℓ+un+n/2.460

6For simplicity, our implementation in FFTW++ [2] uses a complex FFT for this part. The inner
loop is typically useful when p is large, so this does not significantly affect performance.
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Consider the DFT of length p in (A.4):461

(A.5)

p−1∑
t=0

ζutp ζt2pftm+s.462

Setting p = 1 in (3.3), the sum over s has the same form as the sum over t in (A.5).463

If p is even, we can therefore use the algorithm for r = q/2 from subsection 3.1.3 to464

compute (A.5) using complex FFTs of size p/2.465

Let φ
.
= p/2, and reindex t and u as follows:

t = αφ+ β, α ∈ {0, 1}, β ∈ {0, . . . , φ− 1}.

We need only compute (A.4) for even values of u. For γ = 0, . . . , φ− 1 we obtain466

(A.6) Fqℓ+2γn+n/2 =

m−1∑
s=0

ζℓsmζ(2γn+n/2)s
qm

φ−1∑
β=0

ζγβφ ζβ2p
[
fβm+s + if(φ+β)m+s

]
.467

Next we handle the inverse transform. As in (3.6), define468

ws,β
.
= ζ−β

2p

φ−1∑
γ=0

ζ−βγ
φ ζ−s(2γn+n/2)

qm

m−1∑
ℓ=0

ζ−sℓ
m Fqℓ+2γn+n/2.469

This array is computed using φ complex FFTs of length m, followed by m complex470

FFTs of length φ. We then have471

hn/2,βm+s = 2Re (ws,β) , hn/2,(φ+β)m+s = 2 Im (ws,β) ,472

by an argument analogous to that underlying (3.7).473

Thus the v = n/2 residue requires only p/2 DFTs of length m (instead of p), so474

complex FFTs of length m in (A.6) incur no loss in efficiency.475

Appendix B. Derivation of the RCM operator. Let f and g be real arrays476

of length N = 2M , and let f̃ and g̃ be their complex packings ((4.1)). We derive477

(4.5) from (4.4), identifying F̃M
.
= F̃0 and G̃M

.
= G̃0. Unpacking in Fourier space via478

(4.2),479

(U(F̃ )⊙ U(G̃))k480

=
1

4

[(
F̃k + F̃M−k

)
− i

(
F̃k − F̃M−k

)
ζk2M

] [(
G̃k + G̃M−k

)
− i

(
G̃k − G̃M−k

)
ζk2M

]
481

=
1

4

[
F̃kG̃k + F̃M−kG̃k + F̃kG̃M−k + F̃M−kG̃M−k − 2i

(
F̃kG̃k − F̃M−kG̃M−k

)
ζk2M−482 (

F̃kG̃k − F̃M−kG̃k − F̃kG̃M−k + F̃M−kG̃M−k

)
ζkM

]
,483

for all k = 0, . . . ,M . Define484

Ak
.
= F̃kG̃k + F̃M−kG̃k + F̃kG̃M−k + F̃M−kG̃M−k,485

Bk
.
= F̃kG̃k − F̃M−kG̃M−k,486

Ck
.
= F̃kG̃k − F̃M−kG̃k − F̃kG̃M−k + F̃M−kG̃M−k,487
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so that488

(B.1) (U(F̃ )⊙ U(G̃))k =
1

4

(
Ak − 2iBkζ

k
2M − Ckζ

k
M

)
.489

Note the symmetries

Ak = AM−k, Bk = −BM−k, Ck = CM−k.

Using these, we compute490

(B.2) (U(F̃ )⊙ U(G̃))M−k =
1

4

(
Ak + 2iBkζ

k
2M − Ckζ

k
M

)
491

From (B.1) and (B.2),492

(B.3) (U(F̃ )⊙ U(G̃))k + (U(F̃ )⊙ U(G̃))M−k =
1

2

(
Ak − Ckζ

k
M

)
,493

and494

(B.4) (U(F̃ )⊙ U(G̃))k − (U(F̃ )⊙ U(G̃))M−k = −iBkζ
k
2M .495

Repacking via (4.3) along with (B.3) and (B.4) gives496

(F̃ ⊡ G̃)k =
1

4

(
Ak − Ckζ

k
M

)
+

1

2

(
Bkζ

k
2M

)
ζ−k
2M =

1

4
Ak − 1

4
Ckζ

k
M +

1

2
Bk.497

Substituting Ak, Bk, and Ck and simplifying gives498

(F̃ ⊡ G̃)k =
1

4

(
F̃kG̃k + F̃M−kG̃k + F̃kG̃M−k + F̃M−kG̃M−k

)
−499

1

4

(
F̃kG̃k − F̃M−kG̃k − F̃kG̃M−k + F̃M−kG̃M−k

)
ζkM+500

1

2

(
F̃kG̃k − F̃M−kG̃M−k

)
501

= F̃kG̃k − 1

4

(
F̃k − F̃M−k

)(
G̃k − G̃M−k

) (
1 + ζkM

)
,502

as required.503
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